An introduction to evolution PDEs December 2, 2023

Sheet of exercises 3 about chapters 1, 2, 3 & 4

1. LEBESGUE SPACES

Exercise 1.1. Consider two sequences (u,) in L'(E), (v,) in L>®(E).

(1) Asume u,, — u strongly in L*(E), v, — u a.e. in E and uniformly bounded. Prove that u,v, — uv
strongly in L'(E).
Hint. Use the reciprocal version of the dominated convergence theorem.

(2) Asume u,— u weakly in L'(E), v, — u a.e. in E and uniformly bounded. Prove that u,v, — uv
strongly in L*(E),
Hint. Use the Egorov theorem and (1).

Exercise 1.2. Consider u such that u € L? for any p € (1, 0).
(1) If sup,~, [Jul[zr < oo, prove that u € L' and [Jul[,1 < liminf ||ul|r» in the limit p — 1.

(1) If sup, . [lul[z» < oo, prove that u € L> and |u[/z~ < limsup [Jul|r» in the limit p — oo.

2. VARIATIONAL SOLUTIONS (CHAPTER 1)

Exercise 2.1. Let T > 0 be fixed. For a.e. ¢t € [0,T], we are given a bilinear form a(t;-,-) : VxV = R
such that for some constants a, M > 0, k € R

(i) For every f,g € V the function ¢t — a(t; f, g) is measurable;

(i) la(t; £, 9)| < M| flllgl for a.c. € [0,T], for any f,g € V;

(iii) a(t; f, f) > o/ f||? — k| f]? for a.e. t € [0,T], for any f € V.

Establish that for any § € L?(0,7;V’) and fy € H, there exists a unique function f € X7 such that

(5f.9)+alt: f.9) = Fg), e on 0.T]

and f(0) = fo.
Hint. For f € = L*(0,T;V) and ¢ € ® := C?([0,T); V), define

T T
E(f, ) :=/0 {at, f,9) + 6(f.9)u — (f,9")}dt, L(p) :=/0 (Br, p)dt + ((0), fo)m,

with §. = Fe~~t, and apply the generalized version of the Laz-Milgram theorem.



3. THE POINCARE INEQUALITY (CHAPTER 3)

Exercise 3.1. Establish that exists a function W such that W > 1 and there exist some constants
8 >0, b, R > 0 such that

(3.1) (L*W)(x) := AW (z) = VV - VW (2) < -0 W (x) +blp,(z), VacR?
where Br = B(0, R) denotes the centered ball of radius R, in the following situations:
(i) V(z):= (x)~ with a > 1;
(ii) there exist « > 0 and R > 0 such that
z-VV(z) >« Vz ¢ Br;
(iii) there exist a € (0,1), ¢ > 0 and R > 0 such that
a|VV(x)]? = AV(z) > ¢ Vx ¢ Bg;

(iv) V is convex (or it is a compact supported perturbation of a convex function) and satisfies e~V €
LY(R%).

Exercise 3.2. Generalize the Poincaré inequality to a general superlinear potential V(z) = (x)®/a+V},
a > 1, in the following strong (weighted) formulation

/ Vg6 >k / - (g L+ VVP)G Vg e DR,

where we have defined G := e~V € P(R?) (for an appropriate choice of V; € R).

4. TRANSPORT EQUATION (CHAPTER 4)

Exercise 4.1. Make explicit the construction and formulas in the three following cases:
(1) a(z) = a € R4 is a constant vector. (Hint. One must find f(¢,z) = fo(z — at)).
(2) a(z) = z. (Hint. One must find f(¢,z) = fo(e tz)).
(3) a(z,v) = v, fo = folx,v) € CH(R? x R?) and look for a solution f = f(t,x,v) € C1((0,00) x R? x
R%). (Hint. One must find f(t,2,v) = fo(x — vt,v)).
(4) Assume that a = a(x) and prove that (S;) is a group on C(R%), where
(4.1) Vfo € C(RY, VteR, Yo e RT (Sifo)(x) = f(t,x) := fo(P; ' (x)).

Exercise 4.2. We consider the ODE

(4.2) i(t) = a(t,z(t), z(s)=z€R? 5>0,

associated to a vector field a : R, x R? — R¢ which is C'! and satisfies the globally Lipschitz estimate
(4.3) la(t,z) —a(t,y)| < L|z —y|, Vt>0, z,y € RY

for some constant L € (0,00). From the Cauchy-Lipschitz theorem we know that this one admits a
unique solution t + z(t) = ®; (z) € C*(R4;RY). Moreover, for any s,t > 0, the vectors valued
function ®;, : R? — R? is a C'-diffeomorphism which satisfies the semigroup properties Dy = Id,
Dy, 1, 0 Doy p, = Puyp, for any ta,to,t1 > 0. We denote &, = Py .

1) Establish that |®,(y) — ®;(z)| < eXt|z —y| for any ¢ > 0, z,y € R? (Hint. Use the Gronwall lemma)
and similarly |®,(y) — ®;(z)| > e Lt|z — y| for any t > 0, 2,y € R%. Deduce that || D®;|| < et and
[(detD®; 1)~ o < ek

2) Establish that |®,(z)| < (|z| + B(t))e', with B(t) = fot la(s,0)|ds, for any t > 0, € R?, and
similarly |®, ' (x)| < (|z| + B(t))e'", for any t > 0, z € RZ.

