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Abstract

We consider the well-known following shape optimization problem:

/\1(9*) = min )\1((2),
i}

where A; denotes the first eigenvalue of the Laplace operator with homogeneous Dirichlet
boundary condition, and D is an open bounded set (a box). It is well-known that the solution
of this problem is the ball of volume a if such a ball exists in the box D (Faber-Krahn’s theo-
rem).

In this paper, we prove regularity properties of the boundary of the optimal shapes Q2 in any
case and in any dimension. Full regularity is obtained in dimension 2.

Keywords: Shape optimization, eigenvalues of the Laplace operator, regularity of free
boundaries.

1 Introduction and main results

Let D be a bounded open subset of R, For all open subset © of D, we denote by A;(f2) the
first eigenvalue of the Laplace operator in €2, with homogeneous boundary conditions, and by ug
a normalized eigenfunction, that is

—Aug = MQug in Q,
uQ = 0 on 01,
Jouy = 1.

We are interested here in the regularity of the optimal shapes of the following shape optimization

problem, where a € (0,|D]) (]D| denotes the Lebesgue measure of D):
0" open, Q" C D, || = aq,

(1)

A1(27) = min{ A1 (Q); Q" open, Q@ C D, || = a}.

By a well-known theorem of Faber and Krahn, if there is a ball B C D with |B| = a, then this ball
is an optimal shape and it is unique, up to translations (and up to sets of zero capacity).

Here we adress the question of existence of a regular optimal set in all cases.
Existence of a quasi-open optimal set 2 may be deduced from a general existence result by

G. Buttazzo and G. Dal Maso (see [5]) for an extended version of (1), where the variable sets
are not necessarily open. An optimal shape 2* may not be more than a quasi-open set if D is not
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connected (we reproduce in the appendix the example mentioned in [4]). On the other hand, it is
proved in [4] or [13] that such an open optimal set Q* always exists for (1) and, if moreover D is
connected, then all optimal shapes Q* are open. More precisely, it is proved in [4] that, for any D,
ug~ is locally Lipschitz continuous in D. If moreover D is connected, then * coincides with the
support of ug- (and is therefore open). Let us summarize this as follows (see also [14]):

Proposition 1.1 Assume D is open and bounded. The problem (1) has a solution Q*, and ug» is
nonnegative and locally Lipschitz continuous in D. If D is connected, * = {x € D,uq~ > 0}.
Moreover, we have

Augs + A (2" )ug~ > 0in D, (2)
which means that Aug« + A1 (Q*)uq« is a positive Radon measure.

Here, we are interested in the regularity of 0Q* itself, and we prove the following theorem:

Theorem 1.2 Assume D is open, bounded and connected. Then any solution of (1) satisfies:
1. Q* has locally finite perimeter in D and
HEL((0\ 9" Q") N D) = 0, (3)
where HY™! is the Hausdorff measure of dimension d — 1, and 0*Q* is the reduced boundary
(in the sense of sets with finite perimeter, see [9] or [11]).

2. There exists A > 0 such that
Aug- + A () ug- = VAR 00,

in the sense of distribution in D, where HI 1|92 is the restriction of the (d — 1)-Hausdorff
measure to O2*.

8. 0*Q* is an analytic hypersurface in D.
4. If d = 2, then the whole boundary 0Q* N D is analytic.

We use the same strategy as in [3] (where the regularity is studied for another shape optimization
problem). Theorem 1.2 essentially relies on the proof of the equivalence of (1) with a penalized
version for the constraint |}] = a, as stated in Theorem 1.5 below. Once we have this penalized
version, we can use techniques and results from [1] (see also [12] and [3]).

Remark 1.3 According to the results in [1], the third point in Theorem 1.2 is a direct consequence
of the second one which says that uq~ is a “weak solution” in the sense of [1]. To obtain the full
regularity of the boundary for d = 2, the fact that ug~ is a weak solution is not sufficient, and more
information has to be deduced from the variational problem. The approach is essentially the same
as in Theorem 6.6 and Corollary 6.7 in [1]. The necessary adjustments are given at the end of this
paper.

Remark 1.4 According to the result of [15, 16, 6, 8], it is likely that full regularity of the boundary
may be extended to higher dimension (d < 6 ?), and therefore that the estimate (3) can be improved.
But this needs quite more work and is under study.

