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1 Problem I - Local in time estimates

Consider a weak solution 0 < f € C([0,T]; L*(R?)) to the Keller-Segel equation, that is
of = Af +div(Kf),
with ,
K:=K=xf, K:=Vk r:=—1loglz|,
2m
such that

T
dri=sup [ f(1+ faf + Qog pudo+ [ 107 dt < o
[0,T] JR2 0

(1) Establish that f2,|V,K| f € L1((0,T) x R?) and that for any mollifier sequence (p,,), the
function " := f x, p, satisfies

Oft — K- Vauf" — A f"=r"— f2 in LY0,T; L} (R?).

(2) Deduce that
n i " rn n|2 _ n
Lamxes [ oot vdsds = [ o) vas
NREAR ") Ax — B(fT) diva(Ky) | duds,
o[ B s ax s diva ()  deds

for all 0 < tg < t; < T,0 < x € C2(R?) and § € CYR) N W2 (R) such that 8" is
non-negative and vanishes outside of a compact set, and next that

h " 2
Rzﬂ(ftl)da:+/to /RQB (£.) [V £2 dods (11)

< [ Bthodz [ [ (@0 72 =B £y dods

(3) Deduce that the same inequality holds for any renormalizing function g : R — R which
is convex, piecewise of class C! and such that

1B(u)] < C(14+u(logu)y), (B(u)u?—pBw)u)y <C(1+u?) VucR.



(4) We define the renormalizing function Sx : Ry — R, K > €2 by
B (u) = u(lgv:{u)2 if u<K, PBg(u):=2+logK)ulogu—2KlogK if u> K,

and the function Hg x by

logp u:=1,<e + (logu)lecy<i + (log K)1ys k-
Deduce from (1.1) that

N\
[t [ B Qo) 1 e (1.2

t1 o
< ﬁK(ftO)dx—l—él/ / f*log f dxds.
R2 to R2

Establish that for any A € (e, K)

— 7.[+(f) 1/2 — 1/2
/Rgf2logdem < (AlogA)M+<logA> (/RQ(flogKf)de> ,
as well as

([umeenrar)™ < e () ([ HE )

7 (logw f) 1ze d + I(f)

By choosing A > 0 large enough, conclude that there exists C' := C'(Ar) such that
Ha(f (1)) < Ha(f(t0)) + C, (1.3)

with

Ha(g) = [ f(ogg)?dx, logu :=Lyce + (10gu)Lyse.
RQ

(5) We define the new renormalizing function Sk : Ry — R, K > 2, by

ub Kpr-1 |- L
B (u) ::5 if u<K, PBg(u):= logK(u logu—u)—EK +logK if u> K.
Prove that
4 t1 Kp—l t1 ’vf‘Q
dr + — V(f*)|? i<k dods + —— 1> drd
A B S R Ve ey R I S v

1 t1 t1
< ﬁK(fm)dH—,/ Tlds+2Kp1/ T ds.
R2 p to to

with
Tiim [ P lacds and T [ P
R2 R2



On the one hand, prove that
IS 2r I
—,/ ﬂdsg—,ApMTJrT/ Vo (f7/2)2 1 derds,
P Ji p PP Ji, Jr2 h

for A = A(p, Ar) > 1 large enough.
On the other hand, prove that

2
T < 8 KP~! (/ IV f] 1i>k)2 dm)
R2

and next that

4 2
mesi {5 vEnE G e [

P R2 K - R2

Finally deduce from (1.3) that

t1 1 t1 Kp-1 t1 |vf|2
Tods < —/ v (fP?)?1 dxds—l——/ / 1 dxds,
/to ’ P'p Ji Rz‘ SR logK Jiy Jue f TTFF

for any K > K* = K*(p, A7) > max(A4, 4) large enough.
(6) Deduce that any exponent p € (1,00) and for any time ¢y, € (0,7, f satisfies

f €Ly, T; LP(R?)) and V,f € L*((ty,T) x R?).

