An introduction to evolution PDEs

CHAPTER 4 - ENTROPY AND APPLICATIONS

January 6, 2015

This chapter is an introduction to entropy (or Lyapunov) methods for general (possibly nonlin-
ear) dynamical system and some applications to some evolution PDEs (mostly linear, positivity
preserving and mass preserving) including a general Fokker-Planck model and the scattering (or
linear Boltzmann) equation.
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1. DYNAMIC SYSTEM, EQUILIBRIUM AND ENTROPY METHODS

1.1. Existence of steady states.
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Definition 1.1. We say that (S;)i>0 is a dynamical system (or a continuous (possibly nonlinear)
semigroup) on a metric space (Z,d) if
(S1) Vvt >0, Sy € C(Z,2Z) (continuously defined on Z);
(S2)Vx € Z, t— Sixz € C([0,00), Z) (trajectories are continuous);
(83) So=1;Vs,t>0, S5 =25:Ss (semigroup property).

We say that z € Z is invariant (or is a steady state, a stationary point) if S;zZ = Z for any t > 0.
We denote by E the set of all steady states,

E={yeZ;, Ssy=yVt>0}.

We remark that € is closed by definition (€ = Ny>0(Sy — I)~1({0})).
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Theorem 1.2. (Dynamic system and steady state). Consider a bounded and convez subset Z
of a Banach space X which is sequentially compact when it is endowed with the metric associated to
the norm || - || x (strong topology), to the weak topology (X, X") or to the weak-x topology o(X,Y),
Y’ = X (see Section 7.1 for the precise requirement we need on X and Z). Then any dynamical
system (St)i>0 on Z admits at least one steady state, that is € # ().

Proof of Theorem 1.2. For any t > 0, there exists z; € Z such that S;z; = z thanks to the
Schauder or the Tychonoff point fixed Theorem (see Section 7.1). On the one hand, from the
semigroup property (S3)

(1.1) Sio-mzog-n = zg-n forany i,n,méeN, m <n.

On the other hand, by compactness of Z, we may extract a subsequence (29, ) which converges
weakly to a limit Z € Z. By the continuity assumption (S1) on S;, we may pass to the limit
ng — oo in (1.1) and we obtain S;z = z for any dyadic time ¢ > 0. We conclude that z is a
stationary point by the trajectorial continuity assumption (52) on S; and the density of the dyadic
real numbers in the real line. O

1.2. w-limit set of trajectories compact dynamical system. Consider a dynamical system
(St)t>0 on a metric space (Z,d). For any given z € Z, we define the associated omega-limit set as

w(z)={yeZ; I, "o et S, z— vy},
or equivalently
(1.2) w(z) = [ wr(2), wr(z):={Sz t>T}
T>0
We obviously have
E ={y €wo(z); Sty=yVt >0} Cw(z)
and £, = {z} if Stz — Z when t — oo.
Theorem 1.3. (Dynamic system and w-limit set). Consider a dynamical system (Si)i>0 on
a metric space (Z,d) which trajectories are relatively compact. More precisely, we assume
(S4) wo(z) is compact for some fived z € Z.
Then there hold
(i) St(w(z)) = w(z) Vt > 0;
(i) w(z) is a nonempty connected and compact subset of Z;
(iii) d(Sy z,w(z)) = 0 as t — o0;

(iv) If furthermore w(z) is a discrete set, then w(z) is a singleton and w(z) C E,. More explicitly,
there exists Z € Z such that w(z) = {zZ} C &, or equivalently such that Sz — Z as t — oc.

Proof of Theorem 1.3. (i) On the one hand, for any y € w(z), there exists (¢,) such that Sy z — v,
so that Sy 1+z — Sy and Siy € w(z). That proves Si(w(z)) C w(z). On the other hand, given
y € w(z) and ¢, — oo such that S;, z — y, there exists w € Z and a subsequence (t,/) such that
St,,—tz — w because of assumption (54), and then w € w(z). We deduce

Siw = Sy(lim Sy , 42) =1lim S; ,z =y.

That proves the reverse inclusion w(z) C Si(w(z)).

(ii) For any n > 0, the set w,(z) is a nonempty connected and compact subset of Z by assumption
(S4). The sequence (w,(z)) being decreasing, we have w(z) = lim wy,(z) which is nothing but (1.2)
and thus (ii).

(iii) We argue by contradiction. Assume that there exist a sequence ¢, — oo and a real number
€ > 0 such that d(S;,z,w(z)) > e. From assumption (S4), there exists a subsequence (t,+) such
that S; ,z — w € w(z) and then d(S; ,z,w(z)) — 0, which is absurd.

(iv) First, w(z) is a singleton as a discrete and connected nonempty set, we then have w = {z}.
Next, by uniqueness of the possible limits, we deduce S;z — Z as t — oo. O
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1.3. Dissipation of entropy method. Consider a dynamical system (S;)¢>0 on a metric space
(Z,d). We say that a functional H : Z — R is an entropy if there exists a dissipation of entropy
functional D : Z — R such that for any z € Z there holds

d
%H(Stz) = —D(St2> <0 Vit> 0,
or equivalently

(1.3) H(S:z) + /0 D(Ss2)ds = H(z).

As a consequence t — H(S;z) is a decreasing function, and more importantly here, under the
additional lower bound assumption

(1.4) H, > —oc0, H,:= inf H(y),
yEwo(2)
there holds
(1.5) / D(Ss2)ds < H(z) — H, < o0.
0
We define

wp(z) :={y € wo(z); D(Sry) =0Vt >0},

and we observe that £, C wp(z) at least when (1.3) holds.
Theorem 1.4. (Dissipation of entropy method - weak version). Consider a dynamical
system (Si)i>0 on a metric space (Z,d) and z € Z. We assume

(S4') (S12)e>0 is “locally uniformly compact” in the sense that (S;™")i>o is relatively compact in
C([0,T]; Z) for any fized time T € Ry, where we have defined s +— Stz’T(s) = Siisz;

(H1) there exists a lsc dissipation of entropy functional D on Z such that t — D(S;z) € L.
Then, we have w(z) C wp(z), and therefore d(Siz,wp(z)) = 0 as t — co.

Proof of Theorem 1.4. We define 2! := 87" € C([0,T]; Z), T > 0, and we observe that

/ "Dt () ds =

Consider y € w(z) and a sequence ¢,, — oo such that S;, z — y as n — oco. From the compactness
assumption (S4') and a diagonal Cantor procedure, there exist a subsequence (¢,/) and a function
z* € O([0,00); Z) such that z'» — 2* in C([0,T]; Z) for any T > 0 and obviously z*(s) = S,y
for any s > 0. From the assumptions (H1) made on the dissipation of entropy and the above
inequality, we then deduce

t+T (e’
D(Ssz)ds < / D(Ssz) ds.
¢

t

T o)
/ D(z*(s)) ds < liminf D(Ssz)ds = 0.
0

n’/—oco
t,r

As a consequence D(z*(s)) = 0 for any s > 0 and then y € wp(z). We conclude thanks to (iii) in
Theorem 1.3. O

Exercise 1.5. Assume furthermore that wp(z) = {z}. Taking up again the proof of Theorem 1.4,
prove directly (without using Theorem 1.3 nor Theorem 1.6) that w(z) = {Z} C £.

Theorem 1.6. (Dissipation of entropy method - strong version). We assume furthermore
that

(1.6) wp(z) s discrete.

Then, w(z) is a singleton and w(z) C E,. More explicitly, we have w(z) = {z*} C &, Nwp(z) for
some z* € Z or equivalently Sz — z* as t — oco.

Proof of Theorem 1.6. From Theorem 1.4 we have w(z) C wp(z) which is assumed to be discrete.
We conclude thanks to (iv) in Theorem 1.3. O
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1.4. Lyapunov functional and La Salle invariance principle.

Definition 1.7. Consider a dynamical system (Si)i>0 on a metric space (Z,d).
- We say that H is a Lyapunov functional if H € C(Z,R) and t — H(S:z) is decreasing.
- For a given z € Z we recall that H, is defined in (1.4) and we define
wy(z) = {y € wo(z); H(Sey) =H. ¥Vt >0}

Theorem 1.8. (La Salle invariance principle). Consider a dynamical system (Si)i>0 on a
metric space (Z,d) and z € Z. Assuming that

(S4) (Si2)e>0 is relatively compact;

(H2) H is a Lyapunov functional;

there holds w(z) C wy(2), and more precisely

H, €R, H(Siz) \H.ast— 00 and d(Siz,wy(z)) =0 ast — .

Proof of Theorem 1.8. On the one hand, H(S:z) is decreasing so that lim H(S;z) = H, and
bounded (because the trajectories are relatively compact) so that #, € R. On the other hand, for
any y € w(z) there exists ¢, — oo such that S, z — y which in turns implies H, = Um H (S, +s2) =
H(lim Sy, +52) = H(Ssy) for any s > 0. In other words, we have w(z) C wy(z) and the second
convergence result is a consequence of (iii) in Theorem 1.3. O

We immediately deduce
Theorem 1.9. (Lyapunov method). Assuming furthermore that
wy(z) s discrete,

there holds w(z) = {z*} for some z* € &,, or equivalently Sy z — 2* as t — .

Proof of Theorem 1.9. Since then w(z) C wy(z) is discrete, we may use (iv) in Theorem 1.3 and
conclude. 0

1.5. Discussions on the entropy methods. For the sake of simplicity, consider here the situa-
tion when the semigroup (S;) is (formally) associated to an (abstract) evolution equation

(1.7) %zt = Q(z) on (0,00), 2zp€ Z.

More precisely, we assume that for any zp € Z there exists a unique solution z; € C([0,00); Z) to
the equation (1.7), and for any z € Z we set S;z = z; where z; is the solution to (1.7) associated
to the initial datum zg = z. We may observe that

& ={y cw(z); Qy) =0}
For any function H : Z — R, we have (formally)

d / d
%H(Stz) =H (Zt) . %Zt =H (Zt) . Q(Zt)

The condition
VzeZ D(z):=-H(2)-Q(z) >0

then (formally) guaranties that the functional # is an entropy (decreases along trajectories) and
D is a dissipation of entropy functional.

