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Abstract

Connections between two classical models of phase transitions, the Becker-Döring (BD) equations and the
Lifshitz-Slyozov-Wagner (LSW) equation, are investigated. Homogeneous coefficients are first considered and a
scaling of the BD equations is introduced in the spirit of the previous works by Penrose and Collet, Goudon,
Poupaud & Vasseur. Convergence of the solutions to these rescaled BD equations towards a solution to the LSW
equation is shown. For general coefficients an approach in the spirit of numerical analysis allows to approximate
the Lifshitz-Slyozov equation by a sequence of BD equations. A new uniqueness result for the BD equations is also
provided.

1 Introduction

The Becker-Döring (BD) equations [3] and the Lifshitz-Slyozov (LS) equation [14] are two classical models of phase
transitions describing different stages of the growth of grains of a new phase from a supersaturated solution. The LS
equation actually describes the late stages of the growth process in which no new grain can form. The determining
process is then the growth of the grains by diffusional mass exchange [14] : the grains of the new phase larger than
some critical size grow at the expense of smaller ones, the critical size varying in time as a function of the degree of
supersaturation. A mean-field model has been formulated by Lifshitz & Slyozov [14] which consists of a continuity
equation for the volume distribution function f of the grains coupled with the equation of the conservation of matter.
For spherical grains it reads

∂tf + ∂x (V f) = 0, (t, x) ∈ R2
+, (1.1)

u(t) + A

∫ ∞

0

x f(t, x) dx = Q, t ∈ R+, (1.2)

where x ∈ R+ := (0,+∞) is the volume of the grains, t ∈ R+ is the time variable, Q is the total initial supersaturation
and A is a positive geometric factor. Finally V = V(t, x) denotes the rate of growth of the grains and is determined
by the mechanism of mass transfer between the grains, e.g., volume diffusion [14] or grain-boundary diffusion [22]. In
general one has

V(t, x) = k(x) u(t)− q(x), (1.3)

where the functions k and q are computed from the modeling of the mechanism of mass transfer between the grains
[14, 22]. On the other hand the BD equations describe earlier stages of the growth of the grains at a smaller scale
(before the grains reach a “macroscopic” size) and have been proposed as a model for the dynamics of a system of
clusters of particles which may either gain (coagulation) or shed one particle (fragmentation) [3, 8]. If ci(t) denotes
the number of clusters made of i particles (or i-clusters), i ∈ N\{0}, per unit volume at time t, the BD equations read

dc1

dt
= −J1(c)−

∞∑
i=1

Ji(c), t ∈ R+, (1.4)

dci

dt
= Ji−1(c)− Ji(c), t ∈ R+, i ≥ 2, (1.5)

where c = (ci)i≥1 and
Ji(c) = ai c1 ci − bi+1 ci+1, i ≥ 1. (1.6)
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Observe that there is no source nor sink of particles in the above model so that the total number of particles is expected
to be conserved through time evolution, that is,

∞∑
i=1

i ci(t) = const., t ∈ [0,+∞). (1.7)

Solutions to (1.4)-(1.5) actually enjoy this property [2].
Since the above mentioned models describe similar phenomena but at different scales it is natural to look for

connections between them. Preliminary investigations were performed in [19] and indicate that the behaviour of
the distribution of large clusters at large times resulting from the BD equations is approximatively given by the LS
equation. A more precise relationship between the BD and LS equations has been recently provided by Penrose [18] :
introducing a small parameter an asymptotic expansion of suitably rescaled solutions to the BD equations is performed
in [18, Section 6] (see also the survey paper [21]) with

ai = a1 i1/3 and bi = a1 i1/3
(
zs + q i−1/3

)
, i ≥ 2,

a1, zs and q being positive real numbers. The lower order term of the expansion is shown to obey the LS equation
with k(x) = a1 x1/3 and q(x) = a1 q, the function u being determined by

u(t)
∫ ∞

0

k(x) f(t, x) dx =
∫ ∞

0

q(x) f(t, x) dx, t ≥ 0, (1.8)

instead of (1.2). The condition (1.8) is derived in [24] and is equivalent to the requirement that the solution f to the
continuity equation (1.1) satisfies ∫ ∞

0

x f(t, x) dx = const., t ≥ 0. (1.9)

We shall henceforth refer to (1.1)-(1.8) as the Lifshitz-Slyozov-Wagner (LSW) equation throughout the paper. The
arguments of Penrose [18] are however formal and a different scaling of the BD equations leading to the LS equation
has been proposed more recently in [5] together with a convergence proof. More precisely, given bounded coefficients
(ai) and (bi) satisfying

|ai+1 − ai|+ |bi+1 − bi| ≤ K/i, i ≥ 1,

a suitable rescaling of the BD equations (1.4)-(1.5) is introduced in [5] and a subsequence of the solutions to these
rescaled BD equations is shown to converge towards a measure-valued solution to the LS equation (1.1)-(1.2). Unfor-
tunately the analysis of [5] does not allow in general to identify the functions k and q defining the growth rate V in
(1.3) except when ai and bi both have a limit as i → +∞.

The aim of this paper is twofold : we first return to the approach of [18, 5] and consider the BD equations with
homogeneous coefficients ai = iλ and bi = iµ for i ≥ 1 and 0 ≤ µ < λ ≤ 1. Rescaling appropriately the BD equations
allows us to show the convergence of the corresponding rescaled solutions towards a solution of the LSW equation
(1.1)-(1.8) with k(x) = xλ and q(x) = xµ, x ∈ R+. More precisely, denoting by c = (ci) the solution to the BD
equations (1.4)-(1.5) and introducing a small parameter ε ∈ (0, 1) we follow the approach of [18, 5] and look for the
large time behaviour of c by introducing cε(t) = c(tε−ν) for t ∈ [0,+∞) where ν is to be determined later (the choice
ν = 1 is made in [18, 5]). By (1.4)-(1.5) and (1.7) cε = (cε

i ) is a solution to

dcε
i

dt
= ε1−µ−ν

(
εµ−λ cε

1

((i− 1) ε)λ cε
i−1 − (i ε)λ cε

i

ε

)
(1.10)

+ ε1−µ−ν

(
((i + 1) ε)µ cε

i+1 − (i ε)µ cε
i

ε

)
for i ≥ 2 and

cε
1(t) +

∞∑
i=2

i ε2 cε
i (t)
ε2

= const. (1.11)

First, in order to interpret the series in (1.11) as the first moment of a function fε which is piecewise constant on the
intervals [(i− 1/2)ε, (i + 1/2)ε) we are led to consider

fε(t, x) =


cε
i (t)
ε2

if x ∈ [(i− 1/2)ε, (i + 1/2)ε) and i ≥ 2,

0 otherwise.
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Next, for (1.10) to be close to (1.1) as ε → 0 the choices ν = 1− µ and uε = εµ−λ cε
1 yield

∂tf
ε ∼ −∂x

((
xλ uε − xµ

)
fε
)

while (1.11) reads

ελ−µ uε(t) +
∫ ∞

0

x fε(t, x) dx = const. (1.12)

Since λ > µ we see at least formally that we may expect (fε, uε) to converge towards a solution to the LSW equation
(1.1)-(1.8). This expectation turns out to be true and is stated precisely in the next section and proved in Section 4.

In the second part of this paper we present a different approach to study the relationship between the BD and LS
equations which is more in the spirit of numerical analysis and is inspired by [9, 12]. More precisely, in contrast with
the previous approach, we start from the LS equations and, given functions k and q and a mesh size ∆ ∈ (0, 1), we
construct sequences (a∆

i ) and (b∆
i ) of coefficients for the BD equations. We then use the corresponding solutions to

the BD equations to construct a sequence of piecewise constant functions which converges towards a solution to the
LS equation. To give a rough idea of our construction, we consider ∆ ∈ (0, 1) and denote by c∆ = (c∆

i ) the solution
to the BD equations (1.4)-(1.5) with coefficients (a∆

i ) and (b∆
i ) to be determined in terms of k and q. Then

dc∆
i

dt
= c∆

1

∆ a∆
i−1c

∆
i−1 −∆ a∆

i c∆
i

∆
+

∆ b∆
i+1 c∆

i+1 −∆ b∆
i c∆

i

∆
(1.13)

for i ≥ 2 and

c∆
1 (t) +

∞∑
i=2

i ∆2 c∆
i (t)
∆2

= const. (1.14)

Arguing as above we are led to define

f∆(t, x) =


c∆
i (t)
∆2

if x ∈ [(i− 1/2)∆, (i + 1/2)∆) and i ≥ 2,

0 otherwise.

Putting u∆ = c∆
1 we formally recover (1.2) from (1.14) while it is easily seen that (1.13) gives (1.1) in the limit ∆ → 0

if
∆ a∆

i ∼ k and ∆ b∆
i ∼ q on [(i− 1/2)∆, (i + 1/2)∆).

