Stability in shape optimization with second variation

M. Dambrine - J. Lamboley

September 14, 2016

Abstract

We are interested in the question of stability in the field of shape optimization. We focus on the strategy
using second order shape derivative. More precisely, we identify structural hypotheses on the hessian of the
considered shape functions, so that critical stable domains (i.e. such that the first order derivative vanishes
and the second order one is positive) are local minima for smooth perturbations. These conditions are quite
general and are satisfied by a lot of classical functionals, involving the perimeter, the Dirichlet energy or
the first Laplace-Dirichlet eigenvalue. We also explain how we can easily deal with volume constraint and
translation invariance of the functionals. As an application, we retrieve or improve previous results from
the existing literature, and provide new local isoperimetric inequalities. We finally test the sharpness of our
hypotheses by giving counterexamples of critical stable domains that are not local minima.
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1 Introduction

In this paper, we are interested in the question of stability in the field of shape optimization. More precisely,
given J : A — R defined on A C {Q smooth enough open sets in R?}, we consider the optimization problem

min {J(Q), Qe A}, (1.1)

and we ask the following question:
if Q* € A is a critical domain satisfying a stability condition (that is to say a strict second order optimality
condition), can we conclude that X is a strict local minimum for (1.1) in the sense that

J(Q) — J(Q) > cdy (2,952, for every Q € V() (1.2)

where ¢ € (0,00), dy is a distance among sets, and V(0*) = {Q,d2(Q,Q*) < n} is a neighborhood of QF,
relying on a (possibly different) distance ds?

(Note that the word distance is used here and in the rest of the paper as an intuitive notion here, asserting
that € is far or close from the fixed shape Q*, and do not refer in general to the formal mathematical notion
of distance).

Origin of the question:

For example in [38], the following terminology is used: the property that a critical point x has a positive
second order derivative is called linear-stability, and implies that ¢ — f(x + ty) has a minimum at ¢ = 0 for
every y, while nonlinear-stability requires that f(x) is less that f(z) for any z close to x. It is classical that,
when dealing with infinitely dimensional parameters, these two notions do not coincide in general.

In the framework of shapes, this question has been raised in different settings, and its answer has sometimes
been mistakenly considered as easily valid: for example, in the context of stable constant mean curvature sur-
faces, literature has focused for a while on giving sufficient conditions so that (linear)-stability would occur,
without proving that it actually implied local minimality. This point was raised by Finn in [18], and some



answers followed quickly, see [25, 38, 39], though in the particular case of the ball and the isoperimetric prob-
lem, the difficulty was already handled by Fuglede in [19]. In the context of shape functionals involving PDE,
the issue was raised by Descloux in [15] and a first solution was given in [12, 11].

Quantitative isoperimetric inequalities: different strategies

During the last decade, starting with [20], this type of question gained interest in the community of isoperi-
metric inequalities and shape optimization, in particular three main methods were developed in a quite
extensive literature, in order to get a stability result of the form (1.2) for the most classical problems (1.1):

e Symmetrization technique,
e Mass transportation approach,

e Second order shape derivative approach.

As an example, we quote the L!-stability result for the perimeter: for every Vo € (0,00), there exists
¢ € (0,00) such that

P(Q) — P(B) > cdi1(Q, B)?,  for every (measurable set) Q such that |Q| = Vjp, (1.3)
where P denotes the perimeter (in the sense of geometric measure theory), | - | is the volume, B is any ball of
volume Vp, and

. . |(2=7)AB|
dip(Q,B) = inf —————
(@ B) = Il =g

is also known as the Fraenkel asymmetry (which can be seen as the L!-distance to the ball, up to translations).
For this specific example, all of these three strategies have been successfully applied, see [20, 17, 10].

Note in particular that the result is global (in other words 7 = c0), but in that case a local result implies a
non-local one as it is shown in [20, Lemma 5.1 and Lemma 2.3].

In this paper, we focus on the third strategy, which recently receveid even more attention as in some
examples, the other techniques could not be applied, or provided non-optimal results: as an example we quote
the Ll-stability for the Faber-Krahn inequality, which was solved with symmetrization technique in [23], but
provided a higher (and less strong) exponent in (1.2), and has been improved to an optimal exponent recently
in [7] using the third strategy (see also [21]).

One specific difficulty for this strategy is to define a framework of differential calculus within shapes. This
can be done for example with the notion of shape derivatives, but one main drawback is that this is available
only for reasonably smooth deformations of the initial shape, or in other words, for a rather strong distance ds
(otherwise it is clear that classical functionals are not differentiable for non-smooth perturbations). However,
as it is shown for example in [2], the strategy can also provide results for very weak distances (as the Fraenkel
asymmetry), and can be decomposed in two main steps:

e first, with the help of the differential setting and the fact that Q* satisfies a strict second order optimality
condition, prove a stability result for small and smooth perturbation of 2*; in other words, prove that
(1.2) is valid where ds is a strong distance (and d; is limited by the properties of J, and is in general
different from ds, see below),

e second, deduce from this first step that (1.2) is valid where d; = ds is a weak distance (for example the
Fraenkel asymmetry).

For the perimeter functional, the first step goes back to [19], and the second step is inspired by results in
[40, 30], though the complete result was achieved in [10]. These two steps rely on very different arguments: in
particular, the second step usually requires to adapt the regularity theory related to the optimization problem
(1.1), namely the notion of quasi-minimizer of the perimeter when the functional J contains a perimeter



term, or the regularity of free boundaries when J involves an energy related to a PDE functional (see [2, 7]
respectively), so it strongly relies on specific properties of the functional J under study. However, as we aim
to show in this paper, the first step has a very large range of applications, and is valid under rather weak
assumptions on the functionals.

The aim of this paper is to describe a general framework so that the first step of the above strategy applies:
while this has been done in a few places in the literature, every time specifically for the functional that was
under study, we aim at giving some general statements, and then show that these statements both applies
to the examples already handled in the literature, and also to new examples. Despite getting a wider degree
of generality, we also simplify many proofs and strategies found in the previous literature, as we describe below.

Neighborhood of shapes
In order to describe the details of the strategy, we briefly introduce two classical ways to parametrize shapes
in a neighborhood of a fixed one:

e Diffeomorphism and shape derivatives: we consider a shape to be a neighbor of  if it is a
deformation of € by a diffeomorphism which is close to the identity. More precisely, © being a Banach
space such that C*(R% RY) c © ¢ WH(R4,RY), we consider shapes of the form €y := (Id + )(£2)
where [|0]|g is small.

In this framework, we can consider the distance introduced by Micheletti :

do (1, Q) == inf {||8]le + [|(1d + 0)~! —I|e, 6 < O diffeomorphism such that (Id + 6)(Q) = Q).

Morover, this leads to the notion of shape derivatives, first introduced by Hadamard, then developed by
Murat-Simon and Delfour-Zolesio. One defines the function Jo on a neighborhood of 0 in © by

V0 €O, Jal0)=J[(Id+0)(Q)].

One then uses (in the whole paper) the usual notion of Fréchet-differentiability: shape derivatives of J
at ) are the successive derivatives of Jq at 0, when they exist. In particular, the first shape derivative
is J'(2) := J5(0), a continuous linear form on © (the shape gradient), and the second order shape
derivative is J”(2) := J/(0), a continuous symmetric bilinear form on © (the shape hessian).

e Normal graphs:
On the other hand, assuming that 2 is C! (and n = ngq is its outer unit normal vector) we can consider
“normal graph” on 0%, that is €2, such that

0, = {z + h(z)n(x)}, (1.4)

where h € H is small and H is a Banach space of (scalar) functions defined on 9 (with C>®(R?) c
H c WH™(R%)).

Then once can see dg(Q,Qp) := ||h||g as a measure of the distance between €, and € (though it is
not formally a distance), and one can also define derivatives in this framework, as jo(h) := J(Qp) is
defined on a Banach space. Notice that given 21 and s, there is at most one h defined on 0€2; such
that 02 = (0€1), as defined in (1.4), so we can denote h = hq, o, this function if it exists.

Let us emphasize that even if the second method seems more restrictive, the two methods are equivalent in
a neighborhood of © (if 2 is smooth enough) in the sense that one descibes as many shapes with each methods
(for suitable © and H): first, a normal graph €, is a deformation of Q for any 6}, which is an extension to R?
of hn (and then jo(h) = Ja(6h)). Second, if we consider diffeomorphims that are close to the identity, the
boundaries of the perturbed domains are graphs over the boundary of the initial domain: in other words, for
any domain Qg = (Id + 6)(€2) with 0 € © close to 0, there is a unique real-valued function h = hq o, defined
on 0N such that (1.4), see Lemma 3.1 in [32].



However, it is not clear a priori that computing derivatives for normal graphs (derivatives of jo : h — J(£23))
is enough to describe shape derivatives (derivatives of Jq : 6 — J(£2g)): this issue is handled in the first point
below. Also, it may be of interest to focus on paths t € R — Q; (as we will need below), and in that case
Q45 is not in general a normal graph over €); it is therefore important to understand the framework of
diffeomorphisms, though in some case it is enough to remain in the framework of normal graphs.

We may also be interested in having distances taking into account some invariance with translation. For
example, we define

dp(1,Q2) = inf |lho, 04+ |H (1.5)
TER4

where the infimum is taken over 7 such that 923 + 7 is a normal graph on 0€;.
Main contributions of the paper:

We are now in position to describe the main steps of the strategy to obtain a stability inequality of the form
(1.2) for a strong distances do: we describe here these steps, and insist on the contributions of the present
paper in each step.

e Structure of derivatives: The way of differentiating shape functionals with diffeomorphism described
just above is very convenient as most shape functionals are easily proven to be smooth in this setting
(usually not using any regularity on the initial shape Q*, see more details in [26] for example), and as
noticed before, it is clear that computing derivatives in the sense of normal graphs is just a particular
case (while the opposite seems not clear). Nevertheless, one main drawback for our purpose is that as we
are dealing with shapes, there is a lot of invariance for Jqu (any non-trivial diffeomorphisms that leaves
Q invariant (at first, second order) must lead to vanishing derivatives). It is therefore unreasonable to
expect that the stability condition for optimal shapes writes J”(Q*) - (£,£) > 0 for £ € © \ {0}. This
difficulty is well-known since Hadamard, who observed (in particular examples) that the shape gradient
is a distribution supported on the boundary of the domain, acting only on the normal component of the
deformation. In other words, for any C! domain (2, there is a linear form ¢; = ¢1[J](2) acting on scalar
functions defined on 92, such that

Ve e C(RERY), J(Q) € =l1(§oq ),

see classical monographs, or [29] for a statement and a proof in a possibly non-smooth setting. A similar
observation can be made about second order shape derivatives, though the situation is in general more
involved. Let us describe a simple case, which happens to be particularly relevant for our purpose here: if
Q* is a critical domain for J, that is a domain such that the shape gradient of J vanishes, then the shape
hessian reduces to a symmetric bilinear form £y = l2[J](£2*), also acting only on normal components of
diffeomorphisms. When we do not assume that * is a critical domain, contrary to the first order one,
the second order shape derivative may involve the tangential component of the deformation. However,
as it has been proven in [32], there is a general structure, involving a quadratic form acting only on
normal components (as in the critical case) and another term involving the first order derivative: more
precisely, for any C? domain (), there exists f5 = £2[J](£2) acting on normal components such that

Ve € CO(RLRY), J'(Q) - (£,€) = (6 n, & n)+61(Ze)  where Zg = B(&,&) — 2V, (6 n) - &,

where &, is the tangential component of &, and B = D,n is the tangential differential of n, or in other
words, the second fondamental form of 9. This fact is often observed in the literature on specific
examples and after lengthy computations, while it can be used a priori to simplify the computations:
indeed, once we know the shape functional is smooth (in the Fréchet sense), this result implies that the
computation of shape derivatives for purely normal deformations, is enough to describe the result for
any deformation, with the use of this structure result, and if needed, the chain-rule formula (see also
Remark 2.6). In particular, using the framework of normal graphs, we get j¢(0)(v,v) = £o[J](2)(v, v).



