A crash course on evolution PDEs April 23, 2025

LECTURE 1 - THE HEAT EQUATION

The present lecture mainly addresses one of the simplest evolution equations which
is the heat equation for which we present some simple but efficient tools for solving
it. We next present some semigroup/perturbation arguments for establishing the
existence of solutions to more general parabolic equations.
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e Topic 3. The heat equation and the energy method (a priori estimates)
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2 LECTURE 1 ON EVOLUTION PDES

1. Toric 1. THE HEAT EQUATION AND THE FOURIER TRANSFORM
We consider the heat equation
(1.1) oif =Af on % :=(0,T) x RY,

T € (0,0], on the function f = f; = f(t,x), t € [0,T) the time variable, x € R? the
position variable, where A is the Laplace operator

d
Afi= 2, 041,
=1

A2

and we use the shorthands ¢; := %, 0j = -2 and 6?,€ = ﬁ. We complement

Ufj JU
this time evolution equation with an initial condition

(1.2) f(0,)=fo on R<
We define the Fourier transform (for functions defined on R9)
FNO = f©) = | f@ewde veert

On the Fourier side, the heat equation (1.1)-(1.2) writes

(1.3) ouf = —IePf, F(0,) = fo,

by observing that F(0;f) = i&; f . We readily solve that equation and we get

(1.4) f(t.©) =Tu(©) fo€), ¥t=0, £eRY,

where we have defined the Gaussian function I'y(¢) := e, In order to come

back to the initial PDE side, we recall that, defining
Fa)w)= | ate)e<as

we have F~! = (2r)¢ F, what means

FloFg=FoF lg=g
for any reasonable (that is smooth enough and decaying fast enough) function g,
that I'y o = (2m)¥2T o, that (Ff1) = AY(F f)-1, where g,(y) := g(y/s), and that

F(fg) = [ * g, where * stands for the convolution operator

(F+9)(e) = | fa= oty

In particular, defining the heat kernel
1 _l=?
Ye(x) == We *
we find 4; = T';. Taking the inverse Fourier transform of formula (1.4), we thus
obtain

(1.5) f(t,) = F YT fo) = v * fo, Vit>0.

So far, all the discussions have been conducted without much mathematical justifi-
cation. We explain how to fix it now. For f; € L?(R), the Plancherel identity tells
us that fo € L2(R%), and more precisely | folr2 = (27)%2||fo|12. As a consequence,
Fy =Ty fy € L2(RY) for any ¢ > 0. More precisely, we have F € C([0,T]; L%(R%))
thanks to the continuity theorem about parameter depending integrals (what is a
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mere application of the dominated convergence theorem of Lebesgue). We also have
EF € L3(%), because

21¢1°T

T 2 1 1
(1.6) J |€|2e 21t g — ff e tdu < =,
0 2 Jo 2

and then

T T
. 1 .
|| epragar= [ [ 1P atifopag < 143
0 JRd R2 JO 2
From the above discussion, we have thus
(1.7) feXx =Xr:=C(0,T]; L*(RY)) n L2(0,T; H'(RY)),

the last space is just as a notation for telling that f,Vf e L?(%), V := (¢1,...,04).
More precisely, we define the Sobolev (type) space

H = My = L*0,T;HY) .= {fe L*(%); Ve L* (%))}
that we endowed with the Hilbert norm defined, for any f € 57, by

T
1110 = 1 ey = | 1) ds = | (12 + (V1) dear
Next, for any k > 0, we have
o [ JePIEPdg < sup ()T | 1APde S Ll

Rd £eRrd R4

or in other words
Cr

(1.8) LF () e (ray < W”fo“m,
and thus in particular f € L®(r,T; H*(R?)), for any 7 € (0,T). Moreover, differ-

entiating in time (1.4), we find
01 f(t,€) = (0 Te() fo(&) = (-l TH(E fo &),
so that, proceeding similarly as for the last estimate, we have
sup [ [€°atf(t.€)Pde S LAl
te[r,T] JRA

for any 7 € (0,T), £,k = 0, from what we get f € H*((0,T) x R%)), for any s > 0,
and thus f € C°((0,7) x R%)). Because F(0,-) = fo, we clearly have (1.2) in the
a.e. sense (for L? functions). Because of (1.3), we clearly have (1.1) in the classical
sense. When fo € H¥(RY) < Co(R?), with k > d/2, we may show exactly as above
that f e C([0,T]; H*(R%)) < C([0,T] x RY), so that (1.2) holds in the classical
(everywhere) sense.