A possible choice for (a∆
i ) and (b∆

i ) is then

a∆
i =

1
∆2

∫ (i+1/2)∆

(i−1/2)∆

k(x) dx and b∆
i =

1
∆2

∫ (i+1/2)∆

(i−1/2)∆

q(x) dx

for i ≥ 2 and a rigorous justification of the above formal computations is performed in Section 3.
We now describe the contents of the paper : the approximations outlined above are stated precisely in the next

section, and our main results as well. Besides the convergence of the Becker-Döring equations towards the Lifshitz-
Slyozov and Lifshitz-Slyozov-Wagner equations which are stated in Theorem 2.5 and Theorem 2.3, respectively, we
also obtain a new uniqueness result for the Becker-Döring equations (Theorem 2.1) which generalizes a previous result
by Ball, Carr & Penrose [2]. The proofs of the convergence results are performed in Sections 3 and 4, respectively.
It is worth mentioning at this point that, though the approximating Becker-Döring equations are built in a different
way, the convergence proofs have some common features and proceed in two steps. We first prove the boundedness
of (uε) and (u∆) which is straightforward for the latter but more difficult to obtain for the former and requires to
improve a device from [11]. Once the boundedness of (uε) and (u∆) is shown the weak compactness in L1 of (fε) and
(f∆) follows by a suitable adaptation of arguments developed in [10] for the analysis of the Lifshitz-Slyozov equation.
Loosely speaking the main idea behind this part of the proof is the stability with respect to the weak topology of
L1(R+;xdx) of perturbations of the Lifshitz-Slyozov equation. One then realizes that, once written in terms of (fε) or
(f∆), the approximating Becker-Döring equations are indeed suitable perturbations of the Lifshitz-Slyozov equation
from which the weak compactness of (fε) and (f∆) follows. Finally, Section 5 is devoted to the proof of the uniqueness
of solutions to the Becker-Döring equations stated in Theorem 2.1.
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2 Main results

Since the seminal paper [2] several features of the initial value problem for the Becker-Döring equations (1.4)-(1.5)-(1.6)
with initial data

ci(0) = cin
i , i ≥ 1, (2.1)

have been studied (well-posedness [2], convergence to equilibrium [1, 2, 20], metastable states [17]) and we recall now
the existence and uniqueness results from [2] we need in the sequel. We are actually able to improve the uniqueness
result of [2] so that the uniqueness statement of Theorem 2.1 below is new. We first introduce some notations : we
define the space X by

X =

{
c = (ci)i≥1 ∈ RN\{0} ,

∞∑
i=1

i |ci| < ∞

}
which is a Banach space with the norm

‖c‖X =
∞∑

i=1

i |ci|, c ∈ X,

and we denote by X+ the positive cone of X, that is,

X+ = {c = (ci)i≥1 ∈ X , ci ≥ 0 for i ≥ 1} .

Theorem 2.1 Consider cin =
(
cin
i

)
i≥1

∈ X+ and assume that the kinetic coefficients (ai) and (bi) enjoy the following
properties :

0 ≤ ai and ai+1 − ai ≤ K, i ≥ 1, (2.2)

0 ≤ bi and bi − bi+1 ≤ K, i ≥ 2, (2.3)

for some positive constant K. Then there is a unique function c : [0,+∞) → X+ such that

ci ∈ C([0,+∞)) for i ≥ 1, (2.4)
∞∑

i=1

ai ci ∈ L1(0, t),
∞∑

i=2

bi ci ∈ L1(0, t), (2.5)

ci(t) = cin
i +

∫ t

0

(Ji−1(c(s))− Ji(c(s))) ds, i ≥ 2, (2.6)

c1(t) = cin
1 −

∫ t

0

(
J1(c(s)) +

∞∑
i=1

Ji(c(s))

)
ds, (2.7)

and
‖c(t)‖X = ‖cin‖X (2.8)

for each t ∈ [0,+∞).

Observe first that, owing to (2.8), the integral equation (2.7) may be replaced by the algebraic equation

c1(t) +
∞∑

i=2

i ci(t) = ‖cin‖X , t ∈ [0,+∞). (2.9)

Notice also that (2.2) implies that
0 ≤ ai ≤ i max {K, a1}, i ≥ 1, (2.10)

while (2.3) ensures that
0 ≤ Bi ≤ Bi+1 where Bi := bi + K i, i ≥ 2. (2.11)

On the one hand, owing to (2.10) the existence of a solution c to (1.4)-(2.1) satisfying the properties stated in
Theorem 2.1 follows from [2, Corollary 2.3 & Corollary 2.6]. On the other hand the uniqueness results of [2] require
either a stronger assumption on the initial datum or that the kinetic coefficients satisfy

0 ≤ ai + bi ≤ C i2/3 with |ai − ai−1|+ |bi+1 − bi| ≤ C i−1/3, i ≥ 2,
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for some positive constant C, which is clearly stronger than (2.2) and (2.3). Theorem 2.1 thus provides the uniqueness
of solutions to (1.4)-(2.1) for a larger class of kinetic coefficients.

We now turn to the Lifshitz-Slyozov-Wagner equations

∂tf + ∂x (V f) = 0, (t, x) ∈ R2
+, (2.12)

f(0, x) = f in(x), x ∈ R+, (2.13)

where the growth rate of the grains is defined by

V(t, x) = k(x) u(t)− q(x), (t, x) ∈ R2
+, (2.14)

and u is given either by [14]

u(t) + A

∫ ∞

0

x f(t, x) dx = Q, t ∈ R+, (2.15)

with A > 0 and Q > 0, or [24]

u(t)
∫ ∞

0

k(x) f(t, x) dx =
∫ ∞

0

q(x) f(t, x) dx, t ∈ R+. (2.16)

As already mentioned the functions k and q involved in the definition of V are determined by the mechanism of
mass transfer between the grains and we provide now a couple of examples which have been derived in [14] and [24],
respectively :
– the Lifshitz-Slyozov case [14] : the functions k and q are given by

k(x) = 3 x1/3 and q(x) = 3, x ∈ R+. (2.17)

– the Wagner case [24] : the functions k and q are given by

k(x) =
a x2/3

c x1/3 + d
and q(x) =

b x1/3

c x1/3 + d
, x ∈ R+, (2.18)

where a, b, c and d are positive real numbers.
A more thorough description of the computation of the growth rate V together with the physical assumptions leading
to various formulae for k and q may be found in [22].

For the first convergence result of this paper we restrict ourselves to homogeneous functions k and q, that is, the
model case

k(x) = a xλ and q(x) = b xµ, x ∈ R+, (2.19)

where a, b are positive real numbers and 0 ≤ µ < λ ≤ 1. This case includes (2.17) as well as (2.18) when c = 0. We
also consider a function f in such that

f in ∈ L1(R+; (1 + x)dx) ∩W 1,1(R+), f in ≥ 0 a.e. in R+ and∫ ∞

x

y f in(y) dy > 0, x ∈ R+.
(2.20)

Remark 2.2 On the one hand the regularity assumption f in ∈ W 1,1(R+) made in (2.20) is only used in Lemma 4.4
below and could probably be relaxed. On the other hand the fact that f in is not compactly supported is crucial in order
to guarantee a positive lower bound for Aε defined in (4.11).

We now introduce the Becker-Döring equations approximating the Lifshitz-Slyozov-Wagner equation (2.12)-(2.13)-
(2.16) : we define

ai = a iλ and bi+1 = b (i + 1)µ, i ≥ 1. (2.21)

For ε ∈ (0, 1) and i ≥ 1 we put Λi = [(i− 1/2)ε, (i + 1/2)ε), χε
i = 1Λi

and

cin,ε
i = ε

∫
Λi

f in(x) dx, i ≥ 1, (2.22)
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αε
i = ai, βε

i = bi for i ≥ 2 and αε
1 = ε3−λ a1. (2.23)

Since f in is non-negative by (2.20) and

∞∑
i=1

i cin,ε
i ≤ 2

∫ ∞

0

x f in(x) dx (2.24)

we have cin,ε = (cin,ε
i ) ∈ X+. We then infer from Theorem 2.1 that there exists a unique solution Γε = (Γε

i ) to the
Becker-Döring equations (1.4)-(2.1) with kinetic coefficients (αε

i ), (βε
i ) and initial data cin,ε enjoying the properties

(2.4)-(2.9). Following the arguments presented in the Introduction we further introduce cε = (cε
i ) defined by

cε
i (t) = Γε

i (tε
µ−1), (t, i) ∈ [0,+∞)× N \ {0}, (2.25)

and put

fε(t, x) =
1
ε2

∞∑
i=2

cε
i (t) χε

i (x) and uε(t) = εµ−λ cε
1(t) (2.26)

for (t, x) ∈ [0,+∞)× R+. Our first result then reads as follows.