The first contribution of this paper is to give a new proof of this result, see Theorem 2.1. Though
the strategy in [32] is quite natural as it shows that any small deformation of a shape can be seen (in
a smooth way) as a normal deformation defined on the boundary, up to a change of parametrization of
the boundary, we believe this new proof is less technical, and also quite natural as it only relies on the
mvariance properties mentioned before.

Even if it may seem that for our purpose this result in only helpful in the particular case where Q* is a
critical shape, as we will notice in the following items, we will actually need to deal with second order
shape derivatives at non-critical shapes as well, when proving the stability result, as we will use of the
Taylor formula with an integral form of the remainder.

Coercivity assumption: As noticed earlier, we are dealing with infinite dimensional differential calcu-
lus, and it is well-known that usual sufficient conditions for getting optimality is that the second order
derivative is coercive rather than just assuming that it is positive. In particular, we need to wonder for
which norm the coercivity might be valid, with view of applications. We will see that in most examples
we are dealing with, the quadratic form ¢3[J](€2) (normal part of the hessian of J at 2) satisfies a
structural property emphasizing a particular norm, that will restrict the choice of d; for applications
(actually, there are examples that do not satisfy the following assumption, and for which stability do
not imply local minimality, see Section 5.2): for some sy € (0, 1], the bilinear form ¢ on C*°(01) satisfies
condition (Cps2) if (and by extension we say that J satisfies the condition at Q* if £3[J](2*) does):

(Cpus2) there exists 0 < s1 < so and ¢; > 0 such that ¢ = ¢, + ¢, with
{ £y, is lower semi-continuous in H*2(0€2) and £,,(p, ¢) > 61’90|I%ISZ(8Q)7 Vo € C>*(09),

¢, continuous in H*1 (09).

where | - [s2(90) denote the H*2(0(2) semi-norm. In that case, £ is naturally extended (by a density
argument) to the space H*2(912), and we prove that under this assumption

¢>0on H?(90)\ {0} & 3A >0, Vo € H2(89), £(p,¢) > Al o), (1.6)

(here ¢ is a quadratic form, so £ > 0 on X means £(p, ) > 0 for any ¢ € X). Notice also that this
statement holds for general bilinear forms on Sobolev spaces and is not connected to shape hessians.

The proof of this fact is rather simple, and similar arguments can be found in [25, 2]. Our contribution
principally lies in the fact that we explicitly formulate the underlying assumption so that positivity implies
coercivity, see Lemma 3.3 in Section 3.1.

Note in particular that the value of s is determined by the shape functional J (in practice so usually
does not depend on ), and the choice of the distance d; in (1.2) is limited by this coercivity property;
in other words, we can not expect (1.2) to be valid for any distance d; stronger than the CA{HSQ (see also
[19] where an upper bound of the isoperimetric deficit is given, in a smooth neighborhood). As we will
notice through computations, when J contains a perimeter term, so = 1, while for PDE functionals we
are dealing with here (see below when we describe examples), so = 1/2. For an interesting result about
the choice of d; in a non-smooth setting, see [22] where they obtain an improved version of (1.3) where
d; is a stronger distance than the Fraenkel asymmetry (see also [34] for the anisotropic case).

Stability and Norm discrepancy: With the help of the previous items, we are able to properly state
the stability question: if Q* is such that

¢y =0 and ¢ > 0 on H*2(0Q") \ {0} (1.7)

(where /1, f2 are associated to J'(Q2*) and J”(Q2*) respectively, through the structure theorem), can we
conclude to a nonlinear-stability inequality of the form (1.2), for Q@ = (Id + 0)(22*) small and smooth
deformation of the set Q*?



From the Taylor formula, we can write:

T4 0)(Q) ~ (@) = L £2(6-m,0-m) +o(|0]3). (18)

which leads to two issues:

— first, the remainder depends on the full norm of 8, while the second order term is only controlled
with the norm of 6 - n,

— the norm of differentiability © is in most cases stronger than the norm of coercivity given in the
previous item, namely H%2

so it is a priori not possible to control the sign of the term 3 ¢(6 - m,0 - n) + o(||0[|3). To solve the
first issue, one could only work with normal deformation (which is enough to describe every small and
smooth deformation of €*), but this is in some cases a restriction (as noticed before, see [11, 2]). The
second issue is more serious. In the literature, this phenomenon was first observed when minimizing the
perimeter as it naturally differentiable in W% while the coercivity can only be valid for the H'-norm.
This has been observed in two places in the literature:

— Fuglede in [19] proved a local H!-stability result for the classical isoperimetric problem whose
solution is the ball (see the next step to explain how to handle the translation invariance of the
functional and the volume constraint): when writing everything in radial coordinates, that is
considering B, = {(r,w) € [0,00) x S¥71, r < 1+ u(w)} with u preserving the barycenter and the
volume (at the second order), Fuglede proved that

P(By) = P(B) = {(u,u) + O(||ull o) lfs ga-1 (1.9)

where u +— £(u, u) is quadratic form, coercive in the H'-norm; this allows to conclude to the strict
optimality of the ball in small W1 neighborhood.

— For stable constant mean curvature surfaces, a similar differentiability statement is quoted in [25,
Proof of Theorem 6], [6, Equation 3.23], [40, Equation (1)], and this result is not restricted to the
ball. See also [38, 39] for similar observations with a different parametrization.

This difficulty is well-known in the literature on second order optimality conditions in infinite dimension.
We may think that we could change the space of differentiability for the functional (choosing for example
the space for which there is coercivity), unfortunately in most examples, the shape functional is not
differentiable in the space for which there is coercivity, which is weaker than W°°. Various geometric
examples have been handled in the literature since these first examples, see [13, 16, 5, 34].

In the specific context of shape optimization involving PDE functionals, the question was raised in the
work of Descloux [15], and was overcome in [12, 11], and more recently a very similar approach can be
found in [2], see also Section 4.1. The situation is much more involved than for geometric functionals,
as it is much harder to write the remainder term in order to obtain an estimate like (1.9).

Therefore, the idea is, given 0* a critical and stable domain and €2 a domain sufficiently close for dg,
to consider the path (£2;)¢c[o,1) defined through its boundary

o ={z+ t h(z) n(z), z € IN*}. (1.10)

connecting Q* to 2, where h = hqg- o is defined in (1.4), and to assume an improved continuity property
for the second order shape derivative, namely, given s € [0,1] (chosen as being so from the coercivity
property) and © C W1 a Banach space (which has to be chosen wisely, see below) so that Jq is C?
around 0, condition (ECps ) is:

(ECys,0) there exist > 0 and a modulus of continuity w such that for every domain 2 = (Id+6)(2*)
with [|f||le < n, and all ¢ € [0, 1]:

15"(8) = 3" (0)| < wllOlle)lIAlFs,
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where j : ¢t € [0,1] = J(€) and (t);(0,1) is given by (1.10). Then, the Taylor formula with integral
remainder gives
1

J((ld+0)(27)) = J () = %fz(h, h) +/ [5"(t) = 5"(0)](1 = t)dt > AllAllEs +w([10]e)lI]Fs,

0
which easily leads to the stability property, see the proof of Theorem 1.1 just stated below.

Our main contribution about this step is to insist on the list of examples of functionals satisfying this
condition, and also on possible choices of ©, depending on the functionals.

In [12, 11] they choose Holder-spaces of the form C?<, while in [2] they prefer a Sobolev type of spaces,
namely WP for p large enough, which is a better result as it leads to a larger neighborhood in the
stability equation (1.2). Note however that © cannot be chosen, in general, as the best space for
differentiability (which for our purpose would be the bigger one, namely W°),

We prove that for the PDE functionals from [12, 11], which seems less smooth than the functional from
[2] (see also Section 4.1), the previous condition is also valid for WP, for p large enough, therefore
improving the stability properties proven in [12, 11]. Another important contribution about this step is
that thanks to the next item, it is enough to focus on the path (1.10).

Note that this improvement about spaces is not just a technical issue, as in [2] the choice of W2P rather
than C%¢ is relevant for the second step of the strategy when proving stability in an L!-neighborhood ([2,
Section 4]): indeed their regularization procedure needs to allow discontinuities of the mean curvature,
see equation (4.9) in the proof of [2, Theorem 4.3]. This difficulty is handled in another way in [7]
for the quantitative Faber-Krahn inequality as a stability in C*® is enough to make the regularization
procedure work.

Stability result: We are now in position to state the main stability result in the framework of shape
optimization. For a similar statement for problems with volume constraint and translation invariant
functionals, which is very useful in practice, see the next item and Theorem 3.2:

Theorem 1.1 Let Q* be a domain of class C3, and J a shape functional, twice Fréchet differentiable
on a neighborhood of Q* for dwi,«. We denote {1 = (1[J)(2*) and Ly = Lo[J)(2*) (given by Theorem
2.1), and assume that J satisfies (Cys2) and (ECus2.0) at Q* for some sy € (0,1] and © a Banach
space such that C° (R4, R?) c © ¢ WhH,

Then if Q* is a critical and strictly stable shape for J, that is to say

=0, andly >0 on H?(0Q,R)\ {0}, (1.11)

then Q* is an H%2-stable local minimum of J in a ©-neighborhood, that is to say there exists
n >0 and ¢ = ¢(n) > 0 such that

V Q such that de(*,Q) <n, J(Q) > J(Q¥) + cdys: (QF, Q)? (1.12)
where dyss is defined in (1.4).
With the help of the previous remarks, the proof of this result is rather easy, and its main interest lies

in the fact that its hypotheses (more accurately the one of the constrained version) are valid in practice
for many examples, as we show in Section 4, see also the end of this introduction.

Constraints and invariance: as in the isoperimetric problem, whose quantitative version is recalled in
(1.2), we often have to handle two difficulties: first, the functional is translation invariant, and second,
there is a volume constraint in the optimization problem. Therefore one cannot expect (1.11) to be
satisfied, and it should be replaced by

O[J)() = w1 [Vol](QF),  and Lo[J](2") — ula[Vol](€2*) > 0 on T(02*) \ {0}

where T'(0Q") := {gp € H*2(0Q), / ¢ =0 and / T = 6)} . (1.13)
o0* o0+



Here i € R is the Lagrange multiplier, handling the notion of criticality when there is a volume con-
straint, and 7'(092*) can be seen as the tangent space to the constraint (fam © being the first order
derivative of the volume) and to the invariance (( [, cp?) being the first order derivative of the barycen-
ter functional). In [12, 11], especially when dealing with the two-norm discrepancy issue, the author
carefully handle the volume constraint by building a path preserving the volume and being almost nor-
mal, and prove that an estimate like (ECpys2 @) is valid for this more involved path. In [2], a very similar
approach (adapted to W2P-spaces) is given, and they also handle the translation-invariance (which is
not there in the example of [11]) which implies a lot a technicalities.

