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CHAPTER 2 - TRANSPORT EQUATION :
CHARACTERISTICS METHOD AND DIPERNA-LIONS
RENORMALIZATION THEORY

1. INTRODUCTION

In this chapter we consider the PDE (transport equation)
(1.1) ohf=Af=—a(x)-Vf(xr) in (0,00) x RY,
that we complement by an initial condition

f(0,2) = fo(z) in RY
as well as related equations. We assume that the drift force field satisfies

a € CH(RY) N W (RY)
(a globally Lipschitz would be suitable) and that the initial datum satisfies
(1.2) fo€ LP(RY), 1 <p < 0.

We prove that there exists a unique solution in the renormalization sense to the
transport equation (1.1) associated to the initial datum fj.

2. CHARACTERISTICS METHOD AND EXISTENCE OF SOLUTIONS

2.1. Smooth initial datum. As a first step we consider fo € C(R%;R).
Thanks to the Cauchy-Lipschitz theorem on ODE, we know that for any = € R?
the equation

(2.1) i(t) = a(@(®), 2(0) = =,

admits a unique solution t + z(t) = ®;(z) € C*(R;R%). Moreover, for any t > 0,
the vectors valued function ®; : R* — R? is a C'-diffeomorphism and the mapping
R, x R — R4, (t,x) — ®(x) is globally Lipschitz.

The characteristics method makes possible to build a solution to the transport
equation (1.1) thanks to the solutions (characteristics) of the above ODE problem.
We start with a simple case. Assuming fo € C*(R%;R), we define the function
f € CYR x R%:R)

(2.2) Vt>0, Vo e R f(t,x) == fo(®; (x)).

From the associated implicit equation f(t, ®¢(z)) = fo(x), we deduce
d .
0 = a[f(ta Dy(2))] = (Ouf)(t, Pe(2)) + Do(@) - (Vo f)(L, Pe(x))

= (Ouf +al(x) Vi f)(t, ®(x)).

1
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The above equation holding true for any ¢ > 0 and z € R? and the function ®,
mapping R? onto RY, we deduce that f € C'((0,T) x R?) satisfies the transport
equation (1.1) in the sense of the classical differential calculus.

If furtheremore f, € C}(R?), by using that |®;(x) — x| < Lt for any x € R4, ¢t >0
we deduce that f(t) € C}(R?) for any t > 0, with supp f(t) C supp fo+B(0, Lt). In
other words, transport occurs with finite speed: that makes a great difference with
the instantaneous positivity of solution (related of a “infinite speed” of propagation
of particles) known for the heat equation and more generally for parabolic equations.

Exercice 2.1. Make explicit the construction and formulas in the three following
cases:

(1) a(x) = a € R? is a constant vector.

(2) a(z) =z

(3) a(x) = v, fo = fo(z,v) € C*(RExR?) and we look for a solution f = f(t,xz,v) €
C1((0,00) x R? x R%).

(4) Prove that (S;) is a group on C(R?), where

(2.3) Vfo e ORY, VteR, Ve € R (Sifo)(z) = f(t,2) := fo(®; ' (2)).

(5) Repeat a similar construction in the case of a time depending drift force field
a = a(t,r) € C([0,T] x R?) and for the transport equation with a gain source term
added at the RHS of (1.1).

2.2. LP initial datum. As a second step we want to generalize the construction
of solutions to a wider class of initial data as announced in (1.2). We observe that,
at least formally, the following computation holds for a given positive solution f of
the transport equation (1.1):

d

— fPdr = /6tfpdas=/ pfPLto.f dx
dt Jga R Rd

/pfp71a~vxfdx:/ a-VgfPdx
Rd

Rd
= / (=divga) fP de < ||divealfe / fPdx.
R4 Rd
With the help of the Gronwall lemma, we learn from that differential inequality
that the following (still formal) estimate holds
(2.4) 1F@)llzr < P follr V20,

with b := ||dival|p~. As a consequence, we may propose the following natural
definition of solution.

Definition 2.2. We say that f = f(t, ) is a weak solution to the transport equation
(1.1) associated to the initial datum fo € LP(R?) if it satisfies the bound

f € L>(0,T; LP(RY))

and it satisfies the equation in the following weak sense:

T
[ [ rredsit= [ g0,z
0 JR4 Rd

for any ¢ € CL([0,T) x R?), where we define the primal operator L by
Lg:=0g+a-Vg
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and the (formal) dual operator L* by
L*¢ := —0yp — divg(ayp).

Observe that choosing ¢ € C([0,7)) ® CL(RY), that is ¢(t,z) = x(t)¢¥(z), x €
CH[0,T)), ¥ € CHR?), and defining A*1) := div,(av)), any weak solution f €
L>°(0, T; LP(R?)) satisfies

_/OT( Rdfwda:)c’?txdt:/o (/}RdfA*wdx)thJF/RdfowdxX(o),

That is a weak formulation of the differential equality

T

d
(2.5) —/ f@/}dac:/ A Y dax,
dt Rd Ra
complemented with initial datum
(2.6) f@0,) ¢ dx = / fowdx.
R4 Rd

It is worth emphasizing that because of (2.5) there holds
fdz e C(0,T]) Yo e CLHRY,
Rd

so that (2.6) makes sense.