Theorem 2.3 There is a sequence (εn) of real numbers in (0, 1), εn → 0, and a couple of non-negative functions
(f, u) such that 

fεn −→ f in C([0, t];w − L1(R+;xdx)),

uεn
∗
⇀ u weakly in L∞(0, t).

(2.27)

Here f is a weak solution to (2.12)-(2.13)-(2.16) in the following sense : f ∈ C([0, t];L1(R+;xdx)) ∩ L∞(0, t;L1(R+)),

u ∈ L∞(0, t),
(2.28)

and there holds ∫ ∞

0

f(t, x) g(x) dx =
∫ ∞

0

f in(x) g(x) dx (2.29)

+
∫ t

0

∫ ∞

0

gx(x) V(s, x) f(s, x) dxds,

for each t ∈ R+ and g ∈ D(R+) with V given by (2.14), k and q by (2.19) and

u(t)
∫ ∞

0

k(x) f(t, x) dx =
∫ ∞

0

q(x) f(t, x) dx, (2.30)

or, equivalently, ∫ ∞

0

x f(t, x) dx =
∫ ∞

0

x f in(x) dx. (2.31)

In addition, if either µ > 0 or λ = 1 the convergence (2.27) holds true for the whole sequence (fε, uε).

The last assertion of Theorem 2.3 readily follows from the uniqueness of weak solutions to (2.12)-(2.13)-(2.16)
which holds true when µ > 0 or λ = 1 by [11, Theorem 3]. Let us also mention here that existence and uniqueness of
measure-valued solutions to (2.12)-(2.13)-(2.16) have been recently proved when k and q are given by (2.17) in [15, 16]
while existence of weak solutions as in the previous theorem is investigated in [11] for a wider class of functions k and
q, the initial datum being a non-negative and integrable function with finite first moment.

Remark 2.4 It is worth to point out here that the scaling of the coagulation coefficients (αε
i ) defined in (2.23) is

different according to whether i ≥ 2 or i = 1. As already remarked in [5] this stems from the fact that, though the
1-clusters play the role of the solute in the Becker-Döring model the interaction between the solute and the grains in
the Lifshitz-Slyozov-Wagner theory and between the 1-clusters and the other clusters in the Becker-Döring model are
of a different nature as the formation of 2-clusters by aggregation of 1-clusters does not take place in the former. The
rate of this reaction thus should somehow vanish in the limit ε → 0.
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We next turn to the Becker-Döring approximation of the Lifshitz-Slyozov equation (2.12)-(2.13)-(2.15). We shall
here drop the assumption of homogeneity made on the functions k and q in the previous result. We actually consider
a wider class of functions k and q which includes the examples (2.17) and (2.18) and the model case (2.19) when
0 ≤ µ < λ ≤ 1. More precisely we assume that k and q enjoy the following properties.{

The function k is a non-negative function in C([0,+∞)) ∩ C1(R+) satisfying
k′ ∈ L∞(1,+∞) and k′ ≥ 0.

(2.32)

{
The function q is a non-negative and concave function in C([0,+∞))∩ C1(R+)
satisfying q′ ∈ L∞(1,+∞) and q′ ≥ 0.

(2.33)

In other words the functions k and q are Lipschitz continuous functions for large values of x and might be less regular
near x = 0, but are non-decreasing. We also assume that, for every U ≥ 0, there exists xU ∈ (0, 1] such that

U k(x)− q(x) ≤ −x q′(x), x ∈ (0, xU ]. (2.34)

In particular, q′ being non-negative by (2.33), we infer from (2.32)-(2.34) that U k(0) − q(0) ≤ 0 for U ≥ 0 which
ensures that no boundary condition is needed at x = 0 to solve (2.12)-(2.13). In addition it follows from (2.33) and
(2.34) that

lim
x→0

q(x)
k(x)

= +∞. (2.35)

We next consider two positive real numbers Q and A and assume that the initial datum f in satisfies
f in ∈ L1(R+; (1 + x)dx), f in ≥ 0 a.e. in R+ and

A

∫ ∞

0

x f in(x) dx ≤ Q.
(2.36)

For ∆ ∈ (0, 1) and i ≥ 2 we put Λi = [(i− 1/2) ∆, (i + 1/2) ∆), χ∆
i = 1Λi

and

a∆
i =

1
∆2

∫
Λi

k(x) dx and b∆
i =

1
∆2

∫
Λi

q(x) dx, (2.37)

cin,∆ =
(
cin,∆
i

)
with cin,∆

i = A ∆
∫

Λi

f in(x) dx. (2.38)

We also put

a∆
1 = ∆

∫ 3∆/2

∆/2

k(x) dx and cin,∆
1 = Q−A

∫ ∞

0

x f in(x) dx. (2.39)

Here again a∆
1 vanishes as ∆ → 0 (see Remark 2.4 above). Clearly, since

∞∑
i=2

i cin,∆
i ≤ 2

∫ ∞

0

x f in(x) dx,

it follows from (2.36) that cin,∆ belongs to X+ while (2.32) and (2.33) entail that (a∆
i ) and (b∆

i ) satisfy (2.2) and (2.3)
(with a constant K possibly depending on ∆). Consequently, by Theorem 2.1 there is a solution c∆ = (c∆

i ) to the
Becker-Döring equations (1.4)-(2.1) with kinetic coefficients (a∆

i ), (b∆
i ) and initial data cin,∆. With these notations

our second convergence result reads as follows.

Theorem 2.5 For ∆ ∈ (0, 1) we denote by (f∆, u∆) the functions defined by

f∆(t, x) =
∞∑

i=2

c∆
i (t)

A ∆2
χ∆

i (x), (t, x) ∈ [0,+∞)× [0,+∞), (2.40)

u∆(t) = c∆
1 (t), t ∈ [0,+∞). (2.41)
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There are a sequence (∆n) of real numbers in (0, 1), ∆n → 0, and a couple of non-negative functions (f, u) such that f∆n −→ f in C([0, t];w − L1(R+;xdx)),

u∆n −→ u in C([0, t]),
(2.42)

where 
f ∈ C([0, t];L1(R+;xdx)) ∩ L∞(0, t;L1(R+)),

0 ≤ Q−A

∫ ∞

0

x f(t, x) dx = u(t),
(2.43)

and ∫ ∞

0

f(t, x) g(x) dx =
∫ ∞

0

f in(x) g(x) dx (2.44)

+
∫ t

0

∫ ∞

0

gx(x) V(s, x) f(s, x) dxds,

for each t ∈ R+ and g ∈ D(R+) with V given by (2.14). In addition, if either

sup
x∈[0,+∞)

(Q k′(x)− q′(x)) < +∞, (2.45)

or
q′ ∈ L∞(R+) and Q k(x)− q(x) < 0 in a neighbourhood of x = 0, (2.46)

the convergence (2.42) holds true for the whole sequence
(
f∆, u∆

)
.

Let us mention here that existence and uniqueness of weak solutions to (2.12)-(2.13)-(2.15) have been investigated
recently under various assumptions on the data k, q and f in [4, 10, 15] and the proof of Theorem 2.5 actually provides
an alternative proof of [10, Theorem 2.2] for the class of functions k and q considered here. In addition the last
assertion of Theorem 2.5 follows at once from the uniqueness of weak solutions to (2.12)-(2.13)-(2.15) which is valid
when k and q fulfil either (2.45) or (2.46) [10, Theorem 2.3]. Since the functions k and q given by (2.18) and (2.17)
enjoy the properties (2.45) and (2.46), respectively, the convergence of the whole sequence

(
f∆, u∆

)
holds true in that

case.

Remark 2.6 Coming back to the model case (2.19) notice that the case λ = µ ∈ [0, 1] is neither covered by Theorem 2.3
(as it would formally give the Lifshitz-Slyozov equation in the limit ε → 0 by (1.12) and not the Lifshitz-Slyozov-Wagner
equation) nor by Theorem 2.5 (since (2.34) is not fulfilled for U large enough). Such a choice of the functions k and
q seems however to be physically irrelevant since, at a given time t, there is no critical radius and all the grains shrink
or expand according to the sign of au(t)− b. In addition a boundary condition at x = 0 is needed to solve (1.1) when
ku− q = (u− b/a)k reaches some positive value. It is thus not clear whether our approach could work in that case.