Inspired by the strategy of [25] who deals with the volume constraint for area minimizing surfaces, we
drastically simplify the presentation of [12, 11, 2] by using an exact penalization method. More precisely
(see also Theorem 3.2), we prove that under the assumptions (Cysz) for €3]J|(Q%), the constrained
optimality conditions (1.13) implies the unconstrained conditions (1.11) when J is replaced by

Juc =J — uVol + C (Vol — Vp)? + C'||Bar — Bar(Q)|?, (1.14)

where p is the Lagrange multiplier and C € (0,00) is large enough. We can therefore apply the uncon-
strained result for stability to J,, ¢, see the proof of Theorem 3.2, and this clearly implies the constrained
local minimality. It is clear, looking at the proofs of our results, that the situation we aim to describe in
this paper is quite general and can be applied to many other constraints or invariance; in particular if
there 1s a volume constraint but no translation invariance, the same strategy applies.

Old and new applications:

In order to justify the interest of our previous general statement, we provide several examples of functionals
for which Theorems 1.1 or 3.2 apply. We give here a short list of them, see Section 4 for more details.

e First, we want to show that our Theorem allows to retrieve classical statements already existing in the
literature. Mainly relying on the computation of the first and second derivatives of the functionals (see
Section 2), and the fact that they satisfy conditions (Cps2) and (ECys2,0), we believe that despite
the degree of generality of our approach, the proofs are less technical and more straightforward than
the existing literature. This includes the examples of [12, 11, 2, 7], see Section 4.1 for a more detailed
description.

e Second, we notice ealier that if we were only interested in linear stability, namely that for every smooth
path ¢ — €, there exists tg small enough and ¢ such that J(Q;) — J(Q) > ct? for every t €] — to, o,
then most of the work relies only on the computation of derivatives, and proving the positivity of the
second order derivative of %J (Q2¢)=0- In other words, most of the previous difficulties we described
earlier do not need to be handled. But it is in general much more satisfying (in particular in view of
the second step of the global strategy described before to obtain (1.2) for weak distances) to obtain a
uniformity in g, ¢ as we require in (1.2). On a couple of explicit ezamples, the contribution of this paper
s to get uniform stability results, while only directional results have been obtained for these examples.
This includes the result of [31] (see Proposition 4.1).

e We also provide new examples, which comes with minor cost thanks to our results. One example we
have in mind is the following generic example: if Q* is a ball of volume V; € (0,00), P(Q2) = H4~1(0Q)
denotes the perimeter of Q (for reasonably smooth sets), and E is the Dirichlet energy:

E(Q)zmin{;/ﬂwu?—/gu, uEHé(Q)}, (1.15)

then the conditions of Theorem 3.2 (version of Theorem 1.1 taking into account the translation invariance
and the volume constraint) are fulfilled for the functional J = P + vE when v > 79 and vy € (—00,0)
(whose optimal value can be explicitly computed), and we can conclude from our strategy that the ball is



a local minimizer (in a smooth neighborhood, say C*% or even W2P? for p large enough) of the following
optimization problem

min {P(Q) +vE(Q), |2 =V}. (1.16)
In other words, (1.2) is valid for J = P + «FE, d; is the H'-distance, and dy = dg for © = W?P with p
large enough.

For v > 0 this result is not surprising, since the ball minimizes both the perimeter and the Dirich-
let energy, so a stability version is a direct consequence of (1.3) (if we replace di with the Fraenkel
asymmetry) or [19], but this result is new and surprising when v is nonpositive (but small enough), even
constdering only d; = 0: indeed there is a competition between minimizing the perimeter and mazximizing
the Dirichlet energy. Another way to state the result is to say that

P(?) — P(B)

E(Q) — E(B)
where V(B) = {Q, dy2» (2, B) < n}, for some n > 0.

> yl,  VQeV(B), (1.17)

For a problem related to (1.16) when v < 0, see also [24]. It is also interesting to notice that (nonlinear)-
stability (and even optimality of the ball) is no longer valid when one consider a neighborhood of Q* for
a weak norm, for example the L'-norm. A counterexample is given in Section 5.1. Especially it means
that the second step of the strategy described before to handle non-smooth deformations, do not apply
to (1.16) if v < 0, despite the fact that sets are minimizing the perimeter. This shows in which extend
the two steps defers concerning their degree of generality.

In addition to this example, we obtain several new local isoperimetric inequalities, see Proposition 4.1,
in Section 4.2.

Going deeper in the computations, it is possible, as it is done in [31] who obtains a directional version
of (1.17) when replacing E with A; (the first eigenvalue of the Dirichlet-Laplacian), to compute the
optimal value of the constant vy such that the ball is a smooth local minimizer for (1.16) (or equivalently
compute the optimal 7 in (1.17) when 7 goes to 0), see Proposition 4.4. As we were mentioning in
the previous item, we insist on the fact that even in this particular case, we improve the result of [31],
since our analysis provides a uniform neighborhood where we have an isoperimetric inequality, while
this author make an asymptotic analysis on each path. However we do not compute the optimal value
for this case, it is indeed more involved because of the form of the second order derivative of A, we
therefore only obtain an estimate and refer to [31] for the optimal value.

In Section 2, we start with a new proof of the Structure Theorem for second order shape derivatives. We
also recall the classical examples of second order shape derivatives, noticing in particular in which norms they
are continuous (which leads to the value of sy from assumption (Cysz2)), and focus on the case of the ball
for which we diagonalize the shape hessians (which leads to the classical stability properties of the ball for
these functionals). Section 3 contains the main results of this work: we state the version of Theorem 1.1
adapted to the constrained/invariant case, we discuss the coercivity assumptions proving (1.6) (Lemma 3.3),
and precise the known results on assumption (ECps2 @), in particular we recall and improve the existing
results, and provide new ones, for example the first eigenvalue of the Dirichlet Laplacian for which it seems
this condition was not proven in the existing literature. In Section 4, we explain how our general results allow
to retrieve known results, and then prove some local isoperimetric inequalities, some of which are known,
some of which are new, see Proposition 4.1. All these applications are simple corollaries of our main results,
combined with the computations reminded in Section 2. In the last Section, we show counterexamples related
to nonlinear-stability, which helps to understand the hypotheses of our results.

2  On Second order shape derivatives.

In this section, we recall classical facts on second order shape derivatives, and give a new proof of their
structure. As for all the examples of this paper, J is a shape functional such that 6 € © — J((Id + 0)(Q2))



is of class C? in a neighborhood of 0 in © if © is smooth enough and © = W1 (R? R?), we focus on this
framework, though similar proofs can be adapted to other functional spaces. In Section 3.2 we give remarks
about other functional spaces in order to handle PDE functionals.

2.1 Structure theorem

It is well-known since Hadamard’s work that the shape gradient is a distribution supported on the moving
boundary and acting on the normal component of the deformation field. The second order shape derivative
also has a specific structure as stated by A. Novruzi and M. Pierre in [32]. We quote their result, and provide
a new proof:

Theorem 2.1 (Structure Theorem of first and second shape derivatives) Let © = WH°(R? R%), Q
an open bounded domain of R and J a real-valued shape function defined on V(Q) = {(Id+0)(Q), ||0]je < 1}.
Let us define the function Jo on {0 € ©,||0|le < 1} by

Ja(0) = J[(Id + 0)(€)].

(i) If Jq is differentiable at 0 and §) is C2, then there exists a continuous linear form {1 on C1(0Q) such that
JH(0)6 = l1(&pn - m) for all € € C>® (R4, R%), where n denotes the unit exterior normal vector on 0.

(ii) If moreover Jq is twice differentiable at 0 and ) is C3, then there exists a continuous symmetric bilinear
form £y on CH(9) x CH(0N) such that for all (£,¢) € C°(R?, R?)2

\75'{(0)(5, C) = EQ(E "M, < ’ n) + gl(B(CTag‘r) - VT(C : ’l’L) : 57' - vT(f : 'I’L) : CT)v (21)

where V; is the tangential gradient, & and (- stands for the tangential components of & and (, and B
18 the second fondamental form of 0f2.

With respect to this work, it is important to notice that at a critical domain for J, the shape hessian is
reduced to f5 and hence does not see the tangential components of the deformations fields.

Remark 2.2 The requirement that € is bounded is made only to simplify the presentation: the result remains
valid replacing C1(99) with CL(99) and localizin the test functions.

Remark 2.3 As noticed in [26, p. 225], with this degree of generality, the regularity assumption on 92 are
sharp as ¢1, ¢ are a priori defined only on C'(9Q). We could wonder if ¢; (for example) could be extended as
a continuous linear form on C°(9Q); this is not true in general if Q is only assumed to be C!, as the example
of the perimeter shows (as it would mean that the mean curvature is a Radon measure, which is not true for a
C! domain). However, as it is shown in [32, Remark 2.8, Corollary 2.9], if we assume that ¢ can be extended
as a continuous linear form on CY(9Q), then the point (ii) is valid assuming Q of class C? instead of C3. It is
easy to notice that our proof also recovers this case.

Remark 2.4 Compare to the result in [32], we restricted ourself to the space © = W (or similarly C1:>°,
see the proof below), as all the functional of this paper are differentiable in this space. Of course, the same
proof can be adapted to spaces like W* for k > 2, which is important to handle higher order geometric or
PDE functional, but we do not work with such examples in this paper.

Remark 2.5 When & = (, we get

J5(0)(§,¢) = l2(§ -, & - m) + &1 (Zg), where Ze = B(&-,&7) —2V(§ n) - &

As noticed in [2, Equation 7.5], the term Z¢ can have be written in a different way:

Ze = (¢ - m)div(¢) — div, (& (¢ - m)) — H(En)2.
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The advantage of Z¢ is usually that it clearly vanishes when & = 0, but this second formulation can also
have advantages, especially when ¢ has a vanishing divergence (as it is the case in [2]) or when there are
simplifications as it is the case for the volume (see Lemma 2.7 for the first equality):

Vol (Q) - (€,€) = H@wﬁ+l;aziﬁenmma. (2.2)

o0

In that case, the last formula is indeed more common.

Remark 2.6 It is sometimes considered that first and second order derivatives described in the previous
theorem cannot handle the differentiation of ¢ — J(T}(2)) where T € C2([0, a[,©) when T; is not of the form
T; = Id 4 t€. This is not true, as the chain rule formula easily gives (and is allowed when we have proven the
Fréchet-differentiability of the functionals, which is valid for all the functionals of this paper):

2 , d_ d ) d?
SSITQ) = TUT — 1) (LT 2T ) + Ta(T— ) (55T,

and the structure result can then be applied. For example, if T} is the flow of the vector field & as it is usually
done in the speed method, we obtain:

d2

a2 L )p=o = Ja(0) (£,) + T (0) ((DE) - ).

