ON THE CONVERGENCE OF NUMERICAL SCHEMES
FOR THE BOLTZMANN EQUATION

T. Horsin', S. Mischler!, A. Vasseur?

Abstract

We consider a time and spatial explicit discretisation scheme for the Boltzmann equation.
We prove some Maxwellian bounds on the resulting approximated solution and deduce its
convergence using a new time-discrete averaging lemma.

1 Introduction

This article is devoted to the proof of the convergence of a time and spatial explicit discretisation
scheme for the Boltzmann equation. The Boltzmann equation provides a time evolution of a gas
described by the distribution of particles f(¢,z,v) > 0 which at time ¢t > 0 and at position » € R?
move with velocity v € R, The Boltzmann equation reads

(1.1) %H;-vxf = Q(f,f) in (0,00) x R x R?

(1.2) f0,z,v) = fin(z,v) on R? x RY,

where Q(f, f) is the quadratic Boltzmann collision operator describing the collision interactions
between particles (binary elastic shock). We refer to [3] for a detailed presentation of the equa-
tion and to [27] and the references therein for recent results concerning its analysis. Let us just
summarize now the fundamental properties of the collision kernel that we shall use in the sequel.
First, the collision kernel splits into two parts

QU ) =Q (f,./)—Q (£, f)

where the gain term Q7 and the loss term @~ are positive operators. Next, it vanishes on
Maxwellian functions, namely

(1.3) QY (M, M)=Q (M,M) if M(v)=exp(alv)>+b-v+c)
with a,c € R, a < 0, b € R%. Last, the loss term writes

(1.4) Q. f)= L), L) =Ax, f.

and we assume here that the so-called total cross-section A satisfies

(1.5) 0 < A(z) < Kolz|7, Ky >0, ve€(—d,1].

A particular case for which the above condition holds is the cross-section associated to an inverse
potential (except the Coulomb potential) with the angular cut-off condition of Grad and the cross-
section associated to hard sphere collisions. Before describing the scheme investigated here, we

recall what is known about several partial discretisations of (1.1). A first step of the discretisation
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(usually used in numerical simulation) is to split the transport part

(1.6) %ﬂ-vmf:o
and the collision part
3f

and to solve each equation one after another in small intervals (k A, (K + 1) A4) for any k € N.
This splitting algorithm has been proved to converge in [4]: constructing a approximate solution
fa,, one may prove that (fa,) converges (up to the extraction of a subsequence) to a solution of
the Boltzmann equation (1.1) when A; — 0. A crucial step is the velocity discretisation, which

means to approximate (1.1) by a family of equations

fy

(1.8) + 05 - Vaof; = Q;((f;);: (f;);) in (0,00) x R?

where f; = f;(t,z) > 0 represents the density of particles with velocity v; (or with velocity in a
neighborhood of v;), (v;) is a family of given velocities and the operator (Q;); is an approximation
of Q(f, f) (with the help of quadrature formula). Such a scheme (construction of a good approxi-
mation operator ();) have been proposed by [10], [15], [21] and their convergence have been proved
n [17], [19], [21], [20], [16]. Another step is to perform a time Euler explicit discretisation of (1.7):

fk+1 fk
Ay
Here Qr, denote a velocity truncation of @ which guarantees the positivity of f* and can be

relaxed in the limit Ay — 0. Convergence of the Euler scheme has been proved in [18]. See
also [9] for other time discretisations. The scheme we consider here consists in an explicit time

(19) QRv(fkafk)v fo :ftrb

and space discretisation of the splitting algorithm of (1.1). Full discretisations including velocity
discretisation is postponed to future works. We successively perform (and iterate):

1. solve explicitly the transport equation (1.6),

2. project on space mesh,

3. perform the time explicit Euler scheme (1.9).

In order to be more precise, let us introduce a partition of R¢ in cells:

d
(1.10) R = Ugezala, Ao = []lai Agn, (@i +1) Mgl
i=1

for some A, > 0; and let us define the projection operator on the meshes (A,)qcza:
(1.11) P,¢= ZP% with  P® ¢(x) / d(y) dy 1, (z).

Let also define Qg
AR, ,, satisfies

a velocity truncated Boltzmann operator such that its total cross-section

v,n

ARv,n (Z) S A(Z) 1‘Z‘SR’U,7L.
Starting from the initial datum
(112) 0 = (Pufin) Lon, () 15, (@)
we define
(F2 T2 (@ 0) = f(a,v),
fk+2/3 P, fk+1/3
frH1 f71§+2/3

_ k+2/3 ck+2/3
At,n QRU,n (fn 7fn )



where we use the notation ¢**(z,v) := ¢(x +k Ay, v,v) for k € Z (for a given A, > 0). In other
words, we define

(1.13) Fa = PalFH) + Bun Qry (Pa(£379), Pal£37F))-
We finally define the approximate solution f,, by

(1.14) fu(t,z,0) = fof(a: —v(t—kA¢n),v) Licik Ar o, (k+1) Ar ) Leefo, 1]
k

for a given choice of A¢ p, Ay ny Rens Ron, T > 0.

This paper is devoted to the proof of the following result.

Theorem 1.1 Let consider an initial datum f;, such that
(1.15) 0< fin <M°=0C", &(x,0) = exp(—ala* = Bv]?),

with
(1) local case: v € (—d,0]

or

(1) global case: v € (=d+1,0] and C° small enough (depending on a, 3)
or v € (0,1] and a large enough (depending on C°,j3).

There exists T* = T*(M°) > 0, and we may choose T* = +oo in case (ii), and there exists a
sequence of the discretisation parameters (At ), (Azn), (Rzn), (Run), (Tn) satisfying

(116) Atn, Az,n - 07 R:E,na Rv,n - +OO, TTL / T*7
such that the sequence (f,) defined by (1.14) satisfies

(1.17) sup sup an§_1||Loo < 00,
n [0,7%]

[

and, up to the extraction of a subsequence, (f,) converges weakly to a solution f of the Boltzmann
equation (1.1).