Exercice 2.3. 1. Prove that a classical solution is a weak solution.

2. Prove that a solution in the sense of (2.5) is a weak solution in the sense of
Definition 2.2. (Hint. Use the fact that the vectorial space generated by C1([0,T))®
CHRY) is dense into CL([0,T) x R%)).

Theorem 2.4 (Existence). For any fo € LP(RY), 1 < p < oo, there ewists a
global (defined for any T > 0) weak solution to the transport equation (1.1) which
furthermore satisfies

fe (o, oo);Lp(Rd)) when p € [1,00); f € C(]0, oo);Llloc(Rd)) when p = co.
If moreover fo > 0 then f(t,.) >0 for any t > 0.

Exercice 2.5. Prove that a weak solution f is weakly continuous (after modification
of f(t) on a time set of measure zero) in the following sense:
(i) f € C([0,T); D' (R?) in general (and even f € Lip([0,T];w * —(CHR))"));
(ii) f € C([0,T]; w* —(C(R%))") when p = 1 (for the weak topology xo(M*,C.));
(ii) f € C([0, T); w— LP(R?)) when p € (1,00) (for the weak topology o(LP, L") );
(ii) f € C([0,T);w — LY (R%)) for any p € [1,00) when p = co.

loc
Proof of Theorem 2.4. We split the proof into two steps.

Step 1. Rigorous a priori bounds. Take fo € CL(R?) and consider f(t) the solution
of (1.1). For any smooth (renormalizing) function 8 : R — Ry, 5(0) = 0, which
is C' and globally Lipschitz we clearly have that B(f(t,)) is a solution to the
same equation associated to the initial datum B(fp) and B(f(t,.)) € CL(R?) for
any t > 0. The function

0, 7) >Ry, tw— B(f(t,x))dx
Rd
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is clearly C! (that is an exercise using the Lebesgue’s dominated convergence The-
orem) and

d

pn y B(f(t,x))dx = y OB(f(t,x))de = y B'(f(t, )0 f(t,x) dz

= [ Bt ale) VoSt x)de = / a(z) - VaB(f(t,2)) dz

Rd R4
- / (~divaa)(@)8(f (¢, ) .

We deduce from that identity the differential inequality

d
pn B(ft,x))de <b [ B(f(t,z))dz,
R R
with b := ||div,a| e, and then thanks to the Gronwall lemma

B(f(t,x)) da < e / B(folx)) da.
R4 R4

Since fo € L'(R%) N L>=(R%) by assumption, for any 1 < p < oo, we can define a
sequence of renormalized functions (5,) such that 0 < 5,,(s)  |s|P for any s € R
and we can pass to the limit in the preceding inequality using the monotonous
Lebesgue Theorem at the RHS and the Fatou Lemma at the LHS in order to get

/ ()P de < / fo(@)|P d,
R4 Rd

or in other words
£t e < P follr V> 0.

Passing to the limit p — oo in the above equation we obtain (maximum principle)

£t Mz < [ folle= VE>0.
Moreover, f € C([0,T]; LP(R?)) for any p € [1,0).
Step 2. Existence in the casep € [1,00). For any function fy € LP(R%), 1 < p < oo,
we may define a sequence of functions fy ,, € CL(R?) such that fo,, — fo in LP(R?):
here comes the restriction p < co. We may for instance take fo., := (xn fo) * pn,
where p,, is a sequence of approximations of the identity defined through a mollifier
0<peDRY, |pll: =1, by pp(z) := n? p(nz) and y, is a sequence of truncation
functions defined by x,(x) := x(x/n) for some fixed function xy € D(R%),0 < y <1,
x(xz) =1 for any |z| < 1.
Because of the first paragraph we may define f,(¢) as a solution to the transport
equation and corresponding to the initial condition fy,. Moreover, thanks to the
first step and because the equation is linear we have
sup ||fn(t7 ) - fm:(t7 ')”Lp S ebT/p ||f0,n - fO,mHLP -0 VT Z O;
t€[0,T]
as n,m — oo. The sequence (f,) being a Cauchy sequence, there exists f €
C([0,T); LP(R%)) such that f, — f in C([0,T]; LP(R?)) as n — oo. Now, writing

—/OT/Rdcp{@fn—Fa-an}dxdt

/OT/Rd fn {8ts0 + divm(aﬁp)} dxdt + /Rd fon (0,.) dz,

0
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we may pass to the limit in the above equation and we get that f is a solution in
the convenient sense.
If moreover fo > 0 then the same holds for fy ., then for f,, and finally for f. O

Exercice 2.6. (1) Show that for any characterictics solution f to the transport
equation associated to an initial datum fo € CHR?), for any times T > 0 and
radius R there exists some constants Cp, Ry € (0,00) such that

sup / f(t) de < Cr / \fola)| da.
te[0,T) JBg Bry
(Hint. Use the property of finite speed propagation of the transport equation).
(2) Adapt the proof of existence to the case fo € L.