In the two entropy methods and for a given metric space (Z,d), the compactness condition (S4")
is clearly stronger than the condition (54). It is however not difficult to deduce (S4') from (54)
for an evolution equation in the applications we have in mind.

The first main difference between the two entropy methods lies on the fact that we assume that
e D is lower semicontinuous in the first method;
e 7 is continuous in the second method.
In many applications, the lower semicontinuity condition on D is easier to prove than the continuity
condition on H.
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More importantly, the decreasing condition on # is obtained by writing the identity (1.3) while
the integrability condition (1.5) is a consequence of the mere inequality

(1.8) H(Sez) + /Ot D(Ssz)ds < H(z) Vt>0.

Again, that last inequality is easier to obtain than the identity (1.3): in many cases it can be proved
by an approximation procedure and using the fact that both H and D are lower semicontinuous.

Let us then discuss the accuracy of the two methods. For that purpose we introduce the subsets

En(z) ={y €ewo(z); Hly) =H.}, Ep(z):={y € wo(z); D(y) =0}

which are defined through “a stationary formulation” (they are not related to the semigroup or
the evolutionary problem). We easily check the following inclusions

E. Cw(z) Cwy(z) =Eu(z) Cwpl(z) C Ep(z)

from the convergence theorems proved before and thanks to the inequality (1.8). We deduce that
the conclusion in Theorem 1.8 is a bit stronger than in Theorem 1.4 because the target set is in
general smaller and because of the additional convergence of the entropy functional. However, in
the case the identity (1.3) holds, we have wy (%) = wp(z) and the target sets are the same in both
theorems. In practice, in order to identify the possible limit set, we try to characterize the set
wp(z) or the set

{y € wo(2); H'(y) Lwo(2)}
which clearly contains the set Ey(2).

The above entropy methods are quite general and efficient. The shortcoming of the method is that
it does not give any rate of convergence to the stationary state. In order to overcome that lack of
convergence, the usual strategy is to try to prove some functional inequality of the kind

D(y) = ©6(H(ylz)), MH(ylz) :==H(y) —H(2), H(z)=H.,
for some function © € C*(R;R), O(s) > 0 for s # 0, ©(0) = 0. But that is another story ... .

2. ELEMENTS OF SPECTRAL ANALYSIS IN AN HILBERT SPACE

For linear (or linearized) equation (and its associated continuous semigroup of linear operators)
there exists an efficient way to understand the long time asymptotic behaviour of the solutions.
That consists in making the spectral analysis of the corresponding operator. We present now
two situations where an accurate spectral analysis can be done without too much difficulty (but
we will not present full detail for the sake of conciseness). For the sake of simplicity, we mainly
restrict ourself to the case of a dissipative operator with compact resolvent in the Hilbert space
H = L? = L*(%,dp) of Lebesgue functions on an open set % C R¢ endowed with a borelian,
positive and o-finite measure pu.

2.1. Dissipative operator with compact resolvent. We denote by %(X) the space of linear
and bounded operators. For T' € #(X), we denote ImT = R(T) = T(X) the range of T and
kerT = N(T) = T~1(0) the null space of T. For Y C X we denote

Yt ={yeX; (y2)=0Vrec X} C X"
For T € #(X) we denote T* € B(X’) the adjoint operator defined through the relation
(T*y,z) = (y,Tz) VeeX, yeX

Definition 2.1. We say that a bounded operator T € B(X) is compact, we note T € JH# (X), if
T(Bx) is relatively compact in X, or equivalently, if for any bounded sequence (u,) of X we may
extract a subsequence of (T'uy,) such that this one converges.

Exercise 2.2. Show that for an operator T € Z(H) in an Hilbert space H, so that we make the
identification H' = H, we have T € J¢ (H) iff T* € 2 (H).
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Theorem 2.3. (Fredholm alternative [1, Théoréme VI.6]). Consider T € K(X) in a Banach
space X. Then

(a) ker(I — T) is finite dimensional;

(b) Im(I — T) is closed and Im(I —T) = (ker(I — T*))*;

(c) ker(I —T) = {0} if, and only if, Im(I — T) = X;

(d) dimker(I —T) = dimker(I —T™).

The Fredholm alternative is essentially a consequence of the Riesz Theorem about the not com-
pactness of the unit ball in an infinite dimension normed space.

For T € #(X) we define the resolvent set
p(T) :={X\ € C; T — X is a bijection on X} C C.

It is worth emphasising that because the good framework to look for eigenvalues and spectrum is
the complex numbers framework (as in the finite dimensional case with matrix) we will consider
X as a Banach space on the scalar field of complex numbers. When we start with a Banach space
X = X® on the scalar field of real numbers, we define the new vectors space X (©) := X®) 4 x &)
and for any real operator £ € Z(X®)) we immediately extend it (by linearity) to Z(X(©)). We
will note specify the scalar field on which the vectors filed is based in general.

As a direct consequence of the fact that I — U is invertible if U € (X)) and ||U|| < 1, just because
then the inverse is given by the Neumann series

(I-v)yt=> Uk
k=0

we get that the resolvent set is open. We define the spectrum ¥(7") as the complementary set

3(T) :=C\p(T).

It is a closed, nonempty and bounded set, more precisely ¥(T) C B(0,||T|]). We say that & is
an eigenvalue (or a punctual spectral value) and we note £ € Xp(T) if N(T — &) # 0 (so that in
particular £ ¢ p(T), or in other words Xp(T) C X(T)). For £ € p(T), we say that N(T — &)
is the associated eigenspace. The dimension of N(T — &) is called the geometric multiplicity of
& If it is equal to one, we say that £ is geometrically simple. For § € Xp(T), consider M the
larger subspace of X such that Mg is invariant under the action of 7" and (7, ) = {§}. We call
algebraic multiplicity of £ the dimension of M¢. The algebraic multiplicity is then larger than the
geometric multiplicity. We say that £ € X p(T) is semisimple if the algebraic multiplicity and the
geometric multiplicity are the same, and it is simple if they are both equal to 1.

Theorem 2.4. (Spectrum of a compact operator [1, Théoreme VI.8]). Consider T € K(X)
and assume dim X = +oo. Then there hold

(¢) 0 € X(T);

(b) Z(T)\{0} is empty, finite or is a sequence which tends to 0;

(c) Z(T)\{0} = Zp(T)\{0} and the algebraic multiplicity of any eigenvalue is finite.

The proof of this theorem uses the Riesz Theorem (points (a) and (b)) and the Fredholm alternative
(point (c)).

We consider now the generator £ of a semigroup of linear and continuous operators S; = S (¢) on
a Banach space X, we note £ € 4(X), that is £: D(L) C X — X, where the domain

D(L):={feX; tlin(l)t_l(Stf — f) exists }
—
is dense in X, and
Lf:y%f%&f—ﬂ Y fe D).
—
From the closed graph Theorem, we know that
GL)={(f.Lf), fe DL} c X xX
is closed. We define the resolvent set p(L£) and the resolvent operators Rz (z), z € p(L), by
p(L) :={z € C; (L — 2) invertible and R;(z) := (L — 2)~' € B(X)}.
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As in the case of a bounded operator, we then define again the spectrum %(£) as the complementary
of the resolvent set.

The next “particular case of spectral mapping theorem” makes possible to reduce the spectral
analysis of a generator £ to the spectral analysis of one of its revolvent R (zg), zo € p(L).

Exercise 2.5. (a) Prove the resolvent identity
(2.1) Re(z) = Re(20) = (2 — 20)Re(2)Re(20) V2,20 € p(£).

(Hint. Use the definition and nothing else).
(b) Prove that Re«(z) = Re(2)* for any z € p(L*) = p(L).

Proposition 2.6. For any (unbounded) operator L, the following identity holds
Vzep(L) B(L)={z+&" €€ B(Re(2)\{0}}.

Proof of Proposition 2.6. Consider an (unbounded) operator T such that 0 € p(T'), and then
T-! € #(X). For any ¢ € p(T), we have

TRp(§) = I+ &Rr(§) € B(X).

As a consequence, if furthermore ¢ # 0, using the above identity and the fact that T and Rr (&)
commute, we get

(T =& ) (=ETRy(§)) = (—ETRrp () (T =71 = L.

That means that (- — £71) is invertible and then ¢! € p(T~!). On the other way round, if
E#0, &1 € p(T™1), we may write

T-¢=("-T7her

where the right hand side term is invertible, so that £ € p(T). As a conclusion, we have shown
that for an invertible (unbounded) operator T', we have

ST} = {1/6 € € X(T)},
and then

B(T) = {1/& € € X(T~)\{0}}-
As a conclusion, for any z € p(L), we have X(£) = X(L — z) + z from which we immediately
conclude by applying the previous identity with T := £ — z. O

In order to simplify the discussion we will make an additional dissipativity assumption of the
generator. In a general Banach space X, for any f € X, we define the dual set of f as

Jp={f"e X’ (f /) =IfI% = 115}

which is not empty (thanks to the Hahn-Banach theorem). Next, for a generator £ € 4(X), we
say that £ — b is dissipative, b € R, if

(2.2) VfeD(L), 3f e Jy, Re(f*, Lf) < bl f]*

We often just say that L is a dissipative operator when there exists a real number b € R such that
(2.2) holds. Observe that in a Hilbert space Jf = {f} for any f € H and then we equivalently say
that £ — b is dissipative, b € R, if

(2.3) VfeDL) Re(Lf,f)<blfI
We then observe that for any f € D(L£) and denoting f; := Sif, we have from (2.3)

LA =250 L) < 1A
Thanks to the Gronwall lemma, we deduce
(2.4) 1Sefl < e NIfIl vE=o0.
It is then classical to show that the growth rate w(L) satisfies
(2.5) w(L) :=inf{b € R; (2.4) holds} = inf{b € R; (2.3) holds}.
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Exercise 2.7. (a) Show (2.5). (Ind. Consider the function t + ||S(t) e~ f||?).

(b) Show that if Rz (z0) is a compact operator for some zg € p(L) then R (z) is a compact operator
for any z € p(L). (Ind. Use the resolvent identity (2.1)).