3 Convergence towards the LS equation

We first notice that, if (f, u) is a solution to the LS equation (2.12)-(2.13)-(2.15), then (Af, u) is also a solution with
A = 1 in (2.15). We may thus take A = 1 in (2.15) without loss of generality. We next consider ∆ ∈ (0, 1) and let
(a∆

i ), (b∆
i ), c∆, f∆ and u∆ be defined by (2.37), (2.38), (2.39), (2.40) and (2.41), respectively. We also put

a∆ =
∞∑

i=2

∆ a∆
i

χ∆
i and b∆ =

∞∑
i=2

∆ b∆
i

χ∆
i .

It follows from (2.32), (2.33) and (2.34) that
(a∆, b∆) are two sequences of non-negative and non-decreasing functions con-
verging towards (k, q) uniformly on compact subsets of R+ and there is a con-
stant C depending only on k and q such that

a∆(x) + b∆(x) ≤ C (1 + x), x ∈ R+,

(3.1)
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for every U ∈ R+, there exists XU ∈ (0, 1) depending only on U , k and q such
that

U a∆(x)− b∆(x) + (i− 1/2)
(
b∆(x + ∆)− b∆(x)

)
≤ 0, x ∈ Λi

for i ≥ 2 such that Λi ⊂ (0, XU ) and ∆ ∈ (0, XU/2).

(3.2)

While the proof of (3.1) is straightforward we briefly outline that of (3.2) at the end of this section.
The first step of the proof is to identify the equations satisfied by (f∆, u∆) together with an inequation satisfied

by β(f∆) for some convex functions β.

Lemma 3.1 Let ξ be a non-negative function in W 1,∞
loc (R+) with ∂xξ ∈ L∞(R+). For t ≥ 0 there holds∫ ∞

0

ξ(x)
(
f∆(t, x)− f∆(0, x)

)
dx = P∆(t, ξ)

+
∫ t

0

∫ ∞

0

{
(τ∆ξ) a∆ u∆ − (τ−∆ξ) b∆

}
f∆ dxds (3.3)

u∆(t) +
∫ ∞

0

x f∆(t, x) dx = Q + ω(∆), (3.4)

where |ω(∆)| ≤ 2 |f in|L1 ∆,

P∆(t, ξ) =
1

∆2

∫ t

0

∫
Λ2

(
a∆
1 u∆(s) c∆

1 (s) ξ(x)−∆2 b∆(x) f∆(s, x) ξ(x−∆)
)

dxds,

and

(τhξ) (x) =
ξ(x + h)− ξ(x)

h
, (x, h) ∈ R+ × R.

In addition, if β ∈ C1([0,+∞)) is a non-negative and convex piecewise C2-smooth function with β(0) = 0, β′(0) ≥ 0,
β′ concave and such that ξ(.)β(f∆(0, .)) belongs to L1(R+), we have∫ ∞

0

ξ(x)
(
β(f∆(t, x))− β(f∆(0, x))

)
dx

≤ ∆ a∆
1 |ξ|L∞(0,3∆)

∫ t

0

u∆(s) β

(
c∆
1 (s)
∆2

)
ds

+
∫ t

0

∫ ∞

0

{
(τ∆ξ) a∆ u∆ − (τ−∆ξ) b∆ + ξ (τ∆b∆)

}
β(f∆) dxds. (3.5)

Proof. Let us first recall that, by [2, Theorem 2.5], there holds
∞∑

i=2

gi (c∆
i (t)− cin,∆

i ) =
∫ t

0

∞∑
i=2

(gi+1 − gi) a∆
i u∆ c∆

i ds +
∫ t

0

g2 a∆
1 u∆c∆

1 ds

−
∫ t

0

∞∑
i=2

(gi − gi−1) b∆
i c∆

i ds−
∫ t

0

g1 b∆
2 c∆

2 ds (3.6)

for every sequence (gi)i≥1 of non-negative real numbers such that (|gi+1−gi|) is bounded. Let ξ be as in the statement
of Lemma 3.1 and put

gi =
∫

Λi

ξ(x) dx, i ≥ 1.

Then (|gi+1 − gi|) is bounded and we infer from (3.6) that
∞∑

i=2

∫
Λi

ξ(x)
(
c∆
i (t)− cin,∆

i

)
dx =

∫ t

0

∞∑
i=2

∫
Λi

(ξ(x + ∆)− ξ(x)) a∆
i c∆

1 c∆
i dxds

+
∫ t

0

∞∑
i=2

∫
Λi

(ξ(x−∆)− ξ(x)) b∆
i c∆

i dxds

+ ∆2 P∆(t, ξ),
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whence (3.3). Next, by (2.8), (2.38) and (2.39) we have

u∆(t) +
∫ ∞

0

x f∆(t, x) dx = c∆
1 (t) +

∞∑
i=2

i c∆
i (t)

= cin,∆
1 +

∞∑
i=2

i cin,∆
i

= Q + ω(∆),

with

ω(∆) =
∞∑

i=2

∫
Λi

(i∆− x) f in(x) dx−
∫ 3∆/2

0

x f in(x) dx,

from which we deduce (3.4). We now prove (3.5). For t ≥ 0 we have∫ ∞

0

ξ(x)
(
β(f∆(t, x))− β(f∆(0, x))

)
dx

=
∞∑

i=2

gi

∫ t

0

β′∆(c∆
i (s))

dc∆
i

dt
(s) ds

=
∫ t

0

(
A(s) u∆(s) + B(s)

)
ds, (3.7)

with β∆(r) = β(r/∆2), r ≥ 0, (gi) defined as above in terms of ξ and

A(s) =
∞∑

i=2

gi β′∆(c∆
i (s))

(
a∆

i−1 c∆
i−1 − a∆

i c∆
i

)
(s),

B(s) =
∞∑

i=2

gi β′∆(c∆
i (s))

(
b∆
i+1 c∆

i+1 − b∆
i c∆

i

)
(s).

On the one hand we infer from the convexity of β that

A =
∞∑

i=2

gi a∆
i−1 β′∆(c∆

i )
(
c∆
i−1 − c∆

i

)
+

∞∑
i=2

gi

(
a∆

i−1 − a∆
i

)
β′∆(c∆

i ) c∆
i

≤
∞∑

i=2

gi a∆
i−1

(
β∆(c∆

i−1)− β∆(c∆
i )
)

+
∞∑

i=2

gi

(
a∆

i−1 − a∆
i

)
β∆(c∆

i )

+
∞∑

i=2

gi

(
a∆

i−1 − a∆
i

) (
β′∆(c∆

i ) c∆
i − β∆(c∆

i )
)

≤
∞∑

i=2

(gi+1 − gi) a∆
i β∆(c∆

i ) + g2 a∆
1 β∆(c∆

1 )

+
∞∑

i=2

gi

(
a∆

i−1 − a∆
i

) (
β′∆(c∆

i ) c∆
i − β∆(c∆

i )
)

A ≤ ∆ |ξ|L∞(0,3∆) a∆
1 β∆(c∆

1 ) +
∞∑

i=2

(gi+1 − gi) a∆
i β∆(c∆

i ),

where the last inequality follows from the monotonicity (2.32) of k and the property r β′∆(r) − β∆(r) ≥ 0 for r ≥ 0
enjoyed by non-negative convex functions vanishing at r = 0. Writing gi in terms of ξ yields

A ≤ ∆ a∆
1 |ξ|L∞(0,3∆) β(c∆

1 /∆2) +
∫ ∞

0

(τ∆ξ) a∆ β(f∆) dx.
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On the other hand we use once more the convexity of β to obtain

B =
∞∑

i=2

gi b∆
i+1 β′∆(c∆

i )
(
c∆
i+1 − c∆

i

)
+

∞∑
i=2

gi

(
b∆
i+1 − b∆

i

)
β′∆(c∆

i ) c∆
i

≤
∞∑

i=2

gi b∆
i+1

(
β∆(c∆

i+1)− β∆(c∆
i )
)

+
∞∑

i=2

gi

(
b∆
i+1 − b∆

i

)
β∆(c∆

i )

+
∞∑

i=2

gi

(
b∆
i+1 − b∆

i

) (
β′∆(c∆

i ) c∆
i − β∆(c∆

i )
)

≤
∞∑

i=2

(gi−1 − gi) b∆
i β∆(c∆

i ) +
∞∑

i=2

gi

(
b∆
i+1 − b∆

i

) (
β′∆(c∆

i ) c∆
i − β∆(c∆

i )
)

B ≤
∞∑

i=2

(gi−1 − gi) b∆
i β∆(c∆

i ) +
∞∑

i=2

gi

(
b∆
i+1 − b∆

i

)
β∆(c∆

i ),

where we have used the monotonicity (2.33) of q and the inequality r β′∆(r) ≤ 2 β∆(r) which holds true for β∆ by [10,
Lemma A.1]. We thus end up with

B ≤
∫ ∞

0

{
ξ (τ∆b∆)− (τ−∆ξ) b∆

}
β(f∆) dx.

