
Super-hedging with partial transaction costs

B. Bouchard∗ and I. Ben Tahar†

∗LMPA Paris 6 and Crest
†CEREMADE Paris 9



• Davis and Clark (1994), “A note on super-replicating strategies”.
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• A numéraire: Q0 ≡ 1 USUAL CASE : m=0

• P1, . . . , Pm: freely exchangeable (e.g. stocks in the domestic market).

• Q1, . . . , Qd: subject to transaction costs (e.g. foreign currencies).

Bid-Ask spread price of Qj in terms of Qi: [πij− , πij+]

πij− :=
Qj

Qi
(1 + λji)−1 and πij+ :=

Qj

Qi
(1 + λij)

Efficient frictions: λij + λji > 0 ⇔ πij− 6= πij+



Dynamics

• S = (P, Q) solves: dSt = diag[St]σ(t, St)dWt.



Dynamics

• S = (P, Q) solves: dSt = diag[St]σ(t, St)dWt.

• Assumption: local volatility of P independent of Q.



Dynamics

• S = (P, Q) solves: dSt = diag[St]σ(t, St)dWt.

• Assumption: local volatility of P independent of Q.

dPt = diag[Pt]σP (t, Pt)dWt

dQt = diag[Qt]σQ(t, Pt, Qt)dWt
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Dynamics

• S = (P, Q) solves: dSt = diag[St]σ(t, St)dWt.

• Portfolio: xi = initial amount in Qi, Xi
t = amount in Qi at t.

• Portfolio dynamic:

X0
t = x0 +

∫ t

0
φr · dPr +

d∑
j=1

∫ t

0

[
dLj0

r − (1 + λ0j)dL0j
r

]

Xi
t = xi +

∫ t

0

Xi
r

Qi
r

dQi
r +

d∑
j=0

∫ t

0

[
dLji

r − (1 + λij)dLij
r

]
for i > 0 .
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• Contingent claim: g(ST ) = (g0(ST ), . . . , gd(ST ))

• Remark: The solvency region is
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• Super-replication price:

p(0, S0) := inf
{
w ∈ IR : ∃ (φ, L) ∈ A, X

φ,L
T − g(ST ) ∈ K with x = w10

}
,

where w10 = (w,0, . . . ,0) ∈ IR1+d.
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• Closed form solution

p(0, S0) = E
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Closed form solution

• If we forget transaction costs at 0 and T :

p(0, S0) = E
[
C(PT ; ∆̂)

]
+ ∆̂ ·Q0

where C(PT ;∆) := sup
z∈(0,∞)d

G (PT , z)−∆ · z .

and G is the concave enveloppe of g with respect to Q.

• Optimal strategy:

- L = ∆̂, ∆̂i = quantity of Qi held.

⇒ It remains to hedge g(PT , QT )− ∆̂ ·QT

- φ chosen to hedge C(PT ; ∆̂) ≥ g(PT , QT )− ∆̂ ·QT with P .
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