3. WEAK SOLUTIONS ARE RENORMALIZED SOLUTIONS

We now consider the transport equation with an additional source term
(3.1) 0tg=—a-V.g9+G.

We start with a remark. For any g € C? classical solution of (3.1) and 8 € C?(R; R),
there holds

9iB(g) +a-Va(B(g)) = B'(9) g+ B'(9) a- Vag = B'(9) G.

Definition 3.1. We say that g € L}, .([0,T] x Rd) is a renormalized solution to the
transport equation (3.1) with G € Li, ([0, T] x RY), go € L} (R?) if g satisfies the
equation

(32) [ [swre=[ swron+ [ [ eowa

for any test function o € CH([0,T) x R?) and any renormalizing function 3 €
C(R) N WH2(R).

Theorem 3.2. With the above notations and assumptions, any weak solution g €
C([0,T); L}, .(RY)) to the transport equation (3.1) is a renormalized solution.

We start with two elementary but fundamental lemmas.

Lemma 3.3. Given G € Li, ([0,T] x RY), let g € L} ([0,T] x RY) be a weak
solution to the PDE

Lg=G on(0,T) x R%
For a mollifier sequence

1 t x d
i —— - — < 1 — —
pe(t, x) i TP (57 5) , 0<peDR™), suppp C (—1,0)xB(0,1), /d+1 p=1,

and for T € (0,T), € € (0,7), we define the function

T
ge = (pe *1,0 9)(t, ) = /O /]Rd 9(s.y) p(t — s,z — y) dsdy.

Then g. € C=([0,T — 7) x R?) and it satisfies the equation
Lg. = Ge + e
in the classical differential calculus sense on [0,T — 7) x RY, with

G = pe *t,mGa Te ::a'vzgsf(a'v-g)*ps'
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It is worth emphasizing that in the above formula the “commutator” r. is defined
in a weak sense, namely

re(t,x) = /Rd+1 g(s, y){a(x) Vape(t — s,z —y) + divy[a(y) pe(t — 5,2 — y)] } dyds.

Proof of Lemma 3.3. Define O := [0,T — 7) x R%. For any (¢,z) € O fixed and any
€ (0,7), we define

(5,9) = @(s,y) = ¢L7(s,y) == pe(t — s,z —y) € D((0,T) x R?).

We then just write the weak formulation of equation (3.1) for that test function,
and we get

o= [ Lo [ [
- /oT/Rdg(S’y){_aS‘/’t’r(svy)—Vy( () ¢""(s.9))} — // (s:9) 0" (5,9)
= /OT/Rd 9(s,y) 3t<pt"”(s7y)—/ng(syy) Vy(a(y) @f’x(s,y))_/o y Gls,y) ¢

= atQE(tvx)+a'v$gs(t7x)_’r€(t7m) _Ge(t’x)a

because, performing an integration by part, we have

T

—/ 9(s,y) Vy(aly) " (s,9)) / / Vyg(s,y) pe(t—s,a—y) = (a-Vg)*pe,
0 R

we hence obtain the announced equation. O

Lemma 3.4. Under the assumptions B € Wy (R?) and g € L, (R?) with 1/r =
1/p+1/q <1, then

Re:=(B-Vg)xp.—B-V(gxp:) =0 Li,,
for any mollifier sequence (p.).

Remark 3.5. For a time dependent function g = g(t, x) satisfying the boundedness
conditions of Theorem 3.2 the same result (with the same proof) holds, so that the
commutator v defined in Lemma 8.3 satisfies re — 0 in L} ([0,T) x R?).

Proof of Lemma 3.4. We only consider the case p =1, ¢ = co and r = 1. We start
writting

R.(z) = - /Rd g(y){divy (B(y) pe(T — y)) + B(z) - Vo (pe(z — y))}dy

= [ s0{(B6) - B@) - Veloulo =)} du— (g div B) 5 ) 0)
= Rl(x)+ R%(x).

For the first term, we remark that
Rl < 1o P2 00 - lay

P / W)tz )

IN

(s,

Y)
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so that

(3.3) / R ()| dx < |V Bz~ [Vl 9]zt (5msay-

Br
On the other hand, if g is a smooth (say C') function
Ri(z) = Vo((gB)*p:) = B-Vaolg*pe)
— Vi(gB) — B-V,g = (divB)g.

