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Exercise I - the wave equation
1) Prove that any solution f = f(t,z), t > 0, z € R, to the wave equation

at2tf = ag%xf? f(07 ) - f07 atf(()? ) = 9o,

formally satisfies

[1@17 + @070 = [ 16+ @ufode ez
9) Define H := H' x L2,V := H? x H" and then for any F = (f1, f), G = (g1,92) € V.
a.(F,G) = 5/axf1 0291 —/f2 91+5/a§xf18§x91
- / O, foogs + / Ou f10egn + ¢ / Or frg.

Prove that the bilinear form a is continuous in V' and it is “coercive+dissipative” in the sense
VEeV  al(F,F)>¢|F|} - (1+e)|F|3.

3) Prove that there exists a unique variational solution to the system of equations

atfe =g+ ggg%:pfa, atga = angs + 5831«967

for any (fo, g90) € H.
4) By pass to the limit ¢ — 0, deduce that there exists at list one solution f € C([0, 00); L —
w) to the wave equation for any (fy, go) € H.

Exercise 1II - the fragmentation equation

We consider the fragmentation equation

Ouf (t,z) = (Ff(t,.)(x)

on the density function f = f(t,z) > 0, t,x > 0, where the fragmentation operator is defined
by

Uﬁ@%z/md%wﬂw@—B@ﬁm)



We assume that the total fragmentation rate B and the fragmentation rate b satisfy
B(z) =27, v>0, bz,y)=2""p(y/z),
with . .
0<peC((0,1]), /o zp(2)dz =1, /0 2 o(2)dz < oo, Vi < 1.

1) Prove that for any f,¢ : Ry — R, the following identity

/Ooo(ff)(x)SO(:U) dr = /OOO f(x) /Of’f b(x,y) <<p(y) - %@(x)) dydz

holds, whenever the two integrales at the RHS are absolutely convergent.
1) We define the moment function

My (f) = /Ooxkf(x) de, keR

0

Prove that any solution f (€ C*([0,T); L;) N L'(0,T; Ly,,), VT > 0) to the fragmentation
equation formally (rigorously) satisfies

M(f(t) = cst, My(f(t.) & itk <1, Md(f(t,.)\ ifk> 1.

Deduce that any solution f € C([0,00); Ly, ) to the fragmentation equation asymptotically
satisfies
ft,x)x — Mi(f(0,.)) d,=0 weakly in (C.([0,00))" as t — oo.

2) For which values of «, 5 € R, the function
ft,z) =t"G(t° z)

is a (self-similar) solution of the fragmentation equation such that M;(f(t,.)) = cst. Prove
then that the profile GG satisfies the stationary equation

yFG=20,G+2G.

3) Prove that for any solution f to the fragmentation equation, the rescalled density
g(t,z) =e 2 f (e”t — 1,1‘6_t)
solves the fragmentation equation in self-similar variable

g+ x0,9+2g=~Fg.

Problem III



In all the problem, we consider the discrete Fokker-Planck equation
Of =L.f =Af +dive(zf) in (0,00) x R,

where
Aef = (ks S =) = [ Shile = 0)(f(0) = f@) do.
and where k.(z) = 1/ek(z/¢), 0 < k € WHH(R) N Li(R),

—_

1
/ k(x) | | de=1[0 [,
R 1
that we complement with an initial condition
f(0,2) =p(z) nR

Question 1

Establish the formula

AN B ymdr = [ B(F) Aamde — [ [ Lty — 2)0(x,y) m(x) dydz
/ / IE

with

J(x,y) == B(f(y) — B(f(x)) — (f(y) = f(2))B'(f(=)).

(0.2)

Formally prove that the discrete Fokker-Planck equation is mass conservative and satisfies
the (weak) maximum principle. Explain (quickly) why for ¢ € LZ(R%), k > 0, the equation
(0.1)-(0.2) has a (unique) solution f(t) in some functional space to be specified. We recall

that
lgllzg = llg (Yolle, (2} = (1 + |2})!2.
Establish that if L?(RY) c L*(R?), then the solution satisfies

sup [|f(D)lr < [lellzr-
t>0

Question 2
We define
Milt) = M(F®) M) = [ fle) (o)t d
Prove that if 0 < ¢ € L2(R?) C L*(R?), then the solution satisfies
Mo(t) = Mo(p) Vi >0,
Prove that when L2(R?) C Li(R?), then the solution satisfies

d
%Mg(t) = My(0) — My(t).