Inserting the estimates for A and B in (3.7) yields (3.5). ut
As a first consequence of (3.4) and the non-negativity of u∆ and f∆ there are positive constants U and C depending

only on Q and f in such that

u∆(t) ≤ U and
∫ ∞

0

x f∆(t, x) dx ≤ C (3.8)

for every (t, ∆) ∈ [0,+∞) × (0, 1). In the following we denote by C any positive constant which depends only on Q,
k, q and f in. The dependence of C upon additional parameters will be indicated explicitly.

We fix T ∈ R+ and assume from now on that ∆ ∈ (0, XU/4) where XU is defined in (3.2). It follows from (3.3)
with ξ ≡ 1 that

|f∆(t)|L1 ≤ |f∆(0)|L1 +
a∆
1

∆2

∫ t

0

u∆(s) c∆
1 (s) ds, t ∈ [0, T ],

and we deduce from (2.38), (2.39) and (3.8) that

|f∆(t)|L1 ≤ |f in|L1 + |k|L∞(0,2) U2 T ≤ C(T ), t ∈ [0, T ]. (3.9)

We next investigate the propagation of generalized moments of f∆.

Lemma 3.2 Let ϕ ∈ C1([0,+∞)) be a non-negative and convex piecewise C2-smooth function with ϕ(0) = 0, ϕ′(0) ≥ 0
and such that ϕ′ is a concave function. Assume further that

Mϕ :=
∫ ∞

0

ϕ(x) f in(x) dx < ∞. (3.10)

For t ∈ [0, T ] there holds ∫ ∞

0

ϕ(x) f∆(t, x) dx ≤ C(T, ϕ′′(0),Mϕ). (3.11)

Proof. We first assume that ϕ′ is bounded. We may then take ξ = ϕ in (3.3) : since the convexity of ϕ and the
concavity of ϕ′ entail that

(τ∆ϕ− τ−∆ϕ) (x) ≤ ϕ′(x + ∆)− ϕ′(x−∆)
≤ 2 ∆ ϕ′′(x−∆) ≤ 2 ∆ ϕ′′(0)
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for x ≥ ∆, we infer from (2.39), (3.8) and the monotonicity of ϕ that, for t ∈ [0, T ],∫ ∞

0

ϕ
(
f∆(t)− f∆(0)

)
dx ≤ C(T ) + 2 ∆ ϕ′′(0)

∫ t

0

∫ ∞

0

b∆ f∆ dxds

+
∫ t

0

∫ ∞

0

(τ∆ϕ) (a∆ U − b∆) f∆ dxds

We use again the monotonicity of ϕ together with (3.1), (3.2), (3.8) and (3.9) to conclude that∫ t

0

∫ ∞

0

(τ∆ϕ) (a∆ U − b∆) f∆ dxds ≤
∫ t

0

∫ XU

0

(τ∆ϕ) (a∆ U − b∆) f∆ dxds

+
∫ t

0

∫ ∞

XU

(τ∆ϕ) (a∆ U − b∆) f∆ dxds

≤ C

∫ t

0

∫ ∞

XU

(1 + x) (τ∆ϕ) f∆ dxds

≤ C

∫ t

0

∫ ∞

XU

x (τ∆ϕ) f∆ dxds

and

2 ∆ ϕ′′(0)
∫ t

0

∫ ∞

0

b∆ f∆ dxds ≤ C(T, ϕ′′(0)).

Consequently there holds∫ ∞

0

ϕ
(
f∆(t)− f∆(0)

)
dx ≤ C(T, ϕ′′(0))

(
1 +

∫ t

0

∫ ∞

XU

x (τ∆ϕ) f∆ dxds

)
. (3.12)

We now infer from the properties of ϕ and [10, Lemma A.1] that x ϕ′(x) ≤ 2 ϕ(x) for x ≥ 0 while the concavity of ϕ′

implies that ϕ′(2x) ≤ 2 ϕ′(x), whence ϕ(2x) ≤ 4 ϕ(x), x ≥ 0. Consequently, for x ≥ XU ≥ ∆,

x (τ∆ϕ)(x) ≤ 1
∆

∫ x+∆

x

y ϕ′(y) dy ≤ 2
∆

∫ x+∆

x

ϕ(y) dy ≤ 2 ϕ(2x) ≤ 8 ϕ(x).

Inserting the above estimate in (3.12) we obtain∫ ∞

0

ϕ
(
f∆(t)− f∆(0)

)
dx ≤ C(T, ϕ′′(0))

(
1 +

∫ t

0

∫ ∞

0

ϕ f∆ dxds

)
. (3.13)

Finally, since ϕ is non-decreasing, it follows from (2.38) that∫ ∞

0

ϕ f∆(0) dx ≤
∞∑

i=2

∫
Λi

ϕ((i + 1/2)∆) f in dx

≤
∞∑

i=2

∫
Λi

ϕ(2x) f in(x) dx ≤ 4
∫ ∞

0

ϕ f in dx.

Recalling (3.13) we have thus shown that∫ ∞

0

ϕ f∆(t) dx ≤ C(T, ϕ′′(0),Mϕ)
(

1 +
∫ t

0

∫ ∞

0

ϕ f∆ dxds

)
for t ∈ [0, T ], whence (3.11) by the Gronwall lemma provided ϕ′ is bounded. In the general case we introduce ϕR

defined by

ϕR(y) =

 ϕ(y) if y ∈ [0, R],

ϕ′(R) (y −R) + ϕ(R) if y ∈ [R,+∞),

for R ≥ 2 and notice that ϕR enjoys the same properties as ϕ with a bounded first derivative and ϕR ≤ ϕ with
ϕ′′R(0) = ϕ′′(0). The previous computation may then be performed with ϕR and Lemma 3.2 follows by passing to the
limit as R → +∞ after noticing that the constant in (3.11) does not depend on R. ut

We next employ (3.5) to study the behaviour of some superlinear functionals of f∆.
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Lemma 3.3 Let β ∈ C1([0,+∞)) be a non-negative and convex piecewise C2-smooth function with β(0) = 0, β′(0) = 0
and such that β′ is a concave function. Assume further that

Lβ :=
∫ ∞

0

β
(
f in(x)

)
dx < ∞. (3.14)

For t ∈ [0, T ] there holds ∫ ∞

0

min {x, 1} β
(
f∆(t, x)

)
dx ≤ C(T, β, Lβ). (3.15)

Proof. Since ∆ ≤ XU/4 there is an integer i? ≥ 4 such that XU ∈ Λi?
. We then define

ξ = ∆
∞∑

i=2

(min (i, i?)− 1/2) χ∆
i .

Owing to the specific structure of ξ we can still use (3.5). Since ξ(x) ≤ x it follows from (3.5) and (3.8) that∫ ∞

0

ξ
(
β(f∆(t))− β(f∆(0))

)
dx ≤ 3 ∆2 a∆

1 T U β(U/∆2)

+
∫ t

0

∫ (i?−1/2)∆

3∆/2

(
(τ∆ξ) a∆ U − (τ−∆ξ) b∆ + ξ (τ∆b∆)

)
β(f∆) dxds

+
∫ t

0

∫ ∞

(i?−1/2)∆

(
(τ∆ξ) a∆ U − (τ−∆ξ) b∆ + ξ (τ∆b∆)

)
β(f∆) dxds

Now, if x ∈ (3∆/2, (i? − 1/2)∆) there is i ∈ {2, . . . , i? − 1} such that x ∈ Λi. Since Λi ⊂ (0, XU ), (3.2) ensures that(
(τ∆ξ) a∆ U − (τ−∆ξ) b∆ + ξ (τ∆b∆)

)
(x)

≤ a∆(x) U − b∆(x) + (i− 1/2) ∆ (τ∆b∆)(x) ≤ 0,

while, for x ≥ (i? − 1/2)∆, x ∈ Λi for some i ≥ i? and there holds(
(τ∆ξ) a∆ U − (τ−∆ξ) b∆ + ξ (τ∆b∆)

)
(x)

≤ (i? − 1/2) ∆
∫

Λi

q(y + ∆)− q(y)
∆

dy ≤ |q′|L∞(XU /2,+∞) ξ(x).

Consequently, ∫ ∞

0

ξ β(f∆(t)) dx ≤
∫ ∞

0

ξ β(f∆(0)) dx + C(T ) ∆2 a∆
1 β(U/∆2)

+ C

∫ t

0

∫ ∞

0

ξ β(f∆(s)) dxds.