Remark 1.2 The same result holds for different versions of time and space discretisations such
that replacing (1.13) by

(fk-"_l)ﬁ = Pn(fk) + At,n QRUH(Pn(fk)vpn(fk))

Let us briefly explain the strategy of the proof. First, remark that though the convergence
proof for the splitting algorithm and for the velocity discretisation scheme can be performed in the
general framework of DiPerna-Lions renormalized solutions (and thus for general initial data) such
a framework seems difficult to use in the present situation at least for two reasons. On one hand,
for an explicit scheme we loose the entropy-dissipation entropy bound which is a fundamental
information in the weak stability result for renormalized solutions. On the other hand, even for
a modified implicit scheme (for which entropy-dissipation entropy bound is available) time (and
position) discretisation seems to be inadapted to the renormalization technic. We then choose
the (less general) framework of distributional solution bounded above by a Maxwellian function
introduced by Illner and Shinbrot.

The first step is thus to build for any n € N a sequence of Maxwellians (MF); which are
subsolution of the discrete scheme (1.13) in the following sense

(1.18) ME > Py MEH 4+ A, QF (P METH P, METH)



in the case of soft potential (v < 0) and
k-1
(1.19) My > mf MO+ Ay mi ™ Q (M, M),
=0 ’
in the case of hard potential (y > 0), where we use the notation 7, ¢ = P,(¢~#). These sub-
solutions (MF) can be constructed locally or globally in time (depending on the size of the initial

datum and of 7). We then easily verify that they are indeed subsolutions: if 0 < f9 < MY then
0 < f*¥ < M¥ Vk,n and that provides the strong bounds (1.17).

A second step is to write the kinetic equation satisfied by f,,, namely

(k+1) A¢
Ofn , P gn — gn
1.2 Ofn \ _ P gn —gn o p
( O) 8t +v wan Zk:(skﬁt,n(t) ea, ( Ann +QRv,n( n 9ns ngn) dT
with
(121> gn(tvv) = fn((tAt,n)_a'a')v tAt,n = E(t/At,n) At,na

where E denotes the truncation function, and to pass to the limit in (1.20) when n — oco. In
order to do it, the main difficulty is to prove that the velocity averages of g, converge strongly.
Of course, the so-called ”compactness lemma on velocity averaging” of solutions of continuous
transport equation has been introduced by [12], [11], [1] at the middle of the 80’s and has been
extensively developped by [5], [6], [8], [22], [2]. Discrete versions in velocity have been proved in
[17] and time discrete version for the splitting algorithm have been introduced in [4]. See also [2]
for an alternative and simpler proof. We need here such a discrete version of averaging lemmas
(which means for velocity averaging of g,, instead of velocity averaging of f,,) extended to this time
and position discrete context. Gathering the ”ultimate” version of averaging lemma due to [22],
the previous ”time” discrete version of averaging lemma by [4] and [2] and the scale techniques
developed by Vasseur in [25, 26], we prove the following result.

Theorem 1.3 Consider a sequence A¢,, — 0 and a sequence f,, uniformly bounded in L> (R x
R24) which satisfies

o (i+1) At n
(1.22) S fa 0 Vafn = Y 0ia,, (1) (/ H(r,2,0)dr) = Jy.
€L iAo
We assume that
(1.23) frn — f weakly in L= (RT x R??) %
(1.24) Jn is relatively compact in W~1P(RY x R??) for some p > 1,
(1.25) there exists a sequence €, — 0 with €y,/Ay, — +00  such that:

llen? Hyllr2 "= 0.

Then, for any ¢ € D(R?),

(1.26) /]Rd gn(t,z,v)Y(v)dv — flt,z,v)¥(v)dv

R4
strongly in LY. ((0,T) x R24) Vp € [1,00).

loc

It remains to verify that Theorem 1.3 may be used for the sequence (f,,) built in the statement
of Theorem 1.1, and then it is classical to pass to the limit n — oo in the formulation (1.20) and
obtain Theorem 1.1. For the sake of completeness we present in the appendix a different version
of Theorem 1.3 where Hypothesis (1.24) is slightly generalized.

The outline of the paper is the following. In section 2 we prove Theorem 1.3. In section 3 we
built the subsolution (M,,) for the discrete scheme (1.13). In section 4 we then prove Theorem 1.1.



2 Proof of Theorem 1.3

Let us begin giving the idea of the proof. We first use the classical compactness averaging lemma
to prove compactness for the continuous functions with respect to time. Indeed we are able to
show that { [ 9 (v)fn(-,-,v) dv} is relatively compact in L (R?*1). Let us recall this result due to
Perthame-Souganidis [22] in our framework:

Theorem 2.1 Let f,, be a sequence of functions bounded in LY(R*29) for some 1 < q < +oc and
{J.} be relatively compact in W~1P(RY24) yerifying:

atfn + 'Uvazfn = Jn

Then, for every function ¢» € D(R?), the average:
pZ(t,l’) = dw(v)fn(taxav) dv
R L

is relatively compact in LY(RY*9).

On the other hand, Property (1.25) allows us to show a result of the kind (1.26) “at a local scale”
thanks to the following Theorem due to Desvillettes and Mischler [4].

Theorem 2.2 Consider a sequence A,, — 0 and a sequence of functions f,, bounded in L2 ([0, T]x
R24) which verify:

A’VL

_ _ (+1)A,
(2.1) Osfrp+v-Vyf, = Zéixn(s) </ H,(r,y,v) dT)

€L

with H,, bounded in L*([0,T] x R??). Then, for every ¢ € D(R?), the average:
Mo = [ 0)(s.p.0)do

is relatively compact in L2 ([0,T] x R?), where

gn(sv Y, U) = fn(szn7y7 U)a

with sx = E(s/A,)A,,.
More precisely, if we denote A,, = Ay /en with Ay, < €, < 1, and:

7n(tv z,s,Y, U) = fn(tAt,n + S€n, T + Yen, 'U)

gn(ta Z,5,Y, ’U) = gn(tAt,n + S€p, T + Yen, U) = fn(tAtwn + €n Sznax + Yen, U)a
then for every fixed point (¢,z) the function f,(t,z,,-,-) verifies (2.1). So we conclude that
{[¥(v)g,(t,z,-,-,v) dv} is relatively compact in L?([0, T] x R?) when (¢, z) is fixed. The following
lemma allows us to compare the results at the global scale (in variables (¢,2)) and at the local

scale (in variables (s,y)) in order to carry the desired result from the result at the local scale using
the compactness result on the continuous function in time at the global scale:

Lemma 2.3 (From local scale to global scale) Let p™, p € LY ([0,T] x RY) with 1 < p < +o0,

loc

A¢y — 0 and Ay /e, — 0. Then p™ converges strongly to p in LY ([0,T] x R?) if and only if for
every R > 0:

T 1
= / / / / |pn(tAt . tens, x4+ eny) — pl(t, I)|p dy ds dx dt nopo 0,
0 JBa(0,R) Jo JB4(0,1) :

where By(0, R) is the d-dimensional ball of center 0 and radius R.



