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Abstract

Thelocalmassofweaksolutionstothediscretedifiusivecoagulation-frag men-
tationequationisprovedtoconverge,inthefastreactionlimit,tothesolutionof
anonlineardifiusionequation,thecoagulationandfragmentationratesenjoying
adetailedbalancecondition.

1Introduction

Thedifiusivecoagulation-fragmen tationequationdescribesthedynamicsofasystemof
alargenumberofclustersundergoingbinarycoagulation andfragmentationeventsand
movinginspacebybrownianmovement.Assumingthatthesizeioftheclustersranges
inthesetofpositiveintegers(discretecase)anddenotingbyf(t;x)=(fi(t;x))i‚1,
fi‚0,thesizedistribution functionattimetandpositionx,thediscretedifiusive
coagulation-frag mentationequationreads[?]

@f

@t
¡d¢xf=Q(f)in(0;+1)£›£N

⁄
;(1.1)

@f

@n
=0on(0;+1)£@›£N

⁄
;(1.2)

f(0)=f
in

in›£N
⁄
:(1.3)

Here,›isanopenboundedsubsetofR
D
,D‚1,withsmoothboundary@›,N

⁄
:=

Nnf0gisthesetofpositiveintegers,@f=@n=(@fi=@n)i‚1denotestheoutwardnormal
derivativeoff,d¢xf=(di¢xfi)i‚1andd=(di)i‚1,dibeingthedifiusioncoe–cient
oftheclustersofsizei(ori-clusters) whichisassumedtobepositiveanddepend
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onlyonthesize.Finally,thereactiontermQ(f)=(Qi(f))i‚1accountsforthebinary
coagulationandfragmentationreactionsandisgivenby

Qi(f)=
1

2

i¡1 X

j=1

aj;i¡jfjfi¡j¡fi

1X

j=1

ai;jfj

¡
1

2

i¡1 X

j=1

bj;i¡jfi+
1X

j=1

bi;jfi+j;i‚1:

Thecoagulationandfragmentationrates(ai;j)and(bi;j)areassumedtodependonly
onthesizesoftheclustersinvolvedinthereactions.Letusrecallthemeaningof
thedifierenttermsinQi(f):theflrsttermaccountsfortheformationofi-clusters
bycoalescenceoftwosmalleronesandthesecondforthecoagulationofi-clusters
withotherclusters.Thethirdandfourthtermsdescribe,respectively,thebreakage
ofi-clusters intotwosmallerpiecesandtheappearanceofi-clusters resultingofthe
fragmentationoflargerones.

Themaingoalofthispaperistoinvestigatethefastreactionlimitof(??)-(??),
thatisthebehaviorofsolutionsto(??)-(??)whenQ(f)isscaledbyafactor1="and
"!0.

Asitiswellknowningasdynamics,suchaproceedingallowsoneto(formally) de-
ducefromkineticequations, whichdescribeasystemofparticles atamicroscopic level,
hydrodynamicalequationswhichgiveamacroscopicdescription ofit.Fromaphysical
pointofview,thisnewdescription isvalidwhenthemacroscopicpropertiesoftheset
ofparticles (temperature,density,velocity,...)varysu–cientlyslowlythroughitsvol-
ume(see,e.g.,[?,Chapter1,x5]).Duringthelasttwodecadesseveralmathematical
workshavebeenmadeinordertorigorouslyjustifythe"hydrodynamicallimits"of
kineticequations.Ourresultismuchmoreinthespiritoftherelaxationlimitfrom
BGKtypeequationstoscalarconservationlaws.Wereferto[?]andthereferences
thereinformoreinformationonthissubject.

Forperformingthatfastreactionlimitweneedtomakeseveralassumptionsonthe
datawhichwestatenow.Throughoutthepaper,wemakethefollowingassumptions
onthecoagulationandfragmentationrates.

(H1)Symmetryandgrowthassumptions:thereisapositiverealnumberA0suchthat

0•ai;j=aj;i•A0ij;0•bi;j=bj;i•A0ij8i;j‚1:(1.4)

Afurtherstructural assumptiononthecoagulation andfragmentationratesismade
whichguaranteestheexistenceofstationarysolutionsto(??),(??).