Since every things make sense at the limit with the sole assumption divB € L
and g € L', with the help of (3.3) we can use a density argument in order to get
the same result without the additional smoothness hypothesis on g. More precisely,
for a sequence g, in C! such that g, — g in L}, we have

loc)
Ri[ga] = (divB) g in Lige, | R[h]|rs < Chllzr Vh,
so that
Rig)~(divB) g = {RL[g]— R} {ga] }-+{ RL[ga)~ (divB) ga) }-+{ (divB) go—(divB) g)} — 0
in LlloC as € — 0. For the second term, we clearly have
R? = (gdivB) % p. — gdiv B

and we conclude by putting all the terms together. O
Proof of Theorem 3.2. Step 1. We consider a weak solution g € L}, to the PDE

Lg=G in [0,T) xR

By mollifying the functions with the sequence (p.) defined in Lemma 3.3 and using
Lemma 3.3, we get

Lg. =G.+r. in [OvT) X Rda re =0 in Llloc'

Because g is a smooth function, we may perform the following computation (in
the sense of the classical differential calculus)

LB(g:) = B/(QE) G: + ﬂ/(gs) Te,
so that

64 [ Bairte= | Ae.0.0000+ [ Fa)Goo+ [ Blaine

for any ¢ € C2([0,T) x R?. Using that
g —g, Ge—G, 7.—0 in L}, as ¢ —0,

we may pass to the limit € — 0 in the last identity and we obtain (3.2) for any test
function ¢ € C2((0,T) x R%).

In the case we consider a solution g built thanks to Theorem 2.4 above we know
that additionally g € C([0,7T); Li,.(R?)) and therefore

ge =g in C([0,T); L, (RY).

L (RY) and we may pass to the limit in equa-
tion (3.4) for any test function ¢ € C2([0,7) x R?), which ends the proof of
(3.2). O

In particular g.(0,.) — ¢(0,.) in L},
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4. CONSEQUENCE OF THE RENORMALIZATION RESULT

In this section we present several immediate consequences of the renormalization
formula established in Theorem 3.2.

4.1. Uniqueness and Cp-semigroup in LP(R%), 1 < p < oo.

Corollary 4.1. Assume p € [1,00). For any initial datum gy € LP(R?), the
transport equation admits a unique weak solution g € C([0,T]; LP(R)).

Proof of Corollary 4.1. Consider two weak solutions g; and g to the transport
equation (1.1) associated to the same initial datum go. The function g := g2 — g1 €
C([0,T); LP(R?)) is then a weak solution to the transport equation (1.1) associated
to the initial datum ¢(0) = 0. Thanks to Theorem 3.2, it is also a renormalized
solution, which means

Bly(t, ) pdi = / B(g) diva(ap) deds,
R4 0 JRd

for any renormalizing function 3 € WH>°(R), 8(0) = 0, and any test function
¢ = ¢(x) € C}(R?). We fix 3 such that furthermore 0 < 3(s) < |s|? for any s # 0,
x € D(RY) such that 0 < x < 1, x = 1 on B(0,1) and we take ¢(x) = xr(z) =
x(x/R), so that

[ Bttt xnde = [ [ 8o) (@iv,0) xadedse; [ [ 8l ate)Vxa/R) dods

Observing that 8(g) € C([0,7); L'(R%)) and xg — 1, we easilly pass to the limit
R — o0 in the above expression, and we get

t
(4.1) Blg(t,.))dz = / B(g) (divya) dzds.

R4 0J/Re
By the Gronwall lemma, we conclude that 5(g(¢,.)) = 0 and then g(¢,.) = 0 for
any t € [0,T7]. O

Exercice 4.2. Prove the same result assuming only that a s globally Lipschitz.
(Hint. Use that |a(z)| < C (1 4+ |z|) for any z € R?).

In the same way as in chapter 1, we can deduce from the above existence and
uniqueness result on the linear transport equation (1.1) that the formula

(4.2) (Stgo)(x) == g(t, x)
defines a Cp-semigroup on LP(R%), 1 < p < oo, where g is the solution to the
transport equation (1.1) associated to the initial datum go.

4.2. Positivity. We can recover in a quite elegant way the positivity as an a pos-
teriori property that we deduce from the renormalization formula.

Corollary 4.3. Consider a solution g € C([0,T]; LP(R%)), 1 < p < oo, to the
transport equation (1.1). If go > 0 then g(t,.) > 0 for any t > 0.

Proof of Corollary 4.4. We argue similarily as in the proof of Corollary 4.1 but
fixing a renormalizing function 3 € W1°(R) such that 8(s) = 0 for any s > 0,
B(s) > 0 for any s < 0. Since then 8(gg) = 0, we deduce that (4.1) holds again
with that choice of function 8 and then, thanks to Gronwall lemma, 5(g(¢,.)) =0
for any ¢ > 0. That means g(¢,.) > 0 for any ¢ > 0. O
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4.3. A posteriori estimate.

Corollary 4.4. Consider a solution g € C([0,T); LP(R?)), 1 < p < oo, to the
transport equation (1.1). If go € LY(RY), 1 < ¢ < oo, then g € L>(0,T; L1(R?))
for any T > 0.

