Université Paris-Dauphine 2023-2024
An introduction to evolution PDEs January 2024

Exam, January 12, 2023

The exam is made of two independent problems. One may obtain the maximal score without
dealing with the “more difficult questions” that one finds at the end of each problem. The
answers may be written in english, french or spanish (choose only one language!).

1 Problem 1 - The kinetic Fokker-Planck equation.
In this problem, we consider the kinetic Fokker-Planck (or Kolmogorov) equation

{atf = —v0,f + 02, in (0,00) xR xR, (1.1)

f(oa):fo on RXxR,
on the function f = f(t,z,v),t >0,z € R, v € R.

The aim of this problem is to prove the existence and uniqueness of the solution to the
Fokker-Planck equation as well as an ultracontractivity property.

Question 1

For fo € L*(R) and T > 0, establish that there exists a weak solution f € L*((0,T) x
R; H!(R)) to equation (1.1) in the sense

[ (-0~ w00+ dusopratdsdo = [ g0, ydds (1.2)
u R2
for any p € CL([0,T) x R?), U := (0,T) x R2.

In the next two questions, we accept furthermore that

f € C(R; L*(R?)). (1.3)



Question 2

Consider a mollifer (p.) in R? and define f. := f ., p.. Prove that

atfe + vazfa - agvfa =Te,

in D'([0,T) xR?), with . — 0in L ((0,T) x R?). Deduce that for any 3 € C?, 3" € L>=(R),
there holds
0B(f) = —v0:B(f) + 05,B(f) = B"(F)Iduf I, (1.4)

in D'([0,T) x R?), and more precisely

/ (B(F)(=0hp — v0u0) + BuB()Dup + B"(F) |00 f Peo bt drdv = /R B(F)e(0. ),
for any ¢ € C1([0,T) x R?).

Question 3

Prove that f is the unique function satisfying both (1.2) and (1.3).

In the seven next questions, we assume that the involved functions are nice (smooth,
fast decaying) in order to justify the computations.

Question 4

We denote LP = LP(R?) and we assume fo € L, 1 < p < oo. For a solution f to (1.1)
establish that

sup [| (2, )l[ze < [| follzo-
>0

Question 5

We denote L? = L*(R?) and (-, -) the associated scalar product. Prove that a solution f to
(1.1) satisfies

2dt||f||L2 = —[0.flI7:

2dtna 3 = =102l

Mua flliz = —(0uf,0uf) = 102, f1I72
E(axf,&,f) = —10:fl72 = 2021, 5).



Question 6
We denote H' = H'(R?) and, for f € H', we define
115 = W22 + 10172 + 10uf 72, F = F(f) = I £z + (0uf; 00 f)-

Establish that ) ;
§Hf||§{1 <F< §Hf||§{1, vVfeH"

For a solution f to (1.1), we denote F; := F(f(t,-)). Establish that F; < 0 and deduce

”f(tv)HHl S\/§||f0||H1, VtZO

Question 7

We define
G=G(f) = fllio + 0o fI|72 + etl|Ou f1I72 + €22 (Duf, Ou ).

For a solution f to (1.1), we denote G, := G(f(t,-)). Establish that for some fixed ¢ € (0, 1)
small enough, there holds G, < 0 for any ¢ > 0. (Hint. At some point, use the Young
inequalities

20100 fll 2|0z fllze < et 0o f N7z + 10 f 1122,
20105, /N 221105, fll 22 < €™ 7 H|Ow f1I7> + tl|OuafII72)-

Deduce that f(t) € H* for any t > 0 if fy € L? and more precisely

2
eI )i < 5—4Hfo\|iz, Vi e (0,1).

Question 8

Deduce that for any ¢ € (2,00) and T € (0, 1), there exists C(q) such that

C
16 < Sy plie, vee ©.1)

Together with question 4, establish that there exists C' > 0 such that
C
”f(t?)HLS < m||f(s7')||[z2a \V/S7t, O0<s<t<T.

(t = s)



Question 9

Denote p, := || f(t,)||za. For ¢ > 0, establish that

/0 o(D)ps(t)dt < C / & (s)pa(s)ds.

[T at
B(s) ._/s et

Together with question 4, deduce that

with

A(T)ps(T) < B(T)pss2(0), VT €(0,1),
with . T
A(T) = / o(t)dt, B(T) = / B2(s)o~(s)ds.
0 0
Choosing finally () :=1(t/T') and ¢ adequately, establish that

p3(T) ST 3p35(0), VT €(0,1).

Question 10 (more difficult)

Taking into account the previous two questions and repeating the arguments, establish suc-
cessively

C
Hf(t>>HL2 < —12/3Hf(87')HL3/27 Vs, t, 0<s <t <,

T (t—s)
Cy
1F @2 < —Zllfollzr, VE€(0,1),
for some C; > 0 and e > 0 to be made explicit. Establish next

C
()l < tTfooHLu vie (0,1).

The aim of the next questions is to prove (1.3).