3) Prove that for any R > 0, there exists R; such that ®;(Bgr) C Bg, and deduce that if supp fo C Bg
the? the function f(t,z) := fo(®; '(x)) is such that supp f(t,-) C Bg,. (Hint. Observe that Br C
®,; (Br,))-



Solution or Hint for Exercise 4.2. 1) Using (4.3), we have

d
—2Ly — xe|* < 2(a(ys) — a(wy)) - (ye — 1) = @\yt —x4|® < 2LJy — x|
from what we deduce
eiL(tiS)Lfs - 95‘2 <z — yt|2 < eL(tis)Lxs - y5|27 Vs, t€(0,T), s <t

We deduce the two first estimates.
We next write D®y(z)h := limg_,0(P:(z + sh) — §i(x))/s and we deduce the third estimate from the
first one.
We finally write detD®; *detD®; = 1, so that (detD®; )~! = det D®; and we bound the last term.
2) Write x; := ®4(z) and use the Gronwall lemma applied to the inequality

t t t
|| < |z +/ la(s,xzs) — a(s,0)|ds +/ la(s,0)|ds < |z| + L/ |xs|ds + B(t).
0 0 0

For the second estimate, we consider the backward problem. With the same notations, we have

t t
|zs| < |z —|—/ L|£L’T|d7'+/ la(T,0)|dT = u(s).
We compute

u'(s) = —L|zs| — |a(s,0)| > —Lu(s) — |a(s,0)| and %(u(s)e’:s) > —la(s,0)]e®,

so that
¢
zo = u(0) < u(t)el +/ la(s,0)|el* ds < (Ja¢| + B(t))e'.
0

3) We observe successively that ®; '(Br) C Bg,, Br C ®; '(Bg,) and <I>;1(Bf%t) C B§.

Exercise 4.3. (1) Show that for any characteristics solution f to the transport equation associated to an
initial datum fy € C}(R?), for any times 7' > 0 and radius R, there exists some constants Cz, Rz € (0, 00)
such that

swp [ \falde<Cr [ @) da.

te[0,T] Bry,

(Hint. Use the change of variable z ~ y := ®; *(z) in the characteristics formulation of the solution to
the transport equation and use the property of finite speed propagation)

(2) Adapt the proof of existence and uniqueness to the case fo € L.
(Hint. For the existence, use (1) and the L> a priori estimate. For the uniqueness, observe that for
the equation

(4.4) Wf+a-Vi+cf=G, [(0)=fo

with a = a(t,x), ¢ = ¢(t,x) and G = G(t, ) smooth functions, the solution is given through the explicit
formula

t
(4.5) F(t2) = fo(®o(x)) e o clrbrendr / s, Dy () e~ I3 clmrel@dr g,
0

and use a duality argument).

(3) Prove that for any fy € Co(R?) there exists a global weak solution f to the transport equation
which furthermore satisfies f € C([0,T]; Co(R%)).

Solution or Hint for Exercise 4.3. We consider the transport equation

(4.6) Wf+a-Vi+cf=G, [(0)=fo
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with a = a(t,z), ¢ = ¢(t,z) and G = G(¢,z) smooth functions. With the usual notations for the flow
associated to the associated ODE (4.2), if a smooth solution f to the transport equation does exist, we

must have

% (1, By () el ol 22 (2) ds} = G, By () s @@ ds

from which we deduce
t
(8. 8u(0) = o) e BTNy [ Gls 0 (a)) e e gy
0
Using that &, 1= ®y + and the semigroup property of @, ,, we conclude.

Exercise 4.4. Consider a solution g € C([0,T]; L?(R%)), 1 < p < o0, to the transport equation. Prove
that g(t,.) > 0 for any ¢t > 0 if If go > 0.

Exercise 4.5. Consider the relaxation equation
Of+v-Vaof =M@)ps— f

on the function f = f(¢,2,v), t > 0, x,v € R? where we denote
prim / Fdv, M) = (2m) -2 exp(—|v[2/2).
Rd

Prove the existence and uniqueness of a solution f € C(Ry; L*(R? x R?)) to the relaxation equation for
any initial datum fo € L'(R? x R9).

Exercise 4.6. 1) Consider the transport equation with boundary condition
(47) {atf+8mf+af:0
f(t,O) :b(t)v f(O,l') :fO(:r’)a
where f = f(t,x),t >0, 2> 0. Assume a € L®(R,), fo € L'(Ry) and b € L'([0,T]).
(a) Establish the a priori estimate

up 76l < (Bllsor + Ifollo et Ve 20

(Hint. Use the Gronwall lemma).
(b) When fo € C1(]0,00[) and b € C1(]0,T[), show that the characteristics method provides a unique
smooth solution f given by f = f, with

f(t,x) = eA@D=A@ g — ) 1,ey 4+ e @bt — 2)1ysn, A(z) := / a(u) du.
0
(Hint. When f € C*(]0,T] x Ry), observe that both
d d v
7(€A(t+m)f(ta i+ Jj)) = 07 7(6A(I)f(t +z, 1’)) = Oa A('T) = / a‘(u) du7
dt dx 0

and then f = f. Also observe that f € C1([0,T] x R,) in that case and conclude).

(c) Establish the existence and uniqueness of a weak solution f € C([0,T]; L*(Ry)) to equation (4.7).
(Hint. For the existence use an approximation argument. For the uniqueness use a renormalization or a
duality technique).

2) Consider the renewal equation
(4.8) {atf+8xf+af—0

' f(t70):pf(t)7 f(071'):f0($),
where f = f(t,x),t >0,z >0, and

Py = /OOO 9(y) a(y) dy.

Assume a € L= (R,). Establish that there exists a unique weak solution f € C([0,T]; L*(R)) associated
to equation (4.8) for any fo € L'(R,). (Hint. Use the contraction mapping fixed point theorem).