By a classical variational principle, we know that, for all 2 C D open,

Al(Q):/Q|VuQ|2:min{/QVu|2,ueH&(Q)7/Qu2:1}. )

Here, A\ (Q2*) < A1(Q) for all open set Q C D with |Q2] = a. Since [Q cO=M0Q) > Al(ﬁ)},
it follows that A1(Q*) < A1(Q) for all open set @ C D with || < a. Coupled with (4), this



leads to the following variation property of Q* and ug (see [4] for more details), where we denote
u = uge, \g = A1 (%), and Q, = {z € D;v(z) #0}:

Ao = / |Vul? = min{/ |Vl 0 € Hol(D),/ v =1,|Q,| < a} . (5)
D D D

Let us rewrite this as follows. For w € HE(D), we denote J(w) z/ |Vw|? — /\a/ w?. Then
D D

applying (5) with v = w/(f,, w?)}/2, we obtain that u is a solution of the following optimization
problem:
J(u) < J(w), for all w € H(D), with |, < a. (6)

One of the main ingredient in the proof of Theorem 1.2 is to improve the variational property (6)
in two directions, as stated in Theorem 1.5 below. The approach is local.

Let Bgr be a ball included in D and centered on 99, N D. We define
F ={ve€ H}(D),u—v € H}(Br)}.
For h > 0, we denote by p_(h) the biggest u_ > 0 such that,
Vv € F such that a — h < |Q,] < a, J(u) + p—|Qy| < J(0) + |y ]. (7)
We also define py (h) as the smallest p > 0 such that,
Vv € F such that a < |Q,| <a+h, J(u) + p4|Qu| < J(0) + pog | Q- (8)

The following theorem is a main step in the proof of Theorem 1.2:

Theorem 1.5 Let u, Bg and F as above. Then for R small enough (depending only on u,a and
D), there exists A > 0 and hg > 0 such that,

Vhe (0,ho), 0< puo(h) <A < g (h) < +os,
and, moreover,

lim i (h) = lim p(h) = A. (9)

Remark 1.6 We can compare the existence of u4(h) with Theorem 2.9 in [4]. This theorem shows
that there exists pu4 such that

+
[rees [wan|i- [ @] vual-o.
D D D

forv e H{(D) and [0,| > a. The difference with [4] is that, in (8), we have the term \[1— [, v?]
(not only the positive part), but we allowed only perturbations in Br. We cannot expect to have
something like (8) for perturbations in all D (because we may find v with |Q,| > a and J(v) < 0,
80 limi— 4 oo (tv) = —00).

In the next section, we will prove Theorem 1.5. In the third section, we will prove Theorem
1.2. In the appendix, we discuss the case D non-connected.

2 Proof of Theorem 1.5

In the next lemma, we give an Euler-Lagrange equation for our problem. The proof follows the
steps of the Euler-Lagrange equation in [7].

Lemma 2.1 (Euler-Lagrange equation) Let u be a solution of (6). Then there exists A > 0
such that, for all ® € C§°(D,RY),

/Q(Dq)vu,vu)—/ |Vu|2V~<I>+)\a/u2V~<I>:A/ V-0,
D D D Q

u



Proof. We start by a general remark that will be useful in the rest of the paper. If v € H(D)
and if ® € C§°(D,R?), we define v;(x) = v(x + t®(z)); therefore, for ¢t small enough, v, € H} (D).
A simple calculus gives (when t goes to 0),

|ﬂv,,|:|ﬂv|ft/ Vot oft),

v

J(vt)J(v)th(/D 2(D<I>Vv.Vv)f/ |Vv|2V«<I>+/\a/

D

V2V - cI>> + o(t).

Now we apply this with v = v and ® such that fQ V-® > 0. Such a ¢ exists, otherwise we would
get, using that D is connected, ,, = D or ) a.e. We have |y, | < [y for t > 0 small enough and,
by minimality,

J(u)

IN

J(ut)
J(u)—l—t(/DQ(Dd)Vu,Vu)—/D|Vu|2V-<I>+/\a/Du2V-<I>) + o(t),

and so,

/Q(DtIJVu,Vu)f/ |VU|2V-®+)\Q/ W2V - ® > 0. (10)
D D D

Now, we take ® with [, V-® = 0. Let ®; be such that [, V-®; = 1. Writing (10) with ®+7®,
and letting n goes to 0, we get (10) with this ® and, using —®, we get (10) with an equality
instead of the inequality. For a general ®, we use this equality with ® — ®;( fQ V - @) (we have

/ V- <<I> - P (/ V. @)) = 0), and we get the result with
Qu Qy

A:/ 2(D<I>1Vu,Vu)—/ |Vu|2V~<I>1+)\a/ u?V - &y >0,

D D D

using (10). O
Remark 2.2 We will have to prove that, in fact, A > 0.