Finally, thanks to (2.39), the Jensen inequality and the properties of β, we have∫ ∞

0

ξ β(f∆(0)) dx ≤ C

∞∑
i=2

∫
Λi

β(f in(x)) dx ≤ Lβ

and

∆2 a∆
1 β(U/∆2) ≤ C ∆4

(
β′(0)

U

∆2
+ β′′(0)

U2

∆4

)
≤ C(β),

from which we deduce that∫ ∞

0

ξ β(f∆(t)) dx ≤ C(T, β, Lβ)
(

1 +
∫ t

0

∫ ∞

0

ξ β(f∆(s)) dxds

)
for t ∈ [0, T ]. Since ξ(x) ≥ min{x, 1}/3 for x ≥ 3∆/2 the Gronwall lemma allows us to conclude that (3.15) holds
true. ut
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We are now in a position to complete the proof of Theorem 2.5 and first aim at showing that Lemma 3.2 and 3.3
provide useful information on the compactness properties of f∆. We previously recall that (2.36) and a refined version
of the de la Vallée-Poussin theorem [13, Proposition I.1.1] warrant that there are two non-negative and convex functions
Φ1 and Φ2 such that, for l = 1, 2, Φl belongs to C1([0,+∞)) and is piecewise C2-smooth with Φl(0) = 0, Φ′l(0) ≥ 0, Φ′l
is a concave function,

lim
r→+∞

Φl(r)
r

= +∞ (3.16)

and
L :=

∫ ∞

0

{
Φ1(1 + x) f in(x) + (1 + x) Φ2(f in(x))

}
dx < +∞. (3.17)

Owing to (3.17) we deduce from Lemma 3.2 and Lemma 3.3 that

sup
t∈[0,T ]

∫ ∞

0

{
Φ1(x) f∆(t, x) + min{x, 1} Φ2(f∆(t, x))

}
dx ≤ C(T ). (3.18)

Since Φ1 and Φ2 satisfy (3.16), the bound (3.18) and the Dunford-Pettis theorem entail that there is a weakly
compact subset Kw(T ) of L1(R+, x dx) such that{

f∆(t),∆ ∈ (0, XU/4)
}
⊂ Kw(T ) for t ∈ [0, T ]. (3.19)

We next investigate the equicontinuity with respect to time of (f∆). Fix R ≥ 1 and consider ξ ∈ D(1/R,R). If
∆ ≤ 1/(5R) it follows from (3.1), (3.3), (3.8) and (3.9) that, for t ∈ [0, T ) and h ∈ (0, T − t), we have∣∣∣∣∫ ∞

0

ξ(x)
(
f∆(t + h, x)− f∆(t, x)

)
dx

∣∣∣∣
≤

∫ t+h

t

|∂xξ|L∞
∫ ∞

0

(a∆ U + b∆) f∆ dxds

≤ C(ξ)
∫ t+h

t

∫ ∞

0

(1 + x) f∆ dxds ≤ C(ξ, T ) h,

whence

lim
h→0

sup
t∈[0,T−h]

sup
∆∈(0,1/(5R))

∣∣∣∣∫ ξ(x)
(
f∆(t + h, x)− f∆(t, x)

)
dx

∣∣∣∣ = 0. (3.20)

Furthermore, since an arbitrary function in L∞(1/R,R) is the almost everywhere limit of a sequence of functions in
D(1/R,R) which is bounded in L∞(1/R,R) we infer from (3.19) and (3.20) that (3.20) actually holds true for every
ξ ∈ L∞(1/R,R). According to a variant of the Arzelà-Ascoli theorem (see, e.g., [23, Theorem 1.3.2]) we infer from
(3.19) and (3.20) that (f∆) is relatively compact in C([0, T ];w − L1(1/R,R)) for each T ∈ R+ and R ≥ 1. By a
diagonal process we obtain a sequence (∆n) of real numbers in (0, 1), ∆n → 0, and a function

f ∈ C([0,+∞);w − L1(1/R,R)) (3.21)

such that
f∆n −→ f in C([0, T ];w − L1(1/R,R)) (3.22)

for each T ∈ R+ and R ≥ 1. Recalling (3.19) it is easily seen that (3.21)-(3.22) can be improved to f ∈ C([0,+∞);w−
L1(R+, xdx)) and

f∆n −→ f in C([0, T ];w − L1(R+, xdx)) (3.23)

for each T ∈ R+. Clearly (3.23) ensures that f(t) is non-negative almost everywhere in R+ for t ≥ 0 and it readily
follows from (3.4), (3.9) and (3.23) that f ∈ L∞(0, T ;L1(R+)) and

lim
n→+∞

|u∆n − u|C([0,T ]) = 0 with u(t) = Q−
∫ ∞

0

x f(t, x) dx (3.24)

for t ∈ [0, T ] and T ∈ R+. In addition the non-negativity of u∆ and (3.24) yield the non-negativity of u. Finally,
owing to (3.1), (3.23), (3.24) and since

(τ∆ξ, τ−∆ξ) −→ (∂xξ,−∂xξ) in L∞(0,+∞) (3.25)
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for ξ ∈ D(R+) we may pass to the limit as ∆n → 0 in (3.3) and conclude that f satisfies (2.44). The strong continuity
of f claimed in (2.43) then follows from (2.44) by arguments similar to the ones developed in [7] and the proof of
Theorem 2.5 is complete.

We now sketch the proof of (3.2). Let U be a positive real number and put XU = xU/2 where xU is given by
(2.34). Fix ∆ ∈ (0, XU/2) and notice that 3∆/2 ≤ XU . For i ≥ 2 such that Λi ⊂ (0, XU ) and x ∈ Λi there holds

U a∆(x)− b∆(x) + (i− 1/2)
(
b∆(x + ∆)− b∆(x)

)
=

1
∆

(∫
Λi

{U k(y)− q(y) + (i− 1/2) (q(y + ∆)− q(y))} dy

)
≤ 1

∆

(∫
Λi

{U k(y)− q(y) + (i− 1/2) ∆ q′(y)} dy

)
where we have used the concavity of q to obtain the last inequality. Since q′ is non-negative and Λi ⊂ (0, xU ) we
further deduce from the above inequality and (2.34) that

U a∆(x)− b∆(x) + (i− 1/2)
(
b∆(x + ∆)− b∆(x)

)
≤ 1

∆

(∫
Λi

{U k(y)− q(y) + y q′(y)} dy

)
≤ 0,

whence (3.2).

4 Convergence towards the LSW equation

In this section we consider the Lifshitz-Slyozov-Wagner limit of the Becker-Döring equations for homogeneous coeffi-
cients. For convenience we first recall the notations introduced in Section 2. Let a, b, λ and µ be positive real numbers
such that 0 ≤ µ < λ ≤ 1 and consider an initial datum f in satisfying (2.20). For ε ∈ (0, 1) recall that cin,ε is defined
by (2.22) as follows

cin,ε
i = ε

∫
Λi

f in(x) dx, i ≥ 1,

while the kinetic coefficients (αε
i ) and (βε

i ) are defined by (2.23) as

αε
i = a iλ, βε

i = b iµ for i ≥ 2 and αε
1 = ε3−λ a.

Recalling that Γε = (Γε
i ) is the solution to the Becker-Döring equations (1.4)-(2.1) with kinetic coefficients (αε

i ) , (βε
i )

and initial data cin,ε we infer from (1.5) that cε = (cε
i ) defined by (2.25), that is,

cε
i (t) = Γε

i (tε
µ−1), (t, i) ∈ [0,+∞)× N \ {0},

satisfies
dcε

i

dt
= uε

(
aε

i−1 cε
i−1 − aε

i cε
i

)
+
(
bε
i+1 cε

i+1 − bε
i cε

i

)
(4.1)

for i ≥ 2 where
aε

i = ελ−1 αε
i , bε

i+1 = εµ−1 βε
i+1, i ≥ 1, (4.2)

and uε is given by (2.26), that is, uε = εµ−λ cε
1. Therefore (cε

i )i≥2 satisfies a system of equations which is similar
to the one satisfied by (c∆

i )i≥2 in the previous section (recall (1.13)) with the difference that c∆
1 is replaced by uε.

Arguing as in the previous section we obtain an analogue of Lemma 3.1.

Lemma 4.1 Let ξ be a non-negative function in W 1,∞
loc (R+) with ∂xξ ∈ L∞(R+). For t ≥ 0 there holds∫ ∞

0

ξ(x) (fε(t, x)− fε(0, x)) dx = Pε(t, ξ)

+
∫ t

0

∫ ∞

0

{(τεξ) aε uε − (τ−εξ) bε} fε dxds (4.3)
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ελ−µ uε(t) +
∫ ∞

0

x fε(t, x) dx =
∫ ∞

0

x f in(x) dx + ω(ε), (4.4)

where |ω(ε)| ≤ 2 |f in|L1 ε,

Pε(t, ξ) =
1
ε2

∫ t

0

∫
Λ2

(
aε
1 uε(s) cε

1(s) ξ(x)− ε2 bε(x) fε(s, x) ξ(x− ε)
)

dxds,

aε =
∞∑

i=2

ε aε
i

χε
i , bε =

∞∑
i=2

ε bε
i

χε
i (4.5)

and

(τhξ) (x) =
ξ(x + h)− ξ(x)

h
, (x, h) ∈ R+ × R.

