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Abstract

We consider the linear program min{c‘x: Ax< b} and the associated exponential penalty function
[ (x)=c'x+rXexp[(Ax—b,)/r]. For r close to 0, the unconstrained minimizer x(r) of f, admits an
asymptotic expansion of the form x(r) =x* + rd* + n(r) where x* is a particular optimal solution
of the linear program and the error term 7(r) has an exponentially fast decay. Using duality theory
we exhibit an associated dual trajectory A{r) which converges exponentially fast to a particular dual
optimal solution. These results are completed by an asymptotic analysis when r tends to o: the primal
trajectory has an asymptotic ray and the dual trajectory converges to an interior dual feasible solution.
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1. Introduction

Polynomial methods for linear programming (LP) have become a central theme in
mathematical programming since Khachiyan [ 13] proved the polynomial solvability of LP.
Khachiyan’s result solved an important problem in complexity theory, but failed to provide
a competitive algorithm which could challenge the (non-polynomial but practically effi-
cient) Simplex method.

A most important step towards this end was achieved by Karmarkar [ 12] who proposed
an algorithm based on potential functions which, besides solving LP in polynomial time,
proved to be efficient in practice. The close relation between Karmarkar’s potential function

* Corresponding author. Both authors partially supported by FONDECYT.

0025-5610 © 1994—The Mathematical Programming Society, Inc. All rights reserved
SSDI0025-5610(94)00024-N



170 R. Cominetti, J. San Martin / Mathematical Programming 67 (1994) 169187

and the classical logarithmic barrier function of Frisch opened the way to further progress.
Since then, the number of contributions and new polynomial methods for LP has grown
rapidly. We refer to the recent review [9] for a detailed and unified account of the main
developments in the field.

These achievements have definitely brought LP into the realm of nonlinear programming
but, with few exceptions [5, 11, 16], the attention has been primarily directed towards the
methods and properties related to the logarithmic barrier function. It is the purpose of this
work to investigate an alternative tool from nonlinear programming, the exponential penalty
function, in the context of linear programming.

To be more precise, let us consider the linear program

(LP) min {c’x: Ax<b}

and its unconstrained penalized version

(P, min ¢’x+r Y exp[(A;x—b;)/r] .

Under very mild assumptions problem (P,) has a unique solution x(r). Since the problems
(P,) tend to (LP) as r goes to 0, a first goal in our study is to investigate the asymptotic
behavior of the trajectory x(r) and its relation with the solution set of (LP). We shall prove
that, essentially, the trajectory x(r) is a straight line directed towards the center of the
optimal face of (LP), namely

x(ry=x*+rd*+n(r)

where x* is a (central) optimal solution of (LP) which we call centroid, the directional
derivative d* is completely characterized in variational terms, and the error n(r) goes to
zero exponentially fast, that is, at the speed of exp( — u/r) for some p>0.

Our second goal is to investigate the asymptotic behavior of the dual trajectory A(r),
defined as the unique solution of the following dual of (P,),

(D,)  min {b’/\—i-r Y A(ln A, —1): A’A+c=0, A>0}.
A

We remark that the classical linear programming dual of (LP) is

(D) min{b'A: A’A+¢=0, A0},
A

so we may interpret (D,) as a penalty method which introduces the positivity constraints
of (D) into the objective function through the penalty term “‘rYA;(In A;—1)"". The dual
trajectory is closely related to the primal one as A,(r) =exp[(4; x(r) —b;)/r]. We prove
that this trajectory is essentially a constant

AN =A%+ v(r),
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where A * is a center of the optimal face of (D) and the error »(r) goes to zero exponentially
fast.

The previous results are completed by an asymptotic analysis when r tends to «. For the
primal trajectory we find that it has an asymptotic ray, namely,

x(r)y=x"+rd”+p(r)

with the error term p(r) tending to 0 when r 1 o, while the dual trajectory converges towards
an interior point of the dual feasible polytope (see Fig. 1).

Similar limiting properties for the optimal trajectory associated with the logarithmic
barrier function, the so-called central path, have been extensively studied in recent years
(see [10, 14] and references therein).

The ‘‘almost straight’’ asymptotic character of the exponential trajectory (and our limited
computational experience) suggests that a path-following method should have no trouble
to follow this trajectory. More precisely, we suggest to approximately trace the primal path
x(r), which solves an unconstrained strictly convex problem and converges to x* at a
reasonable linear speed, and to check for convergence by looking at the dual path which
tends to A* much faster. While there exist several methods based on the idea of exponential
penalties [1, 15, 19], the asymptotic analysis presented in this paper is more directly
connected with predictor—corrector methods as the one studied in [4] in the setting of
nonlinear programming.