Question 3 (discrete Nash inequality)
Prove that there exist 6,17 € (0,1), p > 0 such that

k(r)| <OV |r|>p, 1—k(r)>nr?Vr| <p.

Deduce that for any f € L' N L? and any R > 0, there holds

e+ FI122 < O1fI12: + RIFIZ: + #uﬂ
with A
Lif) = [ AR e
Question 4

Prove that for any « > 0, the solution satisfies

g /RfQ -~ / / by — ) (F(y) — f(2)? dady

+2a/(k€*f)f—2a/f2+/f2,

d
G < e L+l s S~ = 1)1

and then

Deduce that for € € (0,&), g > 0 small enough, the solution satisfies

1

d 2
il , < —=
ZI7I: < =3

G | fat < [ = [ plap

Prove that there exists a constant C such that the set

Z={fe LiR); f >0, |flle =1, [Ifllzz < C}

is invariant under the action of the semigroup associated to discrete Fokker-Planck equation.
Deduce that there exists a unique solution G, to

L] = CuUllfII + Call fII7s-

Also prove that

Question 5

0<G.€L], AG.+div(xG.)=0, My(G.)=1.



Prove that for any ¢ € L%, My(p) = 1, the associated solution satisfies
flt) = G as t— oc.

Problem IV

In all the problem, we consider the Fokker-Planck equation
Of =Af = A, f +div.(fVa(z)) in (0,00) x R (0.3)
for the confinement potential

a@):%, Ve (O1), (@) =14z

that we complement with an initial condition

f(0,2) = p(x) in R% (0.4)

Question 1

Exhibit a stationary solution G' € P(R?). Formally prove that this equation is mass conser-
vative and satisfies the (weak) maximum principle. Explain (quickly) why for ¢ € LF(R?),
p € [1,00], k > 0, the equation (0.3)-(0.4) has a (unique) solution f(¢) in some functional
space to be specified. Establish that if LF(RY) € L'(R?) then the solution satisfies

sup [|f(£)[[r < [lellzr
>0
Can we affirm that f(f) — G as t — oco? and that convergence is exponentially fast?

Question 2

We define
Bf :=Af — Mxgf
with xgr(z) := x(z/R), x € D(R?), 0 < x <1, x(x) = 1 for any |z| < 1, and with M, R >0
to be fixed.
We denote by fg(t) = Sp(t)¢ the solution associated to the evolution PDE corresponding
to the operator B and the initial condition (0.4).
(1) Why such a solution is well defined (no more than one sentence of explanation)?
(2) Prove that there exists M, R > 0 such that for any & > 0 there holds

4 @ de < —a [ Fa(d)ia)r2 <0,
dt R4 R4

for some constant ¢, > 0, ¢, > 0if £ > 0, and

1S8()][ Ly -2y < 1.

5



(3) Establish that if u € C*(R,) satisfies
u < —cuttVe, e a >0,
there exists C' = C(c, a, u(0)) such that
u(t) < C/t* Yt>0.

(4) Prove that for any k; < k < ks there exists 6 € (0, 1) such that
V>0 My <M, M M= [ f(x){x)ds
Rd

and write 6 as a function of k1, k and k.
(5) Prove that if £ > k > 0 there exists o > 0 such that

158Dy < 198022 < C/{H,

and that o > 1 if £ is large enough (to be specified).
(6) Prove that
Sﬁ = SB + SB % (ASﬁ),

and deduce that for k large enough (to be specified)
1Sl < C.

Remark. You have recovered (with a simpler and more general proof) a result established
by Toscani and Villani in 2001.

Question 3 (difficult)
Establish that there exists x > 0 such that for any h € D(R?) satisfying

(h)y = /Rd hdp =0, p(dr):=G(x)de,

there holds
\Vh]*du > & / h2 ()20~ dp.
R4 Rd

Question 4

Establish that for any ¢ € D(R?) and any convex function j € C?(R) the associated solution
f(t) = Sa(t)p satisfies
d

ERd

and give the expression of the functional D;. Deduce thgat

1F (&) /Gl < [[fo/Gll|Lee Vi = 0.

J(f(t)/G)Gdx = —-D; <0



Question 5 (difficult)
Prove that for any ¢ € D(R?) and for any a > 0 there exists C' such that

1F(t) = () Gl < C/1%