(¢) Show that in LP(U) we have f* := f|f|P=2/|IfI[25° € J¢ for any f € LP(U). Also prove that
Jp=A{rt

Theorem 2.8. (Spectrum for dissipative operator with compact resolvent). Consider an
Hilbert space H and an operator L such that L — (b — 1) is dissipative and Rz (b) is compact for
some b e RN p(L). Then

S(L) = £p(L) = {Auin € I},

where I is empty, finite or equals to N, and in that last case (A,) is a sequence of decreasing (in the
sense that (ReA,) is decreasing) eigenvalues such that A\,, — —o0 (in the sense that ReX,, — —o0).

Proof of Theorem 2.8. Theorem 2.4-(c¢) implies
E(Re(0)\{0} = Zp(Re(0)\{0},

there exists I empty, finite or I = N such that (u,)ner is the set of eigenvalues of X(R.(b)) and
any eigenvalue has finite algebraic multiplicity. More precisely,

(R (0)\{0} = Xp(Re(0))\{0} = {pn; ne I} CC,
with u, — 0 as n — oo if I = N. We also observe that choosing f € N(Rz(b) — un), f # 0, we get
(Repn) |7 = Re(f, Re(b)f) = Re((£ — D)Re(b) f, Re(b)f) < —|Re(b) fI?

and therefore Rep, < 0 for any n € J. In the case J = N, we can then choose (u,) such that
(Rep,) is an increasing and convergent to 0 sequence. To conclude, we use the Proposition 2.6 and
we get

YL ={\;neT}, AN=b+u,’
with ReA,, N\, —oo because Rep,, 0 if J =N. O

Example 2.9. The case I is an emptyset (or is finite set) cannot be excluded in the previous result.
Here is an evample. Take H = L*(0,1), Lf := —f" with domain

D(L) = {f € H'(0,1), f(0) =0}

It is clear that L is dissipatif, since

1
1
(£.0) =~ [ £ o= 310 - 117 <0,
0
Moreover, if X € C and g € L?(0,1), the unique solution to

~f'=Af=Lf- )=y,
with f € D(L), is given by

@) = (ReWa)(w) = = | exp(My = 2)g(w) .
so that A € p(L) for any A € C. Therefore 3(L) =0 and Rz () is a compact operator.

2.2. Self-adjoint operator. Consider an Hilbert space H and make the identification H' = H.
In such a way, T* € B(H) for any T € $(H). We say that T is self-adjoint if T* = T.

Theorem 2.10. (Spectrum of a bounded self-adjoint operator). Consider an Hilbert space
H and a self-adjoint operator T € B(H). We define

m:= inf (Tu,u), M:= sup (Tu,u).
weH, [u|=1 weH, Jul=1

Then 2(T) C [m, M], m,M € X(T). In particular, T = 0 if furthermore 3(T) = {0}. Moreover,
any eigenvalue A € Xp(T) is semisimple.
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Elements of the proof of Theorem 2.10. We only deal with the supremum value M. In order to
prove the same result for the infimum value m we just have to change T in —T. We split the proof
into four steps.

Step 1. Consider A € R, A > M, and observe that the bilinear form on H defined by ay(u,v) =
(Au — T u,v) satisfies

Yue H ax(u,u) = XMul?> = M |u*> > a|u?, a:=X—M >0.
Thanks to the Lax-Milgram theorem we deduce that for any f € H the equation Au — Tu = f
has an unique solution. In other words, A € p(T'), and then |M, co[ C p(T).

Step 2. In the case £ € C\R, we use a complex version of the Lax-Milgram theorem together with
the identity

1T = &)ull® = |(T" — Re€)ul|* + (Im)?lul|*,
in order to deduce that & € p(T).

Step 3. Let us show that M € X(T). The bilinear form ap; being symmetric and linear, the
Cauchy-Schwarz inequality writes

(Mu—Tu,v)| < (Mu—Tu,u)’*(Mv—Tuv,0)"?<C(Mu—Tu,u)/?v] Yu,veH,
and then
(2.6) \Mu—Tu|<C(Mu—Tu,u)/?> VueH.

Consider a sequence (uy,) such that |u,| = 1 and (T up,u,) — M. From (2.6), we deduce that
|M u, — Tup| — 0. Assuming by contradiction that M € p(T), we would get u, = (M —
T) Y (M u,, — T uy) — 0 which is absurd.

Step 4. In the case X(T) = {0}, the already proved properties imply that (Tu,u) = 0 for any
u € H. We deduce

(Tu,v) = =((T(u+v),u+v) — (Tu,u) — (Twv,v)) =0 VYu,ve H,

N |

and then T' = 0.

Step 5. Consider A € ¥p(T) and prove that N((T' — A\)¥) = N(T — ) for any k > 1. We may
assume A = 0 and we just have to prove that N(T?2) = N(T) since then N(T2") = N(T) for any
¢>1and N(T*) ¢ N(T*) if £ > k. Now, if u € N(T?), we have [Tu|?> = (T?u,u) = 0, so that
u € N(T). In other words, N(T?) C N(T). O

Theorem 2.11. (Spectral decomposition of a compact self-adjoint operator). Consider
a separable Hilbert space H and a self-adjoint compact operator T € L(H). Then there exists an
Hilbert basis made up of a sequence of eigenvectors of T.

Elements of the proof of Theorem 2.11. We introduce FE,, n € N, the family of eigenspaces (the
eigenvalues are semisimple) associated to the family of eigenvalues (A,), Ag = 0 and A, — 0 if that
family is not finite. We observe that E; L E; for any ¢ # j. We define F' the space generated by
the (E,,) and we show that Tp := Tjp1 is self-adjoint compact and that %(7p) = {0}. That implies
that Ty = 0 and then F = H. O

Exercise 2.12. (a) Prove in all details Theorem 2.11.
(b) Prove that Ry is self-adjoint if L is self-adjoint. (Hint. Use the resolvent identity (2.1)).

Theorem 2.13. (Spectrum and semigroup spectral gap for self-adjoint generator). Con-
sider an infinite dimensional and separable Hilbert space H and a self-adjoint generator L such
that £ — b is dissipative and R (b) is compact for some b € RN p(L). Then

S(L) = p(L) = {Ai n > 1},

where (A,) is a sequence of real, strictly decreasing and semisimple eigenvalues such that A, — —o0.
Furthermore, the functional H(f) := ||(I — I11)f||? is a Lyapunov function, where Iy stands for
the orthogonal projection on the eigenspace associated to the eigenvalue A\, and

eI =)l ey < €™ | T =T || gy Yt >0,
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Proof of Theorem 2.13. We split the proof into two parts.

Step 1. Using that R, (b) is self-adjoint (see exercise 2.12) and Theorem 2.11, we deduce that
the family (pn)ner built in Theorem 2.8 is made of real numbers. Moreover, I = N because
each eigenvalue pu,, has finite multiplicity (Theorem 2.8), the family of associated eigenspace (E,,)
generates a dense space in H (Theorem 2.11) and the space is infinite dimensional. As a consequence

(L) ={\;n>1}, A=b+pu,' R,
with A\, \, —oco because p, 0.

Step 2. As in Theorem 2.11, we introduce E,, n € N*, the sequence of (finite dimensional)
eigenspaces associated to the sequence of eigenvalues (\,). We define II,, as the orthogonal pro-
jection on F, and the Bessel-Parseval equality writes

VieDL) [IfIIP =" I f]*
n>1

From the fact that ¥(Lg,) = {\,} and A, is semisimple, we deduce for any f € D(L) and with
the notation f; := S, (¢)f that

d d
prl ) fel|? > allﬂnftll2 =2 (W.Lfi, 1L fr)

n>2 n>2
= 23 M[ILfilP €2 Aol fil?
n>2 n>2
< 21— ) fi%
We conclude thanks to the Gronwall lemma. O

2.3. Krein-Rutman theorem. In this section we present a version of the Krein-Rutman theorem
for positive operator. We split the section into three parts. In a first part, we introduce the notion
of Banach lattice, positive operator, Kato’s inequality, weak and strong maximum and we state the
Krein-Rutman theorem. In a second part, we prove the existence part of the theorem by exhibiting
a positive eigenvector. In a third part, we establish the qualitative properties, and provide then a
characterization, of the positive eigenvector.

2.3.1. Statement of the Krein-Rutman theorem. The Hilbert space H = L*(%,du) is endowed
with a (partial) order, denoted by > (or <), defined by

for f,ge H (f>g) it (f(z)> g(z) for p-ae x €U).
That order structure is compatible with the norm on H and for any f € H, we may write f =
f+ — f— with fi(z) ;= max(+f(x),0), so that H is a Banach lattice.

We recall that a Banach lattice X is a Banach space endowed with an order such that:

- (i) The set Xy := {f € X; f > 0} is a nonempty convex closed cone.

- (ii) For any f € X, there exist some unique minimal fi € Xy such that f = f; — f_, we then
denote |f| := fy + f- € X4

- (iii) For any f,g € X, 0 < f < g implies || f| < ||lg]l-

We may define a dual order > (or <) on X’ by writing for ¢ € X’
Y >0 (orypeXy) iff VfeXy (4, f)>0.
One may show that X’ is also a Banach lattice for that definition of order.

Exercise 2.14. (a) In the Hilbert space H = L? show that the duality definition of order in H' is
nothing but the pointwise definition of order in L>
(b) For i € X', we define 1y by

Vi (f) =sup{¥(9); 0< g < f} for f2>0,
Vi (f) = (f4) =4 (f=) for f € X and ¢— = (—¢)+. Show that ¢ =1py —¢_ and that ¢y are

manimal elements in X' which fulfills such a splitting.
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In the “space of functions” H = L*(%,du), an important point is that we may define without
difficulty the composition functions () and ¢'(f) for 8(s) = |s| and 6(s) = s4. Also observe that
in any Hilbert space

f >0 implies f* = f > 0.
Definition 2.15. Let us consider a Banach lattice X and an bounded operator T € B(X). We
say that T is positive, we note T >0, if T'f € Xy for any f € X,.

Exercise 2.16. 1. Show that for a bounded operator T € B(H) in a Hilbert space H, there holds
T >0 implies T* > 0.