Another favorable fact is that, in contrast to the interior point methods, the exponential
penalty is everywhere defined and does not need strictly interior points in the primal problem,
which is certainly a desirable feature. However, our analysis here is just asymptotic and it
is not clear whether a path-following method based on exponential penalties will yield a
polynomial method for LP.

The paper is organized as follows. In Section 2 we settle the notation and we present the
primal and dual trajectories. In Section 3 we define the centroid and prove the convergence
of the primal trajectory towards this particular optimal solution of (LP), while in Section
4 we establish the convergence of the dual trajectory towards a dual optimal solution.

The results concerning the asymptotic behavior of the trajectories when r tends to 0,

X*

dﬂﬂ

(a) (b)

Fig. 1. A two dimensional example of primal (a) and dual (b) trajectories.
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including the exponential decay of the error terms, are proved in Section 5. These expansions
imply that all higher order derivatives of the trajectories at r= 0 must vanish as soon as they
exist, thus in Section 6 we point out a particular instance where C* differentiability of the
trajectories at » =0 can be ensured.

The asymptotic analysis of the primal and dual trajectories when r tends to o is presented
in Section 7.

We shall assume some familiarity with convex analysis, and particularly with the abstract
theory of convex duality for which we refer to [17]. While this is not strictly necessary
since all the results in this paper may be proved by direct arguments, duality theory allows
shorter proofs and somewhat clarifies which properties are general facts and which are
specific to the exponential penalty.

2. The primal and dual trajectories

Let us consider the linear program

(LP) a=min{c’x: Ax<b}

where c €R", A is an m X n matrix of full rank n < m, and b € R™. We denote by A; the rows
of A fori€l= {1, ..., m}, and P=={x€R™ Ax< b, i €I} the feasible polytope of (LP).
We assume throughout that (LP) has a nonempty and bounded optimal solution set

So={x€R™ Ax<b, ¢'x=a}.

This boundedness assumption is equivalent (see e.g. [18]) to the existence of a strictly
positive feasible solution for the dual problem (D), that is, a certain A€R™ such that
c+A'A=0and A;>O0foralli=1, ..., m.

We associate with (LP) the unconstrained problem

(P)  minf(x)

where f, is the exponential penalty function
flx)=c'x+r Y expl(Ax—b)/r] .
iel
Using convex duality theory [ 17], we construct a dual problem for (P,) by considering the
perturbation function ¢,:R" X R™— R defined as
e(x, u)=c'x+r Y expl(Ax—b;+u)/r].
iel

The dual problem, which we shall denote (D,), seeks to minimize the Fenchel conjugate
v} of the marginal function v,(#) =inf,¢,(x, u), and can be explicited by using the identity
v (M) =@F(0, A). Indeed, a straightforward computation gives for all (y, A) €R" X R"™,



R. Cominetti, J. San Martin / Mathemarical Programming 67 (1994) 169187 173

b')\'l'?‘E,EI)\,(ln)\,—l) ifAIA'*'C:y, /\?0,
+o0 otherwise ,

X (y, A) ={

so that we get

(D,) min{b’)H—rZ)t,-(ln)\,-—l):A’)t+c=0,)t>0}.
A

iel

Conversely, taking ¢* as a perturbation function for (D,) and w,(y) =inf, ¢*(y, A) its
associated (dual) marginal function, the dual of (D,) turns out to be precisely the primal
problem (P,). In other words, problem (P,) corresponds to the minimization of w¥. For
further details on the general theory of convex duality, the reader may consult [ 17, pp. 18—
21].

Incidentally, we observe that problem (D,) falls into the framework of entropy minimi-
zation problems, for which several specific solution methods have been proposed (sec e.g.
[2, 3, 6, 7] and references therein). However, in our case the entropy term has no special
meaning from the statistical mechanics or information theory point of view, and we just
interpret it as a penalty term associated with the constraint A > 0.

In what follows we shall say that an optimization problem is coercive if the level sets of
the function to be minimized are bounded. This property not only yields the existence of
optimal solutions but, from an algorithmic point of view, it ensures the boundedness of the
minimizing sequences generated by any descent method.