Let us remind our notations: let u be a solution of (6), and let Br be a ball included in D and
centered on 09, N D. We define

F ={ve€ H}(D),u—v € H}(Bg)}.
Before proving Theorem 1.5, we give the following useful lemma:
Lemma 2.3 Let u, Bg and F as above. Then there exists a constant C such that, for R small

enough,

1
Vo F, J(v) > f/ Vof? -
2 Br

Proof. We know that \;(Bg) = A\1(B1)/(R?) (we just use the change of variable z — z/R). If R

is small enough we have:

4,
" A1 (Br)
Let v € F; so u —v € H}(Bg), and using the variational formulation of A\ (Bg), we get

2
lu—vll72 s, < IV = V)l o)
L*Br) = A1 (Br)

A (Br) > 1 <1/2. (11)

We deduce that,

IV(u—2)Z25
2 < (Br) 2) 2
lvllZ2Br < ™ (Br) + 2[|ull72 (B

||VU||2L2(BR) C91Var
B A (Br) Aa




(we use (11)) where C depends only on the L? norms of u and his gradient. Now we have

IVoll7. C1V
2 (Br) ar
02 [ i - ( NBr) T )

and we get the result using (11). O

Remark 2.4 This lemma is interesting for two reasons. The first one is that J is bounded from
below on F. The second one is that, if v, € F is a sequence such that J(vy,) is bounded, then
|VUnl|L2(Bg) is also bounded. Since v, = u outside Br we deduce that v, is bounded in H(D)
(and so weakly converges up to a sub-sequence...).

Proof of Theorem 1.5: We divide our proof into four parts. Let A > 0 be as in Lemma 2.1.
First part: A <y, (h) < +oo.
We start the proof by showing that u4 (k) is finite. Since Bp is centered on the boundary on
08, we first show:
0 < |9, N Bg| < |Bg|.

The first inequality comes from the fact that €2, is open. The second one comes from the following
lemma:

Lemma 2.5 Let w be an open subset of D, and let u be a solution of (6). If |0, Nw| = |w]|, then
—Au = Au in w,
and therefore w C §Q,.

Proof of Lemma 2.5. Since u > 0 a.e. on w, we define v € Hi(D) by v = u outside w and
—Av = A\gu in w. From the strict maximum principle, we get v > 0 on w and |Q,| = |2,|. By
minimality (J(u) < J(v)) we have,

/(Vu—Vv)(Vu—Vv—!—ZVU — Ao /u—v (u+v) < 0
/|Vu—VU| + A /u—v Qu—-—u—v) < 0,

(we use that u —v € Hi(w) and —Av = \,u in w). We get that u = v a.e. in w and by continuity
u = v > 0 everywhere in w. O

If |, N Bgr| = |Br|, applying this lemma to w = Bgr, we would get 2, N Br = Bp, which is
impossible since Bp is centered on 9€2,. If R is small enough we can also suppose,

0 <[Q,\ Br| <|D\ Bg|.

For the first inequality, we need that |Bg| < a, and for the second one we need a < |D| — |Bg|.

Let h > 0 be such that h < |Br| — |Q, N Bg| (and so, if v € F with |Q,| < a + h, then
|, N Br| < |Brl|). Let (u,) an increasing sequence to +oo. There exists v, € F such that
|| < a+ h and,

J(vn) + ﬂn(|Qvn| - a)+ = ve]-',r\?zﬁgajth {J(U) + pn (|Q20] — a)+} . (12)

For this we use remark 2.4, and so the functional J(v) + u, (|| — @)™ is bounded by below for
v € F. Moreover, a minimizing sequence for this functional is bounded in H{(D) and so weakly
converges in Hi (D), strongly in L?(D) and almost everywhere (up to a sub-sequence) to some v;,.
Using the lower semi-continuity of v — |, D |Vo|? for the weak convergence, the strong convergence
in L2(D) and the lower semi-continuity of v — |Q,]| for the convergence almost everywhere we see
that v, is such that (12) is true.



If |2, ] < a then (8) is true with u,, so we will suppose to the contrary that |, | > a for all

Step 1: Euler-Lagrange equation for v,. If we set b, = |2, |, then v, is also solution of

J(vy) = ve}'%?lgbn J(v).

With the same proof as in lemma 2.1, we can write an Euler-Lagrange equation for v,, in Br. That
is, there exists A,, > 0 such that, for ® € C§°(Bg,R?),

/2(D<I>an.an)—/ |an|2V~<I>+>\a/ viv.cb:An/ V- 0. (13)
D D D Qu,,

Step 2: A, > p,. There exists ® € C§°(Bg) such that [, V-® = 1. Let v} (z) =

vn(z+t®(z)). We have v, € F for t > 0 small enough, and using derivation results recalled in the
proof of lemma 2.1 and |2, | > a, we get

a<|Q| =1, —t+o(t) <a+h,
J(vh) = J(vn) +tA, + oft).
Now we use (12) with v = v! in order to get,
J(vn) + Nn(\QM —a) < J(va) + Ay, +o(t) + /Ln(mvn| —t—a),

and dividing by ¢ > 0 and letting ¢ goes to 0, we finally get A, > fi,.