2. Show that for an operator T € B(X), X = L?, such that Tg > 0 a.e. if g € X, \{0}, then if f
is an eigenfunction associated to the eigenvalue X := ||T||, we also have T|f| = A|f|. (Hint. Use
that (Tf, f) = M| f||? and that (Tg,g) < M|g||* for g = f+ in order to prove fy =0 or f_ =0).

Definition 2.17. Let us consider a Banach lattice X and a generator L of a semigroup Sg on X.
(a) - We say that the semigroup Sy is positive if S (t) is positive for any t > 0.
(b) - We say that a generator L on X satisfies Kato’s inequalities if the inequality

(2.7) VfeD(L) LO(f) = (Lf)-0'(f)

holds for the functions 6(u) = us, u € R, and 0(u) = |u|, u € C.
(c) - We say that a dissipative operator L satisfies a “weak maximum principle” if for any a > w(L)
and g € X_ there holds

(2.8) feDL)and (L—a)f =g imply f>0.

(d) - For a dissipative operator L, we say that the opposite of the resolvent is a positive operator if
for any a > w(L) and g € X there holds —Rr(a)g € X4 .

Here the correct way to understand Kato’s inequalities (2.7) is
VfeD(L), VyeDL)NXL (0(f), L) > (0'(f) - L, ),
where 0'(f) - h = (fh+ fh)/(2|f]) when 6(u) = |ul.

In that simple framework of dissipative operators in the Hilbert space L? one can show that all
the preceding properties are equivalent. We only show the following.

Lemma 2.18. In the Hilbert space H = L? and for a dissipative generator L, the Kato’s inequality
(b) implies the positivity properties (a), (c¢) and (d).

Proof. Step 1. (b) implies (a). Consider fo < 0 and denotes f := S, (t)foe™*. We compute
successively

8tf = (‘C - a’)f>
next with 6(s) := s; and thanks to Kato’s inequality
Oufs =0'(f)(L—a)f <(L—a)fy,
and finally with f} € X such that (fy, f1) = ||f+]?
1d . .
§£||f+|\2 = Ocfy, f1) <((L—a)fy, f1) Z0.

Since fo < 0 we have ||(fo)+] = 0, next ||(f)+] = 0 and finally S, (¢)fo = e f; <0 for any ¢ > 0.

Step 2. (b) implies (c¢). Counsider a € R, f,g € X as required in (2.8). From Kato’s inequality, we
have with 6(s) = s

(L—a)fs 2 (LN O(f) —afs = (af —9)0'(f) —afy = (—9)0'(f) = 0.
By definition (2.5) of w(£) and because f} = fy > 0, we deduce that for any b € (w(L),a)
0<((L—a)fe, 1) < (b—a) /4]

so that fy =0 and then f <0.
Step 3. The implication (c) = (d) is just straightforward. O
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Last, we need some strict positivity notion on X and some strict positivity (or irreducibility)
assumption on £ that we will formulate in term of “strong maximum principle”. For that purpose,
we define the strict order > (or <) on X by writing for f € X

f >0 iff Vi/’ € X+\{O} <1/)7f> > 07
and similarly a strict order > (or <) on X’ by writing for ¢ € X’

Y >0 iff Vge X\ \{0} (¥,g9)>0.

It is worth emphasizing that from the Hahn-Banach Theorem, for any f € X there exists ¢ € X/
such that ||¢||x =1 and (¢, f) = || f||x from which we easily deduce that
(2.9) VfgeX, 0<f<g implies [flx <lglx-
Also notice that in the case of the Hilbert space H := L? that notion corresponds to the usual
pointwise definition

for f,ge H (f>g) iff (f(z)>g(z) for prae. x €U).

Definition 2.19. We say that L satisfies a “strong maximum principle” if for any given eigenvalue
1 € R and any associated eigenvector f € D(L) the case of equality in Kato’s inequality

(L= mwo(f) = (Lf —nf)-0'(f) =0
for 6(s) = |s|, s € C, implies
f=0 or |fl]>0and3ueC, f=ulf|

It is worth emphasizing that we can see the strong maximum principle as a consequence of the weak
maximum principle together with the existence of a family of strictly positive barrier functions.
We give a typical result which can be applied (or modified in order to be apply) in many situations.

Lemma 2.20. We assume that

(i) (L — a) satisfies the weak mazimum principle;

(i) for any f >0, f # 0, there exists g > 0 such that (g — )+ € X and (L —a)g > 0.
Then L—a satisfies the following strong mazimum principle (in its usual form): for any f € X \{0}
such that (L —a)f <0 there holds f > 0.

Proof. We define h := (g — f)+ € X and we remark that from Kato’s inequality

(L—a)h = 1ps0(L—a)(g—[f)=0.
As a consequence of the weak maximum principle, we have h < 0. That implies A = 0, and then
g—f<=0. O

Also observe the following: that last strong maximum principle together with the (quite natural)
assumption D(L™) C C(U) for n large enough in the Hilbert case H = L?(U) implies the following
other version of “strong maximum principle”: for any given f € X and p € R, there holds

[fl € D(LON{0} and (£ —p)[f] <0 imply f>0or f<0

We can now state the following version of the Krein-Rutman Theorem in a general and abstract
setting.

Theorem 2.21. We consider a semigroup generator L on the Hilbert space H = L? and we assume
that
(1) £L—(b—1) is dissipative and Rz (b) is compact for some b € R;
(2) for some a* € R, a* < b, there exists v € D(L*), ¥ > 0, such that L*) > a* or there exists
g € D(L), g >0, such that Lg > ag;
(3) L satisfies Kato’s inequalities;
(4) L satisfies a strong mazimum principle.
Defining Ay = s(L) := sup{Reg, £ € X(L)} and A, := {& € C, Re > a}, there holds
Ja € a*,\1), Z(L)NAL={\} and A1 is simple,
and there exists 0 < f1 € D(L) and 0 < ¢ € D(L*) such that

Lfi=Mfi, L¢=M¢, RIgx= Vect(fr),
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and then
Meaf=(f¢)fr VfeX

2.3.2. Proof of the Krein-Rutman theorem - existence part.

Proposition 2.22. Consider a Banach lattice X and an operator T € B(X). We assume
(1) T >0 and T is compact.

(2) 3 e X', >0, Ja > 0 such that T*Y > ).

Then, there exists p > o, up € X1 \{0} such that Tus = pius.

Proof of Proposition 2.22. Step 1. A modified problem. We define By :={f € X; f >0, || fllx <
1} and we fix g € By such that Tg # 0 (that is possible since T* # 0 and then T # 0) and
€ (0,1). We observe that thanks to the positivity property of T, for f € B, there holds

+oo > (1+8) [ITl|zx) 2 IT(f +e9)llx = T (eg)lx > 0.

Thanks to that lower bound we may define for any € > 0 the continuous mapping

O : By = By, P(f):=T(f+eg)/IT(f+eg)llx.

The Schauder’s fixed point Theorem 7.1 implies that the function ®. has at least one fixed point
G, which then satisfies

(2'10) Ge € By, T(Gs + 59) = pe Ge, e = ||T(Gs + 59)“X7

and in particular [|G.||x = 1.

Step 2. A stability argument. On the one hand, by definition, p. < (1+¢)[|T||%(x). On the other
hand, by hypothesis (2) and because g > 0, we have

a(Ge, ) < (Ge,T*) < (T (Ge +€9),7) = pe(Ge, ),

and then p. > a. Up to the extraction of a subsequence, we get p. — p € [, [|T| 5x)], and
therefore p # 0. By compactness of T and up to the extraction of a subsequence, we also get
pe Ge — h in X, and therefore G. — f := h/p in X. We conclude by passing to the limit in
(2.10). 0

Proposition 2.23. Consider a Banach lattice X and an (possibly unbounded) operator L € 4(X).
We assume that for a,b € R, a < b,

(1) —Re(b) > 0 (resp. —Re-(b) > 0);

(2) Rr(b) is compact (resp. Rp«(b) is compact);

(3) 3¢y € X', o >0, such that L*) > atp (resp. Ig € X, g > 0, such that Lg > ag).

Then there exist A1 € [a,b], f1 € X:\{0} such that Lf1 = M\ f1 (resp. there exist A} € [a,D],
¢ € X\ \{0} such that L*$ = X[ o).

Proof of Proposition 2.23. We only prove the result concerning £ because the proof for the dual
problem is similar. We may assume b > a. We define T'= — R, (b) which obviously satisfies (1) in
Proposition 2.22. We define a := (b —a)~! > 0 and we observe that

alb—=L)Y <y

or equivalently T satisfies (2) in Proposition 2.22. Thanks to proposition 2.22; there exist p; > «
and u; € X, \{0} such that Tu; = pyu;. Defining f; = Tu; € X \{0}, we get u; ' f1 = (b— L) f1,
and the result holds with \; :=b— u~! € [a,b). O

Exercise 2.24. Consider a Banach space X such that X = Y’ for a separable Banach Y and
consider a generator L € 4(X). Assume that (1) Sy > 0;

(2)3peY C X', ¢ >0, such that L*P = \¢;

(3) there exists § > 0 such that

V20 (L=Nf )< =8IfIIK +07" {f,9)°
Prove that there exists G € X \{0} such that LG = AG. (Hint. Use Theorem 1.2).
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2.3.3. Qualitative properties.

Proposition 2.25. We assume that
(2) there exist A, \* € R, G € X, \{0}, ¢ € X/ \{0}, such that LG = A\G, L*¢ = \*¢;
(1) L satisfies Kato’s inequality and the strong mazimum principle.
Then
(3) >0, G>0, A=\,
(4) A1 is simple,
(5) Lp(L) N Ay, = {\1} and Ay is the only eigenvalue associated to a positive eigenvector, and
more precisely
A=sup{reR; If e DL)NX,, f#0, Lf >rf}.

Remark 2.26. Observe that Ay is the only eigenvalue associated to a positive eigenvector for the
dual problem.

Proof of Proposition 2.25. Step 1. From the strong maximum principle we obviously have G > 0.
As a consequence,

A, G) = (L70,G) = (¢, LG) = X9, G)
and \* = X. Let us prove that ¢ > 0. For a > s(£) and g € X;\{0}, thanks to the weak and
strong maximum principles, there exists 0 < f € X such that

(-L+a)f=g.