Proposition 2.1. Problems (P,) and (D,) are strictly convex and coercive. The optimal
values of these problems satisfy v(P,) +v(D,) =0, and the corresponding unique solutions
x(r) and A(r) are related by

A(r) =exp[(Aix(r) —b)/r] .

Proof. Let v, and w, be the primal and dual marginal functions introduced above. Clearly
dom v, =R™ so that [ 17, Theorem 10 (a) ] implies that v * has bounded level sets and then
(D,) is coercive. Similarly, we have dom w, =c+A'R" and since (D) has a strictly
positive feasible solution and A’ is surjective, we get 0 € int(dom w,). Using [ 17, Theorem
10 (a)] once again it follows that w* has bounded level sets, hence (P,) is coercive.

The strict convexity of (D,) is an immediate consequence of the strict convexity of the
function t—tIlnz. On the other hand, we have VZf(x)=(1/r)A'DA where
D:=diag{exp[(Ax—b;)/r]:i €I} and, since A has full rank, this Hessian is positive definite
so that f, is strictly convex.

The equality v (P,) + v(D,) = 0and the link between the primal and dual optimal solutions
follow from [17, Theorem 18 (b)] and [17, Theorem 15 (e) < (f) ] respectively. O

The solution x(r) of (P,) is also characterized by the stationarity condition V£,.(x(r) ) =0



174 R. Cominetti, J. San Martin / Mathematical Programming 67 (1994) 169-187

and, since V3£,(x(r)) is positive definite, the implicit function theorem tells us that the
trajectory x(r), and a fortiori A(r), are C” on (0, + ). The derivative of x(7) satisfies

[ Vf.
V3£ (x(r))E(r) + [—arf—l (x(r) =0,

that is,
(A'DAYX(r) = Z AN InA (A, =A'DInA(r), )

ier

where we denote InA(r) = (InA,(r), ..., InA,(r)) and D:=diag{A,(r): iEI}.

3. Convergence of the primal trajectory
In the next propositions we study the limit of x(r) as r tends to 0.

Proposition 3.1. The primal trajectory x(r) stays bounded as r approaches zero and every
accumulation point of x(r) is an optimal solution for (LP).

Proof. Let x €S, be an optimal solution of (LP) so that

c'x(r)+r Y expl(Aix(r) —b)/rl <c’x+m=a+rm. (2)

iel

Suppose || x| = where x;:==x(r,) for a given sequence r, |0, and assume with no
loss of generality that x./|x|—d for some d+#0. From (2) we obtain
Ax <b;+rdn[ (a+ram—c'x) /1], so that for some constant K and k large

Xy b; n e ln(K"xk"),

i =
B EoY I % I B I

from which we deduce A, d<0. Also, (2) implies ¢'x; < a+ryn so that ¢’d <0, which
combined with Ad <0 contradicts the boundedness of S,

This contradiction proves that x(r) stays bounded as r tends to zero. Then, using (2) we
may find a constant M such that for all small 7> 0

r Y expl(Aix(r) —b)/r1<M.
il

It follows that limsup, ;, Ax(r) <b,, proving that every accumulation point of x(r) must
be feasible for (LP). Similarly, from (2) we get ¢’x(r) <a+rm, so that lim sup,
¢’x(r) <, and the accumulation points of x(r) are not only feasible but optimal for
(LP). O

We shall prove that in fact the curve x(r) converges towards a particular optimal solution
of (LP) which is described next.
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Let Iy:={i€l: Ax=b; for all x&S,} be the set of constraints saturated in S,. Define
¢o(x) =min{b;—Ax: i €1y} and let S, be the optimal solution set of

t=max{dy(x): xES,} .

Geometrically, #; and S, are found by considering the polytopes P*:= {x € Sy: Ax < b;—1,
i & 1,} and taking the largest ¢ so that P’ is nonempty (see Fig. 2). Thus, we are pushing in
all non-saturated constraints until some of them become saturated, namely, those in
Ji={i&ly: Ax=b,—¢t forall xS, }.

Letting I, =1, UJ,, ¢b;(x) ==min{b,— Ax: i & 1,}, and S, the optimal set of

t=max{¢;(x): xES, },
wemay defineJ,:={i&Il;:Ax=>b,—t,forallx€ S,},L,:=1; UJ,and ¢,(x) :=min{b,— Ax:
i€ L}, in order to find t;, S5 and so on.