This lemma is a slight generalization of a result of [25] (in the case €, # A;,). For the sake of
completeness we give its proof in the appendix.

Proof of Theorem 2. We denote:
nZ(tvx) = . ¢(U)9n(t7$,v) dv.
R

We split the proof into several parts.

(i) Compactness at the global scale. For every j € N we consider a regular function ®; € C>=(RxR?)
defined such that Supp®; C [0,2j] x B4(0,2j) and ®;(t,z) = 1if (¢t,z) € [1/4, 5] x B4(0, j). From
Equation (1.22) we get:

8(I)j In
ot

+v- Vx<I>]fn = q)jJn + fn [8@]- +v- Vm(I’]] .

Since f, € L*> and ®; is regular the right-hand-side term is compact in W~LP(R x R24). Moreover

®; f,, € LP(RxR??) (since f,, € L™ and ®; is compactly supported). Therefore {®;(t,z) [ ¢ (v)f,(t, z,v) dv}
is relatively compact in LP(R!*2?) thanks to Theorem 2.1. By diagonal extraction, up to a sub-
sequence, there exists p, € L>([0,T] x R?) such that pw (t,z) = [¥(v)fn(t,z,v)dv converges

to py(t,z) in LY . Because of Hypothesis (1.23), py(t,z) = [4(v)fdv. By uniqueness of the

limit the entire sequence is converging. Finally the convergence holds true in L ([0, 7] x R??) for

1 < g < 400 as well since

loc

sup [|pyjl| L < sup || fullL< ]|y < oo
n>0 n>0

In short we have proved

(2.3) ply, — / fpdv

in Lfoc([O’T] x R4, Vp € [1,+oc0].

(ii) From global scale to local scale.
We consider the local functions depending on the local variables (s,y). We introduce the two
new ones:

Pt x,8,y) = /1/} ot T, 8, y,v)do
Mt o5,) = [ (), (62,5, .

From Lemma 2.3 and (2.3), we deduce that for every R, T > 0, 1 < p < +o0:

T 1
/ / [/ / |ﬁ:}}(t,x,s,y) — pw(t,x)’p dsdy
0 JBaO,R) |Jo JB4(0,1)

From hypothesis (1.25), [pa|en®Hn|?(:,+,v) dv converges to 0 in L'(R* x R?). Then Lemma 2.3
with p = 1 implies that:

/ / / / / n(t, z, 8,9, )’ dsdydv| drdt "=5° 0,
Ba(0,R) | JRa Ba(0, 1)

where we denote H,, = en2Hn(tAm + €ns,x + €,y,v). This leads to the following proposition:

dedt "2 0




Proposition 2.4 Up to a subsequence (still denoting A, ), there exists Q C [0,T] x R% with
L([0,T] x R4\ Q) = 0 such that for every (t,z) € :

1
—n n—-+oo
[ ] sty - putta)l dsdy =50
0 JB4(0,1)

1
/ / / ’Fn(t,x,s,y,v)’2 ds dy dv "= 0,
re Jo JB,(0,1)

for every 1 < p < +00, where L denotes the Lebesgue measure.

From now on we fix (t,z) € Q.

(i1i) Strong convergence at the local scale. _
_ Since the point (¢,7) € Q is fixed, let us skip it in the notation (so we denote f, (s,y,v) for
falt,z,s,y,v)). We have:

Lemma 2.5 Local functions f, are bounded in L°°([0,T] x R??) and verify:
of _ (+1D)An
(2.4) 87311 +0.V,f, = ;@Zn (s) (/mn H., (t,y,v)dr|.

Proof of the Lemma. We just compute:

a? (i+1)A¢ n
n €n Z 51’Atm, (tAtm, + €n8) / H, (Ta T+ €rYy, U) dr

Yn 4 yv,7,
i€Z Atn

0s

(i+1)Arntta, ,
= Z Ginry,, (€ns) </ entn (7,2 + €ny,v) dT)
=y iAtv"""tAt,n
(i+1)A,
= Z 5iAt,n (€ns) </ enan(tAt,n +€nT, T + €Y, V) dT)
i€Z iAn
(i+D)An
= Z@-Z" (s) (/ H. (1,y,v) d7'> )
i€Z iAn

In the second equality we do the change of indice i — i 4 ta, , /A¢ .y, in the third equality we do
the change of variables 7 — ta, , + €,7 and in the last equality we use the definition of H., and
the remark that €,s5 = 1A, ,, if and only if s = iA,,. o

This lemma gives the hypothesis needed to apply Theorem 2.2 (with Proposition 2.4). Therefore
we conclude that:

Proposition 2.6 The sequence {7} is relatively compact in LY ([0, T] x R?).

loc

(iv) Uniqueness of the limit at the local scale.

Proposition 2.7 The entire sequence ﬁg(s,y) converges to py (which is constant with respect to
(s,y)) in L2 ([0, T] x RY) when n goes to +oc.

loc

Proof of the proposition. We have
fn(tvxﬁv) = fn(tAt,n7x+ (t_tAt,n)U’U)
= gn(t,z+ (t —ta,,)v,0).