As a consequence, we have

(6,9) = (o,(-L+a)f)
= ((@a=L")o, f) =(a=A) (¢, f) > 0.
Since g € X is arbitrary, we deduce that ¢ > 0.

Step 2. We prove that N(L — \) = vect(f;). Consider a normalized eigenfunction f € X%\ {0}
associated to the eigenvalue \. First we observe that from Kato’s inequality

Alfl = Afsign(f) = Lf sign(f) < LIf].

That inequality is in fact an equality, otherwise we should have

Ml o) # (LIf] 0) = (| f], £79) = A f], 9),

and a contradiction. As a consequence, |f| is a solution to the eigenvalue problem A|f| = L|f|
so that the strong maximum principle assumption implies f > 0 or f < 0, and without lost of
generality we may assume f > 0. Now, we write thanks to Kato’s inequality again

ASf = fi)+ = L(f = f)sign, (f — f1) < L(f = fi)+,

and for the same reason as above that last inequality is in fact an equality. Since (f — f1)+ =
[(f = f1)+], the strong maximum principle implies that either (f — f1)+ = 0, or in other words
f < fi, either (f — f1)4+ > 0 or in other words f > f;. Thanks to (2.9) and to the normalization
hypothesis || f|| = ||fill = 1 the second case in the above alternative is not possible. Repeating
the same argument with (f; — f); we get that f; < f and we conclude with f = f;. For a
general eigenfunction f € X© associated to the eigenvalue A we may introduce the decomposition
f = fr+if; and we immediately get that f, € X® is an eigenfunction associated to \ for a = r,i.
As a consequence of what we have just established, we have f, = 0,f1 for some 0, € R and we
conclude that f = (0, + i6;) f1 € vect(f1) again.

We finally claim that A is algebraically simple. Indeed, if it is not the case, there would exist
f € X® such that £Lf = \f + f1 and then

which in turns implies (f1,¢) = 0 and a contradiction.
Step 3. Clearly if Lg > rg, with g € X \{0}, we have

(g, 9) < (Lyg,d) = (9. L ) = Ng, $)
and therefore r < .
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We finally prove that there is no other eigenvalue but A\ with real part equal and larger than .
We consider a couple (f, 1) of eigenfunction and eigenvalue with ey > A. By Kato’s inequality
for the modulus function 0, we have

Rep)|fl = (uf)-0'(f)
(Lf)-0'(f) < L|f].

By the preceding characterization of the first eigenvalue A, there holds Reu < A. As a consequence,
Rep = A and then

Alfl = (Lf)-0'(f) = LIf].
On the contrary, we multiply the equation by ¢ and we get a contradiction. The strong maximum
principle says that f = u|f|, u € S, |f| > 0, so that f is an eigenfunction associated to A, or in
other words, = . 0

We come to the proof of the Krein-Rutman theorem.

Proof of Theorem 2.21. Step 1. First from Proposition 2.23 applied to £ we have the existence of
a positive eigenfunction, namely there exist \y > a, f1 € X \{0} such that £f; = A1 f;. Thanks
to the strong maximum we have f; > 0 and Proposition 2.23 applied to L£* gives the existence
of a positive dual eigenfunction, namely there exist A > A1, ¢ € X/ \{0} such that L*¢ = A\]¢.
As a consequence, we may apply Proposition 2.25. Next, thanks to Theorem 2.13, we know that
Y(L) = Xp(L) is at most a countable set {\,, n € I'} and Re,, - —oo if I = N. We then deduce
ReA,, < Rely < A\q for any n > 2. O

3. RELATIVE ENTROPY FOR LINEAR AND POSITIVE PDE

We consider the general PDE evolution equation
o f = Af—a-Vf+cf+/bf*, /bf* = /b(m,x*)f(x*)da?*, b>0,
and we establish that if g > 0 is another solution
&gg:Ag—a-Vg—i-cg—i-/bg*
and if ¢ > 0 is a solution to the dual evolution problem
—0p = A¢p+div(ad) +co + /b* D\ /b* Oy 1= /b(a:*,x) O(4) ds,
then we can exhibit a family of entropies on the form
W)= [ H(r/9) g0

for any convex function H.

Step 1. First order PDE. We assume that

of = —a-Vf+ef
0:g = —a-Vg+cg
-0 = div(a¢) + co,

and we show that
O (H(X)ge) +div(aH(X)gp) =0, X = f/g.
We compute
O (H(X)go) + div(aH (X)go)
= H'(X)g¢[0:X + aVX] + H(z) [0:(g9¢) + div(agg)]

The first term vanishes because

0 X +aVX = ;(8tf+GVf) — giQ (Org + aVyg) = é (cf)— giQ (cg) = 0.
The second term also vanishes because
Oi(g¢) + div(age) = ¢ [0rg + aVg] + g [0:¢ + div(ag)] = ¢ [ — cg] + g [+ c¢] = 0.



16 CHAPTER 4 - ENTROPY AND APPLICATIONS

Step 2. Second order PDE. We assume that

Of = Af+cf
Org Ag+cg
—0ip = A¢p+co,

and we show
0 (H(X)g¢) — div(¢V(H(X)g)) + div(gH (X)V¢) = —H"(X)gp|V X |*.
We first observe that
AX = div(%f —f iQ V)

= Agf 2Vf—+2f

_ ﬂ_fﬁg_gﬁ VX,

g g* g

IVg\ iAg

g2

which in turn implies
0 X —AX =2 E VX.
g

We then compute

O (H(X)g¢) — div(¢V (H(X)g)) + div(gH(X)Ve) =
= (0:H(X)) 9o + H(X) 0y(9¢) — ¢ div[gH'(X)VX + H(X)Vg] + gH(X)Ad

=H'(X)g¢p {0: X — AX — 2% VX} — g H'(X)|VX|* + H(X) [0:(9¢) — 6Ag + gAg)
=—go H"(X) VX,

since the first term and the last term independently vanish.

cf+/bf*

og = cg+/bg*

C¢ + /b*(b*;
with the notations

/bz/)* .—/b Z, ) Y(xy) d, /b*w* = /b Ty ) Y(T) di,
and we show

0,(H(X)g) + / H(X)gb.o — / bH(X,)gutp = — / bg-o{ H(X.) — H(X) — H'(X)(X, - X)}

Step 3. Integral equation. We assume that

of

09

We compute indeed

O (gpH(X)) = X)g0ip+ H(X)p0rg + H'(X)p(0f — XBrg)

/H b+ [ bH(X)g.0

+ / bg*¢ ~H(X.) + H(X) + H' (X)X, — H’(X)X}
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Step 4. Conclusion. For any solutions (f, g, ¢) to the system of (full) equations, we have summing
up the three computations

Or(goH (X)) +
+div(aH (X)g¢) — div(¢V(H(X)g)) + div(gH (X)V) + /bH(X*)g*cb - /H(X)gb*czﬁ*

— g0 H"(X)[VXP ~ [bg.0{ H(X) - HOY) - H(X)(X. - X)),
Since when we integrate in the x variable the term on the second line vanishes, we find out

d
SH() = ~Dulf)
with
Dulf)i= [ 90" IVXP + [ [bg.0{m(x) - HOO) - B0 - X)) 20

4. FIRST EXAMPLE: A GENERAL FOKKER-PLANCK EQUATION
In this section we consider the Fokker-Planck equation
(4.1) of=Lf=Af+div(Ef),

on the density f = f(t,x), t > 0, z € R%, where the force field E € R is a given fixed (exterior)
vectors field or is a function of the density.

4.1. Conservation, explicit steady states and self-adjointness property.
Any solution f to the Fokker-Planck equation (4.1) is mass conservative in the sense that

d
%/fdx:/div(Vf—FEf)dfC:O?

because of the divergence structure of the Fokker-Planck operator £ and the Stokes formula.

In the case when
(4.2) E=VU+Ey, div(Eye V) =0,

for a confinement potential U : R? — R and a non gradient force field perturbation Ey : R — R,
we may observe that the positive function e~V ®)+Vo is a stationary state for any Uy € R. When
furthermore e~Y(*) ¢ L'(R?%) we may fix Uy € R such that

G(xz) := eV @+U0 ig g stationary state and a probability.
On the other way round, in the most general case we just assume there exists a steady state
G e L' RY)NPRY), div(VG+EG) =0,

where P(R?) stands for the set of probability measures, we may observe that G € C'(R?) thanks
to a bootstrap regularization argument and G > 0 thanks to the strong maximum principle. Then
we define U := —log G and Ey := E — VU, so that (4.2) holds again.

Consider a weight function m : R* — R and the associated Lebesgue space L2(m) with || f| 2(m) =
|| fm|z2. For f,g € D(R?), we compute

I = (£f7 g)L2(m) - (f7 ‘Cg)L2(m)
= /(Af—l—diV(Ef))gm2 - /(Ag—i—div(Eg))fm2
= /ngE-Vf—gi-va+/ng-vm2—meE-Vg

(4.3) = 2/g(m2E—Vm2) ~Vf+/gf(div(m2E) — Am?).
In the one hand, if I(f,g) = 0 for any f, g, by choosing f as a constant function, we get

0= /g(Am2 — div(m?E))
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for any g, and then
Am? — div(m*E) = 0.
Plugging that information into (4.3), we get

I = 2/g(m2E—Vm2)~Vf7
and the equation I(f,g) = 0 for any f, g, by choosing f = z;, implies

/g(aim2 —m?E;) =0,

for any g. We deduce

;m? —m?E; =0
and then E = VU with U := log(m?) or equivalently m = eY/2. In other words, we just have
proved that £ is a self-adjoint operator in the Hilbert space L?(m) if and only if £ = VU and
m = eV/? for some confinement potential U : R¢ — R. In that case, G = exp(—U — Up), Up € R,
is the family of steady states.