Step 3: v, strongly converges to some v. Using (12) with v = u, we get
J(vn) + pn (90, | —a) < J(u) (14)

and so, using Remark 2.4, we can deduce that v,, weakly converge in H} (up to a sub-sequence)
to some v € F with |Q,] < a+ h. We also have the strong convergence in L?(D) and the
convergence almost everywhere. Since J is bounded from below on F, we see from (14) that
tn (|, | — @) is bounded and we get lim,,_, o |2y, | = @, and so |,]| < a. From J(v,) < J(u), we
get J(v) < liminf J(v,) < J(u) and so v is a solution of (6). Finally we can write, using (12), that
J(v,) < J(v) and we get, using the strong convergence of v, in L?,

limsup/ \an|2§/ |Vol2.
n— oo D D

We also have, with weak convergence in H} (D) that

/\VU|2§liminf/ |V, |%
D n—oo D

We deduce that lim, .o [|[Vnllz2(p)y = [[Vv|z2(p). With the weak-convergence, this gives the
strong convergence of v, to v in H}(D).

Step 4: lim A,, = A. We see that v is a solution of (6), so we can apply Lemma 2.1 to get that
there exists a A, such that

V& e C5°(D,RY), /

2(D<1>W.Vv)—/ \VU|2V-<I>+)\,1/ v2v-<1>=A,,/ V- .
D D D Qs

We have u = v outside Bpg so, using this equation and the Euler-Lagrange equation for u we see
that A, = A. Now, we write the Euler-Lagrange for v,, and ® € C§°(D,R%) such that Jo V- @ #£0,

/2(D<I>an.an)—/ |an|2V'(I)+)\a/ viV@:An/ V-0,
D D D Qo



and, using the strong convergence of v,, to v, we get that

[ 2(D®Vv, Vvy,) = [ Vo2V - @+ A\g [ v2V -

lim A, = lim

n—o0 n—oo fﬂun V M q)
_ [p2(DOVe.VY) — [, [VOPV - @+ A, [ 07V - @
Jo, V- @
= A

Since lim p,, = 400 we get the contradiction from Steps 2 and 4, and so u4 (h) is finite.

To conclude this first part, we now have to see that A < u4(h). Let ® € C§° be such that
fQ V.-® = —1, and let us(z) = u(x 4+ t®(x)). Using the calculus in the proof of Lemma 2.1 we
have fort >0 small enough,

a<|Qu|=a+t+o(t) <a+h,

J(ug) = J(u) — tA + o(t).

Now, using (8), we have
J(u) + 4 (h)a < J(u) — tA+ s () (a+1) + oft),
and we get A < py(h).

Second part: lim py (h) =
We first see that u+(h) for h > 0. Indeed, if g4 (h) =0 we write

for every ¢ € C3°(Bgr) with [{¢ # 0} < h, J(u) < J(u+ tp),

SO
—Au = A\qu in Bp,

which contradicts 0 < |, N Br| < |Br]|-

Let € > 0 and h,, > 0 a decreasing sequence tending to 0. Because h — p (h) is non-increasing,
we just have to see that lim py (h,) < A + ¢ for a sub-sequence of h,,. If A > 0, let £ €]0, A[ and
0 <y :=pq(hn) —e < py(hy); if A=0,1et 0 < oy = piy(hn)/2 < pig-(hy). There exists v, such
that

J (v, (|0, | —a)t = i J(v n(|Q0] —a)™
@)+ ol — @) = min {I(0) +0u(] - ).
Since ay, < p4(hy,) we see that |Q, | > a (otherwise we write J(u) < J(vy,) + an(|Q, | — a)t).
We now have 4 steps that are very similar to the 4 steps used in the previous part to show that
et (hy) is finite.

Step 1: Euler-Lagrange equation for v,. If v € F is such that |Q,| < |, |, we have
J(vy,) < J(v). Then, as in Lemma 2.1 we can write the Euler-Lagrange equation (13) for v, in Br
for some A,,.

Step 2: A, > ay,. Since [, | > a the proof is the same as step 2 in the first part, with a,
instead of p,.

Step 3: v, strongly converge to some v. As in step 3 above, we just write,
I(vn) + 0 (|, | —a)* < J(u),

to get (up to a sub-sequence) that v, weakly converges in Hi (D), strongly in L?(D) and almost-
everywhere to v € F. We have a < |, | < a + h,, and so lim,_,o |2, | = a. As in step 3 above,
we deduce that v is a solution of (6), and using

J(vn) + an (|0, | —

a) < J(v),



we get the strong convergence in H} (D).