Since the sets J; are non-empty, the sequence I,CI; C--- CI, is strictly increasing and
after finitely many steps we have I, = I. The corresponding decreasing sequence of polytopes
So D S; D+ D S, satisfies

A,x = bi N i€ IO
Sj =< X A,~x=b,- _"tl, ZEJI, ey A,'x_——b,' _‘tj, lEJI
Aix<bi '—tj, l%I]
In particular S, is defined only by equalities and, since A has full rank, it is reduced to a
singleton {x*}.

Definition 1. The point x* defined by the process above will be called the centroid of the
optimal face S,.

We remark that
0<ty, <ty <<y, (3)

and that S; is also characterized by the following set of inequalities,

c'x<a; Aix<b;, i€l
S;=qxiAx<bh,— 4, i€J1; . AxX<h, —t, i€ ¢ . 4)
A,-x<bi*tj, i$11

Fig. 2. The centroid of S is obtained by ‘‘pushing in’’ all nonsaturated constraints (a) until some of them collapse
(b). The process continues recursively down to x* (c).
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Remark. The previous notion of center is of analytic nature, that is, it depends on the
analytic description of P. For instance, the multiplication of an inequality by a positive
constant may change the centroid. Let us also notice that the polytope S; may collapse to a
singleton for j <k. It suffices that {A;: i €[;} contain # linearly independent vectors.

Let us now prove the announced convergence result.
Proposition 3.2. The curve x(r) converges towards the centroid x* of the optimal face S,
as r tends to zero:
lim x(r)y=x%*.

ri0

Proof. Since x(r) stays bounded as r goes to zero, it suffices to prove that x* is the unique
accumulation point. Let %:=lim x, where x,:=x(r;) with r, | 0 be an accumulation point,
and define x§ :==x, + (x™* — %) so that x — x*. The optimality of x, gives

otk — bi X b
e+ Z e (Ao b;)/rk<clxl>cl< +r, Z e Ay —b)/n
i€l iel

but since £, x* €S, we have c’x, = ¢’x¥ and A;x, =A;x ¥ for all i €1, and we get

Y expl(Axe—b)/n]< Y expl(Axf —b)/n]. (5)
i%lo igl
It follows that

expl — do(x) /r] <mexpl — do(xi) /1],

hence ¢o(x) > Po(xF) ~ ri. Inm, and taking limits we deduce ¢o(X) = ¢o(x™*) =1,, show-
ing that ¥ € S;.

We proceed by noting that € S, implies AX=Ax™ for i €J;, hence A;x, =A;x] for
these i’s. Eliminating the corresponding terms from (5) we get

)y exp[(Aixe —b) /] < Y exp[(Aixf —b)/nd ,

i&l igh

and similarly as above we get ¢, (x;) > ¢ (xF) — rInm from which ¥€ §,, and so on.
By induction we ultimately get € S, = {x*}, proving the result. [

4. Convergence of the dual trajectory

We prove next that the dual trajectory A(r) converges as r |, 0 towards an optimal solution
of (D). More precisely, let A* be the unique solution of the strictly convex problem
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(Dy) miny Y )ti(ln)\,-—l):)tED*},

il
where D * denotes the optimal solution set of the dual problem (D), that is,

D¥={MA'A=—c; A;=0,i€l; A, 20,i€l,} .

Proposition 4.1. The multipliers A(r) converge towards A as r tends to zero:

lim A(r) =A%
rlo

Proof. By optimality of A(r) we have

B'A(r) +r Y A(r)(InA(r) —1) <b’A*+r ¥ A¥(InAf 1),

iel il

but since A(r) is feasible for (D) while A* is optimal for the same problem, we have
b’A(r) =b’A* and then

Y L(nInA(r)—1D< Y AF(InaF—1). (6)

iel i€l

Thus the multipliers A;(r) must stay bounded as r goes to zero, since the function
t—t(Int—1) is coercive on [0, +).

Let us verify that A* is the only accumulation point of A(r). Indeed, let A be an accu-
mulation point and take r, | 0 so that A(ry) — A Since A; = limgexp[ (A;x(r) — b)) /1l =
0 for i &1, we obtain A €D*, and passing to the limit in (6) we deduce A is an optimal
solution of (D), hence A=A* as claimed. [J

The next result proves that A * is in fact a central point of the dual optimal face.