U/2

4.2. General a priori estimates and well-posedness issue.

Lemma 4.1. For any f € D(R?) and any weight function m : R? — R, , we have

Jensime ——w-) [19Er-2me + [ raro

with

2 A 1
wlzz(p—l)lvrg‘ +m+<1—>divE—E~Vm.
m m D m

Proof of Lemma 4.1. Tt is a good exercise! Just perform two integrations by part: one on the term
which involves the Laplacien, another on the term which involves the £ - V f function. 0

Observe that (at least formally):

d _

G [asrme = 2 [ rpyreiaqs e

R4 R4
= B[ e ferepm

so that defining f* := ||f||i;fm) F1fIP~2, we get
2 p 2/p-1 _/ * 4 P
2 W G iy = [ (L1574 F L

(4.4) = 2Re(Lf, ).

As a consequence, (4.4) together with Lemma 4.1 lead to some differential inequality on the LP-
norm which provides an a priori estimate on a solution of (4.1) when the function v in Lemma 4.1
is uniformly bounded above.

d
%”f“%?(m)

Exercise 4.2. (a) Generalize Lemma 4.1 to the case of a complex valued function f € D(R?; C).
(b) For any f > 0, prove that (at least formally)

[enoss =4 [19V7p+ [(aie) .

As a consequence of the previous identity we obtain several existence results. In the sequel we
assume either

(4.5) E = E(t,x) € L>=(0,T; WH>=(R%)),

or that E = E(z) € W,»>° and, for some vy > 2,

(4.6) |E(x)] < Ky (2)77Y, |divE(z)| < Ky ()72, E(z)-z> |z VaeRL
We define

(4.7) H:=L*(m), V:=H(m)NL*(m;)
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with m = m; = (2)*, k > 0, in the first case, and with m := @7 my = (2)7 1) K 1= y/4,
in the second case. We next define

X7 :=C([0,T); H) N L*(0,T;V).

Proposition 4.3. For any fy € H, there exists a unique variational solution f € Xrp to the
Fokker-Planck equation (4.1). Moreover, if fo > 0 then f(t) > 0 for any t > 0; if fo € L' then

f(t) € L' and (f(t)) = (fo) for any t > 0.
Proof of Proposition 4.3. 'We observe that the (possibly time dependent) bilinear form

alt.f.g) = - / L(t)f gm?

= /{Vf-ngQ—Vf~(Vm2+Em2)g—divEfgm2}daz

is continuous in V. Moreover, thanks to Lemma 4.1, it satisfies the following coercivity lower
bound

alt, £, ) = / VP m? ¢ / 2 mP

with )
k k(k—1 1
V1= (<x>2 ) _ SAVE + R E- & > C,
C € R, in the first case, and
_ i 2/, \2vy—4 é =2 V=2 9,y i 2/,\27—4
b= e @)t = S - T e - ela)

1 1 1
——divE+ -E -z ()72 > ()% 4+ C,
2 4 8
C € R, in the second case. We conclude to the existence and the uniqueness of a variational
solution f € Xp by applying Lions’ Theorem 3.2 in Chapter 1. 0

Proposition 4.4. Assume a € WY N L% For any fo € L?, k > d/2, there exists a unique
solution

feC(0,T);Ly) N L*(0,T; HY), VT >0,

to the nonlinear Fokker-Planck equation
(4.8) O f = Af + div((ax f)f).
Proof of Proposition 4.4. Step 1. A priori bounds. On the one hand, we clearly have

/ Ifldxé/ | fol d,
Rd Rd
and then

e Rk

2 Qkﬁ k(k —1) 1
+ [ r @ Ta

- [P

1
H2R + Vel ol + ko= foll) [ £,
Step 2. Existence.  To prove the existence we consider the mapping g — f defined for g €

C([0,T); L), k > d/2, so that L? C L', by solving the linear evolution PDE
Ouf = Af +div((axg)f).

For the linear (and g dependent) problem, by repeating the same computations as in step 1, we
also have

(diva)*f—&-k(a*f)-&}

IN

sup [|fllzr < [lfollLr,  sup [Ifllz2 < Ar,
[0.7] [0.7]

s
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where A7 only depends on || fol| 12, k, a and T'. We then define
Cri={f € CUO,THLZ), IF Ol < Ifollr, 1FO)lsz < Ar}

and we have ® : Ct — Cr. We consider two solutions
O fi = Afi + div((a x g:) fi)
so that the differences f = fo — f; and g := go — g1 satisfy
Of = Af +div((a*g1)f) +div((axg) fa).

As a consequence, using the Young inequality, we have

Gl = =2 [1vsP 4 [(Faxg) 2 -2 [(arg)ravs

< - [194P +1axgill~ [ £+ lax gl [ 2
< IVallce [ foll 2l 172 + 2 llallz2 AZ 9]l
from which we deduce
sup || fl|72 < er sup [lgl|z2
T 0,T
with ep — 0 as T — 0. We conclude to the existence by a Banach fixed point theorem. O

Exercise 4.5. Prove that the assumption a € L? can be removed by making the contraction argu-
ment with the Li norm.

4.3. Long-time behaviour.

We briefly discuss the long-time asymptotics for the linear and nonlinear Fokker-Planck equations
(4.1) and (4.8).

e In the case E = VU, U = ()7 /v, v > 2, L is self-adjoint and dissipative in L?(G~'/2) and the
resolvent R, (b) is compact, because for b > 0 large enough, the bilinear form a'(f, g) := a(f,g) +
b(f,g), with a defined in the proof of Proposition 4.3, is coercive in the space V := H'(G~/?)n
L2({(z)Y~*G~'/?) and V is compactly embedded in L?(G'/?). More precisely, performing just one
integration by part on the first (Laplacian) term, we have

d(f.f) = / (Lh)f b C

/[—Af—AUf—VU~Vf+bf)er
= /{|Vf|2+(b—AU) 12} ev.

Introducing the notation g := f G~1/2
[ranse = [V vga )

/|Vg|2+/g2 VG2 vGT?
1
[1val = [ £etiwo,

—/(VU~Vf)er = %/(AU+|VU|Q)f2G’1,

and observing that

as well as

we also have
1 1
(0.0 = 1992+ [ P58+ RURe.
Gathering these two identities, we deduce that for any f € D(R?)

) 2 g IR [{= JaU+ S VUR) £
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Observing now that |[VU|? > |z[20~Y and |[VU| < (d 4+ — 2) {x)?~2, we obtain by taking b > 0
large enough the following lower (coercivity) bound: for any f € D(R9)

1 b 1 _
(5.5) = 5 [I9P + [15 4 fpPO) e = £l
2 2 16
On the other hand, thanks to the first identity in Proposition 4.3, we also have
a(f,9) :/{Vf-Vg—QVf-VUg—F(b—AUfg}eUdm,

and then |d'(f,g)| < C|/fllv |lgllv for any f,¢g € V. Thanks to the Lax-Milgram Theorem, we
deduce that b € p(L). Moreover, for any g € H := L*(G~'/?), the (variational) solution f :=
R, (b)f € V to the equation

(L=b)f=g
satisfies

£ < (b= £)f, Hlu = (=9, /) < Cllglm lIfllv-

As a consequence, ||Rz(b)gllv < Cllg||lg. Because V. C H is compactly embedded, we get that
R, (b) is a compact operator. We may apply Theorem 2.13: the LQ(G_l/Q)—norm is a Lyapunov
functional and any solution converges with exponential rate to the associated equilibrium (uniquely
defined thanks to the mass conservation).

e In the case F = a * f + x with a = VU, U a convex function, we write
onf = Lf =div[fV(log f + |z|?/2+ U * f)].
We define

1 1
W)= [ Hlows+5leP 45U £} D)i= [ FIVQ0gf+ ol /24U P
We may compute
d
GHD = [ @ +logf +1aP/2+ U s 1) = -DU),
R4

The functional H is then an entropy. It is moreover a Lyapunov functional under some additional
assumption on U. We accept the following result.

Lemma 4.6. If U is a convex function then H is a convex functional and there exists a unique
minimizer foo to the minimizing problem

H(fso) = min{’H(f); 0< feL'(RY, / fdx = 1}.
Rd
Moreover, fs is smooth and positive, and we have D(f) = 0 implies f = f.

Exercise 4.7. Show the convergence of the solutions to the unique equilibrium fo, by applying
Theorem 1.6 or Theorem 1.9.

e In the case £ = VU + Ey, U = ()7 /v, v > 2, div(Ege~Y) = 0, Ey # 0, the operator £ satisfies
the same properties as the first case (when Fy = 0) except that £ is not self-adjoint anymore.
Because LG = 0 and £*1 = 0, we may apply the GRE method which readily implies

SH() = DL
with
)= [(F=thGre amd D)= [VU/GFG,

The equation D(f) = 0 is equivalent to f = (f)G and by conservation of mass f = (fo)G. As
a consequence, H is a entropy, D is a dissipation of entropy functional (it is Isc for the weak L?
convergence), and then Theorem 1.6 says that f(t) — (fo)G weakly in L? as t — oo for any
fo € H := L*(G™Y/?) (take Z := {g € H; |lgllz < lIfollz, (9) = (fo)}). In order to enlarge of
the class of initial data and to strengthen the sense of convergence we may argue as follows (we
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present the argument in dimension d = 1 for the sake of simplicity of the notation). By developing
the term D(f) or just using Lemma 4.1, we have for any K > 0 and for some Ky = Ko(H(fo), K)

Gfret = = ety [ ot
—/(8f)2G_1 — K(/ f2G‘1)2 + Ko,

IN

because 11 < C and H(f) < H(fo).
The equation satisfied by Jf is

8,0f = AOf + O(divE) f + (divE)df + OE -V f + E - Vf,

from which we deduce for some 6 € (0,1)

d
G Jenr < = [@pr+ [1D B9+ 3 ivE] (957}

([ ) (Jor)'+ [erveeme
wi= [ +o [0

which satisfies the differential ODE
du 2 2
< 2—1 _ —2 2 2
W< k([ re) s mo— ol ( [@r7) sl
< -0+ K,

for some constants §’, K; > 0, which only depend on || fo||zr. Defining K1 = K1 (|| folla) := K{/(26")
and the set

IN

We define

2y :={g€H; |lglu < | follm, ulg] < K1},

we deduce that if fy € Z; then f(¢) € Z1 for any ¢ > 0, and on the contrary, defining 7 := sup{t >
0; u(t') > Ky Yt €[0,t)}, we have

/

Z—ZL < f%uz on (0,7).

