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On the Landau equation

We aim to establish the existence of solutions to the Landau equation

8tf(t7 U) = Q(fa f)(t> U)v f((), U) - fO(U)a (01)

on the density function f = f(t,v) > 0,t > 0, v € R% d > 2, where the Landau kernel is
defined by the formula

QUf, f(v) == a(?}i{/Rd a;;(v — UQ(f(M)S—{J(U) — f(v)g—gj(v*)) dv*}.

Here and the sequel we use Einstein’s convention of sommation of repeated indices. The
matrix a = (a;;) is defined by

I

a(z) = |z|2H(z), I (2) == 6;5 — 225, 2= —

||

so that II is the is the orthogonal projection on the hyperplan 2+ := {y € R%; y - z = 0}.

1 Part 0 - Some functional estimates.

(01) Prove that for any 0 < f € L, there holds

fllog £)- < ML)+ C(d), Ma(s) = [ flofd,
R Rd
and deduce that

F(log ), dv g/ flog fdv + %M2+C’(M), M:= | fdo.
Rd Rd

Rd

(Hint. One may prove and use the estimate

s(logs)_ < \/Elogsge,amk + salz|* 1 cjapbcyeys Vs20.)

(02) Prove that for for any 0 < f € L' such that M = 1, there holds

/Rd \Vf]dvg/Rd @dv.

(Hint. Use the Cauchy-Schwarz inequality).



2 Part I - Physical properties and a priori estimates.

(1) Observe that a(z)z = 0 for any z € R? and a(2)¢€ > 0 for any z,& € R Here and
below, we use the bilinear form notation auv = wau = v - au. In particular, the symmetric
matrix a is positive but not strictly positive.

(2) For any nice functions f,¢ : R — R, f > 0, prove that

/ QU Ppdv = 5 / / (0= 0) (Vs fo — T ) (Ve — Vap.) dvdos,

where f. = f(v.), Vb = (V) (vi). Deduce that

/Q(f, Nedo=0, for =1, v,

and

~D() = [ QU oz s o <o
Establish then

‘/ Q(f, )y dv‘ < D(f)l/QG/ Fhalv —v)(Ve — Vap) (Ve — Vo) dvdv*>1/2.
(3) For Hy € R, we define £y, the set of functions
Eny = {feL%(Rd); /=0, /fdv: 1, /fvdv:O,
[ epav<d 1) = [ f1ogf a0 < o).
Prove that there exists a constant Cj such that

H.(f) = / Fllog f)_dv < Co, ¥ f € Epm.

and define Dy := Hy + Cy. Deduce that for any nice positive solution f to the Landau
equation such that fy € £p,, there holds

feFr:= {g € C([0,T); Ly); g(t) € Eny, YVt € (0,7), /TD(g(t)) dt < DO}.

We say that f € C([0,T); L') is a weak solution to the Landau equation if f € Fr and (0.1)
holds in the distributional sense. Why the definition is meaningful?

(4) Prove that
Q(f, f) = 0i(ai;0;f — bif) = a?j(aijf) —20;(bif) = dijaz?jf —cf,

with
aij = dzfj =gy x f, bz = bf = bz * f, C = Ef = C %k f7 (22)



and .
bi = Zﬁjaij == —<d - 1)22‘, C = Z@zbz == —(d - 1)d
j=1 '

Prove that there existe C' € (0, 00) such that
jag| < C(L+?), b < CO+ o)),

3 Part II - On the ellipticity of a.

We fix Hy € R and f € &p,.
(5a) Show that there exists a function n > 0 (only depending of Dy) such that

VAcRﬂ.AfMSMMD

and n(r) — 0 when r — 0. Here |A| denotes the Lebesgue measure of A. Deduce that

VR, e>0, /f Ljyj<r Ljyj<e dv < nr(e)

and ng(r) — 0 when r — 0.
(5b) Show that

d
/f]-v|§R >1- ich

(5¢) Deduce from the two previous questions that
Vi=1,....d, n::/fvfdva,
for some constant A > 0 which only depends on Dy. Generalize the last estimate into
VEERY 7= [ flo-€Pdv 2 AP

