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EXERCISES ON TRANSPORT EQUATIONS

1. THE GRONWALL LEMMA

We recall the two following variants of the Gronwall lemma;:

Lemma 1.1 (classical differential version of Gronwall lemma). We assume that
u € C([0,T);R), T € (0,00), satisfies the differential inequality

(1.1) o <a(t)u+b(t) on (0,7T),

for some a,b € L'(0,T). Then, u satisfies pointwise the estimate
t

(1.2) u(t) < ety (0) + / b(s)eA D=4 ds  on  (0,T),
0

where we have defined the primitive function

(1.3) A(t) ::/0 a(s)ds.

Lemma 1.2 (integral version of Gronwall lemma). We assume u € L>(0,T;R),
T € (0,00), satisfies pointwise the integral inequality

¢ ¢
(1.4) u(t) < ug +/ a(s)u(s)ds +/ b(s)ds on (0,T),
0 0
for some0 < a € LY0,T) andb € L*(0,T). Then, u satisfies pointwise the estimate
¢
(1.5) u(t) < uged® —|—/ b(s)er D=4 ds  on  (0,T).
0

Exercise 1.3. (1) Prove Lemma 1.1 under the additional assumptions a,u > 0 as
a consequence of Lemma 1.2. (Hint. Pass to the limit p — 1jo4 in the distrubtional
formulation of (1.1)).

(2) Prove Lemma 1.1 in full generality. (Hint. Take @ as a primitive of ¢ := —w +

(fOT w) o for arbirary 0 < w € Cl(e,T) and o € C.(0,¢) a probability measure).
Exercise 1.4. Let f € C1((0,T) x R) and consider u,v € C([0,T];R) such that
(1.6) u' < f(tu), v = f(tu), u(0) <v(0),

(in a distributional sense). Prove that v < v on [0,T].
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2. THE CHARACTERISTICS METHOD FOR SMOOTH DATA

We consider the transport equation

(2.1) Of+b-Vf=0 in (0,00) xRY f(0,2) = fo(z) in R

for a drift force field b = b(t,z) : R, x R? — R? which is C' and globally Lipschitz.
We denote t — x(t) = &, 5(z) € CH(Ry;RY). the unique solution to the ODE
(2.2) x(t) = b(t,z(t)), =(s)==x.

Exercise 2.1. Make explicit the construction and formulas in the three following
cases:

(1) b(z) = b € R? is a constant vector. (Hint. One must find f(t,z) = fo(x — bt)).
(2) b(z) = x. (Hint. One must find f(t,z) = fo(e tx)).
(3) b(z,v) = v, fo = fo(z,v) € C*(R? x R?) and look for a solution f = f(t,xz,v) €
C1((0,00) x R? x RY). (Hint. One must find f(t,x,v) = fo(z — vt,v)).
(4) Assume that b = b(z) and prove that (S;) is a group on C(R?), where
(23)  Vfoe OR?), VteR, Ve eR? (S.fo)(x) = f(t.2) = fo(®; ' ().
Exercise 2.2. (1) Show that

f(t,z,v) = folz —vt,v)e, t>0, z € Rd, veR?,

s a solution to the dampted free transport equation

of+v-Vof ==f, [f0,:) = fo.
(2) Show that

t
F(t2) = fo(@o () e i crPraeir | / G(s, Das(x)) e I e Pre@ 7 g
0

is a solution to the transport equation with source term
(2.4) Wf+b-Vi+tcf=G, [f(0)=fo,
with b = b(t,x), ¢ = c(t,z) and G = G(t,x) smooth functions. (Hint. Compute the
time derwative of f(t,®i(x)) exp fg c(s, ®g(x)) ds).
Exercise 2.3. 1) Consider the transport equation with vanishing boundary condi-
tion
(2.5) {atf+8zf=0
f(£,0) =0, f(0,z) = fo(x),

where f = f(t,x), t >0, x > 0. Assume fo € CL(]0,00[). Establish that f(t,z) =
fo(z —t) provides a solution to equation (2.5).
2) Consider the transport equation with boundary condition
(2.6) {atf+8mf+af:0

f(,0)=0(), f(0,2) = folx),
where f = f(t,x), t > 0, x > 0. Assume a € L¥(Ry), fo € CL(]0,00]) and

b € C]O,T[). Show that the characteristics method provides a unique smooth
solution f given by f = f, with

flt,z) = A=A f (2 — )1y + e A Ob(t — 1)1y,  A(x) = / a(u) du.
0
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(Hint. When f € C1([0,T] x R,.), observe that both
d