Proposition 4.2. For all i € I one has A ¥ > 0. More precisely, there exists d € R™ such that
AF =exp(A;d) foriel,

Proof. Suppose A* =0 for some i €I, and choose a dual optimal solution with A;>0 (see
e.g. [18,p. 951). Then, the directional derivative of 8(A) =X, A;(InA; —1) at A* in the
direction (A — A *) is — oo, contradicting the fact that A * minimizes 6 among all dual optimal
solutions.

Since InA;(r) =A,(x(r) —x*)/rfor all i €1, the vector (InA;(r): i< I,) belongs to the
range of the linear operator (A;: i€1,). This property is inherited by the limit vector
(InAF:i€l,) and the result follows. [J
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5. Asymptotic analysis of trajectories near zero

Proposition 4.1 proves the convergence of the multipliers. As a matter of fact, these
multipliers converge ‘‘very fast’’, in the sense made precise by the following definition.

Definition 2. We say that n: [0, +%) — R* converges exponentially towards zero if there
exists u> 0 such that

[nH
ri0 exp(— u/r)

We shall denote this fact by n(r) ~e(r).
Notice that if () ~e(r), then we also have 1(r) /r?~e(r) for all g=0.

Proposition 5.1. We have A(r) ~ e(r) so that
A(r) =A%+ v(r)
with v(r) converging exponentially to 0. In particular,

— ¥ .
r ri0

A(0) ==lim

rio

Proof. From Eq. (1) we have A’DAx(r) =A’DInA, so that X(r) solves the weighted least-
squares problem

min(Az—InA)'D(Az—1nA)

that is,

min Y A;(r) [A;z—1nA(r)]%. (N

z el
In particular, taking z:= (x(r) —x*)/r we obtain
. 2 1 £ 2 K
MDA ~In (N 1P< 5 Y A0 [A4x*—b12< 5 max A,(r)
r Py F~jern

where K=1, ¢, [A;x*—b]%
We observe next that (d/dr) [rlnA;(r)] =AgH(r) so that
Xi(r) A(r) —InA
r——= =A; —1nA;

and therefore
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);,-z(r) = ;13 AP [AX(r) —InA;(r) ]*< r—Ii A;(r)max A;(r) .
Jj€lo

It follows that for some constant K and r small

‘/max Ai(r),
r jel

and since A;(r) <exp( —1/r) for any £ <t,, &I, and r small, we may take any p < it to
check the exponential convergence of A(r) towards zero. The rest of the proposition follows
easily from this. [

{ =

|X(r) | <

N

Our next step is to prove the existence of a right derivative of x(r) at r=0,

"
d* =lim X027
rlo r
To this end we shall exploit the fact that, from the very definition of x(r), the vector
d(r) = (x(r) —x*)/r is the unique minimizer of the function
O(dy=c'd+ Z ehidp g —nlr Z etid ...y o ulr Z edid

i€l iel i€t

The next simple linear algebra result will be useful in what follows.

Lemma 5.2. Assume h(r) € R" is such that A;h(r) is bounded (respectivelyAh(r) ~e(r))
for all i€, Then, the projection h,(r) of h(r) onto the space E;:=span{Aj: i€L} is
bounded (respectively h(r) ~e(r)).

Proof. Choose a basis for E; out of {A!: i€} and form a matrix B. Then
h;(r) =B(B’B) ~'B’h(r) from which the result follows. [

Proposition 5.3. The vector d(r) stays bounded as r tends to zero.

Proof. Let us prove by induction that the projection d;(r) of d(r) onto the space
E;=span{A}: i€} is bounded. Since E, =R" the conclusion will follow.

Since A;d(r) = InAf for all i €I, Lemma 5.2 implies that dy(r) is bounded. Moreover,
since c= — X, AF A} €Ey, we also get that ¢’d(r) is bounded.

Suppose that d;_,(r) is bounded and let us show the same holds for d;(r).

We begin by proving that A,d(r) is bounded above for all i €I,. The induction hypothesis
shows that Ad(r) =Ad;_,(r) is bounded for all i€, _,. Moreover, since c € E, CE;_,, we
have c¢'d(r)=c'd;.,(r) so we may cancel the first terms in the inequality
0,(d(r)) < 0,(d;_,(r)) in order to deduce

Z eAid(r) < Z eAidj—l(r) +e(tj—tj+1)/r Z eAidi—1(r) + .- +e(tj—tk)/r Z eAidj—l(r) .
Ji Jj Ji+1 Jk
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From (3) and the induction hypothesis the right hand side above stays bounded, so we
deduce that A,d(r) is also bounded above for all i€ J;=I\I;_;.