Exercise 1.1. Apply the same procedure to the heat equation with a source term
(1.9) Of =Af+G on %, f0,)=fo on RY,

with fo € L>(R?) and G € L*>(%). Build a solution f which
(1) satisfies f € C([0,T]; L?(R%));
(2) satisfies f € L?(0,T; H'(R?)) and more precisely

1 2 . 1
(1.10) 11720711y < QHfoH%z(Rd) + (gT‘W + §T)HGH2L2(%)~
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2. TopriCc 2. THE HEAT EQUATION AND THE HEAT KERNEL

From the very definition of +;, we may compute (in the classical sense)

POV |z[?
U= T T g2
and
. x d |z|2
Ary = div(——~) = -2
7t = div( 2t%) 5t T T

which imply that ~; satisfies the heat equation

Ovye = Ay, on (0,00) x RY.
On the other hand, for fy € Co(R?) or fo € LI(RY), 1 < ¢ < o0, we define
(2.1) F(ta) = (e + fo)@).

We may then compute (formally, in the sense of distribution or classically)
of —Af = (0ve —Av) % fo =0

and, because (V)0 18 a approximation of the identity (Dirac mass in 2 = 0), we
have

Ye* fo— fo as t—0.

We have thus recovered by a direct approach (alternative to the Fourier transform
approach presented in the previous section) that (2.1) provides a (weak) solution
to the heat equation (1.1)-(1.2).

Recalling the Young inequality for convolution products

1 1 1
(2:2) lo* loe < lglzolblzr, — =+ —1,
p q T

for any functions f, g and any (compatible) exponents p, ¢, € [1, 0], and observing
that

= $(d/2)(%

lvell Dlmler

we deduce the ultracontractivity estimate

Cdr
ﬁ”fo“m, V1<g

t%(%_p

(2.3) [£)zr <

N

P < 0,

which may be compared to the regularization estimate (1.8). Two other properties
can be readily verified from the integral representation formula (2.1). On the one
hand, the following weak maximum principle holds

f(t,)=0ae onRY Vt=0, if fo=>0ae. onR%

as a consequence of the fact that 4, > 0 a.e. on R% On the other hand, the
following strong maximum principle holds

f(t,)>00onRY YVt =0, if fo=0and fo #0 a.e. onR?

as a consequence of the fact that 7, > 0 on R%. This second property also reveals
the infinite propagation speed of the heat equation.
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Exercise 2.1.

(1) Prove (2.2).

(2) Show that vi1s = i *vs for any t,s > 0.
(8) Show that

Cd,r
(2.4) Vol = =

t2 (1-9)+3
and recover the reqularization estimate (1.8) when k = 1.

Exercise 2.2 (variation of parameters formula). Consider the heat equation with
a source term (1.9) with fo € L*(R?) and G € L*(%). Established (directly) that
the function

¢

(2.5) () = e fo+ f s+ G5, )ds

0

(1) is a solution to the heat equation with source term (1.9);

(2) satisfies f € C([0,T]; L*(R%)).

(8) Why this solution is nothing but the one provided by Exercise 1.1%

(4) When furthermore fo = 0, establish (directly) that f € L*(0,T; H'(R?)) and
more precisely (1.10).