(H2)Detailedbalancecondition:thereexistsasequenceF=(Fi)i‚12Xsuchthat

F1=1;Fi>0;ai;jFiFj=bi;jFi+j8i;j‚1;(1.5)
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whereXistheBanachspace

X:=fy=(yi)i‚12‘
1
(N

⁄
)suchthatkykX:=

1X

i=1

ijyij<+1g:

Clearly,(??)impliesthatQ(F)=0,sothatFisastationaryandspatiallyho-
mogeneoussolutionto(??),(??).Infact,thesequence(Fiz

i
)i‚1satisfles(??)for

eachz‚0andisthusalsoastationaryandspatially homogeneoussolutionto(??),
(??),usuallycalledanequilibrium .However,physicallyrelevantequilibria arethose
forwhichthetotalmassisflnite,thatis,thosebelongingtoX.Introducing

'(z):=
1X

i=1

iFiz
i
2[0;+1]

forz‚0,aphysicallyrelevantequilibrium(Fiz
i
)i‚1thussatisfles'(z)<+1.Our

nextassumptionrequiresthatthispropertyisenjoyedbyallequilibria. Moreprecisely ,
weassumethat:

(H3)Existenceofanequilibrium foranymass:

#i:=(¡lnFi)+satisfles
#i
i

¡!
i!+1

+1:(1.6)

Consequently,#i=¡lnFiforilargeenoughand

'(z)<+1foreachz‚0:(1.7)

Since'isanincreasing functionfrom[0;+1)onto[0;+1),wemayparametrizedthe
equilibria bytheirtotalmass:foragivenmass%‚0,wedeflnetheequilibrium F[‰]
by

Fi[%]:=Fiz[%]
i
;i‚1;wherez[%]:='

¡1
(%):(1.8)

Atlast,werequirethecoagulation andfragmentationratestofulfllthefollowingtech-
nicalcondition:

(H4)Strictpositivit y:
a1;i>0;b1;i>0;i‚1:(1.9)

Asforthedifiusioncoe–cients,weassumethattheydependonlyonthesizeand
satisfy

0<di•„d;i‚1;(1.10)

forsome„d>0.

Letusnowexplainourmainresult.Onaveryformalpointofview,ifweassume
thatthesolutionfto(??),(??)isalocalequilibrium, thatis,fi(t;x)=Fi[%(t;x)]for
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eachi‚1,where%(t;x)=kf(t;x)kXdenotesthelocalmassattimetandpositionx,
thenF[%]solves

@F[%]

@t
¡d¢xF[%]=0in(0;+1)£›£N

⁄
;(1.11)

sinceQ(F[%])=0.Inordertowritetheaboveequationasanequationinvolvingonly
%,weintroducethefunctions

“(z):=
1X

i=1

idiFiz
i
;z‚0;and§:=“–'

¡1
:(1.12)

Multiplyingthei-thequationof(??)byiandsummingtheresultingidentitiesover
i‚1,werealizethat%(formally)satisfles

@%

@t
¡¢x§(%)=0in(0;+1)£›;(1.13)

@%

@n
=0on(0;+1)£@›;(1.14)

%(0)=%
in

in›;(1.15)

with

%
in
:=

1X

i=1

if
in
i:

Now,onewaytoensurethatasolutionto(??),(??)isclosetoalocalequilibrium is
topenalizethereactiontermQ(f)byafactor1="andthisistheapproachundertaken
below.Moreprecisely ,for"2(0;1),weconsiderasolutionf

"
to(??),(??)withQ(f)="

insteadofQ(f)andstudytheconvergenceofthelocalmass%
"
(t;x):=kf

"
(t;x)kXas

"!0.Beforestatingtheconvergenceresult,werecalltheexistenceoff
"
together

withsomeusefulproperties.