Notice that
(ta,, +ens)a,, =ta,, + sy, ;



So f,(s,4,v) = 7,(5,y — €ns5, v,v) and
Pos.0) = (o) = [ 0(0) [l = sz, 0.0) = T(s.10)] o
If we consider a test function ¢ € C°([0, T] x R2?) we find:
[ o5, [Bs(s.9) = Wi (s.0)] dsdy

= /w(v)ﬁn(svyw)[qﬁ(s,y) — ¢(s,y + ensx, v)] dsdy dv

AVl (Supp &) [44] 21 [ Foll e "= 0.

IN

Therefore:

n  —n D

172 — pZ — 0.
Since py, converges to py, thanks to Proposition 2.4, the entire sequence 7, converges to py, in the
sense of distribution and we conclude gathering this information with Proposition 2.6. (]

(v) Back to the global scale.
We have shown that for every (t,z) €

1
—n 2 n—-+4oo
// 75 (82, 5,) — py(t,2)|” dsdy "= 0.
0 JBa(0,1)

Therefore, since £([0,T] x R%\ Q) = 0, for every 1 < p < 2:

T 1
/ / / / 7t 2, 5,) = py(t,2)|” dsdy da dt "= 0.
0o JBuo,R)Jo JBu0,1)

Using Lemma 2.3 we conclude that 7y, converges to py in LP ([0,7] x R%) which ends the proof

loc

of Therorem 1.3. o

3 Subsolution.

In this section we fix some positive real A;, A, R, R,, T (without dependence in n) and we prove
several estimates on the sequence (f*) defined by the discrete scheme (1.13). We treat separatly
the case of the soft potential and the case of the hard potential. In all what follows we define

(3.1) &(z,v) = exp(—a |:v|2 -3 |v|2)7 §ku(x,v) =exp(—alz + vat|2 -0 |v|2).

Case 1 - Soft potential v € (—d,0]. We begin with some technical lemmas that we will use in the
construction of subsolutions.

Lemma 3.1 There exists K1 = K («, 3,7) such that

(3.2) 0< L(EM) < fkA) VaoveR: kE<k* = E(z),
4 At
where K
L 1
ot) = T



Proof of Lemma 3.1. We write
M = exp(—|A(kA) z — B(kAy) v]> — C(kAy) |z]?)
with
o) = %, B(t)= Va2 15 and A(f) = aijm'

By a change of variables, we have

) = e [ exp(clda =B (o=2)) " d:

e—C|x\2

= W/Rdexp(—Mx—Bv—wP) |w|” dw
—Cz|?

- eBWd (e %) (Az - Bu).

We conclude that
Cy
By+d

I LE) ILe@ey < Ko
since |.|" € L*(R?) 4+ L®(RY) and e~* € L} (R%) N L (RY). 0O

Lemma 3.2 For any C° > 0 there exists T, C*,7 > 0 (depending on C°, v+d, K1) such that the
sequence (C*)g>1 recursively defined by

(3.3) CFHl = (1+ A7) CF + AL (CP2U((k+1)Ay)
satisfies
(3.4) o<ck<c* foranyk=0,1,.. k"

Moreover, there exists C = C(d+~,K;) € (0,1) such that if v € (—d+1,0] and C° € (0,C), then,
for any T > 0, setting
K,
(35) T = W, KQZKQ(Kl,d,’}/) >07
the sequence (C*) satisfies (3.4) with C* = 1.

Remark 3.3 We define the interval (0,T*) on which a uniform bound on (C*) is obtained thanks
to Lemma 3.2, setting T* = T in the first case (arbitrary C°) and setting T* = +o0 in the second
case (C° small enough and v € (—d + 1,0]). In both cases, for any T € (0,T*) we may define the
parameter T by (3.5).

Proof of Lemma 3.2. Noticing that if, for some C* > 0, we have
(3.6) ci<cr forany j=0,...,k,

then C9H1 < (14 (1 +C*4((j + 1) Ay)) Ay) CY for any j =0, ..., k. We deduce that

k
o< T+ +Cm UG+ 1) Ar) Ay C°
j=1

kA,
* 0
exp </0 (T +C*U(s)) ds) C

T
(3.7) < exp <TT+C*/ £(s))ds> C% if kA <T.
0

IA



Consider first the general case and take C° > 0 arbitrary. Let choose C* > 4C° and T' > 0 (small

enough) so that
T
O*
ex C’*/ U(s)ds | < .
p( ) ) 50y

Then for 7 = In2/T and k < k* we deduce from (3.7) that C**1 < C*. Thus, by induction, (3.4)
holds.

Now, consider the case v € (—d + 1,0] (so that £ € L'(R)). We remark that if

C*=1, C°<C:=exp <—/ E(s)ds) ,
0
and since, for an appropriate choice of K5 (small enough),

1 o0
< =
T < T/T 4(s) ds,

then we also have C**1 < C* and we conclude again by induction. (]

Lemma 3.4 There is K3 = K3(a) such that for any 0 €]0,1[ the condition

(3.8) Ay (R, +TR,) < K30

mmplies

(3.9) |Pekt ¢k <9¢* Ve Bg, ve Bg, k<k,

and ‘ A

(3.10) P((Lg, &) < (1+6)(Lg, &) VY azeBgr,,veBg,, kj+k<k"

Proof of Lemma 3.4. Let x € A, and write

—kff

(PEHE— &MY (@,0) = : lexp(ale — kA v* — alz + (@ — kA v)[*) — 1] dz.

|Aa| Ag—x
Since A, — x C [~A4, A,]¢ by definition of A, and x, one has on Br, x Bg,, taking A, <1,
lexp(a |z — kA v|* — a2z + (z — kA 0)[?) — 1]

<lexp(da(R; + T R,)A,) — 1|
<4a(R,+TR,)Arexpda(R; +TR,)A,).

The inequality (3.9) follows taking for instance K ' :=4ae*®.
In order to abreviate the notation we put ¢ := (Lg, &%), Let z € A, and write

1
[Aal

(Pop — ¢)(z,v) = /]Rd/A ) E(z+ Av(jw + k), w)K (x, z,v,w) Ag, (v — w) dwdz,

where, similarly,

K(x,z,0v,w) =
= lexp(a|z + Ay (jo+kw)]* —alz+ (x + A (jv+ Ew))|?) — 1
<4da(R,+2TR,)Ayexp(da (R, +2T R,) Ay).