v 2
IV [] 1ok

Ha(f)
7l

log(K/2))*

2 Exercise II - Decay estimates

(1) Prove that a function u € C'(R) which satisfies the differential inequality
< =Au, >0,

also satisfies the integral inequality
vt >0, )\/ u(s)ds < u(t). (2.1)
t

Prove that if u : R, — R, is decreasing and satisfies (2.1), there exists C' = C(\,u(0)) > 0
such that
vt >0, u(t) < Ce ™.
(Hint. Introduce the function v(t) := [ u(s)ds).
(2) Prove that a function u € C*(R) which satisfies the differential inequality
W< —Ku't™ a>0, K >0,

also satisfies the integral inequality
vt > 0, K/ u' () ds < u(t). (2.2)
t

Prove that if u : Ry — R, is decreasing and satisfies (2.2), there exists C' = C'(a, u(0)) > 0

such that 1



3 Problem III - Subgeometric Harris estimate

In this part, we consider a Markov semigroup S = S, on L}(R?) which fulfills

(H1) there exist some weight functions m; : R? — [1,00) satisfying m; > mqg, mo(z) — oo
as x — oo and there exists constant b > 0 such that

Lmy < —myg + b;

(H2) there exists a constant 7" > 0 and for any R > Ry > 0 there exists a positive and not
zero measure v such that

Srf>v | f, VYfelL' f>0;

Br
(H3) there exists mg > mq such that and for any A > 0 there exists £, such that
mip < Amg+&Eme, £ — 0 as A — oo.
(H4) We also assume that

sup 1SefllLromy < Mil| fllorgmy, M > 1, i=1,2.
>

(1) Prove
1Sz follzr < Ifollzr, VYT >0,V foe L.

In the sequel, we fix fo € L'(my) such that (fo) = 0 and we denote f; := S, fo.
(2) Prove that

d
Sl felloieny < =l fellrgne) + bl fell s
and deduce that

T
157 follzromy + 315 follrama) < Wfollzrimy + Kl foll o

We define
1flls = 1 fllr + Bl fllergmyy, 8> 0.

We fix R > Ry large enough such that A := m(R)/4 > 3M,/T, and we observe that the
following alternative holds

[ follzrmo) < All foll 1 (3.1)

or

[ follzr(mo) > All foll 1 (3-2)
(3) We assume that condition (3.1) holds. Prove that

1St follzr < il follzr,



with 71 € (0,1). Deduce that

6T
1St follg < Ml follzr — MHSTfoHLl(mo) + Bl foll 2t (myy + BK]| foll 1

and next
BT
1St folls + MHSTfoHLl(mo) < | foll3,

for 8 > 0 small enough.
(4) We assume that condition (3.2) holds. Prove that

T T
1S foll L (ma) + MOHSTfOHLl(mo) < | follzrmy) + 3—%||f0||L1(mo)»
and deduce
BT BT
ST follg + MHSTfOHLl(mo) < || follg + 3—]\/[0||f0||L1(mo)-

(5) Observe that in both cases (3.1) and (3.2), there holds

157 folls + 3l St foll Lt mey < W folls + all foll L1(mo);

where from now ( and « are fixed constants. Deduce that
3
Z(ug + avy) < ug+ avg + N Qwn,
with
Up = ||San0H,37 Up = ||San0HL1(mo)> Wy, = HSanOHLl(mz)

and for A > A\g > 1 large enough

) Q@
Z=14+4-<2, ¢§:= .
Tyss 145
Deduce that for any n > 1, there holds
A
Uy < Z*”(uo + Oévo) + ﬂf/\Ta Slg?w“

and next
_nT &
|Snr follp < (6 s +§A>C||f0||L1(m2), YA> Ao
(6) Prove that

1Sefollzr < O follLromyy, Yt =0,V fo € L (ma), (f) =0,

for the function © given by
O(t) = C/i\ng{e_“t/’\ + &}
>

What is the value of © when my =1, m; = (x), mg = (2)??