As a consequence, we get u(t) < 2/(6't) on (0,7), so that necessarily u(t) < K; for some ¢t <
2/(¢'K) :=T. We have then proved that Z; is invariant and attractive in the sense that f(t) € 21
for any t > T. Because Z; C L' with compact embedding, we deduce from the previous (weak)
convergence that f(t) — (fo)G strongly in L'. It is worth emphasizing that we get the same
conclusion by using the La Salle invariance principle (Theorem 1.8) by observing that H is a
Lyapunov functional in the set Z.
For a general initial datum fo € L', we use the splitting fo = fo.n+9go.n With fo., = 15(0,n) foxpn €
H for a mollifier sequence (p,,). We then have

| fr(t) = {fon)GllLr — 0 ast — 0o, ¥Yn >0,
by the previous analysis, and

Sl>1p lgn ) llzr < llgonll = 0 as n — oco.
>0

Putting together the two above estimates and the fact that (fo ) — (fo) as n — oo, we conclude
to f(t) = (fo)G in L' as t — oco.

e In the general case when E satisfies (4.6), we verify that £—b is dissipative in the space H defined
in (4.7) for b > 0 large enough and again that R, (b) is compact. Moreover L satisfies Kato’s
inequality and the strong maximum principle as stated and proved bellow. We may then apply
the existence result Theorem 1.2 (see Exercise 2.24) and we obtain that there exists of nonnegative
and mass normalized steady state f; € H. Alternatively, we obtain the same existence result by
applying the existence part Proposition 2.23 of the Krein-Rutman Theorem 2.21 and observing that
L*1 = 0 so that the first eigenvalue is 0 and the first eigenfunction f; given by the Krein-Rutman
theorem is a steady state. We conclude by applying the GRE method as in the previous case, and
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we get again f(t) — (fo)f1 weakly in L? as t — oo for any fy € H. We can improve (enlarge and
strengthen) the above convergence by following the same argument as in the previous case.

Proposition 4.8. The operator L satisfies “Kato’s inequalities” and the “strong maximum prin-
ciple” in H
Proof of Proposition 4.8. Step 1. Kato’s inequalities. For a convex function 8 : R — R such that
B(s) = s'(s), we clearly have
LB(f) =B"(HIVIP+ B (HLf =B (LS.
For the square of the modulus function s € C ~ 6(s) = |s| = v/s5, we have on the one hand
Lf-0'(f) = [(LF)F+ (L) fI/2IfD)
= [(Af) f+(Af) f1/Qlf]) + div(E]f]).

On the other hand, introducing the real part R and the imaginary part I in such a way that
f=R+il, R, I€R, we easily compute

VI _ gV PV S
o) =gy
AFFHAFE IVEE 1|V

A7 A4 P
Aff+Aff (IVR— RVI)?

Alfl = div(

(49 = 7
The two identities together imply
£fl = Alfl+div(Elf)
(4.10) > AN+ FANIQIFD) +div(Elf]) = Lf-0'(f).
2,d

It is worth emphasizing that (4.9) is clearly true for a W, (R?) and not vanishing function f. For
a function f € W24 (R?) which may vanish, we introduce the quantity |f|. := (€2 + |f]?)!/2, and
we similarly have

_AFTHATS VSR ANIPE | AfTAfS
2/l fle 4 IR A

By passing to the limit £ — 0, we recover (4.10).

Alfle

Step 2. Strong maximum principle for a real values function. Consider f € H\{0} such that
Lf = 0. By a bootstrap regularization argument, we classically have f € Wz’d(Rd) C C(R%). By

loc
assumption there exist then xo € R?, ¢,r > 0, such that |f(z)| > ¢ on B(xg,r). From Lemma 4.1,

we also have that £ — a is —1-dissipative for a > 0 large enough, in the sense that
(4.11) VheD(L) (£L—a)h,h)g < —|hl%.
We next observe that for o > 0 large enough, the function g(x) := cexp(or? — o|z — x¢|7) satisfies
g = c on 0B(zg,r) and
(—L+a)g = [-0"P|lz =07V +oy(d+y = 2)le — w7
—divE + E - (x — zo)yolz — z0[7* —a]l g <0 on B(zo,r)".
We define h := (g — |f|)+ and Q := R\ B(zg, 7). We have h € H} (92, mdz) and
(L—a)h = 0'(g—|f)L(g—If]) —ah
= 09— DL~ a)g+alf]] 20,
where we have used the notation 0(s) = s;. Thanks to a straightforward generalization of (4.11)
to H (2, m), we deduce
0< ((£ - CL)h, h)LQ(Q,m) < _Hh”%?(ﬂ,my
and then h = 0. That implies |f| > g on ©Q, next |f| > 0 on R? and then f > 0 or f < 0 because
f € C(RY).
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Step 3. Strong maximum principle for a complex values function. Consider a complex values
function f € D(L£)\{0} such that

LO(f)=Lf-0'(f)=0
for 6(s) = |s|. The strong maximum principle for a real values function implies that |f| > 0 and

we may assume that both R and I do not vanish in some open set O. Using the case of equality
in Kato’s inequality, we deduce with the notation of Step 2 that

(IVR— RVI)* 0
£l
which in turns implies
|Vlog R — VlogI|? = 0.
We have then proved R = CI for some constant C' € R in O and then in R?, which exactly means
f=wu]|f| for some u € C*. O

5. SECOND EXAMPLE: THE SCATTERING EQUATION

The linear Boltzmann (or scattering) equation of the density function f = f(¢t,v) > 0, t > 0,
v eV C R? writes

(5.1) Of=LFf:= /v(b*f*—bf)dv*,

where f = f(v), f« = f(vi), b = b(v,vs) and b, = b(v.,v), b > 0 is a given function (the rate of
collisions), or more generally

(5.2) Of =L f = /vb*f* dv, — B(v) f,
and we assume that there exists a function ¢ > 0 such that
LY = /Vbqb* dv, — B¢ =0, in other words B(v):= /V % b dv,,
with again ¢ = ¢(v) and ¢. = ¢(v.). The first equation (5.1) corresponds to the choice
B(v) /vbdv*, =1,

in the second equation (5.2).

Example 1. We assume V C R% b, = k(v,v,) F(v), for a symmetric function k(v,v,) =
k(v«,v) > 0 and a given function 0 < F € L*(V) N P(V). The equation (5.1) becomes
(5.3) 6tf:£f::/k:(Ff*—F*f)dv*.

v

It is worth noticing that F' = F(v) is a stationary solution to the equation (5.5) since
(5.4) OF =0=LF.

Example 2. We assume V = (0,00), by = b1y, 5y, ¢(v) = v, and then the equation (5.2)
becomes the fragmentation equation

(5.5) 8tf:£f::/0 be f. dv. — B(v) f(v), B(v) ;:/0 % b,

Conservation law. Without any additional assumption, we immediately deduce that the equation
(5.2) has one law of conservation: any solution satisfies (at least formally)

[ sv)o@ian= [ 0.0 6)dv,
% %
because

& [ roa=[cnoaw= [ reow=o
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Lyapunov/entropy functional. We assume that there exists a function 0 < F € L*(V)NP(V) which

is a stationary solution
EFz/b*F*dv*—/ %bdv*on,
v v ¢

what it is the situation in Example 1. Then any solution f to the equation (5.2) satisfies (at least
formally)

d
(56) G =2 [ cnL2aw——pun
with
_ fo IV
(5.7) Do(f) == /V/Vb*Fqb(F* F) dvdv,.

We then say that
— [
Ha(f) ./Vf 7 dv

is a Lyapunov (or generalized relative entropy) for the equation (5.2).

To prove (5.6) in the case ¢ = 1, we perform the following computations

croy = [for -2 [ ——7//bF
okt el
i)

where in order to pass from the first to the second line we have just changed the name of the

variables in the second term
/ / bF L / / b, F, f )

and we have used the fact that F is a statlonary solutlon in the third term

/dev* = /b* F, dv,.

For a general law of conservation ¢, the computation is almost the same

(crof/p) = [[bor. *f_l//bd,*pﬁ_}//bdwﬁ
//b*¢F*f1%*5//b*¢F* (f-)? ——//b*qu*—
- - /b*qsa(f—f)

A theorem. We now consider the same situation as in example 1, and we assume furthermore that
there exist some constants 0 < kg < k1 < oo such that

VU7U* c V, k() < k(1)7’l)*) < k.

We consider the scattering equation (5.1) in that case, that we complement with an initial condition
f(0,v) = fo(v) VveV.

Theorem 5.1. Assume fo € L'(V), V = R<.
(1) There exists a unique global solution f € C(]0,00); L*(V)) to the scattering equation (5.1).
That solution is mass conserving

/v F(t,v)do = /v folw) dv =: {fo)

and satisfies the mazximum principle

fo=0 =  f(t.)=0 Vt>0.
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(2) In the large time asymptotic, the solution converges to the unique stationary solution with same
mass

1£(¢,) = (fo) Fllm < e 2| fo = {fo) Fll&,
where || - || g is the Hilbert norm defined by

Hf%=AﬁF”M.

For the proof of point (1) we refer to the precedent chapters where the needed arguments have
been introduced. We are going to give now the (formal) proof of point (2).

Functional inequality and long time behaviour. The following functional inequality holds true: for
any function f € E, we have

(5.8) Dy (f) > kollf = () Fi%-

It is worth observing that the Cauchy-Schwarz inequality implies

i [anernee< ([ e ([ R =1,

so that the mass (f) is well defined if f € E. Let us accept for a while the inequality (5.8) and
let us prove then the convergence result (2) in Theorem 5.1. Thanks to (5.6), the fact that F is a
stationary solution, the fact that f is mass conserving and (5.8), we have

d
I = (DFIE = =Da(f) < —kollf = (f) Fllz,
and we conclude by applying the Gronwall lemma.

