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An introduction to evolution PDEs

Chapter 6 - Elliptic-parabolic Keller-Segel equation

(for chemotaxis and astrophysics)

1 A compactness argument
We consider a sequence of functions (f,,) such that
0 < fn € C((0,00); D'(R?))
and f, is a solution to the KS equation
(1.1) Ofn = Afa—V(fuK,) in (0,00) x R?,

where
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Koi=K*fn, K: :

= gw.

We also assume that (f,,) satisfies (uniformly in n) the natural bounds
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We recall that we have (up to the extraction of a subsequence)
fn— f weakly in L'((0,T) x R?)
as a consequence of the Dunford-Pettis lemma, and better
fn— f weakly in L?((0,T) x R?)

because thanks to the bound on the Fisher information, the Cauchy-Schwarz inequality and the
Sobolev inequality there holds

az<c ([ V) <o [ fudex Mdm,
[Lrwse ([ wniw) < [ i [ T

so that (f,,) is bounded in L?((0,7) x R?).

We aim to explain now why the following strong convergence result holds true, this one allows
then to pass to the limit in the weak formulation of (1.1)).

Lemma 1.1 Under the above assumptions, there holds

(1.2) Kn—=K:=Kxf stronglyin L*((0,T)x Bg) VR > 0.



Proof of the Lemma. Step 1. We recall that we also have proved that
(f») is bounded in L¥ (0, T; LP(R?)) Vp € [1,00),

and in particular
(fn) is bounded in L3(0, T; L*/?(R?)).

Introducing the splitting
K=Ko+Ko, Ko:=Klp, €L? Ko:=K1lpe € L*?

and using the Young inequality
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we obtain -
K e L{(L3 + Ly%) C L{(Li,...)-

Step 2. We observe that for any ¢ € D(R?) we have

d _
o fu(t,z) p(z) dz = In (Ap — Ky - Vo) do
R2 R2

where the RHS term is bounded in L%/5(0,T) (by Holder inequality and the two bounds f, € L?,

K. € L} ). We deduce that (f,) is bounded in W46/5(0,T) c C%'/5([0, T]) and
(fup) = (fe) strongly in  L>(0,T).

We immediately deduce that for any ¢ € D(R?) @ D(R?), the space of linear combination of
functions of separable variables ¢(z,y) = ¢*(z) ¢*(y), we also have

(1.3) /R2 fa(t,y) o(x,y) de — /R2 ft,y)p(z,y)de in L*((0,T) x Bg), VR > 0.

Step 3. We fix now ¢ € L?(Bgr x R?) and we recall the density result : there exists a sequence (o)
of functions of D(R?) @ D(R?) such that

or — ¢ in L*(Br x R?).

/fntp—/ftp = /fn(so—sok)Jr/fnsDk—/f<pk+/f(sok—<p)-

We observe that by the Cauchy—SChwarZ inequality
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We write

and that we have a similar result (uniformly in n) for the first term. We then classically deduce
that ([L.3)) also holds for such a function ¢.

Step 4. We define
905(.%, y) = K(:E - y) 1E<\x—y|<1/a
so that ¢. € L?(Bg x R?) for any ¢ € (0, 1).



‘We write
KoK — nw@—w—%@w»+/n%—/}%+/ﬂ%uwwwu—w»

We note Q := (0,T) x Bg and we define Ky, := K1p_, Ky 1= Kle/E' For the last term we
have

| [ ectwn k-], < Thocx Tl + o Flioce)
< C(”k0,5| 3/2 + ||koo,e||5/2) ”fHL?(Liﬂ) -0,
and we conclude to (1.2) in the same way as in the preceding step. 0
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