Exercise 2.3. For G € L*(%) establish that the solution f to the heat equation
with source term given by (2.5) satisfies f € LP(% ) for any 1 <p <1+ 2/d. More
generally and more precisely, establish that

1—(1+4)y(1_1_1 . O-,d
Wlirian £ OT DG DG linga, O o= g s
2Vq p

under the condition 1 < ¢ <p, (1+ g)(é - %) < 1 and where C, 4 and r are defined

3. TopriC 3. THE HEAT EQUATION AND THE ENERGY METHOD (A PRIORI
ESTIMATES)

We present some arguments which make possible to recover at least partially the
properties of the solutions to the heat equation presented before. The good thing is
that these arguments are very simple and very general (they are useful for general
parabolic equations). The negative point is that they are only partial and not
completely rigorous. Using these arguments in a completely rigorous way will be
the subject of future lectures.

We consider f a solution to the heat equation (1.1)-(1.2). Multiplying the equation
by f and integrating in the 2 € R? variable, we have

s [ 7= [@anr=— (1w

where we have used the Green formula

Vf-G=- fdivG,
Rd

R4
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for any real function f and vector field G. Integrating in the time variable, we
deduce the energy identity

Jffd$+2J:J|st|2dmds— ffgdx.

In particular, for fy € L?, we have f € L*(0,T;L?)~L?(0,T; H'). Here and below,
we note f € L*(0,T; L?) if f € L?(%) is such that there exists C € [0, 0) satisfying

(3.1) I£(t, ) L2@ey < C, for ae. te(0,T),
and we define

| £z 0, 1;22) := inf{C € [0, 0) such that (3.1) holds}.

We now recover (at least part of) the smoothing effect and the ultracontractivity
estimates in a very simple way. We indeed observe that

s | 19iE = [@avpes - - [P

—7-[ ff2+2tf|Vf|) 4J\D2f|2<0,

so that in particular
2t f IVFI? < Jf 0

That is nothing but the smoothing estimate (6.1) in the case p = ¢ = 2. In
dimension d > 3, from the Sobolev inequality, we deduce that

and next

_ 1 1
IFt)ee StTV2 folle, VE>0, p 2 d

DN =

and we thus recover a part of the ultracontractivity estimate (2.3).

Exercise 3.1. Apply the same procedure to the heat equation with a source term
(1.9) with fo € L*(R?) and G € L*(%).

Exercise 3.2. Consider the parabolic equation
O f = div(AVSf) +div(af)+b-Vf+cf in %,

for some coefficients A, a,b,c € L®(R?) with A > Agl, Ay > 0. We complement
that equation with the initial condition (1.2) for an initial datum fy € L*(R9).

(1) Establish formally the energy estimate which implies that f € L*(0,T;L?) n
L2(0,T; HY).

(2) Same thing when we only assume a,be L4(RY) and c € LY?(R?).
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4. ToriC 4. DUHAMEL FORMULA AND PERTURBATION ARGUMENT

In this section, we explain how the previous analysis and a perturbation argument
make possible to tackle more general parabolic equations. We consider the parabolic
equation

(4.1) Of=Af+b-Vf+cf in %,
for some coefficients b, c € L®(R?). We complement that equation with the initial
condition (1.2) for an initial datum fy € L?(R9).

Because of the variation of parameters formula (2.5), we may look for a function
fe X, T > 0, which satisfies the equation in the mild sense

t

(4.2) ﬁ=%*h+£%ﬂ*wvﬂ+ﬁw&

That identity is named as the Duhamel formula. Such a function f will automati-
cally satisfies (2.5) as a consequence of Exercise 2.2-(1). For a given function g € X
(or just g € H := L*(0,T; H')), we define

t

m:%*h+f%ﬂ*WV%+w¢m Vie (0,T),
0

and we denote g — Yg := h this mapping. We aim to prove that T : H - X c H
and that, for T' > 0 small enough, there exists a unique fixed point f € H, so that
f=7f¢e X, what is nothing but (4.2).