Now, if d;(r) were not bounded we could find r, | O such that }|d;(r;) || — <. Then, since
the quantities A,d;(r) =A,d(r) for all i€ I; and c'd;(r) =c'd(r) are bounded above, every
accumulation point e of d;(r,) /| d;(r,) || belongs to E; and satisfies A,e <0, i €I;and c¢’e <0.

But then, from (4) and since Ax™* <b;—t; for i €I, we deduce that x* + te € §; for small
enough ¢>0. By the definition of I, /i, ..., J; we deduce A,e=0 for all i€, and, since
e € E,, this implies ¢ =0 in contradiction with [le[f =1. [0

We may now identify the unique accumulation point of d(r). To this end we shall use
the following simple fact whose proof is left to the reader.

Lemma 5.4. Let ¢:R?— R be a strictly convex function, H an affine subspace parallel to
the linear subspace E, and B a d X n matrix. If the problem

min ¢(Bz)

z€H
has a nonempty optimal solution set L, then for every 7, € L we have

L=zy+[ENKer B] .

Let us take d* an accumulation point of d(r). Then we have A, d*=1n A for all i€,
and therefore

c+ Y eAl=0.

i€l
This proves that d* is an optimal solution of

(Qo) min c'd+ Y e
d

il

whose optimal solution set is, by the previous lemma, L, =d* + N ;< Ker A,

Now, if we take any other d; € L, and we consider d,(r) :==d(r) + (d,—d*), we have
Ad (r)y=Ad(r) forall i € I, and also ¢’d, (r) = c¢’d(r). Thus, canceling the first two terms
in the inequality ©,(d(r)) < ©,(d;(r)) we obtain

Z GAid(r)< Z eAidl(r)+e(t1—t2)/r Z eAidl(r)+“'+e(t1_tk)/r Z eA,'ail(r)

ien ie1 i€ i€

and passing to the limit (in the subsequence r, such that d(r,) = d*), we get

Z eAid*< Z eAidl .

i€ ienl

This proves that d* is also an optimal solution of the problem
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(Q) min ¥ e
de ien
whose optimal solution set is L, =d* + ;. Ker A,.
We may proceed inductively by showing that d* is an optimal solution of

(Q») min }" e
dsly ieJz

with optimal solution set L, =d* + ;< ,Ker A, and so on.
Finally we shall get that d* solves
(Qu) min )" e

dsli-1 jej,

with optimal solution set

L,=d*+ N Ker A;=d*+ N Ker A, ={d*} .

ish iel

Proposition 5.5. Let d* be the unique solution of (Qy) as above. Then

_ Lk
500y = lim T X _ g

rio r

Proof. It suffices to observe that every accumulation point of d(r) belongs to L, which is
reduced to a singleton {d*} by the full rank condition on A. [J

To conclude this section we shall prove that the curve x(r) is also C' at r=0, in the sense
that X(r) tends to X(0) as r decreases to Q.

Proposition 5.6. d(r) ~e( r).

Proof. Since d (r)=(X(r)—d(r))/r, it suffices to prove that the vector
h(r) =r(d(r) —Xx(r)) converges to zero exponentially fast. To this end we notice that X(r)
is the solution of (7), so that 2(r) minimizes the function

L(h)y= Y A(r)(Ah+s)?

iel

where s;:=Ax* —b,.

First of all we prove that k(r) stays bounded as r goes to zero, which by Lemma 5.2
amounts to showing that Aa(r) stays bounded for all i€ Let us do this by induction.
From the inequality I',(A(r)) <I,(0) we deduce that Ax(r) ~e(r) for all i€ I, hence
these A;1(r) are bounded. Assume now that A;#(r) stays bounded for all i €I;, and consider
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h;(r) the projection of £(r) onto E, so that &,(r) is bounded by Lemma 5.2. The inequality
L(h(r)) <T(h(r)) implies

Y M (AR +5)2< Y Ai(r) (Ahy(r) +5)*

il P&l
We notice that A,(r) =exp[Ad(r) lexp( —1t;../r) for i€ J; . Thus, multiplying the pre-
vious inequality by exp(#;./r) we observe that the right hand side will stay bounded by
some constant K so that for all i€ J; . ; we obtain

(A;h(r) +5;)2 < Ke ~44® |

1t follows that A;2(r) is also bounded for i €J;, ;. This achieves the induction step, and the
boundedness of z(r) has been established.