Theorem1.1Let(ai;j),(bi;j)andd=(di)besuchthat(??),(??),(??),(??)and
(??)arefulfllledandconsideraninitialdatumf

in
=(f

in
i)suchthat

Z

›

1X

i=1

f
in
i(x)

¡
1+#i+jln(f

in
i(x))j

¢
dx<+1:(1.16)

Forany">0,thereexistsamildsolution

f
"
2C([0;+1);L

1
(›;X));f

"
‚0;
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totheinitial-b oundaryvalueproblem

@f
"

@t
¡d¢xf

"
=
1

"
Q(f

"
)in(0;+1)£›£N

⁄
;(1.17)

@f
"

@n
=0on(0;+1)£@›£N

⁄
;(1.18)

f
"
(0)=f

in
in›£N

⁄
;(1.19)

whichsatisflesthetotalmassconservation

M1(f
"
(t))=M1(f

in
);t‚0;(1.20)

andthenaturalbound

sup
t‚0

H(f
"
(t))+

Z1

0

I(f
"
(t))dt+

1

"

Z1

0

D(f
"
(t))dt•H(f

in
);(1.21)

wherethetotalmassM1,theentropyH,theFisherenergyIandtheentropydissipa-
tionDaregivenby:

M1(f):=
1X

i=1

ifi;M1(f):=

Z

›

M1(f)dx;

H(f):=
1X

i=1

h

µ
fi
Fi

¶

Fi;H(f):=

Z

›

H(f)dx;

withh(s)=slns¡s+1‚0fors‚0,

I(f):=4
1X

i=1

di
fl
fl
flrxf

1=2
i

fl
fl
fl
2

;I(f):=

Z

›

I(f)dx;

and

D(f):=
1

2

1X

i;j=1

e(ai;jfifj;bi;jfi+j);D(f):=

Z

›

D(f)dx;

withe(r;s)=(r¡s)(lnr¡lns)‚0forr;s‚0.Inaddition,forany">0,thelocal
mass%

"
satisflesthecontinuityequation

Z

›

¡
%
"
(t;x)¡%

in
(x)

¢
ˆ(x)dx=

Zt

0

Z

›

·
"
(¿;x)¢xˆ(x)dxd¿(1.22)

fort‚0andˆ2W,where

%
"
:=

1X

i=1

if
"
i;·

"
:=

1X

i=1

idif
"
i;(1.23)
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and

W:=

‰

ˆ2C
2
(„›)satisfying

@ˆ

@n
=0on@›

¾

:

Also,thereisasequenceofnonnegativefunctions

(%
";N
)N‚3;(·

";N
)N‚32C([0;T];L

1
(›)\L

1
((0;T)£›)(1.24)

suchthat

(%
";N
;·

";N
)¡!(%

"
;·

"
)inL

1
((0;T)£›);(1.25)

%
";N
(0;:)¡!%

in
(:)inL

1
(›);(1.26)

and
Z

›

¡
%
";N
(T)ˆ(T)¡%

";N
(0)̂(0)

¢
dx=

ZT

0

Z

›

¡
%
";N

@t̂+·
";N

¢xˆ
¢
dxd¿(1.27)

forN‚3,T>0,t2[0;T]andˆ2L
2
(0;T;H

2
(›))\H

1
(0;T;L

2
(›)).

Wearenowinapositiontostateourmainresult(convergenceof(f
"
)andidenti-

flcationofthelimit).

Theorem1.2UnderthenotationsandassumptionsofTheorem??:

(i)thereisasubsequence(f
"k
)of(f

"
),"k!0,suchthat

f
"k

¡!F[%]inL
1
((0;T)£›;X)(1.28)

foreachT>0,where%isa(nonnegative)weaksolutiontothenonlineardifiusive
equation(??)-(??),thatis,

(%;§(%))2L
1
(0;T;L

1
(›));(1.29)

and
Z

›

¡
%(T;x)¡%

in
(x)

¢
ˆ(x)dx=

ZT

0

Z

›

§(%)(¿;x)¢xˆ(x)dxd¿(1.30)

foreachT>0andˆ2W.Inparticular, thereholds

%
"k

¡!%;·
"k

¡!§(%)inL
1
((0;T)£›):(1.31)

(ii)if%
in
2L

2
(›),thewholefamily(f

"
)converges:

f
"
¡!F[%]inL

1
((0;T)£›;X)(1.32)

foreachT>0,and%istheuniqueweaksolutionto(??)-(??)satisfying

§̂(%)2L
1
(0;T;L

1
(›));§(%)2L

2
(0;T;H

1
(›))(1.33)

foreachT>0,where

§̂(r):=

Zr

0

§(s)ds;s2R:
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Ofcourse,theconvergence(??)holdstrueforthewholefamily(f
"
)assoonas

thereisauniquesolutionto(??),(??).Sucharesultdoesnotseemtobeobvious
as(??)needsnotbeuniformlyparabolic(seeLemma??below).Toourknowledge,
theavailableuniquenessresultsrequireeitherthat(%;§(%))2L