Hence

(P¢ - (;5)(.1‘,1))

IN

0| &(xz+ A(jw+ kv),w) Ag, (v — w) dw
= 9(;5](1{9:70).

10



Proposition 3.5 For any C° > 0 there exists T* > 0 (defined in Remark 3.3), K4 > 0 such that,
for any choice of discretisation parameters Ay, Ay, Ry, Ry, T satisfying

(3.11) T<T* TR,<R./4, A <K,
(3.12) Ay (Ry +TR,) T < Ky Ay,

the sequence (M*)en defined by
(3.13) M (z,v) = Ck e, k=0,...k* = B(T/A),

with (C*)ren given by Lemma 3.2, satifies

(3.14) MM > PMF 4 A, QT (P MY, PM"*) on {1,..k.} x B3 g, s X B,
Moreover, if

(3.15) 0< fin <M°

then

(3.16) 0< f*<M* on{l1,. ,k.} x Bp, /2 x Bg,.

Proof of Proposition 3.5. Fix k,z,v so that k Ay < T, v € Bgg, /4 and v € Bg,. Since |24+ Az v| <
R, one has, according to lemma 3.4, (1.3), (1.4) and the fact that Q% is a positive operator

(C*)2QH(P(£7M), P(¢))
(L+0) (CF)2QF (6~ ("1, ¢ (4R
(1 + 9)2 (Ok)Q L(f*(lﬂrl)ﬁ)ff(k#ﬂ)ﬁ.

QT (PM** PMFF)

INIA I

Since if K4 is chosen small enough then § = 7 A; < 1, we infer from (3.2) and (3.3) that

PM*=% 4+ A, QT (PM*—F PMFF) (1 +7A)CF + AL(CEY2U((k + 1) Ay)) e~ *+DE

<

< Ck+1 g—(k+1)u _ Mk+17
and (3.14) holds. Let us now assert that

(3.17) 0< f*<M*onByg, jsra,r, X Br,.

According to (3.15) it is obviously true for & = 0. Assume it is true for some k. Then f* < Mkt
on By, /4—(k+1) A, R, X Br, and therefore by definitions of f**! and M*! we also have

A

< PO 4 AQE(P(FEE), P(FRE)
< P(MFTH) £ A, QF(P(MP4), P(MFH)) < MF+!

on B3 g, ja—(k+41) A, R, X Br,. Moreover, we have from (3.15)

Y > PR = A PR L(P(P)
> P(ffF = A, P(FRE) L(P(MFY))
> P H = ARk +1) A,

and the last term is non negative with a conveniant choice of K, (for instance K4 < (C* £(0))71).
Then (3.17) follows by induction and (3.16) is proved. (]

Case 2 - Hard potential v € (0, 1].

11



Lemma 3.6 There exists K5 = K5(v,d, 8, Ko) such that under the condition

(3.18) AR, <a”'/?

there holds K

(3.19) S OA(Lg, & <= vr0eR”
keZ \/a

Proof of Lemma 3.6. One has

S OA(Lr, M = YA, / EM @+ v ALk, w) A(v — w) 1y y|<pr, dw
]R3

kez keZ
= At/ Zg(a: + (v —w) Ay k,w) A(v — w) 1y_y|<r, dw.
R kez
Since
A, Zefa lz+(v—w) Ay k|* A, + / e |z4(v—w) t|? dt < A, + L7
P - R - Vealv —w|

we get

S ALy, (€M) < / An(o —w) APl gy 4 Y [y pprtesiol gy

kez R? v g

< AKoRYfle M+ {g Kol 11774 e M e,

We deduce (3.19) thanks to (3.18) and that |.[7=1 € L + L°°, e PP e Lt nre>, (]

Proposition 3.7 There exists « > 0 and Kg > 0 (depending of 3, Ky,v,d) such that for any
choice of the discretisation parameters Ay, Ay, Ry, Ry, T satisfying

(3.20) TR, < R./4, RI™A; < K,
(3.21) Ay (Ry + TR, T < K¢ Ay,

the sequence (My)ren defined by

M=S MEegt ks

satisfies
k—1 . ) ‘

(3.22) M* > MO+ A7 QF (r MY wMP) on {0, .. k.} x Br, j3 X B, ,
j=0

where we have introduced the notation m ¢ = P(¢~%) and again k* = E(T/Ay). Moreover, if fi,
satisfies (3.15) then estimate (3.16) holds.

Proof of Proposition 3.7. We fix x € Bypg /3, v € Bg,, 0 < j < k < k™ and we define 6 =

A (Iny/2)/T. By repeating use of Lemma 3.4 we get
gh—1-3 QEU (ﬂ'Mj,ﬂ'Mj) (1+ 9)2 (ﬂ_k—l—j Mj) (ﬂ.k—l—j LMj>

<
< (14 0)20=0) (a8 ppd )~ (108

12



Therefore, we deduce from Lemma 3.6 and condition (3.21) that

k
k—1 !

7k MO—I—ZAtﬂk_l_j QEv(ﬂMj,ﬂMj) <
j=0

k
k—1 !

< (1 + Q)Qk MO~k ZAt Q-&-(Mj—ti,Mj—ﬂ)—(k—l—j)ﬁ
§=0
k—1
< e2k0 [ a0 4 ZAtL(Mj—ﬁ)(jH)ﬁ (M7)7*
§=0

1, Ks kR
§2(4+\/a>§§(M),

with a = (8 K35)?, and (3.22) holds.
We now assert that for any k < k*

(3.23) 0< f*<M" on Bsg,ja—(r—ka,) Ry X Br, .

It is of course true at the rank & = 0 by assumption. Assume it is true at the rank k£ — 1 and
remarking that f* may be writen
k-1
fr=ab 04> AT T T Qp (i m ),
j=0
we deduce thanks to (3.22) that (3.23) holds at rank k, and we conclude by induction. Finally, we
have

Yz - A ) (L, )
> mff(1—-A (L, 1),
and the last term is nonnegative thanks to the condition (3.20). (]

4 Proof of Theorem 1.1

Let us consider sequences of real numbers Ay ,,, Ay 5, Ty, Ry s Ry such that (1.16) holds and

(Awn)®
A

t,n

(4.1) Ty Ron < Run/4, <1, ALTITIRIE o,

with s € (1/2,1). For example, in dimension d = 3, we may take Ay, =n~!, A, ,, =n"2% s=3/4
and Ry, =n'/?', R, , =T, = n'/*?/2.