The second step is to prove that in fact A(r) ~ e(r), which is again equivalent to showing
that Aa(r) ~ e(r) for all i € 1. We already observed that this is the case for i € I;. Suppose
the property holds for i€, so that, by Lemma 5.2, h;(r) ~e(r). Then, by an argument
similar to the one used to prove the boundedness of A(r), and since s;= —¢;,, for all
i€J;,,, we obtain

Y eMPARM IS Y e AR () P — 28, A(Bi(r) = R(r)) } +E(r)

iefj i€Jj+

(8)
where E(r) ~e(r). Moreover,

ct ¥ eAdesITA L =()
iel
and since (h;(r) —h(r)) is bounded and orthogonal to all the A;’s for i€ I; (and thus also
orthogonal to c¢), we obtain
Y eMOA () —h(r) = —e Y &AM A R(r) ~h(r)) ~e(r)

ieJj+1 iE€li+1
as s;+4.., <0 for i¢ 1, . Therefore, the right hand side of (8) decays exponentially and
we deduce A;h(r) ~e(r) for all i€J;, . This completes the induction step and we have
proved h(r) ~e(r) as required. O

Proposition 5.7. The following vectors converge exponentially towards zero,
(a) (d(r)—d*)~e(r).
(b) (i(r) —d™) ~e(r).
() (x(r) —x*—rd*)~e(r).

In particular x(r) is a C* curve for r>0.

Proof. Assertion (a) follows from the mean value theorem. Part (b) is a consequence of
the equality x(r) =rd(r) +d(r), while part (c) follows from (a). The last assertion is
obvious from (b). [
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We summarize the main results of this section in the next theorem.

Theorem 5.8, The primal and dual trajectories have asymptotic expansions

x(r)y=x*+rd*+n(r),
A(r) =A%+ v(r),

where the error terms 1(r) and v(r) converge exponentially fast to 0 as r tends to 0.

6. Higher order differentiability

So far we have shown that the primal and dual trajectories are of class C* on (0, +®),
and also right differentiable at »=0 with the derivatives being continuous at this point.
Concerning higher order derivatives at r =0, the results in the previous section imply

i(r) =3(0) _

#(0) :=lim 0,
ry0 r

X(0) ==1lim A~ A(0) =0,
rl0 r

More generally, all higher order Taylor expansions have only linear terms

x(r) =x(0) +ri(0) +o(r9) ,

A(r) =A(0) +o(r?) .
However, we may not assert that the trajectory is of class C* at r =0, nor even C? since we
have not proved that lim x(r) = 0. While such a property is plausible, a direct attempt to
prove it in a similar way to what was done for X(r) would be very intrincate. We shall adopt

a different strategy which allows us to prove the trajectories are C* at r=0 (and even for
r<0), but under the rather restrictive hypothesis

(H) (LP) and its dual (D) have unique solutions ,

which amounts to B:={A/: i€} being a basis of R".
To this end we rewrite the equation
c+ Y exp[(Ax—b)/r]A} =0 9
ierl
which characterizes x(7), as the equivalent system
c+XMA=0,
(S) Ax—b;—rlnA;=0 foriel,,
B(A,-x—bi, r)_)\i=0 f0ri$10,
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where B:] —, 0[ X R— R is the C* function defined by

B(s. 7) ={gxp(s/r) ifr>0,

if r<0.

System (S) is equivalent to (9) for >0 but is also meaningful for r=0 (and even for
r<0). The Jacobian of this system with respect to the pair (x, A) at the point (x*, A*, 0)
is

0 B (ADien
J*=|B" 0 0
0 0 -Id

where Id denotes the identity matrix of dimension |I\Jy|. J* is clearly nonsingular under
hypothesis (H), so we can apply the Implicit Function Theorem to deduce

Proposition 6.1. Assuming (H), the primal and dual trajectories x(r) and A(r) are of
class C” on [0, + ), with

x®0)=0 fork=2,
A®0)=0 fork>1.

Proof. Immediate by the previous discussion. [

This result provides further support to the conjecture that the trajectories are C~ at r=0,
but the proof in the case of multiple primal or dual solutions remains an open question.