Another interesting case is that if Q is a critical shape for J, namely J5(0) = 0, and if T; = Id+t£+ %77+0(t2)
where o(t?) has to be understood with the norm || - ||g, then we always have

d2

a2 —5J(T1(2)) =0 = £2(§ - M, - ).

This fact is often observed through computations, but it is always true, when functionals and shapes are
smooth enough.

Proof. We only focus on the second order derivative, as the first order one is classical (see for example
[26, 14, 29]). For a few technical reasons, we replace © by C1* := C! NnWh(R? RY) equipped with the same
norm as WH* which is also a Banach space. This does not affect the result as we stated (2.1) for smooth
vector fields. Let &, ¢ € C* compactly supported in a neighborhood of 02, and denote ~,d their respective
flow, namely
{ an@) = &) { Fou(x) = ((de())
Y(xr) = =z do(x) = =

As the function v € © +— £ oy € O is locally Lipschitz and C? (thanks to our assumptions on &, ¢, see 777),
these ODE admits solutions defined on (—tg, o) and [t +— v, — Id, t — &; — Id] are in C?((—to,t0), ©).

Let now assume that ¢ - n = 0. Then from classical criterion of invariance of sets with the flow, we have
3:(Q2) = 2 for every ¢ small enough, so J(vs 0 8:(2)) = Ja(7ys 0 0 — Id) is independent of ¢. Differentiating
successively with respect to ¢ and s at (0,0), we obtain:

J6(0) - (€,¢) + T5(0) - (DE-¢) =0, V€O, V(EK,

where K = Ker(®) and ®:{ € © — §|BQ ‘n.
We define b: (§,¢) € © x © — FH(0) - (&,¢) + T5(0) - (D€ - ) which is a bilinear functional that vanishes
for ¢ € K, for any fixed £&. Therefore we can write, using quotient properties, b(§,() = b(é,C Claq - m) where

b: O x C1(0Q) — R is continuous (a priori we only get that b is separately continuous but with Banach-
Steinhaus Theorem, it implies continuity), as ® induces an isomorphism between ©/K and ®(0) = C!(99)
equipped with the C! norm (using that €2 is of class C?). Moreover by construction we have:

TE0) - (£,¢) + TH(0) - (DE - ¢) = b(&, (o - ), Y E,( €O.
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Using the symmetry of J{)(0), we can write
b(C,&r 1) = b(&, r - n) = TH(0) - (DG - € — DE - ¢)

Our goal is now to apply this formula to (,, the normal component of (, which needs to be extended as a
vector field on R?. To that end, we introduce Psq the projection on 99, which is well-defined and C! in a
neighborhood of 99 (see [14]). Then if ¢ is defined on 09, we set ¢(x) = ¢(Pyox) (in other words, ¢ is
extended so that it is constant in the normal direction). This operator ¢ + ¢ is continuous from C(9Q) to

P

CL>°. Let us define then ¢, := (¢ -n)n the extension of the normal component of . Defining the bilinear
form £o(p1, p2) = b(p1n, @2), defined and continuous on C!(9)? (but a priori non symmetric), we obtain

J50)-(§,¢) = b(& ¢ -n)—TH0) (DS Q)
= b(n, & m) = TH0) - (D¢ € — DE - Cn) — TH(0) - (DE - ()
= Lo(¢-n,&n) = TH0) (DG - &= DE- G+ DE- ()
= (¢ n, & n) = Jy(0) - (Dén - £+ DE-C7)
where (; = ( — (. We now use D(, = D:(y,, because thanks to our choice of extension operator, (, is
constant in the direction n (by definition, D;a = Da— (Da-n)n), and therefore D(, £ = D;(y, &. Moreover,
Dg CT = DT& CT'

Using a symmetrization of the previous formula, we obtain
jflll(o) ' (§>C) = % KO(C : TL,§ ' TL) +£0(’£ : 7%{ ! n) - js’z(o) ’ (DTCTL . §T + DTE : CT + DTETL . CT + DTC : 57'):|
= 66 m,Cn) = JTH0) - (2D5C & +2Dr€ - G — Dr&y -G — Dot - &5 )

where we defined £2(¢ - m,( - n) = 3(4o(¢ - n, & - n) + Ly(é - m,( - m)), which is a continuous bilinear form on
Cl(on)2.

From the structure of the first order derivative, and using the formula
t-DTET ‘n+ tDTn : g’l’ =0

(obtained by tangentially differentiating &, - n = 0), we finally obtain (using the C? regularity of 9 so that
D.n belongs to the space of definition of ¢;)

jSIZI(O)(gvg) = €2(£ ' nvC : 'I’L) - %€1 ((QDTC ' g'r + 2DT£ : CT) n— CT . (tDTgT . ’I’L) - g-r . (tDTCT : ’I’L))
= b )+ 0((DmeG) & = V(¢ n) & = Va(§n) -G

(where we used that D,n is symmetric), which concludes the proof (a priori, ¢y depends on the extension
operator that has been chosen, but as in the final formula the extension only appears in {5, this last one do
not depend, in fact, of the extension operator). O

2.2 Examples of shapes derivatives on general domains.

For a domain © C R?, we consider in this section (and in the rest of the paper) its volume |Q|, its perimeter
P(), its Dirichlet energy E(2) defined as

BQ) = —~ [ [Vug]?
Q) = 239‘ uql”,

where ugq is the solution of —Au =1 in H}(Q) (this is equivalent to (1.15)) and A; the first eigenvalue of the
Dirichlet Laplace operator. The existence and computations of these shape derivatives of these functionals
are well known, see for example [26, Chapter 5].

We need first to precise some geometrical definitions: the mean curvature (understood as the sum of the
principal curvatures of 99) is denoted by H. We recall that B = D.n is the second fundamental form of 92
and that || BJ|? is the sum of the squares of the principal curvatures of 9.
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Lemma 2.7 (Expression of shape derivatives) If 2 is C2, one has, for any ¢ € C>®(02),

-fﬂWMM)@=l;w, BVOl(©).(pp) = [

o (1[P]().0 = BQH% 6[P)(Q).(p,¢) Z/m!VTw!QJr/aQ [H? — ||B|*] ¢
o GEI@)p = [ (@,

BLEN®).(0.0) = Ont . MOu Do + [ |0+ 5HOP2]

where A : HY2(0Q) — H~Y2(0Q) is the Dirichlet-to-Neumann map defined as A1) = 9,V () with
V() is the solution of
—AV(¢)=01inQ, V(¢) =1 on 0Q, (2.3)

o (i[M](Q).p = —/69(3711))2%0, 6[M)(Q).(0, 9) = /m 2u(p) nw(p) + H(9v)*¢?

where v is the normalized eigenfunction (solution in Hy()) of —Av = \jv with [vllr2@) =1 and v >0
in Q) and w(p) is the solution of

~du(e) = M) = [ (@O in,

w(p) = —pdyv on 9, (2.4)

[oute) = o

A fundamental fact for this work appears here in the expression of the shape hessians. Even if they are
defined and derived for regular perturbations, they are naturally defined and continuous on different Sobolev
spaces on 9. The hessian of the perimeter is defined on H(9Q), the hessian of Dirichlet energy on H'/2(9Q)
while the hessian of the volume is defined on L2(9) as expressed in the following continuity properties:

Lemma 2.8 (Continuity of shape Hessians) If 2 is C?, there is a constant C > 0 such that
PN, 0] < Cllelliony  1EIVOU(@)-(2, 9)] < CllolZaony,

E)Q).(0.0)| < Cleliumon, M@ 0)] < Clelzen

Therefore, from this Lemma, it is natural to consider the extension of these bilinear forms to their space of
continuity. Note that the C? assumption on € is sufficient here, as explained in Remark 2.3.

2.3 The case of balls

When proving the second order optimality condition, one needs to explicit the shape derivatives of these
functionals on the balls Br (of radius R). For the Dirichlet energy FE, we need to remark that u(z) =
(R? — |z|?)/2d solves —Au = 1 in H}(Bgr) and satisfies 0,u = —R/d on dBg. For )\, we recall that the
eigenvalue and eigenfunction are
2
Jaj2—1

M(BR) =

associated to v(z) = ag |z|'"Y? Jaj2-1 (Jd/;%_l !x\) ,

where the normalization constant is defined as

R ; ~1/2
d/2—1
\631]/0 rJd2/271 (R r> dr] ,
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and where jg/o_; is the first zero of Bessel’s function Jg/5_;. On the unit ball, the eigenfunction satisfies

2 . 2)\1(31)
Op = {| =——— 4 =14, S0 that y2 = ==~ 2.5
P(B1) Jd/2—1 Yd Yd P(B) (2.5)
from [27, p. 35]. We obtain the shape gradients:
d—1
gl [VOI](BR)CP :/ ®, él[PKBR)SO = T ®,
BBR 8BR
R? 9
G [E)(Br).p = —2/ ¢,  O[M](Br)e= — 7d/ .
2d* Jom,, OBg

Let us notice that these four shape gradients at balls are colinear. As a consequence, the balls are critical
domains for the perimeter, the Dirichlet energy and A; (or any sum of these functionals) under a volume
constraint, and these formula easily provide the value of the Lagrange-multiplier.

Let us turn our attention to the hessians. The value of ¢3[\;] is a bit more involved, so we deal with it in
the next Lemma. For the other functionals, it is known that:

d—1 )
o[ Vol|(Br).-(¢, ¢) = = @,
OBR

CIPBak o) = [ vt LEOEZD [

R? d+1
GIE)(Br)-(p0) = Z5 {0, Avmp-172 — 2d2R/ 2.
OBRr

It is well known in the literature (see for example [11]) that on balls the quadratic forms associated to
the Lagrangian are coercive on their natural spaces. Let us make this point precise by diagonalizing the
Hessian. The useful tool to explicit the shape hessian under consideration is spherical harmonics defined as
the restriction to the unit sphere of harmonic polynomials.

We recall here facts from [37, pages 139-141]. We let Hj, denote the space of spherical harmonics of degree
k. It is also the eigenspace of the Laplace-Beltrami operator on the unit sphere associated with the eigenvalue
—k(k+d—2). Let (Y*!);<;<4, be an orthonormal basis of Hj, with respect to the L2(9B;) scalar product. The
(Hr)ken spans a vector space dense in L2(0Bj) and the family (Y*4),cn 1</<q, is a Hilbert basis of L2(9By).
Hence, any function ¢ in L2(0B;) can be decomposed as the Fourier series:

oo dg

=> ) apil)Y M (x), for |z =1. (2.7)

k=0 [=1

Then, by construction, the function h defined by

Zm Za’” Ykl(’ |> for |z| <1,
k=0

is harmonic in B; and satisfies h = ¢ on dB;. Moreover, the sequence of coefficients ay,; characterizes the
Sobolev regularity of ¢: indeed ¢ € H*(9By) if and only if the sum >, (14 k%)* >, |y |? converges. Let us
now prove the following lemma expressing the fact that the shape hessian of the volume, the perimeter, the
Dirichlet energy and the first eigenvalue are diagonal on the basis of spherical harmonics.
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Lemma 2.9 Assume that ¢ is decomposed on the basis of spherical harmonics as in (2.7), then

oo dg
5[Vol](By).(p, Z Z ) ari(p)?,

k=
oo dg

BIEE) (0. 9) =303 | b — ot | analP
k=0 l=1
oo dg

(o[P)(B1)-(0,0) = D> D [K+(d=2)k+ (d — 1)(d - 2)] ari(p)?,
k=0 I=1

oo dg
o[ M](B1) (s, ) = 72 <3P(31 Pagi(e)+> > [ Titaj2ajz- 1))] ail(cp)) .
k=1 1=1

— Jd/o—
f 2 1+d/2(Jd/2—1
where 74 is the constant defined in (2.5).