5



4 Problem IV - An application to the Fokker-Planck equation

In all the problem, we consider the Fokker-Planck equation
Of = Lf = A, f +div,(fE) in (0,00) x R? (4.1)

for the confinement potential E := V¢, ¢ := (x)7/v, (x)? := 1 + |z|?, that we complement
with an initial condition

f(0,2) = fo(x) in R% (4.2)
Question 1

Give a strategy in order to build solutions to (4.1) when f, € LE(R?), p € [1,00], k > 0.

We assume from now on that fy € LL(R?), k > 0, and that we are able to build a unique
weak (and renormalized) solution f € C([0,00); Li) to equation (4.1)-(4.2).

We also assume that v > 2.

Question 2

Prove

(f@) = (fo) and f(t,.)>0if fop > 0.
Question 3
Prove that there exist o > 0 and K > 0 such that
L (2)* < —alz)* + K,

and deduce that
sup 1£ ) < Cill follzy -

(Hint. A possible constant is C := max(1, K/a)).

Question 4

Prove that
sup £t )2 < Call foll 2

at least for k > 0 large enough.

Question 5

Prove that
sup 1£(t )y < Call foll

at least for k > 0 large enough.



Question 6
Prove that o
4
£ < 2 follng

at least for £ > 0 large enough and for some constant o > 0 to be specified.
(Hint. Consider the functional F(t) := || f(t)[|p2 + ¢ Vo f(D)[172)-

We assume from now on that d = 1, so that C%'/2 ¢ H'.

Question 7
We fix fy € L' such that f, > 0 and supp fo C Bg, R > 0. Using question 3, prove that
1
f(t) Z 5 fOJ
B, Br

for any t > 0 by choosing p > 0 large enough. Using question 6, prove that there exist
r,k > 0 and for any ¢t > 0 there exists xq € Br such that

f(t) >k, Y& B(xg,r).

We accept the spreading of the positivity property, namely that for ant 79,7 > 0, 2y € R?,
there exist ¢1, k1 > 0 such that

fO Z 1B($0,7’0) = f(tla ) Z K/I]-B(x(),'l‘l)'

Deduce that there exist § > 0 and 7" > 0 such that

f(T,-) > 01po,r) fodz.

Br

Question 8

Prove that for any k > 0, there exists C; A > 0 such that fy € L} satisfying (fy) = 0, there
holds
VE>0,  [If(t ) < Ce follug-

Question 9

We assume now 7 € (0,2). We define
Bf:=Lf— Mxgrf

with xgr(z) := x(z/R), x € D(R?), 0 < x <1, x(x) =1 for any |z| < 1, and with M, R >0
to be fixed.

We denote by fz(t) = Sp(t)fo the solution associated to the evolution PDE corresponding
to the operator B and the initial condition fj.

(1) Why such a solution is well defined (no more than one sentence of explanation)?
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(2) Prove that there exists M, R > 0 such that for any k£ > 0 there holds

% g fe(t){x)Fde < —¢; g fa(t){(x)* =2 <0,

for some constant ¢, > 0, ¢, > 0if £ > 0, and
1S5()|l Lo < 1.

(3) Prove that for any k; < k < ks there exists 6 € (0, 1) such that
V>0 My <M, M M= [ f(z)(z)de
R4

and write 6 as a function of ki, k and k».
(4) Prove that if £ > k > 0 there exists o > 0 such that

158D L3—rr < 1981 [Li-2r < C/{H,

and that o > 1 if £ is large enough (to be specified).
(6) Prove that
SL = Slg + SB * (./455),

and deduce that for k large enough (to be specified)

1Sl < C.

Question 10

Still in the case v € (0,2), what can we say about the decay of

1t )l
when fy € Li, k > 0, satisfies (fo) = 07