7. Asymptotic behavior of trajectories at infinity

We supplement the previous results by studying the behavior of the primal and dual
trajectories when r tends to c. To this end we consider the unconstrained problem

(P..) min c'd+ )" exp(A;d)
d

iel
and the perturbation function ¢(d, 1) = c¢’d+ ¥ exp(Ad + u;) which gives the dual

(D.) min (Z )\,-(ln/\,.——l):A’/\+c=0,)\>0).
A

=V 4

Proposition 7.1. Problems (P.) and (D,,) are strictly convex and coercive, their optimal
values satisfy v(P.) +v(D,) =0, and the corresponding unique solutions d and A~ are
related by

A7 =exp(A;dT) .
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Proof. It suffices to apply Proposition 2.1 withb=0and r=1. [

Propeosition 7.2. With the previous notation we have

lim)M =lim ¥(r) =d~, (10)
rtee r rfee

and also
lim A(r) =A%, (1)
rfoo

Proof. Let us define 3( r) =x(r)/r. The inequality f.(x(r)) <f.(rd™) gives
c'd(r) + Yy exp(Ait?(r))exp( —bi/r)<c'd”+Y exp(A,d”)exp(—bi/r),
iel iel

(12)
and since for r sufficiently large 1 <exp( —b;/r) <2, we deduce

c'd(r)+1 y exp(A;d(r)) <c'd”+2 Y exp(A;d”) .

iel iel

Using the previous proposition (with 2¢ instead of ¢) we observe that the function on the
left has bounded level sets, so that d( r) must be bounded. Then, passing to the limitin (12)
we deduce that every accumulation point of d (r) solves (P,,), hence lim d (r) =d” proving
the first half of (10).

Property (11) follows immediately from this since A;(r) =exp [Aicf (r) —b;/r]. More-
over, (1) implies

#(r)=(A'DA) T'A'D Ax——(rr) L

o 1
=d(r) — — (A'DA) "'A’Db
r
and then we also have lim x(r) =d, completing the proof of (10). [

The previous result shows that the primal trajectory diverges when r 1 (except when
d”=0). We conclude by showing that x(r) admits an asymptotic ray at infinity, and by
studying the asymptotic expansion of A(r).

To this end let D*:=diag{A7: i€ I} and consider x*= (A'D"A) ~'A’D*b, the unique
solution of the following weighted least-squares problem

(WLS)  min (Ax—b)'D*(Ax—b) .

Theorem 7.3. The primal trajectory has the asymptotic behavior

x(r)=x"+rd”+p(r) (13)
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with lim, ;. p(r) =0, and the dual trajectory has an expansion of the form
A (D) =AT[1+687/r+ €(r)] (14)
with 87 ==A;x™ —b; and lim, . r&(r) =0.

Proof. Let z(r) ==x(r) —rd™. The optimality of x(r) for f, proves that z(r) is the unique
solution of
min ¢’z+r Z AT expl(A;z—Db)/r] .
Z iel
Noting that ¢’= — Y7 A,, adding the constant rZA} (b;/r—1) to the objective function
and multiplying it by r, we deduce that z(r) also minimizes the function

0,(z)=r? Z A7 (expl(Aiz—by) /r] —1—[(Aiz—b)/r])
il
= Y A7(Aiz—b)’w((Aiz—=b)/r) ,
iel
where w(#) =X 5_ot*/(k+2)!. Since z(r)/r tends to 0, for each €>0 we have
w((Az(r) —b;)) /1) > w(0) —e= 4 — € for all r large enough. Thus, using the inequality
02.(z(r)) <2.(x7), we find

(31— ¥ AT (Az(n) —b)*< ¥ AT(Ax" = b)*w((Ax™—b) /) .

ierl iel

From this we conclude that Az(r), and a fortiori z(r), stays bounded as r tends to .
Moreover, passing to the limit in the last inequality, we deduce that every accumulation
point 7 of z(r) satisfies,
(i1-e Z AT(AZ—b)* <) o AT(Ax”—b)?.
ierl il
Letting e tend to O we deduce that Z solves (WLS), hence 7=x" proving (13).
The expansion (14) follows from (13) since

Ai(r) =exp[(A;x(r) —b;) /r] = A7 exp[ (87 +Aip(r))/r}. O

Remark. Notice that when d™ = 0, the trajectory x(r) does not diverge but converges to x™
when r 1 oo, This happens if and only if the vector e= (1, ..., 1)’ is a dual feasible solution.
As a matter of fact, if we know any strictly positive dual feasible solution we may scale the
dual variables so that ¢ becomes feasible, and then we will have d”=0, A*=e, and
x®=(A’A) ~'A’D the unique solution of

min |Ax—b]|?.
X
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