(6) Deduce that

d

Vo, €RY, a(0)€€ = ay(0)&& > (d— DAL

ij=1
Prove that any weak solution formally satisfies

%H(f)z—/%‘ aiffjf—/éf,

and thus the following bound on the Fisher information

I(f) = /@ € L'(0,T)
3




4  Part III - Weak stability.

We consider here a sequence of weak solutions (f,,) to the Landau equation such that f,, € Fr

for any n > 1.
T
0

(7) Prove that
and that p
7 /fngo dv is bounded in L>(0,T), V¢ € C*(RY).

Deduce that (f,,) belongs to a compact set of L'((0,T) x R?). Up to the extraction of a
subsequence, we then have

fu — f strongly in L'((0,T) x R%).

Deduce that
Q(fas fa) = Q(f, f) weakly in D((0,T) x RY)

and that f is a weak solution to the Landau equation.

(8) (Difficult, here d = 3) Take f € Ep, with energy equals to d. Establish that D(f) = 0 if|

and only if,

VTf - fo = Mv,v.)(v —v.), Vv,v, €RY

for some scalar function (v, v,) — A(v, v.). Establish then that the last equation is equivalent
to

log f = M[v]?/2 4+ Mo + X3, Vv e R,
for some constants \; € R, A\ € R? A3 € R. Conclude that

D(f) = 0 if, and only if, f = M(v) := (27) 3% exp(—|v|?/2).

(9) (very difficult, because needs many steps) Prove that for any global weak solution f
associated to fo € LiN &g, with energy equals d, there holds f(t) — M when ¢ — oo.
(Hint. Accept that the energy My(f(t)) = d and prove that the third moment Ms(f(t)) is
uniformly bounded).

5 Part IV - Existence.

In this part, we may accept the following abstract version of the J.-L. Lions theorem:

Consider two Hilbert spaces H and V such that V. C H = H' C V', with dense embeddings.
Assume that a(t) : V x V — R is defined for any ¢ € [0,7] as a bounded bilinear form (and
thus as an element of £(V, V")) and is such that

(i) [0,T] — L(V, V'), t = a(t) is continuous;

(ii) Ja > 0 and x € R such that a(t,u,u) < —aljul|? + &|jul|%, Vi € [0,T], Vu € V.



Then, for any ug € H, there exists a unique function v € X := C([0,T]; H) N L*(0,T; V) N
L?(0,T; V') such that

() 26) = (0200 + [ s, u(s), ols)) d,

for any ¢ € Xrp.

(10) We fix k = d + 4. Show that H := LI C L} and that Hy := H(fo) e Rif 0 < fy € L2,
In the sequel, we first assume that fy € €y, N H.

(11) For f € C([0,T]; Ex,), we define @, b and ¢ thanks to (2.2) and then

- d+2

Gij = Gy +elol*dy,  bi=b; —¢ vi, €€ (0,N).

We define V := H},, and then

VgeV, Lg:=0(ai0;9—"bg)ecV.
Show that for some constant C; € (0, 00), there hold
(Lg, 9)u < —¢llgllyy + Cullgllz,  [(Lg, hul < Collglvliklly, Yg.heV.
Deduce that there exists a unique variational solution
g€ Xp:=C([0,T);H)NL*0,T; V)N H*(0,T; V)

to the parabolic equation

dg = Lg, g(0) = fo.
Prove furthermore that g € Fr.
(12) Prove that there exists a unique fonction

fe € C([0,T]; Lg) N L*(0, T Hy) 0 Fr
solution to the nonlinear parabolic equation
Ouf- = 0(a; 0 f- + b 1), [(0) = fo,

where dlfj denotes the

(13) For fo € Ep, and T > 0, prove that there exists at least one weak solution f € Fr to
the Landau equation.