Because G :=b-Vg+cg e L*(%) and of Exercise 1.1, we have h € X. Now, for
g1,92 € H and denoting hy := Ygq, ho := Ygo, h := ho — hy, g := g2 — g1, we have

¢

hy = J Vs * [b- Vgs + cgs]ds.
0

From (1.10), we have

2 1
[nl3, < (§T3/2 +5D)b- Vg +egli: < arlgln,

with ap 1= (3732 + 3T)(|b| = + || z=). Choosing T > 0 small enough in such a
way that apr < 1, we see that T is a contraction in H, and the Banach-Picard fixed
point theorem for contraction mapping provides a unique fixed point f € H. We
repeat the same procedure in order to build a global (in time) solution to (4.1).

5. COMPLEMENTS TO ToprIC 1.
About Exercise 1.1. By linearity we may consider the equation
(5.1) otf = Af+G on (0,00) xRY,  f(0,-) =0 on RY
and next add the contribution due to equation (1.1)-(1.2). On the Fourier side, we have
:f = —|€2f + G on (0,00) xRY,  f(0,-) =0 on RY,
so that
ft, ) = Jt T oGeds.

0
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On the one hand, we have

[icors = [ ([ r.cas)ae

t 2
< slds) d
Jo (60
T A~
< 021G Pagas,
0 JRrd

from what we deduce f € L®(0,T; L?(R%)) (thanks to Plancherel identity). We next write

t t

ft,)—f¢,) = f (Tyes —Ty_,)Geds + j/ Ty _Gsds =: (I) + (I).

0 t

For the second term, we obviously have (that is the same computation as above)
D132 < [t =[2Gl 2y

For the first term, for any fixed t € (0,T) and as t' — ¢, we have

(Ti—s —Ty_ )Gs — 0 ae. and |(T—_s — Ty_)Gs| < |Gs| € L2 (%),

so that (I) — 0 in L?(R%) thanks to the dominated convergence theorem of Lebesgue. Both
information together imply that f € C([0,T]; L2(R%)), so that f e C([0,T]; L2(R%)) (thanks to
Plancherel identity again).

On the other hand, we compute

| TfRd B

JOTJRL{ ¢f? (Lt Ft*sést) ? dedt

T rt
< 7| [ 1P G asasar
0 JoJRrd
T T
< | | | erriarc. e
0 JrRaJo
T (T .
< *JJ |Gs|?dedt,
2 0 Jrd

where we have used the Cauchy-Schwarz inequality in the second line and (1.6) in the last line.
We immediately deduce that (1.10) holds.

Additional material. Use the Fourier transform method in order to solve

(1) The wave equation
ff =%, f=0 on (0,T) xR, f(0,) = fo, %2f(0,)=go on R,

with f = f(¢,z) and ¢ > 0. Hint. One has to find

1 x+ct
f(t.2) = Sl + o) + fole—et) + 3o [ golu)dy.

(2) The Shrodinger equation on f = f(t, z)
i0ef = Af on (0,T) xR f(0,-) = fo on R%.
(3) The Kolmogorov equation on f = f(¢,z,v)

of +v-Vaof =Ayf on (0,T) xRY xRY, f(0,-) = fo on R? x R4
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6. COMPLEMENTS TO TOPIC 2 (AND TO TOPIC 1 AGAIN).

About Exercise 2.1. (1) Hint: use the Holder inequality.
(2) We may establish the formula directly from the definition or we may just use the series of
identities
Yxys =F H(Flnxvs)) = F HTels) = F 1 (Tegs) = trs.
(3) We observe that
Vaf(t,-) = (Vaye) * fo,

so that
(6.1) IVefloe < |IVeyelorlfollza,
with
C,
(6.2) IVervelor = ol

t1/2+(d/2)(1/q—1/p) "
About Exercise 2.2.
(1) We define

t
(6.3) G(t,-) = J Yi—s * G(s,-)ds
0
and we compute
261 = Gt + [ @) ¢ Gl s
t
AG(t,:) = Jo (Avi—s) * G(s,-)ds,

so that

G —AG =G on (0,0) xRY  G(0,-) =0 on RZ
Putting together this result with the first calculus in Section 2, we have established that (2.5)
provides a solution to the heat equation with source term (1.9).