LA (1t 42) =0, (A [+ am) =0, Ale) = /Owaw)du,

and then f = f. Also observe that f € C*([0,T] x R,) in that case and conclude).

3. THE CHARACTERISTICS METHOD FOR NON-SMOOTH DATA

We recall that the solution to the transport equation is given by

(3.1) F(t,x) = fo(®—i(2)).

We recall the Liouville theorem which tells us that the Jacobian function J :=
detD®,(y) satisfies the ODE

d
@J = (divd(t, D (y)))J, J(0,y) =1,
so that

(3.2) det DB, (y) = efo (dive(s.@:(v))ds
Exercise 3.1. Prove that (3.1) does not depend of the choice of the function fo €

LP(RY) in the class {fo} € LP(R?). (Hint. Take go € {fo} and compute || foo®_; —
9o ° P tllzr)-
Exercise 3.2. (1) For any matriz B € Mg(R) and h € R, prove that
det(I +hB) =1+ htrB + O(h?).
(2) Consider A, B € C*((0,T); My(R)) which satisfy
L A1) = BOA(W),

and prove that
%(det A(t)) = (tr B(t))(det A(2)).
(3) Establish the Liouville theorem (3.2).

Exercise 3.3. Prove that when fy € L>=(RY), formula (3.1) provides a function
feL=U)nC(o,T); LL .(RY)) which is a solution to the transport equation (2.1)

loc
in the distributional sense.

Exercise 3.4. Prove that the function f given by formula (3.1) satisfies

T
/ JL* dadt = / fotb(0) di — / F(T) (T de,
0 R4 Rd Rd

with L* == —0yp — div(bvp), for any 1 € CL([0,T] x R?). (Hint. (1) Prove first
the result for 1» € CL((0,T) x R?) by intoducing the function 1. := 1 *; . p., for a
mollifier (p.) on R¥*1. (2) Introduce next the function 1. := ¥x., with x. € C}(R),
1er—o) <9 <1, 9L = 6o — 6r. We may take Y.(t) := p(t) — pe(t = T) for a
mollifier (p:) on R.
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Exercise 3.5. Consider the dampted free transport equation with source term
{ Of+v-Vo+f=G
f(0,) = fo,
where f = f(t,x,v), t >0, x,v € R, fo € L'(R?*?) and G € L'((0,T) x R?),
Establish that

(3.4) ft,x,v) == folx —vt,v)e”" + /t G(s,z+ (s —t)v,v)e* ds
0

(3.3)

belongs to C([0,T); L*(R%4)) and provides a weak solution.

Exercise 3.6. Consider the transport equation with boundary condition

(3.5) {atf+axf+af=0
where f = f(t,x), t>0, x>0, a € L®(Ry), fo € L'(Ry) and b € L' ([0,T]).
(a) Establish the a priori estimate

[%u% £ e < (bllprory + [ foll)elelz= vt > 0.

(Hint. Use the Gronwall lemma).
(b) Establish the existence of a weak solution f € C([0,T]; L*(Ry)).

4. DUHAMEL FORMULA AND PERTURBATION ARGUMENT (BIS)

Exercise 4.1. Consider the renewal equation
(41) {atf+81f+af—0

’ f(t70):pf(t)7 f(071'):f0(x),
where f = f(t,x), t >0, z >0, and

Py = /OOO 9(y) a(y) dy.

Assume a € L®(Ry) and fo € L*(R,). Establish that there exists a unique mild
solution f € C([0,T]; L*(R4)) to equation (4.1).
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