Proof of Corollary 4.4. We argue similarily as in the proof of Corollary 4.1 but
fixing an arbitrary renormalizing function 3 € WH*(R), B(s) = 0 on a small

neighbourhood of s = 0, so that |3(s)| < C'|s|*/? for any s € R, and then £(g) €
C([0,T); L*(R%)). For such a choice, we have

» Blg(t,.)) dz = /Rd B(go) dx +/0 » B(g) (divga) dzds Yt > 0.

From the Gronwall lemma, we obtain with b = ||div a|| e, the estimate

(4.3) /Rd B(g(t,.)) dx < et /]Rd B(go) dx vt > 0.

Since estimate (4.3) is uniform with respect to 8, we may choose a sequence of
renormalizing functions (/3,,) such that £, (s) ,*|s|? in the case 1 < ¢ < 0o and we
get

lg(t, Yloe < /9 lg(t, Y VE >0,
In the case ¢ = oo, we obtain the same conclusion by fixing 8 € W1 such that
B(s) =0 for any |s| < ||gol|ze, B(s) > 0 for any |s| > ||go||ze or by passing to the
limit ¢ — oo in the above inequality. ([l

4.4. Continuity. We can recover the strong LP continuity property from the renor-
malization formula for a given solution. We do not present that rather technical
issue here.

5. COMPLEMENTARY RESULTS
In this section we state and give a sketch of the proof of two complementary results
of existence (for a larger class of equations) and uniqueness (in a L* framework).

Other interesting issues as the existence problem for the transport equation with a
nonlinear RHS term or the wellposedness problem for the transport equation set in
a domain  C R? (and we possibly have to add boundary conditions) will be not
considered in the present notes.

5.1. Duhamel formula and existence for transport equation with an addi-
tional lower term. We consider the transport equation with an additional term
(5.1) dg=Ag+G in (0,00) x R
with

(A9)(a) i= ~afe) - V(o) + (o) g(0) + | blow) g(w) dy

Rd
Denoting
Ag=cg+ /d b(,y) 9(y)dy, Bg=—a-Vy,
R
we interpret that equation as a perturbation equation

0g=Bg+G, G=Ag+G.
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We introduce the semigroup Si(t) as defined in (4.2), and we claim that the function

t
(5.2) g(t) = SB(t)go + / Sp(t—s)G(s)ds
0
is a solution to equation (5.1). Indeed, the semigroup Sp satisfies
d
—Sg(t)h = t)h
dtSB( ) BSB( ) )

in a weak sense (that is nothing but (2.5)), and then

GO = G800+ [ Lt =) Gls) ds + 55(0) (1)

= B{SB(t)go + /Ot Sp(t —s) é(s) dS} + G'(t)
= Bg(t) + G(t).

All that computations can be justified when written in a weak sense. The method
used here is nothing but the well-known variation of the constant method in ODE;,
the expression (5.2) is called the “Duhamel formula” and a function g(¢) which
satisfies (5.2) (in an appropriate and meaningful functional sense) is called a “mild
solution” to the equation (5.1).

Theorem 5.1. Assume a € WH>, ¢ € L>®, b € LY (L) N L°(Ly). For any
go € LP, 1 < p < oo, and G € L*(0,T;LP) there exists a unique mild (weak,
renormalized) solution to equation (5.1).

Proof of Theorem 5.1. For any h € C([0,T]; LP), we define the mapping

(UR)(t) := Sp(t)go + /0 Sp(t—s) {Ah(s) + G(s)} ds,

and we claim that
Uu:C(o,T]; LP) — C([0,T7; L?)

with Lipschitz constant bounded by C'T', for some constant C' € Ry. The fact
that U is well defined as a mapping of C([0,T]; LP) is consequence of the charac-
terics method introduced in the second section. More precisely, for smooth func-
tions h,c, b, gg, G the above formula makes sense using characteristics, g = Uh €
C(]0,T); L?) and g is a solution to an evolution PDE similar to (5.3), from what
we deduce that the same is true with Lebesgue functions as considered in the state-
ment of the theorem. Let us just explain with more details how to get the Lipschitz
estimate. We consider two functions hi,he € C([0,T]; L?) and we observe that
g :=Uhs — U is a solution to the transport equation

6:3) 0= —ala) Vola) + c)hla) + [ o) b dy. 9(0.) =0

where h := hy — hy. Multiplying that equation by pg|g[P~2, we get

d . - -
G [or < [ aivarigrs [ plinllgr s [ ] plbte )l ) lg@l ! dody
R4 R4 R4 R4J R4
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We then just point out that thanks to Young inequality

pblx,y) h(y) g(x)P " dedy < bz, y) [A(y)” + 2 gla)?) dedy
/] //

v

A

p
< bllzee ey l1RI7s + v 1l ez 19170

and we conclude thanks to the Gronwall lemma. Choosing 7' small enough, the
mapping U is a contraction, and we can apply the Banach-Picard contraction the-
orem. We get the existence of a fixed point g € C([0,T]; L?), g = Ug. Proceding
by induction, we obtain in that way a global mild solution to equation (5.1). O

5.2. Duality and uniqueness in the case p = cc.

Theorem 5.2. Assume a € W2, For any go € L™ there exists at most one weak
solution g € L>=((0,T) x R%) to the transport equation (1.1).