In addition, if β ∈ C1([0,+∞)) is a non-negative and convex piecewise C2-smooth function with β(0) = 0, β′(0) ≥ 0,
β′ concave and such that ξ(.)β(fε(0, .)) belongs to L1(R+), we have∫ ∞

0

ξ(x) (β(fε(t, x))− β(fε(0, x))) dx

≤ ε aε
1 |ξ|L∞(0,3ε)

∫ t

0

uε(s) β

(
cε
1(s)
ε2

)
ds

+
∫ t

0

∫ ∞

0

{(τεξ) aε uε − (τ−εξ) bε + ξ (τεb
ε)} β(fε) dxds. (4.6)

Owing to Lemma 4.1 we expect to proceed as in the proof of Theorem 2.5 as soon as we are able to show that
uε is bounded uniformly with respect to ε ∈ (0, 1). In contrast to the previous section the equality (4.4) does not
provide the boundedness of uε but only that of cε

1 = ελ−µ uε. The boundedness of uε is actually the only difficulty to
be overcome for the method developed in the previous section to be applied. Before proceeding with this step some
preliminary computations are needed which we performed now.

In the following we denote by C any positive constant depending only on a, b, λ, µ and f in. The dependence of C
upon additional parameters will be indicated explicitly. Notice first that the functions (aε) and (bε) defined in (4.5)
are indeed approximations of k(x) = a xλ and q(x) = b xµ, x ∈ R+, since

aε and bε converge uniformly on compact subsets of R+ towards x 7→ a xλ and
x 7→ b xµ, respectively, and there holds

aε(x) + bε(x) ≤ C (1 + x), x ∈ R+.

(4.7)

Also (4.3) and (4.4) allow us to obtain some bounds on (fε). Indeed it follows at once from (4.4) that

uε(t) ≤ C εµ−λ and
∫ ∞

0

x fε(t, x) dx ≤ C, t ∈ [0,+∞), (4.8)

while (4.3) with ξ = 1, (2.23) and (4.2) yield for T ∈ R+ and t ∈ [0, T ],

|fε(t)|L1 ≤ |f in|L1 + C ε1+µ−λ t ≤ C(T ). (4.9)

We next derive a differential inequality for uε.

Lemma 4.2 For t ∈ [0,+∞) there holds

ελ−µ duε

dt
(t) + Aε(t) uε(t) ≤ 2 Bε(t), (4.10)

where
Aε(t) =

∫ ∞

0

aε(x) fε(t, x) dx and Bε(t) =
∫ ∞

0

bε(x) fε(t, x) dx. (4.11)
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Proof. It follows from (4.1) and (4.4) by an argument similar to that of [2, Theorem 2.5] that

ελ−µ duε

dt
= −

∞∑
i=2

i
dcε

i

dt

= −aε
1 uε cε

1 + bε
2 cε

2 −
∞∑

i=1

aε
i uε cε

i +
∞∑

i=2

bε
i cε

i .

Since the definition (4.5) of aε and bε yields

∞∑
i=2

aε
i cε

i =
∞∑

i=2

∫
Λi

aε(x) fε(., x) dx =
∫ ∞

0

aε(x) fε(., x) dx,

∞∑
i=2

bε
i cε

i =
∫ ∞

0

bε(x) fε(., x) dx,

we finally obtain

ελ−µ duε

dt
= −2 ελ−µ aε

1 (uε)2 +
∫

Λ2

bε(x) fε(., x) dx

+
∫ ∞

0

bε(x) fε(., x) dx− uε

∫ ∞

0

aε(x) fε(., x) dx,

from which (4.10) readily follows. ut

In order to exploit the differential inequality (4.10) satisfied by uε a positive bound from below on Aε and a bound
from above for Bε seem to be needed. While the latter is an easy consequence of (4.7), (4.8) and (4.9) which imply
that

Bε(t) ≤ C(T ), (t, ε) ∈ [0, T ]× (0, 1), (4.12)

the former seems to be less straightforward to obtain and is achieved by a further development of a device from [11].
Introducing

F ε(t, x) =
∫ ∞

x

fε(t, y) dy, (t, x) ∈ [0,+∞)× R+, (4.13)

we notice that
Aε(t) ≥ a

∫ ∞

0

(y − ε)λ fε(t, y) dy ≥ a (x− ε)λ F ε(t, x) (4.14)

for x ∈ R+. We thus realize that a lower bound for Aε may be deduced from a lower bound for F ε which will be
obtained in two steps. We first derive a differential inequality for F ε.

Lemma 4.3 There is a positive constant D depending only on a, b, λ, µ and f in such that, for t ∈ [0,+∞) and
x ∈ [3ε, +∞), there holds

∂tF
ε(t, x) ≥ −D (1 + x)

ε
(F ε(t, x)− F ε(t, x + ε)) . (4.15)

Proof. We fix x ∈ [3ε, +∞) and consider t ∈ [0,+∞) and s ∈ (0, t). Observing that (4.3) is still valid for ξ = 1(x,+∞)

we obtain

F ε(t, x)− F ε(s, x) ≥ −
∫ t

s

∫ ∞

0

(
τ−ε1(x,+∞)

)
(y) bε(y) fε(σ, y) dydσ

≥ − 1
ε

∫ t

s

∫ x+ε

x

bε(y) fε(σ, y) dydσ

since 1(x,+∞) is non-decreasing. We next infer from (4.7) that

F ε(t, x)− F ε(s, x) ≥ − C

ε

∫ t

s

∫ x+ε

x

(1 + y) fε(σ, y) dydσ

≥ − 2C (1 + x)
ε

∫ t

s

∫ x+ε

x

fε(σ, y) dydσ.
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Dividing the above inequality by (t− s) and letting s → t yield (4.15). ut

We next use Lemma 4.3 to derive a lower bound for F ε. In fact (4.15) reads

∂tF
ε(t, x) ≥ D (1 + x) ∂xF ε(t, x) + O(ε),

and the above inequality without the O(ε) term would yield

F ε(t, x) ≥ F ε(0, (1 + x) eDt − 1)

by direct integration. Owing to the O(ε) term a less precise result is available but is still sufficient for our purpose.

Lemma 4.4 Let T ∈ R+. There is a positive real number L(T ) depending only on a, b, λ, µ, f in and T such that
there holds

F ε(t, x) ≥ Gε(t, x) := F ε(0, (1 + x) eDt − 1)− ε L(T ) (1 + x) (eDt − 1) (4.16)

for t ∈ [0, T ] and x ∈ [3ε, +∞), where D is defined in Lemma 4.3.

Proof. Consider t ∈ [0, T ] and x ∈ [3ε, +∞). The definition of Gε(t, x) entails that

∂tG
ε(t, x) +

D (1 + x)
ε

(Gε(t, x)−Gε(t, x + ε))

=
D (1 + x) eDt

ε

∫ ε

0

[
fε
(
0, (1 + x + y) eDt − 1

)
− fε

(
0, (1 + x) eDt − 1

)]
dy

− D (1 + x) L(T ).

By (2.20) we have
|fε(0, y)− fε(0, z)| ≤ 2

∣∣∂xf in
∣∣
L1

for y ≥ 3ε and z ≥ 3ε. Since x ≥ 3ε we also have (1 + x + y) eDt − 1 ≥ 3ε. Therefore

∂tG
ε(t, x) +

D (1 + x)
ε

(Gε(t, x)−Gε(t, x + ε))

≤ D (1 + x)
(
2 eDt − L(T )

)
.