Step 4: lim A,, = A. The proof is the same as in step 4 of the first part of the proof. We write
the Euler-Lagrange equation for v in D and use u = v outside Br. We get that lim A,, = A by
letting n go to +oo in the Euler-Lagrange equation for v, in Br (using the strong convergence of
Un)-

We can now conclude this second part: if A > 0, we have, for n large enough,
pg(hn) —e=a, <A, <A+e,

and so py (hy,) < A+ 2e.
If A =0 we have
/J/-l-(hn)/Z =oap <Ay < €,
and so 0 < py (hy,) < 2e.
In both cases, we have A < py (hy,) < A+ 2e.

Third part: limu_(h) = A.
Let h, be a sequence decreasing to 0, and let ¢ > 0. Because h — p_(h) is increasing, we just
have to show that lim,,_,, p—(hy,) > A — ¢ for a sub-sequence of h,,.

We first see that u_(h) < A. Let ® € C§°(Bgr,R?) be such that fBRV -® =1 and let
up = u(x + t®(z)) for t > 0. We have (using the proof of Lemma 2.1),

a—h<|Q,|=a-t+o(t) <a,
J(ug) = J(u) +tA + o(t).
Now, using (7), we have
J(w) 4+ p—(h)a < J(u) + tA + p_(h)(a —t) + o(t),

and we get u_(h) < A.
Let v, be a solution of the following minimization problem,

Ton) 4 (1 () +6) (0, = (= b)) T = min L T(w) + (- (8) +€) (] — (@ = ha))}.
(15)

We will first see that,
a — hn S |Qvn

< a.

If |, | = a we have,
J() + (- (hn) + €)[Qul < J(vn) + (- (hn) + )20, | < J(w) + (p—(hn) + )| Qul,

for w € F with a — hy, < || < a which contradicts the definition of p_(hy).

Now, if |Q,, | < a — hy, we have J(v,) < J(v, + tp) for every ¢ € C§°(Bgr) with |[{¢ # 0}| <
a—hy —|Qy,|. And we get that —Awv,, = A\ v, in Bg and so, we have v,, =0 on B or v, > 0 on
Bp, but this last case contradicts |Q,, | < a. If v, =0 on Bg, because v, = u outside Bg, we get
u € H}(BRr), and using J(u) < J(v,),

/ |Vul? —)\a/ u? <0.
BR BR

We now deduce (u # 0 on Bg) that A\, > A1(Bg), which is a contradiction, at least for R small
enough.
We now study the sequence v,, in a very similar way than above.

Step 1: Euler-Lagrange equation for v,. J(v,) < J(v) for v € F with |Q,| < |Q,, |, so we
have an Euler-Lagrange equation (13) for v, in Bg for some A,,.



Step 2: A, < (u_(hy) +¢). Since |Q,, | < a, we take ® € C5°(Bg,R?) with fBR V-®=-1
and v} (z) = vu(z + t®(z)) for £ > 0 small. We have Q| = [Q, |+t + o(t) < a and
J(v) = J(v,) — Apt + o(t) and writting (15) with w = v!, we get the result.

Step 3: v, strongly converge to some v. As in step 3 above we just write that
J(n) + (- (hn) +€) (IR0, | = (@ = hn)) < J(w) + (p—(hn) + €)hn,

to get (up to a sub-sequence) that v,, weakly converge in H{ (D), strongly in L?(D) and almost-
everywhere to v € F. We have a — h,, < |Q,, | < a and so lim,_,« |, | = a. As in step 3 above,
we deduce that v is a solution of (6), and using

J(vn) + (p=(hn) +€) (120, — (@ = hy)) < J(0) + (p—(hn) +€) (|20 — (a — hn))+ )
we get the strong convergence in Hg (D).

Step 4: lim A,, = A. The proof is exactly the same as in step 4 above in the study of the limit

of M+(hn)'
Now we have, using steps 2 and 4, for n large enough,

A_ESAn SM—(hn)-i‘ESA—F&
and so lim,, o pi— (hy) = A.

Fourth part: A > 0. We would like to show that A > 0 (which implies p_(h) > 0 for h
small enough). We argue by contradiction and we suppose that A = 0. The proof is very close to
the proof of Proposition 6.1 in [3]. We start with the following proposition:

Proposition 2.6 Assume A = 0. Then, there exists 1 a decreasing function with lim,_on(r) =0
such that, if xo € Brjo and B(xo,r) C Bgrje with [{u =0} N B(xo,r)| > 0, then

1

T s (16)
T JoB(zo,r)

Proof of Proposition 2.6. Let xo,r be as above, and we set B, = B(xg,r). Let v be defined
by,
—Av = Ayu  in B,
{ v = u on 0B,

and v = u outside B,. We have v > 0 on B,. We get, using (8),

/ (IVul = [Vof) - A, / (u? — %) < iy (war®) {u = 0} N By, (a7)
B,

r

we also get (using —Av = A\,u in B,),

/(IVUIQfIVvlz)an/B ut—v? = /BV(ufv).V(ufv+2v)f)\a/ u® — v?