Proof of Theorem 5.2. Since the equation is linear, we only have to prove that the
unique weak solution g € L>((0,T) x R?) associated to the initial datum go = 0 is
g=0.

By definition, for any ¢ € C1([0,T] x R%), there holds

/OT/RdgL*wda:dt:—/Rdg(T)w(T)dx

with L*¢ := —0yp — div(at). We claim that for any ¥ € C}((0,T) x R?) there
exists a function ¢ € CL([0,T] x R?) such that
(5.4) L'y =10, ¢(T)=0.

If we accept that fact, we obtain

T
// gUdzdt=0 YU ecCH(0,T)xRY),
0 JR4

which in turns implies ¢ = 0 and that ends the proof.

Here we can solve easily the backward equation (5.4) thanks to the characterics
method which leads to an explicit representation formula. In order to make the
discussion simpler, we exhibit that formula for the associated forward problem (we
do not want to bother with backward time, but one can pass from a formula to
another just by changing time ¢t — T — t). We then consider the equation
3t¢+a'v¢+c¢:‘1’a 7/’(0):07

with ¢ := diva. Introducing the flow ®;(x) associated to the ODE & = a(x), if such
a solution exists, we have

d

[0t @u(@)) el F D) = w(t, @y () e PN,

from which we deduce
t
D(t, By (2)) = e o c(@(w))dr/ U(s, Dy () el (@) ar
0

or equivalently, observing that ®, ' = ®_, because the ODE is time autonomous,
we have

t
Ql)(t,(E) ::/ ‘I/(s,q)sft(;[;» e_fstc(q’T*t(I))dT ds.
0
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It is clear that 1 defined by the above formula is the solution to our dual problem
from which we get (reversing time) the solution to (5.4) we were trying to find. O

6. TRANSPORT EQUATION IN CONSERVATIVE FORM

In this section we extend the existence and uniqueness theory to a bounded Radon
measures framework, and then a probability measures framework, for the important
class of transport equations which may be writen in a “conservative form”.

More precisely, we consider a time depend vectors field a = a(t,y) : (0,T)xR% — R
of class C'' N Lip and we note L the Lipschitz constant of a in the second variable:
YVt e[0,T), Va,y € R? la(t,z) — a(t,y)| < L]z —y|.

We are interested in the transport equation in conservative form

(6.5) %{ +V(af)=0 in D'((0,T) x RY),

where f = f(t,dx) = df:(z) is a mapping from (0,7T) into the space of bounded
Radon measures M!(R?) or the space of probability measures Z2(R9). We recall
that

M'RY) = {f € (Cc®M)'; |flrv == sup [(f, )] < oo}

llelloo<1
and
PRY) = {f € (CRY); f20, (f,1) =1} c M'(RY).
We also define
PR = {f e PRY); (f,|z]) <1}
and the Monge-Kantorovich-Wasserstein distance on Z2;(R%) by

Vf.ge 21(RY, Wilf.9) =IIf —9ll(ripy = sup  (f—g,9).
PeCH||Veplloo <1

We point out that Wy (f, g) is well-defined and finite for any f, g € £, (R?) because

[(f = g,0) = [(f =g, = 0(O)] < (If] + gl [2]) < oo,
for any p € CY(RY), [|[Vy|leo < 1, and that Wi(f,g) = 0 implies f = g because

CHR?) c C.(R?) with continuous and dense embedding.

We finally denote as M!(R?) — w the weak topology on M!(R?) defined through
the weak convergence: we say that a sequence (f,,) in M!(R?) weakly converges to
f € MY (RY), we write f,, — f in M'(RY) — w, if

/s@fn - /s@f Vo € Ce(RY).
We emphasize that for f,,, f € 2 (R?) the following holds: the convergence Wy (f,, f) —

f implies that f,, — f; the convergence f,, — f implies the “tightness” of sequence
(fn) and then the (stronger) convergence

/@fn—>/¢f Vi € Cyp(RY).
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Definition 6.3. (Image Measure). Let (E, &, 1) be a measure space, F be a
set and ® : E — F a mapping. We define the o-algebra F on F by F := {A C
F; ®1(A) € &} (it is the smallest o-algebra on F for which ® is measurable) and
we define the measure v on F by¥ A € F, v[A] := p[®~1(A)]. We denotev = ®fu
and we say that v is the image measure of u by ®. By definition, for any measurable
function ¢ : (F,F) = Ry, we have

[ed@in= [ covan

Theorem 6.4. (Characterictics). For any fo € M (R?), the unique solution
f e C(0,T); MY (R?) — w) to the transport equation (6.5) associated to the initial
datum fo is given by

(66) f(tv'):q)tljfo Vit e [OaT]a

where @, denotes the flow associated to the ODE of characterictics defined in sec-
tion 2.1. Moreover, given two initial data fo, go € Z1(R?), the corresponding
solutins f,g € C([0,00); MY (RY) — w) to the transport equation (6.5) satisfy

(6.7) vVt e [0,7] Wi(fe,9t) < e Wi(fo, g0)-

Remark 6.5. For a deterministic system associated to a vectors field a, we say
that (2.1) is a Lagragian description of the dynamics while (6.5) is an Eulerian
description. The formula (6.6) shows the equivalence between these two points of
view.