2
((0;T)£›)[?],

%2L
1
((¿;T)£›)foreach¿>0[?],ortheregularit y(??)[?],bothpropertiesbeing

notfulfllledbythelimit%obtainedintheflrstassertionofTheorem??.Fortunately ,
when%

in
2L

2
(›),wecanusethelastassertionofTheorem??andadapttheproof

in[?]toconcludethatthelimit%obtainedin(??)actuallycoincidewiththeunique
weaksolutionto(??)-(??)satisfying (??)[?].

Remark1.3ThesecondassertionofTheorem??isstillvalidifwereplacetheas-
sumption%

in
2L

2
(›)by

§̂(%
in
)2L

1
(›)and%

in
2

8
<

:

L
2D=(D+2)

(›)ifD‚3;
L
1+fi

(›)ifD=2(fi>0);
L
1
(›)ifD=1;

whichisweaker.Indeed,§̂issubquadraticby(??).

Theconvergence(??)isthemaincontributionofthispaperandwillbeprovedin
Section??,whilethesecondassertionofTheorem??isprovedinSection??.The
existenceofasolutionf

"
to(??)-(??)enjoyingthepropertiesstatedinTheorem??

isnotnewandfollowsbygatheringargumentsfrom[?,?].Wewillnevertheless recall
someoftheminthenextsectiontogetherwiththeirconsequences.Inparticular, it
followsfrom(??)and(??)that

1X

i=1

#if
"
iisboundedinL

1
(0;T;L

1
(›));

whichprovidesauniformcontroloff
"
iforlargesizesby(??),andthusallowstocontrol

thetailoftheseries
P

if
"
i.Inparticular, anexampletowhichTheorem??applies

arethedifiusiveBecker-D̃oringequations[?].Forthatmodel,wehaveai;j=bi;j=0
wheneverminfi;jg‚2and(??)isfulfllledassoonasb1;i=a1;i!+1asi!+1
(case1in[?]).

Letusalsomentionatthispointthat,sincethepioneeringworks[?,?],several
papershavebeendevotedtothestudyofdifiusivecoagulation-fragmen tationequations
(existenceofsolutions, see[?,?,?,?,?,?]andthereferencestherein,largetime
behaviour[?,?,?],stochasticapproximations[?,?,?]).

Remark1.4Whentheassumption(??)isnotfulfllled,theequilibrium (Fiz
i
)i‚1need

notbelongtoXforeachz‚0andwedeflne

zs:=inf
'
z‚0;(Fiz

i
)i‚12X

“
and%s:=sup

z2[0;zs)
'(z):
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Theconvergence(??)isconjecturedtobetruewhen

M1

¡
f
in¢

•j›j%s:

Indeed,when%s<+1,thereisnoequilibriumcorrespondingtoatotalmassabove
j›j%s.

2Ontheexistenceresult

Weflrststatethefundamentalaprioriestimatesenjoyedbysolutionsf
"
to(??)-(??)

undertheassumptionsofTheorem??.Tosimplifynotations, weomitthesuperscript"
throughoutthissection.Multiplyingthei-thequationof(??)byiandsummingupthe
resulting identitiesyield,afterintegrationover›,the(formal)totalmassconservation

d

dt
M1(f)=0;

fromwhichwededucethat

M1(f(T))•M1(f
in
);T‚0:(2.1)

Wenextmultiplythei-thequationof(??)byln(fi=Fi)andsumuptheresulting
identitestoobtain,afterintegrationover(0;T)£›,thefollowing(formal)H-Theorem

H(f(T))+

ZT

0

I(f(t))dt+
1

"