This result is very useful to look for the sign of ¢3]J — uVol](B) where J is the functional we minimize and
is a Lagrange multiplier, see Section 4. For the computation of £3[\1](B1), we use the presentation given by D
Henry in [27, p. 35], though the computation was performed by Lord Rayleigh in [35] when d = 2 (see also [36]).

Proof. We decompose ¢ € L2(0Bj) on the spherical harmonics basis as

Z(Zakl YR (2 ) for || = 1. (2.8)

k=0

and let us express the various integrals arising in the shape hessian in terms of the spherical harmonics

decomposition. First we check that
(o) dk

/aBl 0= on(y)

k=0 =1

00 di;
/ Vo = _/ o Ao =) k(k+d—2)) orip)
0B1 0B1 k=0 =1

Then, we precise the term involving the Dirichlet-to-Neumann map that appears in the shape hessian of the
Dirichlet energy. The series defining h is normally convergent inside Bj, we cannot directly differentiate with
respect to 7 up to the boundary. Though, by Green formula, we have:

(0 AQ) 1 oyrre = / b — / e
831 Bl

= /01 </BB ((0nh)?* + |V-h[?) da> dr = /01 (/BB ((Onh)?* — hALR) da> dr

oo dk
k(k+d—2
— ZZ/ d—1 [kz 2(k— 1) ( 702 ) 2k:| dr Oék,l(@)Q
k=0 I=1
k:k:+d—2
- ZZ[%M | i = 30D ko)
k=0 I=1 k=0 I=1

We obtain ¢3[Vol], ¢2[P] and ¢3[E] by gathering these elementary terms.
Let us now consider the case of the first eigenvalue. Again we decompose ¢ on the basis of spherical
harmonics according to (2.8) and we apply [27, p. 35]: it is proven there that for a second order volume
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preserving path, that is t — T} such that |T3(Q)| = || + o(t?) for small ¢, we have

d? > o G Jrtdr2(daja—1)
M (Ty(B =2 2 lk+d—1— g : o?
(dt2 (Ty(B1)) o ;;m Jd/2 1Jk—1+d/2(]d/2—1) k,l(@)

where ¢ = (%Tt)\t:o -m and we have used the recurrence formula for Bessel function J)(z) = (v/z)J,(z) —
Ju+1(2) to adapt his expression to our notations ([1, 9.1.27, p 361]). To deduce ¢2[\;] from this computation,
we introduce 6 a smooth vector field which is normal on 0B; and denote ¢ = 6 -n. We assume that
faBl = a,1(¢) = 0. It is then clear that there exists  such that T} := Id + t0 + %5 is volume preserving at
the second order that is such that

a[Vol](B1)(, ) + £1[Vol|(B1) () = 0.

Then we observe that for a smooth shape functional J and for such ¢ — T3,

d2

(dtz J(Tt(Bl))> | = Lo J](B1) (s, ) + ([ J](B1) (),
t=0
where ¢ := £-n, and therefore, denoting p the Lagrange multiplier such that ¢;[A; — pVol|(B1) = 0, we obtain
d2
<dt2’\ (Tt(Bl))> = L[M](B1)(p, ) + L [M](B1)(¢) = La[M](B1) (e, ¢) + pli[Voll(B1)(¢)
|t=0
= L[M](B1)(p, ) — pla[Vol](B1)(, ¢)

Then, we get, as here p = —73:

d2
B0 ) = (GG ) Vol (Br)ov).

|t=0
=& i a2 (Jajo—1) >
— ZZ%% k+d-— 1*jd/2_1J G )] a%,l(‘P) 77§ZZ(d* 1)a%,l(90)
k=11=1 L k—1+d/2\Jd/2—1 PRt
oo dg B
Jvay2(aja—1)
=D > % |k—dapa 7 A/ G / ) aj ().
k=1 1=1 L k—14d/2\Ud/2-1

It remains to compute the coefficient associated to the mode k& = 0. It suffices to consider the deformations
as Ty(x) = o+ t||Y™ (Bp)'/2. Since A, is homogeneous
of degree —2, we get A(t) = (1 +tP(B1)/?)~2\1(B)) so that \/(0) = 6P(B1)A1(By). O

3 Main Theorem

In the introduction, we gave the unconstrained version of the main result of this paper. As in most applications
we need to deal with a volume constraint and a translation invariance of the functional, we describe here the
corresponding statement. In the rest of the section, we discuss condition (Cpys2) and prove (1.6) about
coercivity, then condition (ECys @) with old and new examples, and we finally prove Theorems 1.1 and 3.2.

We start with the suitable definitions of critical and stable domains for problems with volume constraint
and translation invariant functionals:

Definition 3.1 Let Q* be a shape and J a shape functional defined and twice shape differentiable at ¥, where
O is the Banach space for differentiability.
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o We say that Q" is a critical domain for J under volume constraint if
Vo € C(0Q") such that ¢1[Vol](Q).o = / v =0, O[J)(2).(p) = 0. (3.1)
oN*
It is well-known that it is equivalent to the existence of p € R such that (€1[J] — pl1[Vol])(2*) = 0 on
C>°(0Q*); in that case, p is called a Lagrange multiplier associated to J.

o When Q* is a critical domain for J under volume constraint, we say that Q* is a stable shape for J
under volume constraint and up to translations if

Vo € T(02) \ {0}, (£2[J] — pla[Vol))(Q).(¢, @) > 0 (3-2)

where

T(9Q) = {goeHs(@Q), /8030:0, /mcp?:ﬁ}, (3.3)

w is the Lagrange multiplier associated to J and s > 0 is the lowest index so that l3[J](SY) is continuous
on H*(0Q2) (see Lemma 2.8).

Here is the main result of this paper:

Theorem 3.2 Let Q* of class C3, and J a shape functional, translation invariant and twice Fréchet differ-
entiable on a neighborhood of Q* for dyi,0. We assume:

e Structural hypotheses: there exists sy € (0,1] and © a Banach space with C*(R% RY) ¢ © ¢ WH>®
such that J satisfies (Cus2) and (ECys2 9) at QF,

e Necessary optimality conditions:

— QF is a critical shape under volume constraint for J,

— OF is a stable shape for J under volume constraint and up to translations:

Then Q* is an H*2-stable local minimum of J in a O-neighborhood under volume constraint, that
is to say there exists n > 0 and ¢ = ¢(n) > 0 such that:

V Q such that de(Q, %) <n and |Q| = ||,  J(Q) > J(Q*) + edus2 (2F, Q)2

where dys2 is defined in (1.5).

3.1 About coercivity and condition (ECy:)

Usually the coercivity property for the second order derivative (or the one of the Lagrangian; we notice here
that thanks to our exact penalization procedure (see (1.14) and the proof of Theorem 3.2) this section and the
following can indifferently be used for both the unconstrained and the constrained result) has to be proved
by hand on each specific example by studying the lower bound of the spectrum of the bilinear form ¢5 defined
in Theorem 2.1, typically thanks to Lemma 2.9. Nevertheless, when {5 enjoys some structural property,
coercivity can be more easily checked as a consequence of the following general lemma.

Lemma 3.3 Let X be a Lipschitz manifold, sy € [0,1], and V' a vectorial subspace of H*2(X), closed for the
weak convergence in H*2(X). If £, a quadratic form defined on H*2(X) satisfies condition (Cps2), namely

(Csz2) there exists 0 < s1 < s2 and ¢; > 0 such that ¢ = £y, + £, with

{ U is lower semi-continuous in H*2(X) and by (o, ) > c1]p|3e, Vo € C®(X),

¢, continuous in H*' (X).
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then the following propositions are equivalent:
(1) (e, ) >0 for any ¢ € V '\ {0}.
(i) 3N >0, Lo, ) > Mlol?s, for any ¢ € V.
(iii) IAN>0, L, ) > A|o||fs for any p € V.

Remark 3.4 In practice, we apply this lemma to the spaces H*(9€2) where 0f2 is smooth enough, and V is
either H%2(0Q) or T'(0%2) defined in (3.3).

Proof. Since the implications (i) = (i) and (i) = (%) are trivial, it suffices to prove (i) = (iii).
To that end, let (), a minimizing sequence for the problem

inf {¢(p, ), ¢ € V,|¢llas = 1}.

Up to a subsequence, ¢y weakly converges in H*2(X) to some ¢, € V. By the compactness of the embedding
of H®2(X) into H*' (X)), vr — poo in H2(X) so that £, (¢k, ox) = £r(¢Yso, Poo). We distinguish two cases: if
Yoo # 0, iminfy £, (0r, Pk) > ln(Poo, Poo) by the lower semi continuity of ¢,,,, so that liminfy (o, o) >
(Poos Poo) > 0 by assumption (i). If oo = 0, then as the norm ||-||gs2 is equivalent to the norm ||+ ||ms1 +/|- |ms2,
we know that |@g|ms2 is bounded from below by a positive constant, and using (Cgs2), liminfy (g, or) =
lim infy, ﬁm(gok, gok) > ¢ liminfy, ‘Spk|%_152 > 0. O

Remark 3.5 The equivalence between coercivity in L? and H! was already known in the context of stable
minimal surface it appears in the work [25] of Grosse-Brauckmann. Also in [2], the previous lemma is proven
in the particular case of the functional they study.

Remark 3.6 When, one applies this lemma to a shape hessian, assumption (i) is not natural. Indeed, shape
derivatives are defined for regular perturbations that are dense subsets of H*(0f2) and one could expect:
(p,p) > 0 for ¢ € V' \ {0} smooth enough. But, in that case, our proof is not valid since ¢, may not be
smooth and therefore not admissible to test the positivity property. Therefore, the bilinear form ¢ has to be
extended by continuity to the whole H*(0f2) (see assumption (1.11) in Theorem 1.1 and (3.2) for Theorem
3.2). Notice that this extension is for free once the expression of the shape derivative has been computed as
illustrated by Lemma 2.7.

We conclude this section noticing that the shape hessians of the model functionals from Section 2 satisfies
(CHSz )Z

e The perimeter satisfies (Cy1) with
[P, p) = / IVrpo|>  and  £[P](p,p) = / [H? — ||B||I’] ¢*  (here we can choose s; = 0).
[2/9) o0
e The Dirichlet energy and A; satisfy (Cy/2) (again s; = 0):

1
U E)(0, 0) = (Opup, A(Onu))yi/2g-1/2  and &[E](w,w)—/m [8nu+2H(8nU)2 ©?,

fm[Al](Q)-(%@)Z/BQ%(@) Ohw(p) and L [M](p, @) = 8QH(87LU)2902-

See Section 5.2 for an example where (Cys) is not satisfied.
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3.2 About Condition (ECy: o)

In this section, we show that our main examples satisfy condition (ECps ) where s is given in Section 3.1,
and © is hoped to be as small as possible.