Question 11 (more difficult)

For fy € L*(R), we consider a function f € L*((0,T) x R; H}(R)) which satisfies (1.2) as
established in Question 1. We denote by (f.) and (r.) the sequences of functions defined in
Question 2.



For ¢, — 0, define ¢, := fz,, — fen, Bnm = Te,, — 7=, and establish that

/ﬁ(gn,m)(h)(ﬁdxdv—/ ﬂ(gmm)(to)(bd:cdv)
R2 R?
S/ /Rz{lgn,m\|v6x¢+8§v¢| + | Ry | @ }dvdadt,

for any 0 <ty < t; < T, any n,m > 1, any ¢ € C?(R?), first for 8 € C?, 0 < 8" € L>(R),
0 < B(s) < |s], next for B(s) = |s|.

Observing that there exists t; € (0,T) such that f., (t1,:) — f(t1,) in L? as n — oo,
establish that (f.,¢) is a Cauhy sequence in C([0,T]; L) for any 0 < ¢ € C*(R?) and any
T > 0. Deduce that there exists a function f € C([0,T]; L*(Bg)) for any T, R > 0 such that
f: f a.e. on R, x R%. In the sequel, we adopt the notation f for f

Question 12 (more difficult)

Repeating the proof of Question 2, establish that (1.4) holds for any 8 € C?, 8/, 3" € L>°(R).
Deduce that f € L>(0,T; L?) and next that (1.4) holds for any 8 € C?, 8” € L=(R).

Question 13 (more difficult)
Establish that f € C(R,; L?_,,) in the sense that

weak

tes | f(t,)ods € C(RY)

R2

for any ¢ € L*(R?) and that ¢t — ||f(¢,)||z2 € C(R,). Deduce that (1.3) holds.



2 Problem 2 - The Vlasov-Poisson equation.

In this problem, we consider the (nonlinear) Vlasov-Poisson equation

Of+v-Vof+E;-V,f =0 in (0,00) x R x R, (2.1)

£(0,) = fo on RYxRY, |
on the function f = f(t,z,v),t >0, z € R% v € R?, in dimension d = 2, where

Ef = —chbf, —Amq)f = pPs in (0, OO) X Rd,
and
pr(tyx) = [ f(t,2,0)do.
Rd
We assume that
0< foe (L' NL®)(R*™), folv]* € LY(R*), E;, € L*(RY). (2.2)

The aim of this problem is to establsih the existence of a weak solution to the Vlasov-
Poisson equation (2.1).

Question 21

Prove formally that
1 @ ) peraay = [ foll Loreay,  VE =0, Vp € [1,00],
and f(¢,-) > 0 on R?? for any ¢ > 0.

Question 22

Prove formally that
d
— f]v|2d.rd1):2/ Jr - Egde,
dt Jgea Rd

with

Jr(t,m) = f(t, z,v)vdv.
]Rd
Prove formally that
Oy = —div,jy

and establish next that

. d
2/ jf'Efd.%:—Q/ 8tpf<I>f:—E/ |VI<I>f]2
R R4 R4

Deduce that

/ f|v|2dxdv+/ |v$<1>f|2:/ f0|v|2dxdv+/ VB2 Vi >0,
RQd ]Rd RQd Rd

6



Question 23
Using the splitting R?* = Br U B, for any R > 0, establish that

[ o< UG NPl Yo =g0) 20,
for a constant C' > 0. Deduce that
loslee S IFI2 IRPFILE, ¥ f = fle,v) 2 0. (2.3)

Question 24
Establish that at least formally

||DwEf||L2((o,T)de) - ||Pf||L2((0,T)de)- (2-4>

Question 25
We recall the Plancherel identity

fope= e

for .1 : R? — R, where the Fourier transforms are defined by

~ 1 1

BO) 1= 5= [ Bl e, 36 = 5 [ wlo)ean

27

Establish that if f is a nice solution to the Vlasov-Poisson equation and ¢ = 1 (x) is a nice
function then
d &i

— Eqwp=F F, .=
i J.. ="Fr F /R2 |§|2€ I,

and next -
I e < gpllzelllles
We recall that for 1 € W31 (R2), we have ) € L' and ||¢/||;1 < C|[¢)||ws1. Deduce from the

above relations that
1E¢ *2 nll g (omxrzy < C T follpsery, + 1Bl L2, (0,1)xR2))s (2.5)
for any n € W31(R?) N W (R?).

Question 26

If not proved, we may accept (2.3), (2.4) and (2.5). Consider a sequence (f,,) of solutions to
the Vlasov-Poisson equation (2.1) in the distributional sense of D’([0,T) x R??) and assume
that

MMUWMW+/)h@NWMW+/|%MﬁSQ
]R2d Rd

7



for any t € (0,7) and n > 1. Prove that there exists a subsequence (f,,) of (f,) and a
function f such that f,, — f as k — oo and f is a solution to the nonlinear Vlasov-
Poisson equation (2.1) in the distributional sense of D'([0,T") x R??).

Question 27 (more difficult)

Suggest a strategy for proving the existence of a solution to the Vlasov-Poisson equation
(2.1) when the initial datum f, satisfies the requirement (2.2).