ZT

0

D(f(t))dt=H(f
in
);T‚0;

whence(??),sincetheright-handsideoftheaboveinequalit yisflniteby(??).Onthe
onehand,thankstotheelementaryinequalit y

s(lns)+•slns+s(¡lns)1[e¡y;1](s)+(¡slns)1[0;e¡y](s)•slns+ys+ye
¡y

for(s;y)2(0;+1)£[1;+1),wehave

1X

i=1

fi(lnfi)+•
1X

i=1

filnfi+
1X

i=1

ifi+
1X

i=1

ie
¡i
:

Ontheotherhand,

1X

i=1

#ifi=
1X

i=1

fi(¡lnFi)+
1X

i=1

fi(¡lnFi)¡;

andthesecondseriesoftheright-handsideoftheaboveidentityisactuallyaflnite
sumsince(¡lnFi)¡hasacompactsupportby(??).Gatheringalltheseestimates,
thereexistsaconstantCFdependingonlyonFsuchthat

E(f):=
1X

i=1

(1+#i+(lnfi)+)fi•CF(1+M1(f)+H(f)):
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Therefore,weconcludefrom(??)and(??)that

E(f(t)):=

Z

›

E(f(t;x))dx•CF

¡
1+M1(f

in
)+H(f

in
)
¢
;t‚0:(2.2)

Inaddition,theHõlderinequalit yyieldsthat

Z

›

1X

i=1

(idi)
1=2

jrxfijdx•I(f)
1=2

M1(f)
1=2

;

whence
Z1

0

ˆZ

›

1X

i=1

(idi)
1=2

jrxfijdx

!2

dt•M1(f
in
)H(f

in
)(2.3)

by(??)and(??).
Arigorousjustiflcationoftheabovecomputationsmaybeperformedalongthe

linesof[?,Section5]onasequenceofapproximationsof(??)-(??).Moreprecisely ,for
N‚3,weputQ

N
(f):=(Q

N
i(f))i‚1,where

Q
N
i(f):=

(
1

2

i¡1 X

j=1

(aj;i¡jfjfi¡j¡bj;i¡jfi)¡
N¡i X

j=1

(ai;jfifj¡bi;jfi+j)

)

£

ˆ

1+
1

N

NX

j=1

fj

!¡1

fori2f1;:::;NgandQ
N
i(f):=0fori‚N+1.Wealsodeflnef

in;N
i:=minfN;f

in
ig

fori2f1;:::;Ngandf
in;N
i:=0fori‚N+1.Proceedingasin[?,Section5],

thereisasolutionf
";N

to(??)-(??)withQ(f)replacedbyQ
N
(f)andinitialdatum

f
in;N

:=(f
in;N
i)i‚1.Then,f

";N
i=0fori‚N+1andwemayargueasin[?]to

realizethatf
";N
i2L

1
((0;T)£›)foreachi2f1;:::;Ng.Keeping"flxed,wemay

passtothelimitasN!+1asin[?],[?]withthehelpof(??)and(??)toobtain
asolutionf

"
to(??)-(??)withthepropertiesclaimedinTheorem??.Furthermore,

usingoncemore(??)and(??)allowsustocontroluniformlythebehaviourforlarge
ioftheapproximatingsequenceandimprove(??)to(??),see,e.g.,[?,Section5.3].
Finally,thefunctions

%
";N

:=
NX

i=1

if
";N
iand·

";N
:=

NX

i=1

idif
";N
i

areboundedasflnitesumsofboundedfunctionsandenjoytheproperties(??),(??),
(??)and(??)asaconsequenceoftheconvergenceof(f

";N
)towardsf

"
.
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3Thefastreactionlimit

WeflxanarbitrarypositivetimeTandput›T:=(0;T)£›.Throughoutthissection,
wedenotebyCanypositiveconstantdependingonlyonF,d,„d,finandT.Further
dependenceofCuponadditionalparameterswillbeindicatedexplicitly .

Step1.Weflrstdeducefrom(??)and(??)that
Z

›

1X

i=‘+1

if
"
i(t;x)dx•sup

i‚‘+1

‰
i

#i

¾Z

›

1X

i=1

#if
"
i(t;x)dx•Csup

i‚‘+1

‰
i

#i

¾

¡!
‘!+1

0;

uniformlywithrespecttot‚0and">0.Consequently,

!(‘):=sup
t‚0;">0

Z

›

1X

i=‘+1

if
"
i(t;x)dx¡!