Lemma 4.1 For every T € (0,T*) there exist Ar, ar, Br such that:
(42) 0 < fna 9n Q;U (Pngna Pngn) < §T = AT eXp(—aT|x\2 - ﬁT|U|2)~

Proof of the lemma. We easily check that (1.16), (4.1) imply that the conditions (3.11), (3.12) and
(3.20), (3.21) hold. Therefore, according to Propositions 3.5 and 3.7, there exists T* € (0, +o0] as
stated in Theorem 1.1 such that for every T" < T« there exists C'r > 0 such that:

(4.3) 0<fa<M,<Cr{ on [0,T]xBg,,/2x Br

v,n

13



where M,, is defined from M} thanks to formula (1.14). Since, by construction (see (1.12)),
fa(t,z,v) =0 o0n [0,T] x (Bg, ,/2)¢ x R%, the same holds on [0, T] x R x R? and that proves that

(fn), (gn) and (M,,) satisfy (4.2).
Moreover, we have
Ay §(v) < Ko (|7 *&)(v) < Kg (1 + |v]),

and therefore £ L(€) satisfies (4.2). Finally, since P, g, < P, M,, <2 M,,, we have
(4.4) Q% (Pugn, Pugn) < 4 M, L(M,)

and we conclude gathering (4.4) with the bound (4.2) on (M,,). O

So, there exists a function f € L°°([0,T] x de) 0 < f < &p, such that, up to a subsequence
(still denoted f,): f, converges weakly to f in L>x

Let then show that (fy,) satisfies (1.20). Indeed, with the notation t; = k A, we have
Ofn

50 TV =Y b (Falt) = fulty))
k>0
_ Zétk flc Ic 1) )
k>0
= 3 b (P (75 = ()7 4 A PaQUUET) T (F571)7H)
k>0

and (1.20) follows remarking that g, (t) = (f¥=1)~% for t € [tg, t}41)-
We split the right-hand side term of (1.20) in the following way:

O fn
v +o.Vf,=J"+J3,
with
(k+1)A¢n P _
ndn — 9n
Jr = OkA, n(t)/ ———dr
' Zk: ’ kAn Atn
(E+1)A¢
Jy = Z(SkAz,n (t)/ QRv,n (Pnngngn) dr.
- kAt

Let us show the following lemma:

Lemma 4.2 We have for every p < 1+s

n n—-+oo
[T 1w =10 (0,77 xR2a) ~— 0.

Proof of Lemma 4.2: For every ®; € D([0,T]), ®3 € D(RY), &3 € D(R?), we have:

/ TPt 2, 0) 1 (£)Bs (2) 5 (v) dv da dt‘
(k"l‘l)At n _

- Z@ (kApn) // [/ Q(x)P”g"g”dx} dr ®3(v) dv
k At,n

Atn
(k}+1)At=n P (b _ (p
= Z(bl(kAt,n)// [/ n 2(2 2(I)gn dz] dr ®3(v) dv
k kA¢n tn
P, ®; — &
< @allzee lgnll L1 jo,7, 22 (R24)) HAZt 2 93| L2 (Rey-
n L2(R4)

14



Thanks to (4.1):

‘Pn@Az — &y < @ (Az’n)iﬁ’
t,n L2(R4) Az,zn L2 (R9)
and:
P, o — ®
‘ 21+s 2 = Z / P, @2—@2 dzx.
Az L2(R?)  a€Zd ”
S PCI)Q—(I)Q dx S // @2 ngdxdy
), Yare /)L W)
— ®2(y))*
< Z/ /Rd |y_x|1+s+d dxdy
(P2(z) — P2(y))? 2
dxdy = ||P
/]R?d ly — x| Tetd zdy = || 2“
Finally:
‘/J{L(tvx,v)‘l’l(t)@z(lf)@g(v) dvdx dt’
< ||(I)1||L°°([07T])||gnHL1([O,T],L2(R2d))”(I)SHL?(Rd)||‘I)2||H#(md)A1,Tn
< C"(bl”ngs,p||(I)3||L2(Rd)||(1)2”H1;S(Rd)A£
Q n—-—1+0oo
< CAL ([ R1P2Ps] e ([0, 1) xR24) marel}
for p <

1+7

n n—-4o0o
17 w10 ([0, 1) xR24) — 0.

We denote M the set of bounded measures on [0, 7] x R??. We have:

(E+1)A¢n
1M = [ Qro o (Pagn, Pagn) dr| diz o
k kAtn
< @R, (Pngns Pagn) |l L1 (jo, 1] x®24)
é C;

thanks to Lemma 4.1. The set of bounded measures is compactly embedded in W=7 ([0, T x R2%)
for p < 2d+1 Therefore, with Lemma 4.2 we conclude that J” = J{* 4+ J3 belongs to a compact
subset of W L2([0,T] x R??) for p < inf(24H, 1%_3) Equation (1.20) can be written in the form
(1.22) with:

Prgn —

H,(r,z,v) = A
t,n

+ QRU n( ndn, Pngn)

For e, = (An)%, a € (1/2,1) one has

2
H€ H ||L2 <2

an”L2 +€n HQRU n( Pogn, Pogn)|l2 — 0,

thanks to Lemma 4.1. Gathering the above estimates we conclude that the conditions of Theorem
1.3 hold.

15



One may apply the compactness Theorem 1.3 and we get that for any ¢ € D(R?) Jga gntb(v) dv
converges in LE ([0, T] x R?) to [a f1(v) dv. Since [€&[v(v)|dv € L2([0,T] x R?), from (4.3) and
Lebesgue’s theorem we find:

(4.5) / g (v)dv — fo(v)dv in L*((0,T) x RY)
R R

for every ¢ € D(R?). The linear operator P, on L?([0,T] x R?) verifies:

[1Pullecze,re) <1

|Py® — ®|| > "=25° 0 for every ® € L*([0,T] x RY).