Given © a Banach space of vector fields, we fix Q* a C? open set (the regularity insures the uniqueness of
the projection on 9Q* in its neighborhood). We recall that for Q = (Id + 0)(2*) with ||f]|e small enough, we
can write

0N ={z+ h(x)n(z),z € 00"}

for some function h : 9Q* — R, and we then focus on (€2;),c[0,1) the path of open sets so that
0 = {z + th(z)n(x),z € 00" }.

It can be useful to find a path of vector field that can describe this path of shapes. One convenient way to
do this is to extend h and m in a neighborhood of 9Q* so that it is constant in the direction given by n (then
we should be careful not to mix n with n; which will denote the normal vector to 9€;):

W) = h(mog-()  and  n(z) = n(moq- ().

where T+ is the projection on 9Q*, well-defined in a neighborhood of 92*. Then we define &, = h(z)n(z) in
this neighborhood, and extend it smoothly to R?, so that &, € © (assuming Q* smooth enough). Therefore,
denoting Ty, = Id + &p,, we have Q = Tp,(Q*), and j(t) = Jo-(t&,) = J () for any ¢ € [0,1] (where J is the
shape functional under study). Therefore j”(t) = J5. (t&n) - (En, &n) = J" () - (€, En)-

3.2.1 Geometric quantities

e The volume:

Proposition 3.7 If Q is C?, then Vol satisfies (ECr2 wi.) condition.

Before proving this result, we give a geometric Lemma, inspired by the results in [11] in the context where
© = C22 We recall that J(h) := det DT},||(* DT}, )n|| is the surface jacobian, appearing when changing
variables between 0, and 9Q*. In this section, the notation @y, stands for wy, o T}, where wy, is defined on
Qp, or 09)y,.

Lemma 3.8 We have the following Taylor expensions, where O(||h|wi.) is a domination uniform in x,
o J(h)=1+£{(h)+ 505 (h, 1) + O(||hllwree) ([2]* +[VR|),
o Ny =n+ (7 (h) + 505 (h,h) + O(|h]lwre ) (|B]* + [VA[).

where (¢, 07), (¢5,0%) are respectively linear and quadratic form, acting on (h,Vh).

Proof of Lemma 3.8: The first part follows simply from the fact that A € My(R) — det(A) H(tA_l)nH is
smooth in a neighborhood of Id, and the fact that D§, = h(Dn) + Vh ®@ n.

For the second part, we use a level-set parametrization: there exists ¢ of class C? such that Q* = {¢ < 0}
and V¢ do not vanishes, and then Q = {¢p o T}~ < 0}. Therefore

V(gpoT, )
IV(¢oT; )|

V¢  'DI;'Ve Vo

oly — — _ ,
"Nl DT IV [V

ﬁh—n:

and we conclude using the smoothness of A — ‘A~! and w € R? \%\ in the neighborhood of Id and V¢
respectively. O
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Proof of Proposition 3.7: We denote H = div(n) the mean curvature of 9Q* (extended to R? and constant
in the normal direction of 9Q*). We use (2.2), and the fact that div(§) = Vh-n + hdiv(n) = hdiv(n) as h is
constant in the direction of m. Therefore if v(t) = Vol(£2;), we have

6 = [ € mudivie) = / div(n)(n-n)h2 = [ H(n-s)h2J ().
o o o0+

With Lemma 77, we easily obtain
[0"(t) = "(0)] < CIIT; — Illwre<|hllf2 = Ctl€]wroe 12 F.
O

Remark 3.9 In the spirit of [34, Lemma 4.1], we could try a direct proof using the divergence formula: we
indeed obtain

=3 [ wm=g [ @@ ) = [ @rhn@) o m g b b0 <) (APTHE)

but this only leads to the fact that the volume satisfy (ECy1 w1.).
e The perimeter:
Proposition 3.10 If Q is C?, then P satisfies (ECp1 wi.) condition.

Proof. We follow exactly the proof suggested in Remark 3.9:
1
P() = /aQ 1= /8Q J(h) = P(Q) + ([PY(Q)(R) + 5 6[PI(Q)(h, h) + O([hllwr.=) 1 llf ),
h

where we used Lemma 3.8. This result is actually a strong version of (ECys g) condition: indeed, denoting
p(t) = P(€), we apply the previous formula to th, and differentiate in ¢ to get:

p'(t) = 9" (0) + tO(Ih o) 1 PllFs ga-1

and the property follows. O

Remark 3.11 It is interesting to compare the two strategies used for the volume and for the perimeter:
indeed, for the volume we prefered to use the structure theorem, which lead to the best estimate (see Remark
3.9), while a similar strategy for the perimeter, as it is done in [11] or in [2, Proof of Theorem 3.9] (but for
a different path of shapes) lead to weaker results (in the sense that the space © is smaller, namely C%® and
W2P respectively). Therefore, we prefered here to directly prove a Taylor expension in h for the functional
P, with a refined control of the remainder term, that is an expansion of the form

J( Q) = J(F) + 6 [T](Q)(h) + 252[17](9*)(}% h) + w(llklle) Ikl a0x)- (3-4)

This condition could be considered as another version of condition (ECys g). As we will see in the proof of
Theorem 1.1, our initial condition indeed implies (3.4), while it is easy to see, as it is done in the previous
proof when w(z) = x, that under very weak assumption on w (including for example w(x) = 2% a > 0), (3.4)
implies (ECHS,G))-
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3.2.2 PDE energy

For PDE energies, a condition of the type (ECysg) was studied first in [12] where it is proven that in
dimension two the Dirichlet energy satisfy (ECpi/2 ¢2.0) (for a volume preserving path instead of a normal
path), then a similar result is proven for general PDE functionals in any dimension in [11], either for the path
(1.10) or a volume preserving path. More recently in [2], it was proven that the functional described in (4.1)
involving the sum of the perimeter and a PDE functional (of a different kind than in [11]) satisfy (ECy1 yw2.r)
for p large enough, also for a volume preserving path. Thanks to our method to handle the volume constraint
(see Section 3.3), we only need to deal with the path (1.10), which is easier than considering volume preserving
pathes.

In this section, we chose to focus on E and A\; (the former is yet not handled in the literature), and we will
improve the space © compare to [11] (the smaller the space O is, the better the result is). For the functional
in [2] we refer to Section 4.1. Note that condition (ECyi/2 ¢2.«) is also established for the drag in a Stokes
flow in [8].

In other words, the aim of this section is to prove:

Proposition 3.12 Let Q* be a bounded domain. If Q* is C°, then E and \; satisfies (EC H1/27W2,p) for
p>d+ 2.

We treat the case of £ (see [11] and also [7, Appendix]) where it is proven that E satisfy (ECyi/2 ¢2.0) with
an emphasis on how to treat W?? deformations. We sketch the proof except when the treatment differs from
the known case. We recall the expression of the second derivative along the path that we split for convienience

into : E"(t) = T1(t) + T2(t) with
Tilt) = /a O (D)€ (),

Tao(t) = - VIVul? - €& n(t) + H(1)(E - n(t))* Ongryul())?
t
The idea is to estimate separately the variations of each terms. In order to replace C*® with W2P, two steps
have to be adapted. First, one needs to estimate ||u; — u||yw2» using the Sobolev theory of elliptic PDE. We
provide here a new proof based on the method used to prove existence of shape derivation. Second, one then
takes advantage of the fact that we seck for an estimate in H'/2 of the normal component of the deformation,
so any term naturally leading to the L?-norm can be improved.

Estimate of Ti(t) — T1(0). This part is unaffected by the passage to the W2P. Only first order derivatives
are involved and the L* bounds on the first order derivatives are deduced by the Sobolev injections as soon
as p > d.

e First modified step: Estimate of ||ii; — u|lyw2. by the WP norm of the deformations. Such an
estimate is a direct consequence of the regularity of the map 6 — wy from X to Y in well chosen spaces X and
Y. The analyticity of the map from X = WL°(R? R?) into Y = H}(Q) is proved in [26, Proof of Theorem
5.3.2]. The same conclusion is reached for the map from X = C?%(R% R?) into Y = C>%(Q) in [27, Example
3.1, p. 28]. As a clear consequence of the C! regularity, there exist two constants 7 > 0 and C such that

o — volly < C|0]|x, (3.5)
when ||0 — Id||y < 7. Both proofs apply the Implicit Function Theorem to F : X x Y — Z defined by
F(0,v) = —divA(8)Vv — J(0), (3.6)

where Z = H71(Q) for Y = H}(Q) and J(#) = det(Id + DO) and A() = J(0)(Id + D)~ (Id + 'DO)~L. We
extend the previous results to the case X = W2P(R? R?) for p large.

Lemma 3.13 Let Q be a bounded C? domain in R%. For ¢ > d and p > max(q,d + 2), the map 0 — (v, \g)
from W2P (R4 RY) with values in W29(Q) x R is analytic around 0.
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Proof. By Neumann series expansion and Hélder inequality, the map .J is analytic around 0 from W2P(R?, R%)
into WhP/4(R% R%). In a similar manner, the map A is analytic from WP (R4, R%) into W1»/(@+2)(Rd Rdxd),
As a consequence, by Sobolev’s injection, the map F is analytic around (Id, vg) from W2P (R4 R%) x W24((2)
into L4(2). Ones checks that F(0,v9) = (0,0) and that the differential

OpF(0,v9).Ju] = —Au

is an isomorphism from W24(€2) into L4(2) xR and the conclusion follows from the Implicit Function Theorem.
U

e Second modified step: Estimate of 73(t) — 72(0). We first transport the integral 73(t) on the fixed
boundary and rewrite it as

where we have set
o(t) = [M(t)V!M(t)Wé(lt)|2 o+ H(t) (n- M(D)7(1) (M(6)Va(t) - M(H7(t)? | (n- M(6)na(t)) Jo(t)
From the previous geometric estimates and the estimates on the states, there is a constant C' such that
lo(t) = o(0)llr < CIT = Illw2s-

Notice that the control holds only in L? and not in L* as in [11] and also [7, Appendix|. Hence, we do not
obtain a control with the L? norm of ¢. By Hélder inequality, it comes |T2(t) — T2(0)| < [lo(t) — o (0)||Le [l0llF 5
for any p > 2p/(p —1). Since ||¢||ts > C|l¢|lg1/2 when p < 2d/(d — 1) by Sobolev’s injection, such a p can be
chosen provided that for p > d. Then, it holds

T2(t) = T2(0)] < llo(t) = o (0)lolllfne < CITe = LdlRy2sllelFe-

3.3 Proof of Theorem 1.1

We are now in position to prove Theorem 1.1 corresponding to the unconstrained case. Let (2* be a domain
satisfying the assumption of Theorem 1.1. Let n > 0 and let © be such that dg(£2,2*) < 1. Then, there exists
h such that the boundary of € is the set {x + h(z)n(z), z € 0Q*}. Consider the path (£t)ic[o,1) defined in
(1.10), j the restriction of J to the path ;. We write Taylor formula along this path:

\ b 1 t
50 - 9@ = [ 00 -0 = 370+ [ 170 - 010 - 0ar> 370 - [ 1570 - S0
From (Cpgs2), we can apply Lemma 3.3 and there is a constant A > 0 such that
Co[T)(Q).(h k) = Al|Al|Fs:

Applying the (ECpqs2 g) assumption, we obtain that for n small enough,

>

A
77(t) — 3" (0)| < Z||R[[fs2, Yt €[0,1], and therefore J() — J(Q*) > ZHhHZHSQ

W
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3.4 Proof of Theorem 3.2
We denote p the Lagrange multiplier associated to .J. Therefore we consider J, = J — pVol and Q* satisfies
J (%) = 0.

o

Step 1: Stability under volume and barycenter constraint: The bilinear form ¢ associated to the
second order derivative of the Lagragian J,, is £2[J] — f2[Vol]. Under the structural hypotheses on £5[J](£2*) =
lm + £, and the fact that £2[Vol](Q2*) is continuous in the L?-norm, we can applied Lemma 3.3 to f2[.J,](£2*),
so there are constants cq, co, c3 and ¢4 > 0 such that

Vo € H2(0), [bulp.9)l 2 cilolfier 1600, 0)| < callpllfir,  [[VOll(@).(0,0)| < esllglZes (3.7)
Vo € (), Lol — pVoll().(0, ) > calllfes- (3.8)

Step 2: Stability without constraint: In order to deal with the volume constraint and the invariance
with respect to translations, we use an idea of [40, 25] by considering

Juc =J — uVol + C (Vol — Vp)? + C || Bar — Bar(Q*)||?,

where Bar(Q) := [, and || - || is the euclidean norm in R?. The shape Q* still satisfies L.c(7) = 0. We
claim that 2* is astable shape for J,, ¢ on the entire space H*?(02*) when C' is big enough, that is to say for
all ¢ in H*2\ {0},

021,12 (9, ) 0. (3.9)

Indeed, if it was not the case, we would have the existence of ¢,, € H%2(0Q*) \ {0} such that

ZQ[JMM](Q*)'((PW Spn) <0. (3.10)

[ o
o0*

Assuming by homogeneity that |[¢p||m 1 = 1 for every n, (3.11) implies that (¢y,)y is bounded in H*2 and
using the compactness of H*2(9Q*) in H! (0Q*), we have, up to a subsequence, that ¢,, converges to ¢, weakly
in H%2 and strongly in H*! and L2. Therefore, (3.11) implies first that 2n[Vol'(p,)? + Bar’(¢,)?] is bounded,

then that ¢ € T(09Q*), that is to say
/ ¢ =0 and / px =0,
o0* o0*

and then the semi-lower continuity assumption in (Cpgsz) implies

Using (3.7), this leads to

2
< 0. (3.11)

2
erloalion — callonlns — lulesllonlZe + 2n ( /8 ) wn) on

G Ju)(2).(p,0) <0, with [pflps =1

which contradicts (3.8), since ¢ # 0.

Step 3: Stability: It is now easy to see that J, ¢ satisfies both (Cysz) and (ECqss e) at 2%, and for C
large enough, we have (3.9), so applying Theorem 1.1, there exists A > 0 and n > 0 such that for every Q
with dg (2, 2*) < n,

Tuc() = Juc(Q) = Mlfes,

Writing this inequality in particular for shapes 2 of volume Vj and having the same barycenter as Q*,
* A 2
J(Q) = J() =~ hllfse-
We conclude using the invariance of J with translations. (Il
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4 Applications

4.1 Retrieving some examples from the literature

Isoperimetric inequalities
According to the previous sections, the perimeter satisfy conditions (Cy1) and (ECy1 w1.0) at any smooth
enough set, and in particular for the ball. Moreover, as shows Section 2.3, we have

o dk

0[P)(By) = (d— 1)1 [Vol(By),  and [P — (d— 1)Vol|(Br)(p,0) = 3 Y (k—1)(k+d—1) ap(p)”.
k=0 I=1

Moreover, ¢ € T(0B1) if and only if ag1(p) = a1,i(p) = 0 for i € {1,...,d}. Therefore By is a critical and
stable shape for P under volume constraint, and up to translations: Theorem 3.2 applies, and we retrieve
Fuglede’s result from [19].

Recently in [34], different improved versions (with a better distance than the Fraenkel asymmetry for d; in
(1.2)) of the quantitative isoperimetric inequality has been achieved for the anisotropic perimeter

Pr(@) = /8 fmon)

where f : R? = R, is a convex positively 1-homogeneous function, whose minimizer under volume constraint
is an homothetic version of the Wulff shape K = {f. < 1} where f, is the gauge function of f. In particular
in [34, Theorem 1.3 and Section 4] focused on the case where K is assumed to be C? and uniformly convex, a
strategy based on the second variation is used: in particular a Fuglede type result is obtained in [34, Proposi-
tion 1.9], and this requires [34, Lemma 4.1], which in our framework asserts that Py satisfies conditions (Cy)
and (ECp1 wi.~). It is interesting to notice though that in order to show that K is strictly stable in the
sense that fo[ Py — 1 Vol|(K) > 0 on T'(0K) \ {0}, the author needs to use the quantitative Wulff isoperimetric
inequality from [17] (and obtained with optimal transport method); they deduce then, in the spirit of Lemma
3.3 that £2[Py — uVol](K) is coercive for the H'-norm to complete the proof of the Fuglede-type result. They
apply then the regularization procedure mentioned in the introduction. Therefore, up to our knowledge, there
is no proof “from scratch” of the quantitative anisotropic isoperimetric inequality using a result similar to
Theorem 3.2.

The Ohta-Kawasaki model
In the paper [2], both steps of the strategy described in the introduction are achieved in order to deal with
the following functional, formulated in the periodic sense, and which includes a non-local term:

—Awqg = lg—1Ige—m inTV

J(Q) = Pra (Q)+yG(Q)  where G(Q) = / |Vwg|?dz and wq solves / ;
wax
TN

TN = 0

(4.1)
where T is the N-dimensional flat torus of unit volume, and m = |[Q| — |Q¢| € (—1,1) is fixed. Again, there
is an invariance with translation and a volume constraint.

In order to handle the first step of the strategy, the authors in [2] prove a stability result for the W2P-
topology, for p large enough. Namely, if Q* is a critical domain for J that is stable under volume constraint
and up to translations, (see (3.1)) then there exists n > 0, ¢ > 0 such that

VQ such that dy2,(Q%,Q) <n, J(Q) > J(QF) + cdps2 (25, Q). (4.2)

The strategy is very similar to [11], but in the framework of W2P-spaces rather than C?® spaces. Note
that the difference in the choice of spaces (W?P instead of C*%) is not just a detail as it is relevant for the
second step of the strategy when proving stability in an L!-neighborhood as it is done in [2, Section 4]: their
regularization procedure needs to allow discontinuity of the mean curvature, see equation (4.9) in the proof
of [2, Theorem 4.3]. This difficulty is handled in another way for the Faber-Krahn inequality, see below.
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From the computations of [9], we obtain

HIGI)(p) = 4 / wp,

[2/9]

GIGI() (e, ¢) = 8/ |Vzg|*dz + 4/ (Onpw + H)p?, where — Az, = ¢HY 1100
™ a0

therefore G satisfies (Cp1/2) and J satisfies (Cy1), the dominant term being contained in the perimeter term.
As we have seen that the perimeter satisfies (ECy1 w1.0) condition, it just remains to handle functional G,
which is proven to satisfy (ECyz w2») for p > d. Therefore Theorem 3.2 applies, and we retrieve [2, Theorem
3.9], as dp1 (%, Q) easily dominates the Fraenkel asymmetry.

The Faber-Krahn inequality

In [7] (see also [21]) a quantitative version of the Faber-Krahn inequality is achieved, using again the two
steps mentioned in the introduction: in order to achieve the first step, they use the Kohler-Jobin inequality
([28]), which implies that the Faber-Krahn deficit is controlled by the deficit of the Dirichlet energy E.
However, as we show here, it is possible to achieve this step without this “trick”. Indeed, we have seen that
A1 satisfies (ECypi/2) and (ECyu/z yye,) for p > d, and for any ¢ € C°°(9B) such that [, ¢ = 0, we have

oo dg
O[M)(B1) = =36 [Voll(Br),  and &M +3Vol(B)(¢,¢) = 297 Y Qr aule
k=0 I=1
where (using [1, 9.1.27, p 361])
Jivap—1Uap-1) d Jiras2(Jaja—1) Irtdj2—20Jas2—1)
On = Jur: YTkrajz-1(iaje-1) 2 ~Jaj2-1 Jiras2—10Gaj2—1) Jd/2-1 Tivdfo—1Jaz—1)

With the last formula, we easily notice that Q1 = 0. The sign of Qi can be obtained using the argument of
[33, 6.5 page 133] (done when d = 2, but as noticed in [27], valid for any d): indeed, their computations imply

Jl;+d/2—1(jd/2—1)

Jaj2—1 >k—d/2—1,Vn e N,

Irgdj2—10Jas2—1

which leads to
Vk >2,Qr > k—1.

Therefore Theorem 3.2 applies, and we retrieve a Faber-Krahn quantitative inequality for the JHl/z distance
in a W2? neighborhood of the ball.

4.2 Examples with competition

Combining the general Theorem 3.2 to the computations of shape derivatives from Section 2.1, we easily
obtain the following:

Proposition 4.1 Let Vy € (0,00), and B a ball of volume Vg, and © = W?P for p large enough. Then there
exists o € (0,00) such that for every v € [—,0), there exists n = n(y) > 0 and ¢ = c¢(y) > 0 such that for
every Q €V, :={Q, do(Q, B) < n,Vol(Q2) = Vol(B) and Bar(2) = Bar(B)},

(P+7yE)Q) 2 (P+E)(B) +clhllfn, (P+yA)(Q) = (P+yA1)(B) + el

(B+70)(Q) 2 (BE+yM)(B) + bz i +yE) Q) = (M +7E)(B) +cllhff
where h = hp q is such that 0Q = {z + h(z)n(z),x € 0B}.
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Proof of Proposition 4.1: It suffices to prove that Theorem 3.2 can be applied to Q* = B and

It is explained in Sections 3.1 and 3.2 that (P, E, A1) satisfies (Cps2) and (ECys2 @) for suitable values of so,
and with Lemmata 2.9 and 2.8 we easily check that the ball is a critical stable domain for J under volume
constraint and up to translations, either if v > 0 or if v < 0 is small enough. O

Corollary 4.2 With the same notations as in Proposition 4.1, we have, with ny = n(~o):

P(Q) — P(B) P(Q) — P(B)
BE(Q) —E(B) MO ESC

A1(Q) — A (B)

’YOSW S”Y()_l-

Remark 4.3 In [31], the second inequality in Corollary 4.2 is also investigated, and the author computes the
optimal value 79 when the size of the neighborhood V), goes to 0, which we use in the proof of Proposition
4.4. We also refer to [33] for some result of this kind.

To the contrary to the last two-sided inequality, it is not possible to bound the first two ratio from above.
Indeed, for every 7 € (0,00), there exists 0, = (Id + 6)(B) of class C*> such that

P(Q) - P(B)

Q. |=|B <Ayt A A

> 7.

This is due to the fact that the functionals P and (F, \1) satisfy conditions (Cpsz2) for different values of s.