Br

_ /B:V(u—v)|2—|—)\a/Br(u—v)2. (18)

d r

Now, with the same computations as in [1],[12] (with A u instead of f) we get,

{u=0}N B (i][aBru>2§C/BT|V(u—v)2. (19)

Now, using (17), (18) and (19) we get the result. O



End of proof of Theorem 1.5. Now, the rest of the proof is the same as Proposition 6.2 in [3]
with A,u instead of fygq,. The idea is that, from the estimate (16) of Proposition 2.6, Vu tends
to 0 at the boundary, and consequently the measure Au does not charge the boundary 0€,. It
follows that —Au = A\yu in Bg, which, by strict maximum principle, contradicts that w is zero on
some part of Bg. O

3 Proof of Theorem 1.2

Let Q* be a solution of (1). Then u = ugq-~ is a solution of (6), and thus satisfies Proposition
1.1 and Theorem 1.5; moreover, Q* = Q,,. Like in the previous section, we work in B, a small ball
centered in 0§2,. Since the approach is local, we will show regularity for the part of 92, included
in B; but B can be centered on every point of 92, N D, so this is of course enough to lead to the
announced results in Theorem 1.2.

Coupled with Remark 1.3, we conclude that it is sufficient to prove:

(a) ©Q* has finite perimeter in B and H41((0Q* \ 9*Q*)N B) =0
(b)  Aug- + M\ (Q)ug- = VAR 9Q* in B, (20)
(¢) ifd=2, 80N B =d*Q* N B.

We use the same arguments as in [1] and [12], but we have to deal with the term in [ u? instead
of [ fu (in [12]). So we first start with the following technical lemma.

Lemma 3.1 There exist Cy,Ca, 19 > 0 such that, for B(xg,r) C B with r < rg,

if %][ u>Cy  then wu>0 on B(xg,r),
OB (zo,r) (21)
if 1 u<Cy then wuw=0 on B(xg,r/2).
9B (zo,r)

Proof. The first point comes directly from the proof of Proposition 2.6. We take the same
v and, using equation (19), we see that there exists C; such that if %faB(zo’r)u > (', then
[{u =0} N B(zg,r)| = 0.
For the second part we argue as in Theorem 3.1 in [2]. We will denote B, for B(xg,r). In this
proof, C' denotes (different) constants which depend only on a,d, D, u and B, but not on xq or .
Let € > 0 small and such that {u = €} is smooth (true for almost every ¢), let D, = (B, \
B, 2) N{u > €} and v be defined by

—Av. = Mu in D,
Ve = u in D\ B,
ve = wu inB.N{u<e}
ve = e inB.pn{u>e}

We see that 4 — v, is harmonic in D..
We now show that (ve — u). is bounded in H'(D), for small & > 0. Let ¢ be in C§°(B,) with
0<p<landyp=1on B, Let ¥ = (1—p)u+ecp=u+p(e—u). We have:

¥ —u=0=v.—uondB,U(ID:N (B, \ B,2)),

and
V—u=¢c—-u=v.—u>—|ullo on 0D, NIB, s,

so using that v. — u is harmonic, we get —||ul/co < v —u < 0 on D, and,

/DE V(0 —w)f? < /D V(8 — ).

10



Now, using that V¥ = Vu(l — ¢) — (Vp)u + eV and the L> bounds for u and Vu, we see that
ve — u is bounded in H*(D).
Now, up to a subsequence, v. weakly converges in Hg (D) to v such that:

—Av = Au in (B, \ B,2) N,
v = wu inD\B,
v = 0 inB,,U(B.N{u=0}).