Notice that:

A [ awwrar) = [ Pagnpta

Therefore:

/R Pagno)dv = [ fulo)do o
< |~ ( [ gt~ [ fww)dv) 7= 1) [ Fot)ao
< | [ oawa— [ rowa

+
2

Lt H(Pn —1)/f¢(v) dv

L2

)

L2

which converges to 0 when n goes to +0o. And so:

(4.6) /R Pagatdo — [ o

strongly in L2. In particular:
(4.7) Pogn — f in L? w.

By standard argument, see for instance [5], we deduce from (4.7) and (4.6) that
(4-8) QRv,n (Pngn; Pngn) - Q(f7 f) in L.
For every test function ®; € D([0,T]), ®2 € D(R?9):

/ J;(tv €T, v)q)l(t)q)2(-’13, U) dz dt dv

(E+1)A¢

- Z@l(mm)// Qr, ., (Pugn, Pugn)®2(z,v) dr dz dv
% Re Jk

At,n

/ q)l(t)QRuyn (Pngna Pngn)q)2($, U) dt dx dv
+ /[@1@) - ®1(tAt,n)}QRv,n (Pngn, Pogn)®2(z,v) dt do dv.

The first term converges to:
[ QU poeate. ) drdran,

and the second term converges to 0 since it is smaller than:

n—-+oo
1Qr, .. (Pngn, Pagn)llLt || @2l L Sup|®1 () — @1 (ta, )| "— 0.
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Hence, thanks to Lemma 4.2, [ J"(t,x,v)®1(t)®2(z)®3(v) dt dx dv converges to:

/ Q(f, /)P1(t)P2(x)Ps(v) dt dz dv,

and we conclude that f is a solution of (1.1) in the distributional sense. This concludes the proof
of Theorem 1.1. o

A  Proof of Lemma 2.3

We introduce the linear operator L,, defined from L} ([0,7]x R%) to L}

loc 10(;([07 T] X Rd X [Oa 1] X Rd)
by:

an(t, Zz,S$, y) = p(tAt,n +ens, T+ Gny).
For every fixed R > 0 we denote (to simplify the notation):

T
o, = [ et deas
oc 0 JB4(0,R)

T 1
/ / / / lo(t, x, s,y)|P dy ds dx dt.
0 JB4(0,R)J0 JBy(0,1)

Using Fubini’s theorem we show that for every p € LY ([0,7] x R?):

loc

T
Ll = [ [ (/ |p<tAt,n+ens,x>|pdx> dy ds
oc o Jo JBa(0,1) \/Ba(0,R)
T
= |Bd(0,1)|/ // lp(ta, , + €ns,x)|P dxdsdt
o Jo JB4(0,R) '

T
= |B4(0,1)] / / lo(ta, , +ens,x)|Pdsdt| du.
By4(0,R) |Jo Jo '

T 1
/ / lp(ta,., + ens,x)|P dsdt
o Jo

1Ll

But:

1
Z At,n/ |p(iA¢ ., + €n8,2) [P ds
0

0<il;  <T
B At,n 1A nten vy
- E € ) ‘p(Tv .’IJ) ‘ T.
0<iAg <7 " Jilen

If we denote «,, = E(€,/Ay,) we have:

At iA¢ nten At (i+an+1)A¢ n
> e prarar < 3 S f p(r, )P dr
0<ifg <7 T Jiden 0<ifgn<T M Jiden
At D¢ nten At (i+an)A¢n
O R D S o, )P dr.
0<iAe,<T " JBin 0<iAe ,<T " JiBtn
Therefore:

A " At nten A " T
> / o) dr < (on+1)20 / \o(r, )P dr,
1 0

€ €
0<iAe ,<T " YiBtn "

A T
(1 + t’") / p(r, 2) [P dr,
€n 0

IN
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and:

A n iAt,7L+€’n A N T
)3 L/ p(r,2)[Pdr > =" / |p(r, 2)|P dr,
0<ilpn<T 7 Jiben en Jo
AV, T
= (1_)5’)/ lp(T, z)[? dr.
€n 0
Finally:
At,n
|Lnplzg, = 1Ba( Dlllolzy, | < [Bal0, D)= lIpllzs,,

which implies, since Ay /€, — 0, that there exists C' > 0 such that:

1
clelle, < Lupllep, < Clipllrg,..

loc loc

Therefore, for every functions p,,, p € L}, ([0,T] x R%) we have:

loc
lon —pllz . < CllLnpn — LnPHL{’OC

loc
C (Inpn = pllzg, + 1 = pllng,. )

IN

and:

| Lnpn — Lnplle + | Lnp — pllzp

loc loc

Cllpn = pllee  + [ Lnp —pllzr -

loc loc

| Lnpn — PHLf’Oc

IA A

Therefore we just have to show that for every p € LY | L,p — p converges to 0 in L = when n

tends to +o0o. Indeed for every € > 0 we can choose ¢ € C°([0, T] x R?) such that ||¢ — pller <e.
Since ¢ is regular:

1End = Bl < [V6llz=y/en? + (Do + en)?,

SO:
ILn¢ — dllr < CIVe|r=en =570,

loc

so is less that € for n big enough and:

ILap—plzp. < Lo —Ludllzz + o —llop_ +1Lné — dllzp.
< (C+Dlp—=9dlley, + 1Lnd =Pl
< (C+2)e.

So finally ||Lnp — pl|L» converges to 0 which ends the proof. (]

B Extended averaging compactness Theorem

We prove in this appendix the following version of Theorem 1.3:

Theorem B.3 Consider a sequence A;,, — 0 and a sequence of functions f, € L®(R* x R?d)
which satisfies

(B.9) %fn 0 Vafn =3 din, () (/

i€Z iAin

('L"I‘l) At,n
H,(1,z,v) dT).

We assume that

o (i) fn — f weakly in L>=(RT x R?d)x,

18



e (it) H, = hyy + Zj 1 0z, 7, with {7} relatively compact in LP (for some p > 1) and (hg)
bounded in L?,

o (iii) there exists a sequence €, — 0 with €,/A;,, — +0o such that:
(B.10) llen? Hpllz2 "= 0.