Explicit constants

We want to go further and compute explicit numbers v such that the inequalities of Proposition 4.1 holds.
To simplify the expressions, we restrict ourselves to the case of the unit ball. In the first two cases, we
explicit the optimal constant, see Remark 4.5.

Proposition 4.4 Using notations of Proposition 4.1 and ~yq4 defined in (2.5),

(i) if v > —(d + 1)d?, then By is a local strict minimizer of P + vE: there exists n = n(y) > 0 such that

VQ eV, (P++E)(Q) > (P+~vE)(B).

Moreover, when v = —(d + 1)d?, the second derivative of the Lagrangian cancels in some directions and
when v < —(d + 1)d?, the ball is a saddle shape for P+ vE.
o d(d+1) . S .
(ii) of v > — 55—, then By is a local strict minimizer of P + yA1: there exists n = n(y) > 0 such
Yd (d + jd/2—1)
that
VR eV, (P+yA)() = (P +yM)(B);
d(d+1) o , . o
Moreover, when v = ————5——, the second derivative of the Lagrangian cancels in some directions
'Yd(d + ]d/z—l)
d(d+1)

and when v < — , the ball is a saddle shape for P+ yA1.

vi(d +j021/271)

(iii) if v > — 5, then By is a local strict minimizer of £ +~yA1: there exists n = n(7y) > 0 such that

1
d?(d +1)v3

VQ € Vy, (E+9M)(Q) > (E+~A\)(B);
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@(iv) if v > deQ then By is a local strict minimizer of \y + vE: there exists n = n(vy) > 0 such that

VQ eV, (M +7E)(Q) > (M +7vE)(B).

Note that the additional term ||h||%s, can be added in the former inequalities with sy = 1 for the cases (i)-(ii)
and with sy = 1/2 for the cases (iii)-(iv).

Remark 4.5 In the cases (iii) and (iv), the constants we compute are not optimal, in particular we do not
claim the ball is a saddle point once we go beyond the computed value. Though it is possible to compute the
optimal value, one just need to compute explicitly the value of sup;~, 7, and supys, 75/ (see the notations in
the proof below) as it is done in the cases (i) and (ii). As it is seen in the second case handled by Nitsch in
[31], this computation can be rather technical.

Proof of Proposition 4.4:

Proof of (i): We first compute the Lagrange multiplier p(t) associated to the volume constraint at Bi: it is
defined as ¢1[P + tE) + p(t)Vol] = 0 that is from the expression of the shape gradients of Vol, P and E:

1

plt) = 5t —(d—1).

Let us now turn our attention to hessian of the function P + tF + Vol on the balls By. As a consequence of
Lemma 2.9, the shape hessian of the lagrangian P + tE + A\(¢)Vol at balls is

o0

lo[P + tE + pu(t)Vol|(By). => o Z (e
k=0 I=1
where we have set

cr(t) =k*+ [ (d—2) + k— (d—1)+d12t =(k-1)|k+(d- )+d12t

ﬁt

Therefore, the hessian of the Lagrangian f3[P + tE + u(t)Vol](Bj) is coercive in H'(0B;) when t solves the
inequalities
1
k+(d—1)+ﬁt>0
for all k > 2. Of course, it suffices to solves that inequality in the special case k = 2 that provides t > —(d+1)d>.

Proof of (ii): Notice that the case ¢t > 0 is well known so we consider the case where ¢ < 0. We compute the
Lagrange multiplier u(t) associated to the volume at By defined by ¢1[P + tA1) + u(t)Vol] = 0 that is from
the expression of the shape gradient of the volume, the perimeter and A;:

W) =73t —(d—1).

Let us now turn our attention to the hessian of the Lagragian P + tF + u(t)Vol on the balls By:

lo[P + tAy + p(t)Vol](By). ch )zk: ag(p)”

where we have set

j Jiva2(Gasa—1)
W g 1+d/2(Jaj2-1)

at) =k +d—-2+t7Dk—(d—-1)+ty2 |d—1—
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We introduce the sequences ay = Ji_114/2(ja/2—1) and by = ax41/ax so that:
k) =k*+(d—2k—(d—1)+tyi[k+d—1—jgo1bi] .

One should have ¢;(t) = 0 for any ¢, as known for the invariance by translations of all the involved functions,
we can attest this once we describe how one can compute the numbers b, see below. For a given integer
k> 2, ¢,(t) > 0 holds when ¢t > 73, defined as

(k= 1)(k+d—1)
ik +d—1—jao_1br)

In order to obtain to find the optimal value of ¢ so that these inequalities are satisfied for every k > 2, we
need to compute the supremum of {75, k > 2}. It is proven by Nitsch in [31, p. 332, proof of Lemma 2.3] that
for all k£ > 2,7, < 9. We describe here how one can obtain a more explicit version of m: from the recurrence
formula for Bessel function ([1, 9.1.27, p 361])

(2v/2)Ju(2) = Jo1(2) + ot (2)
applied tov =k —1+d/2 and z = j, /2—1, the sequences a;, and by, satisfy the recurrence property

2(k—1)+d 20k —1)+d 1
g1 = —————ap — a1 and by = ———— — —
Jd/2-1 Jdj2—1 b,

with the initial terms ag = 0 and a1 = Jg/2(jg/2—1) so that by = az/a1 = d/jq/o—1. Therefore, we have:

b d Jdj2—1 &> — j§/2—1
2 = - - = —
Jaj2—1 d dja/a—1

and as a consequence, we obtain that
d(d+1)

Tn=— "5
Yald+ 33 1)

Proof of (iii): The Lagrange multiplier is p(t) = (1/d?) 4 tv3. The Hessian of the Lagrangian is

U5 E + tAy + pu(t)Vol](By). Z (1) Zk: ar(p)

where we have set
1 1 )
cx(t) = (dg + t’Yd) k— 2t tvi [d—1 = jajo—1br] -
Again ¢;(t) = 0 and c¢(¢) > 0 if and only if

k-1
A5k +d—=1—jap_1bi)

t>7,’€:—

Using that b; > by > 0, we obtain

R St S S d B 1
TS TPREErd—1 a2 k+d—1) = @(d+1)72

1
Therefore, if ¢ > —m then for any k£ > 2, ¢ > 7/, which leads to the result.
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Proof of (iv): The Lagrange multiplier is u(t) = (t/d?) + v3. The Hessian of the Lagrangian is

oo dy,
oM +tE + p(t)Vol|(By).(@,0) = > cilt) Y ora()?
k=0 =1

where we have set
t 2 t 2 .
ck(t) = 2 T k_ﬁ""’yd [d—1—jajo—1bk] -

We check ¢1(t) = 0 and ¢, (t) > 0 if and only if

d — jaja1b
t> 1 = —3d> (1+ljd_/211 k)

Using that by > b > 0, we obtain
Tk S _’Yc2ld27

and therefore, if ¢t > —y2d?* then for any k > 2, t > 77/, which leads to the result. O

5 Remarks on non-stability results

5.1 Counterexample for non smooth perturbations

Let us consider P the perimeter and E the Dirichlet energy with second right hand side 1 (defined in (1.15)),
and Q* = B a ball of volume Vj. We have seen in Proposition 4.1 that there is a real number 7y € (0, 00)
such that for every v € (—vp,00), B is a stable local minimum for P + vE.

For ~ > 0 this is not very surprising: since the ball minimizes F among sets of given volume, it is enough
to prove that the ball is a stable minimizer for the perimeter, which goes back to Fuglede [19]. Moreover, it
has been proven that B is an L!-stable minimizer of the perimeter in a L'-neighborhood of the ball, that is
to say there exists n > 0 such that

¥ Q such that [QAB| < 5,|Q| = |B|, P(Q)— P(B) > c/QAB|? (5.1)

where we assume the barycenter of Q to be the same as the one of B (actually this is no longer local, this
inequality can be stated for every set Q of finite perimeter, see [20]). Therefore a similar inequality is valid
for P+~FE if v > 0.

However, for v < 0, the fact that the ball is a local minimizer is no longer trivial, there is a competition
between the minimization of the perimeter and maximization the Dirichlet energy. Though if the coefficient
in F is small enough, our result state that B is still a local minimizer in a ©-neighborhood. Nevertheless, in
that case B is no longer a local minimizer in a L!-neighborhood. In other words, for every v < 0 and any
€ > 0 one can find €2, such that

d1(Qe,B) <&, |Q|=|B], and (P+~E)(Q)< (P+~E)(B).

To prove this, we use the idea of topological derivative, it is well known that if one consider a small hole of
size € in the interior of a fixed shape. The energy will change at order =2 if d > 3 and 1/log(e) if d = 2,
which is strictly bigger than the change of perimeter which is of order =1, and therefore will strictly decrease
the energy P 4 vE when v < 0.

We compute here explicitly these estimates when the hole is at the center of the ball: let us consider a fixed
ball B; = B(0,1) of radius 1 (to simplify the computations) and define 2. = B; \ B(0,¢) an annulus. Using
that Au = 9ppu + %&ﬂu when w is radial, the state function is:

(6972 —gd)p2=d 4 gd 1 42
2d(e2 1) 2’

ugq, (1) = ifd>3
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1—
ug, (1) ~Tlog(@) og(r) + T d
and therefore
_ 1 d(1 —e?)2ed=2 —2(1 —e?)2 1 —glt?
fd>3, B(Q) = —- = P(B
ifd=3, B(Q) zéfmf [ 8a2(1 — =1-2) +4ad+m] (B1)
1 d=2 49 d—2
= |- P(B
[zﬂu+2f+8ﬁ€ ol P(B),
, 1 (1-¢?) 5 1 5 &t
fd=2, E(Q.) = —- = |l (1-£1-21 ——(1-&+2)| PB
=2 50 = = [ ue = | LE2ho 20 -2mme) - 50 -2+ D) i)

= |55 s (i) P2

We now define ﬁ; = 1:Q. where p. = (1 —e%)~Y4 50 that
Q] = 1Bil,  P(Q2) = P(B1) = ™ (1 4+ 271 = 1] P(BY) ~eso e P(By)

—~ (d_Q) P(Bl) de9 . — P(Bl)
—_ ~ _—_— > — ~/ —
E(Q:) — E(By) ~c>0 RYE € >0, ifd>3, E(Q)— E(B1) ~es0 S1og(2)

so that in both cases, for any nonpositive v, (P + vE)(2:) — (P + vE)(B1) < 0 for small .

>0, ifd=2

5.2 Instability when no coercivity

The geometric inverse problems of shape reconstruction from boundary measurements leading to a overdeter-
mination in the boundary conditions are well known to be unstable. Hence, the theory presented in this work
should not apply. Indeed, shape functionals used for domain reconstruction from boundary measurements are
such that (7) holds while (i¢) and (i77) are false (see [3], [4]). The general situation in the general class of such
inverse problems is then: for a reconstruction function J (for example the least square fitting to data), the
Riesz operator corresponding to the shape Hessian f[.J] at a critical domain is compact. This means, roughly
speaking, that, in a neighborhood of the critical domain (i.e. for t small), J behaves as its second order
approximation and one cannot expect an estimate of the kind J(£2;) — J(Q0) > ct? with a constant ¢ uniform
in the deformation direction. This explains also why regularization is required in the numerical treatment of
this type of problem.
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