Using (7) with h = |B,./5|, and u = v in D\ B,, we have:

/ |Vu|2—)\a/ u2+u,(h)|ﬂuﬁBr\§/ |Vv|2—)\a/ v? 4+ pu_(h)|Q, N By,
BT Br

B, r

and so,

/ [Vulp—(h)|Qy N B, 2|

BT‘/Z

< / V(U*U).V(U*Uﬁ*?())*/\a/ (027u2)+)\a/ u?
B \B, /2 B \B, 2 B2

< liminf2 [ V(ve —u).Voe — )\a/ (v2 —u?) + )\a/ u?
e 0 D. € Br/2
= liminf2/ (5—u)av6 +2)\a/ (vs—u)u—)\a/ (v?—uz)—i—)\a/ u?
e= 0 8Br/gﬂ{u>s} an e e Br/2
= liminf2/ (5fu)(%s +)\a/ (2uv. — u? fvg)Jr)\a/ u?
e—~ 0 0B,.;sN{u>e} on B B2
< lim inf2/ (e —u) Vv + A, / u?, (22)
e—= 0 8B, ;2N{u>e} B,z

where 7 is the outward normal of D, and so the inward normal of B, /2. Let w. be such that,

—Aw. = Au onB.\B,
we = u ondB.N{u>c¢e}
we = € on (0B, N{u<e})UIB, .

Because w. > ¢ on (B, \ B, /) and super-harmonic in B, \ B, 5, we get that w. > ¢ in B,\ B, /. In
particular we, > v. = € in 9D N(B, \Er/g). Moreover, we also have w. > v. on 9D.N(0B,UIB, 3),

and since w, — v. is harmonic in D, we get w. > v, in D,.. Using w. = v. = € on 0B, ;o N{u > €},
we can now compare the gradients of w. and v. on this set,

0< -V < —Vw..n on 0B, N{u > e} (23)

Let now w! be defined by w? = w. on 9(B, \ET/Q) and harmonic in B, \ B, /. We use now
the following estimate:
C91Var

0<-Vulnw <
,

](‘[33 (u—e)t < Cvyon 0B, s, (24)

where v = % fa p.u (to get this estimate, we can first prove, using a comparison argument, that

0 C91Var 0 3 : 3 et
IVwy| < =20 lw] — 5Hoo,B3,./4\B and then conclude using again maximum principle and

)20
Poisson formula for functions that are harmonic in a ball). Let w! = w. — w?, we have w! =0 on
(B, \ B,2) and —Aw! = A\qu in B, \ B, /> and so,

IVwi oo, 5,08,,2 < Crilufles < Cr- (25)

Now using (22), (23), (24) and (25) we get,

L;:/ |Vu|2+u,(h)|QuﬂBr/2\gC('y+r)/ u—i—)\a/ .3 (26)
B,/ OB, B,/

11



Our goal is now to bound from above the right-hand of this inequation with C'L(~y + r): and so if
7 and r are small enough we will get L = 0 and so u =0 in B, 5.

We now give an estimate of ||ul(o, 5, ,, in term of 7. Let w = 0 on 9B, and —Aw = A\,u in B,..
We have (using (2)) A(u —w) = Au+ Agu > 0in B, and u — w = u on 9B, so,

fu=wlonp <C L wsom
OB,
We also have that
[wlloo,B, < Cr?||ul|oo,B, < Cr?,

and finally,
lulloc.5,,. < Clyr+1%). (27)

We now write (using (27)),

1
/ u < C (/ [Vu| + 7/ u>
0B, /2 Br/a " JB,s

1 1 1
< C (2/ [Vul? + 31N Brya| + [ N Br/2|||u|oo,Br/2> ~
B, /2 r
Here we use Theorem 1.5 to see that there exists hg such that

A

3 Su-(h) A 0<h<ho.

And so, we have

[ o< c(/ |Vu|2+u<h>|fszr/2|+csszr/2|<v+r>>
8B,,,/2 B,,./z
< CLA+~+r), (28)

with C independent of r for every r small enough such that h = |B, /5| < hg. We also have (using
(27))
/ u? < C|QuﬂBT/2|(’yr+r2) < CL(yr +12). (29)
Br/2

We now get, from (26), (28) and (29), if y <1 and r <1,
L<Cly+r)L+y+7)+CL(yr +7r%) < CL(y+7),
and, if we suppose r < 5 we get,
L<CLy+ §7
and so, if ¥ < 5 we get L =0 and u =0 on B, . a

With the help of this lemma, we are now able to successively prove the three properties (a),(b)
and (c) of (20).

Proof of (a). The proof is now, using (21) in lemma 3.1, the same as in [12] or in [1]. Here
are the main steps: we first show that there exists C,Cy and rg such that, for every B(xg,7) C B
with r < rg,

[ B(o,7) Ny

0<C; <
L= [B(ao. )]

§02<1,

and
Cirit < (Au + Au)(B(zg,7)) < Cor®=1,

12



The proof is the same as in [12] with A\ u instead of f. It gives directly (using the Geometrical
measure theory, see section 5.8 in [9]) the first point of Theorem 1.2.