We now choose L(T ) = 2 eDT so that

∂tG
ε(t, x) +

D (1 + x)
ε

(Gε(t, x)−Gε(t, x + ε)) ≤ 0 (4.17)

for t ∈ [0, T ] and x ∈ [3ε, +∞). Consequently, by (4.15) and (4.17) we have

∂t (Gε − F ε)+ (t, x) +
D (1 + x)

ε
(Gε − F ε)+ (t, x) ≤ D (1 + x)

ε
(Gε − F ε)+ (t, x + ε)

for t ∈ [0, T ] and x ∈ [3ε, +∞), where r+ = max {r, 0} denotes the positive part of the real number r. Let R ≥ 1 and
integrate the above inequality over (0, t)× (3ε, R), t ∈ (0, T ). Since Gε(0, x) = F ε(0, x) we obtain∫ R

3ε

(Gε − F ε)+ (t, x) dx ≤ D

ε

∫ t

0

∫ R+ε

R

(1 + x) (Gε − F ε)+ (s, x) dxds. (4.18)

But notice that
(Gε − F ε) (t, x) ≤ |f in|L1 − ε L(T ) (1 + x) (eDt − 1) ≤ 0

for x large enough whence
(Gε − F ε)+ (t, x) = 0

for x large enough. Taking R sufficiently large in (4.18) ensures that the right-hand side of (4.18) is equal to zero from
which we deduce (4.16). ut

We are now in a position to obtain the expected boundedness of (uε).
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Proposition 4.5 Let T ∈ R+. There are two constants C(T ) and ε(T ) ∈ (0, 1) depending only on a, b, λ, µ, f in and
T such that

uε(t) ≤ C(T ) for t ∈ [0, T ] and ε ∈ (0, ε(T )). (4.19)

Proof. By (4.14) and (4.16) we have

Aε(t) ≥ a
(
e−Dt − ε

)λ
F ε
(
t, e−Dt

)
≥ a

(
e−DT − ε

)λ (
F ε
(
0, eDT

)
− ε L(T ) eDT

)
.

If ε ≤ e−DT /2 we further obtain
Aε(t) ≥ C(T )

(
F ε
(
0, eDT

)
− ε L(T ) eDT

)
,

while (2.20) and (2.22) ensure that

F ε
(
0, eDT

)
≥
∫ ∞

e2DT

f in(x) dx > 0.

Therefore there is ε(T ) ∈ (0, 1) and δ(T ) > 0 such that

C(T )
(∫ ∞

e2DT

f in(x) dx− ε L(T ) eDT

)
≥ δ(T )

for each ε ∈ (0, ε(T )). Combining the previous three inequalities yields that Aε(t) ≥ δ(T ) > 0 for t ∈ [0, T ] and
ε ∈ (0, ε(T )). Recalling (4.10) and (4.12) we conclude that uε satisfies the following differential inequality

ελ−µ duε

dt
(t) + δ(T ) uε(t) ≤ C(T ) for t ∈ [0, T ] and ε ∈ (0, ε(T )),

whence

uε(t) ≤ uε(0) exp
{
− δ(T )t

ελ−µ

}
+

C(T )
δ(T )

for t ∈ [0, T ]. The assertion (4.19) then follows at once from the above inequality since uε(0) = εµ−λ cin,ε
1 , cin,ε

1 ≤
ε |f in|L1 and λ ∈ (0, 1]. ut

Proof of Theorem 2.3. Owing to Proposition 4.5 the proof of Theorem 2.3 follows the lines of that of Theorem 2.5 as
already mentioned. In particular, since the functions k(x) = a xλ and q(x) = b xµ, x ∈ R+, fulfil the assumptions
(2.32), (2.33) and (2.34) a statement similar to (3.2) holds true and we may proceed as in the previous section to
obtain a sequence (εn) of real numbers in (0, 1), εn → 0, and a function

f ∈ C([0,+∞);w − L1(R+, xdx)) (4.20)

such that
fεn −→ f in C([0, T ];w − L1(R+, xdx)) (4.21)

for each T ∈ R+. Clearly (4.21) ensures that f(t) is non-negative almost everywhere in R+ for t ≥ 0 and it readily
follows from (4.9) and (4.21) that f ∈ L∞(0, T ;L1(R+)) for T ∈ R+. Owing to Proposition 4.5 we may also assume
that there is a function u ∈ L∞(0, T ) such that

uεn
∗
⇀ u in L∞(0, T ) (4.22)

for each T ∈ R+. Thanks to (4.7), (4.20) and (4.22) we may pass to the limit as εn → 0 in (4.4) and (4.3) and conclude
that f satisfies (2.29) and (2.31) which in turn implies that u is given by (2.30). The proof of Theorem 2.3 is therefore
complete. ut
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5 Uniqueness

Consider a sequence cin in X+ and let c and ĉ be two solutions to (1.4)-(2.1) in the sense of Theorem 2.1 with
initial datum cin. In the following we denote by C any positive constant depending only on K, a1 and ‖cin‖X . For
t ∈ [0,+∞) and i ≥ 1 we put

Fi(t) =
∞∑

j=i

cj(t), F̂i(t) =
∞∑

j=i

ĉj(t), Ei(t) = Fi(t)− F̂i(t).

Clearly ci = Fi − Fi+1, ĉi = F̂i − F̂i+1 and it follows from (2.8) that the sequences (Fi(t)) and (F̂i(t)) both belong to
`1(N \ {0}) with

∞∑
j=i

Fj(t) =
∞∑

j=i

(j − i + 1) cj(t) and
∞∑

j=i

F̂j(t) =
∞∑

j=i

(j − i + 1) ĉj(t) (5.1)

for t ∈ [0,+∞). Furthermore we deduce from [2, Corollary 2.6] that

dFi

dt
= Ji−1(c) and

dF̂i

dt
= Ji−1 (ĉ)

for i ≥ 2, whence
dEi

dt
= ai−1 c1 (Ei−1 − Ei)− bi (Ei − Ei+1) + ai−1 ĉi−1 (c1 − ĉ1) .

Multiplying the above inequation by sign(Ei) we end up with

d|Ei|
dt

≤ ai−1 c1|Ei−1|+ bi |Ei+1| − (ai−1 c1 + bi) |Ei| (5.2)

+ ai−1 ĉi−1 |c1 − ĉ1|

for i ≥ 2. Now let N ≥ 3 and sum the inequality (5.2) for i ∈ {2, . . . , N}. We thus obtain

d

dt

N∑
i=2

|Ei| =
N−1∑
i=1

ai c1 |Ei|+
N+1∑
i=3

bi−1 |Ei|

−
N∑

i=2

(ai−1 c1 + bi) |Ei|+ |c1 − ĉ1|
N−1∑
i=1

ai ĉi,

≤ a1 c1 |E1| − aN c1 |EN | − b2 |E2|+ bN |EN+1|

+
N∑

i=2

(ai − ai−1) c1 |Ei|+
N∑

i=3

(bi−1 − bi) |Ei|

+ max {K, a1} ‖ĉin‖X |c1 − ĉ1| ,

thanks to (2.8) and (2.10). It then follows from (2.2), (2.3) and (2.8) that

d

dt

N∑
i=2

|Ei| ≤ a1 ‖cin‖X |E1|+ bN |EN+1|+ K (1 + ‖cin‖X)
N∑

i=2

|Ei|

+ C |c1 − ĉ1| ,

whence, after integration over (0, t), t ∈ R+,

N∑
i=2

|Ei(t)| ≤ C

∫ t

0

(
N∑

i=2

|Ei(s)| + |c1(s)− ĉ1(s)|

)
ds (5.3)

+
∫ t

0

(C |E1(s)|+ bN |EN+1(s)|) ds. (5.4)
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On the one hand, observe that
E1 = c1 − ĉ1 + E2, (5.5)

while (2.8) and (5.1) (with i = 2) yield that

c1 − ĉ1 = −
∞∑

j=2

j cj +
∞∑

j=2

j ĉj = −E2 −
∞∑

j=2

Ej ,

whence

|c1 − ĉ1| ≤ 2
∞∑

i=2

|Ei|. (5.6)

On the other hand we infer from (2.11) that∫ t

0

bN FN+1(s) ds ≤
∫ t

0

BN

∞∑
i=N+1

ci(s) ds ≤
∫ t

0

∞∑
i=N+1

Bi ci(s) ds,

∫ t

0

∞∑
i=N+1

Bi ci(s) ds ≤
∫ t

0

∞∑
i=N+1

bi ci(s) ds + K

∫ t

0

∞∑
i=N+1

i ci(s) ds,

and (2.7) and (2.8) warrant that the right-hand side of the last inequality converges to zero as N → +∞. Since a
similar result holds for ĉ we conclude that

lim
N→+∞

∫ t

0

bN |EN+1(s)| ds = 0.

We may then pass to the limit as N → +∞ in (5.3) and use (5.5) and (5.6) to obtain

∞∑
i=2

|Ei(t)| ≤ C

∫ t

0

∞∑
i=2

|Ei(s)| ds.

The Gronwall lemma finally yields
∞∑

i=2

|Ei(t)| = 0,

and the proof of the uniqueness statement of Theorem 2.1 is complete. ut
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Paris VI, 1977.

[14] I.M. Lifshitz and V.V. Slyozov, The kinetics of precipitation from supersaturated solid solutions, J. Phys. Chem. Solids 19 (1961),
35–50.

[15] B. Niethammer and R.L. Pego, On the initial-value problem in the Lifshitz-Slyozov-Wagner theory of Ostwald ripening, SIAM J.
Math. Anal. 31 (2000), 467–485.

[16] B. Niethammer and R.L. Pego, in preparation.
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