An introduction to evolution PDEs September 19, 2025

EXERCISES ON THE HEAT EQUATION

1. THE HEAT EQUATION AND THE FOURIER TRANSFORM

Exercise 1.1. Apply the Fourier technique to the heat equation with a source term
(1.1) Of =Af+G on %, f(0,))=fo on RY,

with fo € L>(R?) and G € L*(%). Build a solution f which
(1) satisfies f € C([0,T]; L*(R%));
(2) satisfies f € L*(0,T; H'(R?)) and more precisely
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(1.2) 1£1Z20,m00) < 51 fol 72 ey + GTY? + SDIGI L2 (o).

(3) Establish the representation formula

t

(13) f(t7 ) ="t * fO + L Vt—s * G(Sa )d87

where we recall that we have defined the heat kernel

I )
’}/t(l') = W@ 4t

Exercise 1.2. Use the Fourier transform method in order to solve

(1) The wave equation
Oif =05, f =0 on (0,T) xR, f(0,)) = fo, 0:f(0,) =go on R,

with f = f(t,x) and ¢ > 0. [Hint. One has to find

r+ct
ft.a) = 3ola+ )+ oo =) + 5 | mldy]

(2) The Shrédinger equation on f = f(t,x)

io f = Af on (0,T) xR £(0,-) = fo on R™L

(3) The Kolmogorov equation on f = f(t,z,v)

Of +v-Vof =Ayf on (0,7) xREx R4, f(0,-) = fo on R?xRY
1



2 EXERCISES ON THE HEAT EQUATION

2. THE HEAT EQUATION AND THE HEAT KERNEL

Exercise 2.1.
(1) Show that vi1s = ¢ *vs for any t,s > 0.
(2) Show that

Cd,r
(2.1) IVeyelLr = -+l

(3) Prove the Young inequality for convolution products
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(2.2) lg * hllze < |gla]hl "

for any functions f,g and any (compatible) exponents p,q,r € [1,0].
(4) Recover the regularization estimate

C
(2.3) 17 ) g gy < tlT/QHfOHLz'

Exercise 2.2 (variation of parameters formula). Consider the heat equation with
a source term (1.1) with fo € L*(RY) and G € L?>(%). Established (directly) that
the function

t

(2.4) F(t) ==y % fo+ f Vi—s * G(s,-)ds

0

(1) is a solution to the heat equation with source term (1.1);

(2) satisfies f € C([0,T]; L?(R)).

(8) Why this solution is nothing but the one provided by Ezercise 1.17

(4) When furthermore fo = 0, establish (directly) that f € L?*(0,T; H'(R?)) and
more precisely (1.2).

(5) Establish (directly) (1.2) for fo € L>(R?) and G € L*(%).

Exercise 2.3. For G € LY (%) establish that the solution f to the heat equation
with source term given by (2.4) satisfies f € LP(%) for any 1 <p <1+ 2/d. More
generally and more precisely, establish that

1 1
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| £l o) S OT DG DG pagayy,

under the condition 1 < ¢ <p, (1+ g)(% - %) < 1.

Exercise 2.4. Consider the heat equation with source term

(2.5) %‘:zAf+G in R x RY,

with f,G € L*(RY). Using the Fourier transform in both variables, establish that

1120 < I S I£1Z2 + 1GZe,

with p:=2(d+1)/(d — 1) > 2. [Hint. Write the equation on the Fourier side, use
the Sobolev embedding in R+, the Fourier definition of the Sobolev space in R4+1
and the Plancherel identity.]
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3. THE HEAT EQUATION AND THE ENERGY METHOD

Exercise 3.1. (1) Consider f € L'(R?) such that divf e L'(R?). Show that
divfdz = 0.
Rd

[Hint. That is true for f € C}(R9). For f e L'(R?) we introduce a mollifier (p.), a
truncation fiunction xas and p. * (fxar) € CH(RY).]
(2) Deduce that for f € H'(R?) such that Af € L2(R?) and g € H'(R?), there holds

JRdgAf:—JRdVg-Vf.

Exercise 3.2. Apply the energy method to the heat equation with a source term
(1.1) with fo e L*(RY) and G € L*(%).

Exercise 3.3. Consider the parabolic equation
O f = div(AVSf) +div(af)+b-Vf+cf in %,
for some coefficients A, a,b,c € L°(R?) with A > Agl, Ay > 0. We complement
that equation with the initial condition
(3.1) f(0,)=fo on R%
for an initial datum fo € L*>(R?).
(1) Establish formally the energy estimate which implies that f € L*(0,T;L?) n
L2(0,T; HY).
(2) Same thing when we only assume a,be L*(RY) and c € LY?(RY).
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