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Sheet of exercises 4 about chapters 1 to 6

1. EVOLUTION EQUATION AND SEMIGROUP (CHAPTER 5)

Exercise 1.1. For h € Er := C([0,T]; D(A)) N C*([0,T]; X) prove that Sxh € Er and
d
21 9AOR(B)] = Sa()AR(E) + SA (DR ().
(Hint. Write

+S(t + 5) (—h(t ha 82 M) _ h’(t))

and pass to the limit s — 0).

2. PROBLEM I - LOCAL IN TIME ESTIMATES (2017-2018)

Consider a smooth and fast decaying initial datum fy, the associated solution f = f(¢t,x), t > 0,
z € R%, to heat equation

0f = 3Af S0,) = fo,

and for a given a € R?, define

(1) Establish that
1 1
Oy = iAg —a-Vg+ §\a|2g.

(2) Establish that [|g(t,.)||z: < e® /2 ||go|| 1 for any ¢ > 0.
(3) Establish that

g0l

O]2e ¥t < —ZL >0,
g7 € = (2/dCy t)i/2

(4) Denoting by T'(t) the semigroup associated to the parabolic equation satisfies by g, prove succes-
sively that
T(t): L' - L L*>—L> L'—L>,
for some constants Ct—%/4e@’t/2 Ct=d/4¢0™t/2 and Ot—4/2¢2°t/2,
(5) Denoting by S the heat semigroup and by F(¢,z,y) := (S(¢)d,)(y) the fundamental solution
associated to the heat equation when starting from the Dirac function in z € R, deduce
C (e 2
F(t,z,y) < Wea (@=y)+a’t/2 >0, Va,y acRY,
and then
e —y|?

c _
F(t,x,y)gwe %, Vt>0,Vaz,ye R

(6) May we prove a similar result for the parabolic equation

Onf = diva(A(x)V,f), 0<v<AecL>®?



3. ProBLEM III (2016-2017)
We consider the relaxation equation
(3.1) Of=Lf:=—v-Vf+p;M—f in (0,00) xR*,
on the unknown f = f(t,z,v), t > 0, z,v € R?, with

_ o 2
prlt) = [ ) o, M@) = G exp(—lof/2).
We complement the equation with an initial condition
(3.2) f(0,z,v) = fo(x,v) in R

Question 1. A priori estimates and associated semigroup. We denote by f a nice solution to the
relaxation equation (3.1)—(3.2).
(a) Prove that f is mass conserving.
(b) Prove that
lpgl < llgllL2ar—1r2y, Vg=g(v) € L3(M~1?)
and deduce that
£ )2, (=172 < | follz, (va-172)-

(c) Consider m = (v)*, k > d/2. Prove that there exists a constant C' € (0, 00) such that

gl < Cligllzemy, Yg=g(v) € Li(m), p=12,
and deduce that
1t 2z, my < €Ml foll Lz, (m)s
for a constant A € [0, 00) that we will express in function of C.

(d) What strategy can be used in order to exhibit a semigroup S(t) in L?, (m), p = 2, p = 1, which
provides solutions to (3.1) for initial date in L? (m)? Is the semigroup positive? mass conservative? a
contraction in some spaces?

The aim of the problem is to prove that the associated semigroup S, to (3.1) is bounded
in LP(m), p = 1,2, without using the estimate proved in question (1b).

In the sequel we will not try to justify rigorously the a priori estimates we will establish, but we will
carry on the proofs just as if there do exist nice (smooth and fast decaying) solutions.

We define

Ji=psM, Bf=Lf - J.

Question 2.  Prove that Sp satisfies a growth estimate O(e™*) in any LP, (m) space. Using the

Duhamel formula
S =55+ S*S¢
prove that S, is bounded in Ll (m).

Question 3. Establish that : Ll (m) — LLL°(m) where

lollzzsom = [ 96 )oo( da-
Rd

% (/f”dat)l/pdv:/(/(atf)fp_ldx) (/fpdxf/pildv.

Deduce that Sp satisfies a growth estimate O(e™!) in any LLLP(m) space for p € (1,00), and then
in LLL%(m). Finally prove that Sg(t) is appropriately bounded in (L', LLL3°(m)) and that S. is
bounded in LLL%(m).

Question 4. We define u(t) := Sg(t). Establish that

Prove that

(u(t) fo)(z,v) = M(v)e™* y fo(x — vit, vs) doy.



Deduce that )
o
[u) follegs omy < € 5 I foll s Lo m)-

Question 5. Establish that there exists some constants n > 1 and C € [1,00) such that
[u*™ ()] L1 (my—s 1os (m) < Ce™ /2.
Deduce that S, is bounded in L3S (m).

Question 6. How to prove that S, is bounded in L2, (m) in a similar way? How to shorten the proof
of that last result by using question (1b)? Same question for the space L3 (m).