Let us prove now the functional inequality (5.8). From the lower bound assumption made on k,
the following first inequality holds

2 2
o ffurs () o frr (-5

On the other hand, by integrating (in the v, variable) the identity

_(f [

_ [k

with ¢ = f — (f)F. Thanks to the Cauchy-Schwarz inequality, we deduce

A
g2g/ (—) FF*dv*x/FF*dv*,
v\F  F v

so that we get the second inequality

2 2

g I

—dv < // ( — ) F F, dv, dv.
/V F vy \ ' Fi

We conclude by gathering these two estimates. O

we get

Exercise 5.2. Consider the mass conservative scattering equation (5.1) and assume that
K, <B(w) <Ky, 0<bv,v,)<Ks VYuvuv,€V:=R%
as well as

/ (|U*|2 - "U|2) b(’l},’l_)*) S K4 NORS Rda
Rd

for some constants K; € (0,00). Show that there exists a positive and unit mass steady state
f1 € L>*N LY (Hint. Use Theorem 1.2) and that any unit mass solution converges to that steady
state (Hint. Use the GRE method).
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6. THIRD EXAMPLE: THE GROWTH FRAGMENTATION EQUATION

In the two previous sections we have considered some equations which have a clear law of conser-
vation (in most of the cases which are mass conservative). Here we present a situation where the
conservation law exists as a consequence of the Krein-Rutman we have presented in section 2.

We consider the growth-fragmentation equation
oo

0f =L£f =~0.f = B@f + [ bu.0)f)dy on (0.50) x (0,50),

x
on the density f = f(¢,x) of particles (or cells) of size > 0 and time ¢ > 0, that we complement
with the boundary condition
f(t,00=0 Vt>D0.
We recognize the fragmentation operator

Ff=—B@)f+F L Fr= [ b ) dy
with . .
B = [ Loay)dy. bay) = B/, [ o=t

We then have
(Ff.x) = (f,B(z)x — F™z) =0

but ¥ (z) := x is not an invariant for the all equation since that

We assume that
0<pz)<p" Vze(0,1), B.(z)" < B(z) < B (z)? Vx>0

for some real numbers p*, v, B, B* > 0.
Proposition 6.1. There exists k > 1 and b € R such that £ — b is dissipative in L?((1 4 z*)'/2).

Proof of Proposition 6.1. For £ € R, we compute
(L‘ g, g>L2(z€/2) = T1 + T2 + T3

o 9t / _
T ::/ (—8Ig)gw€=/ 5 92=5/92wf tde,
0 0

Ty ::—/ B(z)gaz'g < —B*/ g%zt (x)7,
0 0

ti= [TFraata<on [T ata) ([T o) a

Introducing the notation G(z) = [ g(y) (y)” y~* dy, we have

pB/ 2GG =M z) TV dx

with

™, o< -

2 0
- @*QB*/ G2 (@) Oy (" (2) ) da.
0

Thanks to the Cauchy-Schwarz inequality, we get for any a > 1

oo o l1—a oo
G*() S/ <y>2”y“‘292(y)dy/ y rdy < ;3_1/ W)y 5 (y) dy.

All together, we obtain

* B* £+1 0o . Y Y B
T3 < p2 1/ W)y 2gz(y)/ o' (@) da dy.
a — 0 0

With the choice £ =0, a € (1,2), we deduce

Ty < C(y)p"B* /0 " ) () dy.
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With the choice £ > v, a € (1,2 + ¢ — 7), we deduce
> *B* 41 1
T3 <v Tyt (y)dy, vi= i X .
v<v [ ) dy e ) et
More precisely, choosing ¢ = k := v + 2a — 1, we have
* B*
V:p ’y+2ax 1 <lp
2 a+1 a—172
for a > 1 large enough, and we fix such a real number a.

[

As a conclusion, we have proved that for the above definition of k£, we have

oo

(L g,g)LZ((1+xk)1/2) < -B, / 92 ()" dx 4+ C(v)p*B* / 92 <1~>2’Y dx
0 0
k B, [~
+f/gzxk71drf —/ g% (z)7 2* dx
2 2 J,

o0 B* o0
scj‘fM——/‘fmwwa
0 4 0

because the dominant term for large values of x > 0 is the last term. a

Exercise 6.2. With the help of that previous proposition, investigate the first eigenvalue problem
and the long-time asymptotics of the solutions.

7. APPENDIX

Theorem 7.1 (Brouwer-Schauder-Tychonoff). Consider a locally convex topological vector space X and Z C X a
convex set which is metrizable and compact for the induced topology. Then, any continuous function ¢ : Z — Z
has a least one fixed point.

Remark 7.2. The examples we have in mind are the following:

1. A Banach space X endowed with its norm || - ||x and a convex and bounded set Z C X which is furthermore
compact for the strong topology. Typically X = LP and Z := {f € WP N LY, ||f“lePmL§ <1}.

2. A separable and reflexive Banach space X endowed with the weak topology o(X,X’) and a bounded, closed and
convex set Z C X. Because X' is separable, the topology o(X,X") on the bounded set Z is metrizable, and the set
Z is both topologically and sequentially compact.

3. X = LY(Q), Q C R? open set, endowed with the weak topology o(L*, L°°) and a bounded, closed and convez
set Z C X such that Z is uniformly equi-integrable both locally and at the infinity. For instance there exist
w:Q—[1,00), w(z) = oo when |z] = co, D : R — R4, P(s)/s — oo when |s| = oo and C € Ry, such that

zc{fer'®), /Q(q>(f)+|f|w)dxgc}.

As a consequence, Z is both topologically and sequentially compact for the weak topology o (L', L>).

4. A Banach space X such that X =Y for a separable Banach space Y endowed with the weak * topology o(X,Y)
and a conver and bounded set Z C X which is furthermore closed for the weak * topology o(X,Y). Because
Zc{feX, |Ifllx <C}, for some C € Ry, and that last set is topologically and sequentially compact for the weak
* topology o(X,Y), the same is true for Z.

Proof of Theorem 7.1. By assumption Z is endowed with a metrizable topology associated to a family of seminorms
(pi)ier with I = {0} or I = N. We assume that we are in the second case, the first case being simpler, and we also
assume without restriction that (p;) is increasing. We split the proof into two steps.

Step 1. By compactness of Z, for any € > 0 and n € I, there exists a finite set J and some vectors e; € Z, j € J,
such that

(7.1) ZC U {pn(z —¢;) < g/2}.
jeJ
We then define ¢, by

xTr) = (L) €; CL‘Z% :(T) ‘= maXx — T) — €;
pele) = o 0e)en 0ua) = TS, au(e) s max(e —ppla) = €0.0)

For any i € J, the mapping = — ¢;(z) is continuous and moreover, for any x € Z, there exists at least one iz € J
such that g;, (x) > €/2. As a consequence, = — > g;j(x) is continuous and larger than £/2, which in turn imply that
e is a continuous mapping. Because

0<6;(x) and ZG,(:):) =1,
iel
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we get that pe : Ze C Z — Z¢, where Z¢ is the convex hull of the points (e;j)es. In particular, Z is a convex and
compact subset of the finite dimensional space Vect(e;; j € J) endowed with the topology induced by the family of
seminorms (p;);ecr, which therefore is a normable topology (it is associated to a seminorm p,,, m large, which is a
norm on that finite dimensional space). We may apply the Brouwer theorem and we get the existence of at least a
fixed point. Namely, there exists e € Zc such that ¢.(ze) = x.. We next observe that for any z € Z, there holds

pr (D 05(2)((z) — €5))
jel

> 05(@)pn(p(x) —ej) <&

jel

Pn(p(2) — ¢e(2))

IN

because pn(p(z) — ej) < e when 0;(x) # 0.

Step 2. For any n € N*, we take ¢, = 1/n in the previous construction, and we write ¢, instead of p., as well
instead x,, instead of x.,, . With this notation, we have for any n > m > 1

1
(7.2) on(an) =an and  pm(p(@) = ¢n(2)) < —,
because (pn) is an increasing sequence. By compactness of Z there exist a subsequence, still denoted as (z5), and
Z € Z such that x, — Z. By continuity of ¢ and thanks to (7.2), we deduce

P ((Z) — %) < pm(@(T) — o(zn)) + Pm(p(Tn) — on(@n)) + Pm(Pn(zn) — 2n) + Pm(zn — %) = 0

as n — oo, for any m > 1. Because (p,) separates points, we conclude with ¢(Z) = Z. ]

8. BIBLIOGRAPHIC DISCUSSION

Theorem 1.2 in section 1.1 is an abstract version and generalization of a technical lemma classically used in the proof
of the Poincaré-Bendixson Theorem about the qualitative behaviour of solutions to a 2d system of ode. I learned
the material of sections 1.2 and 1.4 in Haraux’s book [5]. The result in section 1.4 belongs to folklore (it has been
used several times in order to prove the convergence of the solution of the Boltzmann equation to the corresponding
Maxwellian equilibrium).

The material of Section 2 (at least of sections 2.1 and 2.2) is very classical and it can be found in many textbooks.
I learn most of the results presented in sections 2.1 and 2.2 in [1]. The proof of Theorem 2.10 is taken from [1,
Proposition VI.9 & Corollaire VI.10], the proof of Theorem 2.11 is taken from [1, Théoréme VI.11] to which we
refer for more details. I read the proof of Proposition 2.6 somewhere in Kato’s book [6]. Example 2.9 is classical, I
learned it from O. Kavian. Section 2.3 about the Krein-Rutman theorem is a simplified presentation of some result
obtained recently in [9] but probably can be found elsewhere (for instance in some of the many references quoted in
).

The computations presented in section 3 and leading to the General Relative Entropy are taken from [7]. The
case ¢ = 1 corresponds to the usual probability framework and then can be found in many earlier papers of the
probability community.

The material of section 4 on the Fokker-Planck equation is a simplified presentation of more or less recent results
on this very active line of research. The dissipativity estimate established in Proposition 4.1 is taken from [4] (see
also [8]). The most general case when no structure assumption is made on E is inspired from a Master degree work
by M. Ndao [10].

The material of section 5 on the scattering belongs to folklore. I learned it from A. Mellet.

The material of section 6 on the growth-fragmentation equation is inspired from recent research papers on the
subject. In particular, the estimate established in Proposition 6.1 is taken from [3, 2].
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