Then, for any ¢ € D(R?),

(B.11) /]Rd gn(t,z,v)Y(v)dv — ft,x,v)v(v)dv

]Rd
strongly in LY. (RT x R2?) Vp € [1, 00).
Proof of the Theorem. We follow the structure of section 2:

(i) Compactness at the global scale.

Notice that we cannot apply directly Theorem 2.1 because of the singularity with respect to
time on the right hand side term of (B.9). But since we are concerned only with values of f,, at
time ¢ = iA; ,,, we consider a new function f;f (a mean value of f, with respect to time) which
verifies:

f;;(iAt,’m % ) = fn(iAt,Tw Y ')7
and such that f; verifies an equation of the form (B.9) without singularity with respect to time
on the right-hand side term. In order to do so, we consider the function S(¢) = Sup(0,1 — |¢|). In
particular, S(0) = 1 and SuppS C [—1,1]. We denote f; the function defined by:

(t,x,v) ZS ( — i, n) fn(iAp =, — (t — 1D )V, v).

€L At "
Notice that f is bounded in L>([0, 7] x R??) and:

f;(tAtyn—,(E,U) = fn(tAt,n_7x7U) = gn(tvl'vv)’

We have:
o ., .1 (=il , ,
afn + Uvzfn - At,n “EZZ S < At,n ) fn(ZAt,n s L (t ZAt,n)vvv)
1

= A [fn((tAr,,n + Atm)_a T — (t - tAt,n - At,”)va U)
n
_fn(tAt,n_7 xr — (t - tAt,n)U’ U)] .
Equation (B.9) is equivalent to:
9 (+1)Aen
g {fult,z+tv,v)} = Z din, ., (t) / H, (1,2 +tv,v)dr | .
i€z iBtin
Integrating with respect to t on [ta, ,,ta,,, + Q¢ x| this equation leads to:
fn((tAt,n + Atyn)_v T+ (tAt,n, + At,n)va 'U) - fn(tAt,n_a T+ tAt,nvv U)

(2N AR
= / Hy (7,2 +1a,,v,v)dT.

tAt,n

Therefore:

o . L1
(B.12) ol toVafy =

At,n

tag p,+Aen
/ Hy (7,2 + (ta,, —t)v,v)dr.
t

At,n
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The right-hand side term can be written in the form:

where:

1 tAt,nJrAt n
kgn - / hg(’ra C (t - tAt,n)U)7 ) dr,

is relatively compact in L?(R'*2?). So thanks to the classical averaging lemma of Perthame-
Sougamdls Theorem 2.1), up to a subsequence there exists py, € L2 _([0,7] x R?) such that
fz/J )fi(t,z,v) dv converges to py(t,z) in LE .. Thanks to Hypothesis (i) and since

f,*L fn converges to 0 in the sense of distribution, py, = [¢(v)f dv. By uniqueness of the limit,
the entire sequence converges.

(ii) From global scale to local scale.
Replacing f,, by:
f’n(ta Y, U) = f*(tAt,n +€ens, T+ €y, ’U),
and py, by:
(s,9) / (V) [ (s,y,0) dv,
in the same way that in the section 2 we find the following proposition related to Proposition 2.4:

Proposition B.4 Up to a subsequence (still denoting Ay, ),there exists Q C [0,T] x R? with
L([0,T] x R4\ Q) = 0 such that for every (t,z) € :

[ o
/ // n(t,x, s,y )’ ds dy dv "_>+OOO,
Rd Ba(0,1)

for every 1 < p < +o00, where L denotes the Lebesgue measure.

p —
o tm,s,y)—pi‘p(t,x)‘ dsdy "= 0

(iii) Strong convergence at the local scale.
No change with section 2. This gives Proposition 2.6.

(iv) Uniqueness of the limit at the local scale.
Notice that: (ta,, + €ns)a, ., =ta,, +€nsx, . Therefore, from (B.12) we find that:

3f 1 ta, ptensy, +Aun
yf = — Hy (1,2 + €ny + (ensg, — €ns)v,v)dr
An tAt,nJrE"SZn

€ 5K, +Zn
= Zi Hy(ta,, +enTz+ ey + (sg, —s)v),v)dr
n
1 SZn+Z" o
= — H (1,y+ (sxg —s)v,v)dr.
67LA7L Szn "

In the second equation we do the change of variables 7 — ta, , + €,7 and in the last equation we
use the definition of H,,. We deduce that:

?n(& y+ (S - SZ")U7 U) - ?n(SZ,La?J + (3 - SZ,,L)U7 U)‘

§—sx  [TBaThn__ sz, A _
= |—" / H,(1,y,v)dr| < / H,(1,y,v)dr
S A S A

enl\, A, x,

t,n

n
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Therefore this term converges to 0 in L?([0,1] x B4(0,1) x R%) thanks to Proposition B.4.
We denote:

rn(s7 Y, ’U) = 7:;(8’ Y, U) - gn(sa Y, U) = ?:L(S? Y, ’U) - ?Z(sxna Y, 'U).
We have:

(s, 9,0) = Ta(8,4,v) = (s, y+ (s — SZW)’U”U)

+Fr (s y+ (s — sx U, 0) — TZ(sZn,y + (s — sz, ), 0).

We have just proved that the second term converges to zero in L120c' If we consider a test function
¢ € C([0,T] x R?9) we find:

‘ / [n(5,9,0) — 75, — (5 — 5 )0, )] $(s, 9, v) ds dy do

_ ‘ / [6(5,9,0) — 95,y — (5 — 55 )0, )] (s, v) ds dy dv
< N/ [Suppd |V oo |7l 2 "= 0.

loc

So finally, 7, converges to 0 in the sense of distribution and therefore:

’
—n,*

—n D
ny, — Py — 0.
Since ﬁZ’* converges to py, the entire sequence 7y, converges to py in the sense of distribution.

Finally thanks to Proposition 2.6, we have Proposition 2.7.

(v) Back to the global scale.
No change with section 2. This ends the proof.
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