Proof of (b). For the second point, we see that Au-+ A u is absolutely continuous with respect to
HI1[ 09, which is a Radon-Measure (using the first point), so we can use Radon’s Theorem. To
compute the Radon’s derivative, we argue as in Theorem 2.13 in [12] or (4.7,5.5) in [1]. The main
difference is that here, we have to use (9) in Theorem 1.5 to show that, if uy denotes a blow-up
limit of u(zg + rz)/r (when r goes to 0), then wug is such that,

[ Ful Al 2 0} BODI < [ Vo A £ 0} N B0, D)
B(0,1)

)

for every v such that v = ug outside B(0,1). To show this, in [1] or in [12] the authors use only
perturbations in B(zg,r) with r goes to 0, so using (9), we get the same result. We can compute
the Radon’s derivative and get (in B)

Au+ Au = VAHI09,.

Now, u is a weak-solution in the sense of [12] and [1] and we directly get the analytic regularity of
0*Q,, (this regularity is shown for weak-solutions).

Proof of (c). If d = 2, in order to have the regularity of the whole boundary, we have to
show that Theorem 6.6 and Corollary 6.7 in [1] (which are for solutions and not weak-solutions)
are still true for our problem. The Corollary directly comes from the Theorem. So we need to
show that, if d = 2 and z¢ € 9€,, then

lim max{A — |Vu|?,0} = 0. (30)
r—0 B(zo,r)

We argue as in Theorem 6.6 in [1]. Let ¢ € C§°(B) be nonnegative and let v = max{u — ¢, 0}.
Using (7) with this v and h = |0 < u < (| < |[{¢ # 0}| we get,

ho0<u<e| < / Vol / Tl + A, / (u? — 0?)
/ IV min{eC, u}f? — 2 / V.V min{e¢, u}

+XAq u? — A, (e0)® + 2\, ueC.
{u<ec} {u>ec} {u>eC}

Using —Au = A\ u in Q, we get:

/VU.V min{e(,u} = A, /umin{sg,u} = /\a/ u? + )\a/ ue(,
{u<ec} {u>e¢}

and so,

pem<use< [ v [ 2o, [ wdea [ e,
{u<e(} {u>e(} {u<el} {u>eC}

and so, we can deduce that,
[ [ AN
{0<u<e¢} {u>e¢}

The only difference now with [1] is the last term. Using Theorem 1.5, we see that (A — p_(h))h =
o(h), so we can choose the same kind of ¢ and € as in [1] to get (30) (see Theorem 5.7 in [3] for
more details). O
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4 Appendix

In this appendix, we discuss the hypothesis “D is connected”. We begin with the following
example, taken from [4].

Example 4.1 (from [{]) We take D = Dy U D, where Dy, Dy are disjoint disks in R? of radius
Ry, Ry with Ry > Ry. Ifa = mR3+¢, then the solution u of (5) coincides with the first eigenfunction
of Dy and is identically 0 on Dy, and thus Q, = Dy and |Q,] < a.

In this case, we can choose an open subset w of Dy with |w| =¢. Then Q* := D1 Uw is a solution
of (1). Since w may be chosen as irregular as one wants, this proves that optimal domains are not
regular in general.

However, we are able to prove the following proposition.

Proposition 4.2 (The non-connected case) If we suppose that D is not connected, the prob-
lem (5) still has a solution u which is locally Lipschitz continuous in D. If w is any open connected
component of D, we have three cases:

1. either u >0 on w,
2. oru=0 on w,
3. or0<|Qy Nw| < |w|, and O, has the same regularity as stated in Theorem 1.2.

If Q0| < a, then only the first two cases can appear.

Remark 4.3 It follows from Proposition 4.2 that we obtain the same regularity as in the connected
case. Indeed, in the first two cases, ON* Nw = 0Q, Nw = .

Remark 4.4 To summarize, in all cases, there exists a solution Q* to (1) which is regular in
the sense of Theorem 1.2, but there may be some other non reqular optimal shape. And if D is
connected, any optimal shape is reqular.

Proof. The existence and the Lipschitz regularity are stated in Proposition 1.1.

If u=0 a.e. on w, then we get u =0 on w by continuity.

If w> 0 a.e. on w, by Lemma 2.5, v > 0 everywhere in w.

If 0 < |Q, Nw| < |w]|, the restriction of u to w is of course solution of (6) with w instead of D and
|wN Q| instead of a. We then may apply Theorem 1.2.

Finally, if |Q,| < a, we may write J(u) < J(u + tp) for all t € (—¢,¢) and for all ¢ € C§°(D) such
that |Q,| < a — || and so:

dJ t
0= dJutte) = 2/ (Vu.Vo) 72)\a/ wep.
dt t=0 D D
That is —Au = Agu in D and the third case is not possible since by maximum principle v > 0 or
u = 0 on each connected component of D. O
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