(2) For fo € C.(R?%), we may establish that t — F; := 4 % fo belongs to C([0,T]; L?(R%)) by
a mere application of the dominated convergence theorem of Lebesgue. We deduce the same
continuity property for fo € L?(R?%) thanks to the density C.(R%) < L?(R?%). We may indeed
build (foe) a sequence of C.(R%) such that fo — fo in L? as € — 0, so that

[Fer — Fellpze < v # (fo — foe)lpz + llve * foe — ¢ * foelpz + [ve * (fo — foe)llL2
< 20fo = foelp2 + [ve * foe — vt * foel 2 — 0,

as t’ — ¢ (and € — 0 in an appropriate way). On the other hand, we define

G(t,-) = _E%fs * G(s,-)ds
and we write
t t
Ggt,) -G, )= J;/ Yi—s * G(s,-)ds + L (Yi—s % G(5,-) — ypr_g % G(s,-))ds =: (I) + (II).

For the first term, we obviously have (when t’ < ¢ for instance)
¢
Olagey < [ s Glo, M pagaayds
t/

t
< [ 160 s
< (t—=t)"2|G(s,) | L2y = O,

as t' — t. For the second term (II), we argue thanks to a regularization argument as for F;.
(3) Taking the Fourier transform of the function f defined by (2.5), we get

t
f(t,) =Tifo + J I sGsds,
0

what is nothing but the solution built in Exercise 1.1.
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(4) We assume fo = 0, so that the solution to (1.9) is given by (6.3). On the one hand, for any
t e (0,T), we have

t t
1G22 < [ oo x Gulpads < [ 1Gul pads
0 0
Using the the Cauchy-Schwarz inequality, we deduce
5 T t 2
9020y < [ (| 16u152as) e
o Mo
T 2 2,3/2) A2
< [ or [ ezadsa < 2002161
0 0 3
On the other hand, we have
t
Vgt = f V'yt_s * Gsds,
0
from what we deduce

VG| 2

N

t
L [(Ve_s) % Gal 2ds

¢ C
L m“GsHLQdS'

For a, 8 = 0 measurable functions, we observe that

JT (Jt a(t — )B(s)ds) dt < LT f: alt — s)dsJ alt — )% (s)dsdt

t
0 0 0

< fT a(r)dr LT Lt aft — s)B%(s)dsdt

0

< (LT Oé(T)dT)Q JOT 82(s)ds,

where we have used the Cauchy-Schwarz inequality in the first line. We deduce that

T T
V612200 < ([ —mr)” [ 1GuI20ds < 4CTIG .
L2 (%) o 712 N L L2(%)

The both estimates together, we have recovered (1.10) (in the case fo = 0).

Additional material. Consider the heat equation with source term

(6.4) %:Af+G in R x R%,

with f,G € L?2(R?*1). We define the Fourier transform (in both variables)

h(r,§) := JRd+1 h(t, 3u")e_i(‘rt"'m{)dtdm

On the Fourier side, the above heat equation is
irf+gf =G,
from what we immediately compute
2 4
; ; T+t o A2 1 A2
1+72 4 |g* 2=f 2+j = G
L e = | R |l = [ ARG
We deduce
I£1Z0 S 113 S 1F172 + G112,

with p := 2(d+1)/(d — 1) > 2, from the Sobolev embedding, the Fourier definition of the Sobolev
space in Rt and the Plancherel identity. This estimate also reveals some gain of integrability
of the solution to the heat equation and can be seen as a variant of (2.3).
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7. COMPLEMENTS TO TOPIC 3.

We consider f a solution of the heat equation (5.1) with source term G € L?(%) and vanishing
initial datum. Multiplying the equation by —Af and integrating in the z variable, we have

S I EA A

- Jascan
~[@nr+ [ean<g e

where we have used the Young inequality in the last line. Integrating in the time variable, we get

1 t
J|Vft|2dx < §J G2dxzds, Yt>0.
0
Integrating once more in the time variable, we get

1
2 2
HfHLQ(O,T;Hl) < 5THGHL2(O,T;L2)’

and thus we (partially) recover the estimate (1.10).
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