Proof of Theorem 6.6. Step 1. We prove that f(t) := ®; 1 fo is a solution to (6.5).
Fix ¢ € D(RY) and just compute

<%7¢> = %/Rd ef(t) = % y ©(®¢(y0)) fo(dyo)
_ / (V) (i) 5 (®4(30)) Fo(dyo)
Rd
N /Rd(Vso)(@t(yo)) ~a(t, ®4(y0)) fo(dyo)
= /Rd(Vso)(y) ~a(t,y) f(t,dy)
= —(V(af)e).
in the sense of duality in D’((0,7T)). That means that (6.5) holds in the sense of

duality in (D(0,T) @ D(R?))’, and thanks to a density argument, in the sense of
duality in D'((0,T) x R?).

Step 2. We establish the uniqueness of the solution. Because the equation is linear,
we just have to prove that fr = 0 if fo = 0. We argue by duality. We define the
backward flow U; by setting U;(z) = z(t), where z(t) is the solution to the ODE

2(t) = alt,z(t), =2(T) ==z
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For a given function ¢p € CL(R?), we define ¢(t,y) := or(¥; ' (y)) € CL([0,T] x
R?). From the implicit equation ¢(t, 2(t)) = ¢r(z), we obtain

0 = % [o(t, 2(1))] = (Dep)(t, 2(t)) + (Vo) (L, 2(1)) 2'(¢)
[Oro + a- Vel (t,2(1)),

and the following transport equation holds (in the sense of classical differential
calculus)

dp+a-Vo=0 in [0,T] x R%
We then compute

Glee = [ o) filda) + @ufis)

[ -Vl ftdn)+ [ o Vo) flde) = 0.
R

It implies

[ or@ frdn) = [ ulo) folda) =0,

R Rd
for any 7 € CL(R?Y), which means fr = 0.
Step 3. We start recalling that the flow @, satisfies
(6.8) Vi€ [0,T] ||Vy®lle <e'r.
Indeed, for xg,y0 € R?, the two solutions solutions x; = ®;(x¢), y; = P;(yo) satisfy

d . .
%Lﬂt — | <y — o] < alt,xe) —alt,ye)| < Lilxy — el

and we conclude thanks to the Gronwall lemma.
Now, thanks to Theorem 6.6 and by definition of W; and f, we have

Wi(fe,90) = Wi(@lifo, Piigo)

= sup / @ d(Pitfo — Peigo)
Vel <1 JRE

= sup / o @i d(fo— go)
Vel <1 JRE

< sup [[Vpo® sup Y d(fo— go)
IVell<1 (Ve[| <1JRE

< |IVO | Wi fo, 90)

and we conclude thanks to (6.8). O

Remark 6.6. 1. When the solution has a density with respect to the Lebesgue
measure f;(dy) = gs(y) dy with g; € L*(R?), the theorem of changement of variables
in the definition of the image measure implies

g90(z) = gi(Pe(x)) det( DOy ().
In particular, go(y) is not equal to g+(P:(y)) in general.
2. However, one can classically show that J(t,y) := det(D®:(y)) satisfies the Li-
ouville equation
d

27 (6y) = [(diva)(t, 2:(y)] I (t,y),  J(0,y) = det(ld) =
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In the case of a free-divergence verctors field a, namely diva = 0, we deduce of it
the incompressibility of the flow J(t,y) = 1. In that case, gi(P+(z)) = go(x).

3. When diva = 0, we can obtain g(P:(y)) = go(y) (and thus recover the in-
compressibility of the flow) in a maybe much simpler way. We come back to the
uniqueness argument in the proof of Theorem 6.6. We define h(t,z) := go(®; ' (2))
for go € CL(RY), and we compute

d

h(t,y(t))] = [Oih + a - VA] (t,y(t)).
We deduce

0=0h+a-Vh=09:h+V(ah), h(0,.)=go.
From the uniqueness of the solution, there holds h = g, and then

9(t, @4(x)) = h(t, ©e(x)) = go(x) = g(t, De(x)) J(t, ).
Choosing gy — 1, we get J = 1.
4. For fo = 04,, we have
q)t ﬁ(szo = 6(’1%(900)-

Indeed, for any test function ¢ € Cy(RY), we write

/ () (B4 6,,) (dr) = / (@4 (1)) 62 ()
Rd Rd
= p(®,(0)) = / () by o0y ().
R4

Lemma 6.7. For an initial fo € L*(R?), the solution f € C([0,T]; M'(RY) — w)
to the conservative transport equation (6.5) satisfies
(1) the mass conservation property:

f(t,z)dz = / fodx Vtel0,T];
R R
(2) the L' stability property:

/|f(t,x)|dm:/ foldz Yiel0.T).
R4 Rd

Proof of Lemma 6.7. We only prove (2), point (1) can be proved similarly. We
write

Orf = —a-Vf—(diva) f,
which has an unique solution f € C([0,00); L}, (R?)) thanks to Theorem 2.4 or its

loc
variant Theorem 5.1. For any renormalizing function 3 € C' N W1, we have

OB(f) = —a-VB(f) — (diva) fB'(f) inD'((0,T))
and then

d _ )
T /R B(f) x = /R Axtdiva) [8(f) = 1 8'(£)] dar + (a- Vx) B}

for any y € D(RY). We first take S.(s) = s2/2 for |s| < &, B:(s) = |s| — &/2 for
|s|] > e, and observing that |B:(s) — sBL(s)] < e Vs € R, Ve € (0,1) as well as
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B:(s) — |s| as € — 0, we may pass to the limit ¢ — 0 and we get

‘/ (1f )] = 1fol) x // (a-Vx)|f(s \da:ds‘

=i [ [ (@) (5 - £ 8L e} =o.

e—=0 Jo

Taking x(x) = (x/R) with ¢ € D(R?), ¢ = 1 on B(0,1), 0 < ¢ < 1, suppy) C
B(0,2), we may pass to the limit R — oo, and we get

L= [ 1fol+ Jim —// (5.2) - Vola/R) 1(s)| dads = [ [l

so that the L' stability property is proved.

7. EXERCICES

Exercice 7.1. We define

J(t,x) = exp(/ot(diva)(s,q)s(x)) ds).

(1) Show that for fo € CH(RY), the function f defined implicitely by
f(t,®(x)J(t,x) = fo(x) Vte[0,T), Vo eRY,

is the (unique) solution to the transport equation in divergenece form (6.5) associ-

ated to the inital datum fy.

(2) Show or use Liouville Theorem J(t,.) = det D®,, in order to get an alternative
proof of Lemma 6.7.

Exercice 7.2. Generalize all the above results to the case of a transport equation
Og=—-a-Vyg+bg+G

where a, b and G may be time dependent functions.

(1) Write a representation formula for the solution when b =G =0 but a = a(t,x).

(2) Write a representation formula for the solution when G = 0 but a = a(t,x),

b=0b(t,x).

(8) Write a representation formula for the solution when b = 0 but a = a(t,x),

G =G(t,x).

Hint: Prove and try to use the Duhamel formula

t
9(t) = So,t90 +/ Ss,tG(s)ds.
0
(4) Write the general representation formula.

Exercice 7.3. (1) Prove the existence of a (weak in the sense of distributions)
solution f € L>(0,T; L*(R%)) to the first order equation

01f = ala) V(@) + ) §(2) + [ by ) Flo)
R
with the usual assumptions on a, ¢, b by the vanishing viscosity method: that is by
passing to the limit in the familly of equation

atfa :gAfe"'a'vfs"_cfa'*'/Rd b(y7.%') fs(y)dya
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as e — 0.

(2) Prove that the above solution is a renomalized solution.
(3) Prove that f € C([0,T); L*(R%)).
Exercice 7.4. Consider the transport equation
Lf=0f+a-Vf=0
with a Lipschitz vector field a : R* — R%.
(1) Prove the existence of a weak solution f € L*°(0,T; L) for any T > 0 and any
initial datum fo € LP(R?), p € (1,00]. Why f € C([0,00); LP) if p € (1,00).
(2) Prove the uniqueness of the solution in the case p € (1,00).

(8) Prove the existence and uniqueness of the solution in the case p = 1. (Hint.
Use the Dunford-Pettis Theorem).

(4) Prove the uniqueness of the solution in the case p = co. (Hint. Use a duality
argument).

(4a) Consider f € L>=((0,T) x RY) N C([0,T]; Li,.(RY) a weak solution to the

loc
transport equation with vanishing initial datum and prove that there exits (f:) a

sequence in C([0, T)xR%) such that f- — f a.e., (f.) is bounded in L°°((0,T)xR?)
and
Lf-=7.—0 in L.([0,T] x RY).

(4b) Consider ¥ € L'((0,T) x R?) and prove that there exists a sequence of
functions () in CL([0,T] x RY) and a function ¢» € C([0,T]; L*(R?)) such that
e — ¥ a.e. and in C([0,T]; LY(R?)), ¥-(T) =0 and

L*. =V =R. =0 in L. ([0,T] x R,

(4¢) For a function x € D(R?), 0 < x <1, x(0) = 1, and a real number R > 0,

define xr(x) := x(z/R). For any e, R > 0, establish that

/OT/Rd feL*(YeXr) /OZ/W e XR

- /0 . fg(\I'—FRa)XR—/OT/Rd fete div(axr).

Passing to the limit € — 0 and next R — oo in the last identity, prove that
T
/ fr=0
0 JRrd
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