‘!+1
0:(3.1)

Next,thebound(??)andtheDunford-Pettistheoremimplythat(f
"
)isweakly

sequentiallycompactinL
1
(›T;X).Consequently,thereexistf2L

1
(›T;X)anda

subsequence(f
"k
)of(f

"
),"k!0,suchthat

f
"k
*fweaklyinL

1
(›T;X):(3.2)

Owingto(??),animmediateconsequenceof(??)istheconvergenceofthesequence
(%

"k
;·

"k
)deflnedby(??),namely,

%
"k
=

1X

i=1

if
"k
i*%:=

1X

i=1

ifiweaklyinL
1
(›T);

·
"k
=

1X

i=1

idif
"k
i*·:=

1X

i=1

idifiweaklyinL
1
(›T):

Aslightlystrongerconvergenceresultfor%
"k
canactuallybederivedfrom(??).

Indeed,thisboundbeinguniformwithrespecttot‚0,weinferfrom(??)andthe
Dunford-PettistheoremthatthereisaweaklycompactsubsetKofL

1
(›)suchthat

%
"k
(t)2Kforeveryt‚0andk‚1:(3.3)

Itnextfollowsfrom(??),(??)and(??)that,for̂2C
1
0(›),

fl
fl
fl
fl

Z

›

(%
"k
(t+h)¡%

"k
(t))ˆdx

fl
fl
fl
fl=

fl
fl
fl
fl

Zt+h

t

Z

›

·
"k
¢xˆdxd¿

fl
fl
fl
fl•C(k̂kC2)jhj¡!

h!0
0:

Thanksto(??),theaboveresultextendstoanyˆ2L
1
(›)byadensityargument.

AvariantoftheAscoli-Arzela theoremthenentailsthat(%
"k
)isrelativ elycompactin

C([0;T];weak¡L
1
(›)).Consequently,

%
"k
¡!%inC([0;T];weak¡L

1
(›));(3.4)
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andthisconvergence,togetherwith(??),impliesthat(??)holdstrue.Finally,passing
tothelimitinthecontinuityequation(??),wehave

Z

›

¡
%(t;x)¡%

in
(x)

¢
ˆ(x)dx=

Zt

0

Z

›

·(¿;x)¢xˆ(x)dxd¿(3.5)

fort2(0;T)andˆ2W,thespaceWbeingdeflnedinTheorem??.

Step2.Wenowclaimthat

%
"k

¡!%stronglyinL
1
(›T):(3.6)

Indeed,weintroducethenotations

v
"k
‘:=

‘X

i=1

if
"k
iandw

"k
‘:=

1X

i=‘+1

if
"k
i=%

"k
¡v

"k
‘;‘‚1;

andlet(‡n)n‚1beasequenceofmolliflersinR
N
withsupp‡n‰fx2R

N
;jxj•1=ng.

Also,let›
0
beanopensubsetof›suchthatCl(›

0
)‰›andput›

0
T:=(0;T)£›

0
.

For‘‚1andnlargeenough,wewrite

k%
"k
¡%kL1(›0

T)•k%
"k
¡(%

"k
⁄x‡n)kL1(›0

T)+k(%
"k
¡%)⁄x‡nkL1(›0

T)

+k(%⁄x‡n)¡%kL1(›0
T)

•kv
"k
‘¡(v

"k
‘⁄x‡n)kL1(›0

T)+2kw
"k
‘kL1(›0

T)

+k(%
"k
¡%)⁄x‡nkL1(›0

T)+k(%⁄x‡n)¡%kL1(›0
T):(3.7)

Ontheonehand,itfollowsfrom(??)and(??)that,for‘‚1,

ZT

0

Z

›

jrxv
"k
‘jdxdt•

1

min
1•i•‘

'
(idi)

1=2“

ZT

0

Z

›

‘X

i=1

(idi)
1=2

jrxf
"k
ijdxdt•C(‘):

Theaboveestimatebeinguniformwithrespecttok‚1,classical argumentsandthe
weakcompactnessof(v

"k
‘)entailthat

lim
n!+1

sup
k‚1

kv
"k
‘¡(v

"k
‘⁄x‡n)kL1(›0

T)=0foreach‘‚1:

Ontheotherhand,weinferfrom(??)that,foreachflxedn‚1,thesequence
(%

"k
⁄x‡n)convergesstronglytowards%⁄x‡ninL

1
(›

0
T).Recallingthattheestimate

(??)controlsthebehaviourofw
"k
‘uniformlywithrespecttok‚1,wemayletk!+1

in(??)andobtain

limsup
k!+1

k%
"k
¡%kL1(›0

T)•sup
k‚1

kv
"k
‘¡(v

"k
‘⁄x‡n)kL1(›0

T)+2T!(‘)

+k(%⁄x‡n)¡%kL1(›0
T)
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foranyn‚1and‘‚1.Wenextletn!+1andthen‘!+1toobtainthat(%
"k
)

convergesstronglytowards%inL
1
(›

0
T).Since›

0
isarbitrary ,weconcludethatthere

isasubsequenceof(%
"k
)(notrelabeled)suchthat(%

"k
)convergestowards%almost

everywherein›T.Theclaim(??)followsfromthislastfactand(??)bytheVitali
theorem.

Step3.Pointwiseconvergenceandlocalboundednesspropertiesof(%
"k
)maybede-

ducedfrom(??)andarestatedinthenextlemma.

Lemma3.1Thereexistsasubsequenceof(f
"k
)(notrelabeled)whichsatisfles:for

anyfi>0,thereexistUfi‰›TandRfi>0suchthat

meas(›TnUfi)•fi;(3.8)

%
"k
!%;D(f

"k
)!0uniformlyinUfi;(3.9)

%
"k
•RfiinUfifork‚1:(3.10)

Proof.Weflxfi>0.Extractingasubsequenceifnecessary ,wededucefrom(??)
and(??)that(%

"k
;D(f

"k
))convergesalmosteverywhereto(%;0)in›T.TheEgorov

theoremthenensurestheexistenceofameasurablesubsetVfiof›Tsuchthat

meas(›TnVfi)•
fi

2
and(%

"k
;D(f

"k
))!(%;0)uniformlyinVfi:

Next,since%2L
1
(›T),wehave

measf(t;x)2›T;%(t;x)‚‚g•
k%kL1(›T)

‚

for‚>0.Theflrsttwoassertions ofLemma??thenfollowwith

Ufi:=Vfi\

‰

(t;x)2›T;%(t;x)•
2k%kL1(›T)

fi

¾

:

Finally,since%isboundedinUfi,thebound(??)isastraightforwardconsequenceof
theuniformconvergence(??).ut

Step4.Wenowshowthattheentropydissipation termD(f
"k
)\measuresadistance"

betweenf
"k
iandFi(f

"k
1)

i
.

Lemma3.2Lety=(yi)i‚1beanonnegativesequenceinXsuchthatD(y)<+1.
Then,forany‘‚1,wehave

sup
1•i•‘

fl
flyi¡Fiy

i
1

fl
fl•C(‘)(1+kykX)

‘+1
D(y)

1=2
:(3.11)
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Proof.Observethatthenonnegativit yofe(r;s)and(??)implythat

D(y)=
1X

i;j=1

ai;jFiFje(zizj;zi+j)‚
‘X

i=1

a1;iFie(z1zi;zi+1)

withzi=yi=Fi,i‚1.Therefore,byassumptions(??)and(??),

D(y)‚C(‘)
‘X

i=1

e(z1zi;zi+1):

Sincejr¡sj
2
•maxfr;sge(r;s)forr;s‚0,wededucethat

‘X

i=1

jz1zi¡zi+1j•‘
1=2

ˆ‘X

i=1

jz1zi¡zi+1j
2

!1=2

•‘
1=2

max
1•i•‘

fmaxfz1zi;zi+1gg
1=2

D(y)
1=2

:

Usingagain(??),werealizethat

z1zi•C(‘)y1yi•C(‘)kyk
2
Xandzi+1•C(‘)kykX

fori2f1;:::;‘g.Consequently,weendupwith

‘X

i=1

jz1zi¡zi+1j•C(‘)(1+kykX)D(y)
1=2

:(3.12)

Observenowthat,fori2f1;:::;‘g,

fl
flzi¡z

i
1

fl
fl=

fl
fl
fl
fl
fl

i¡1 X

j=1

z
i¡j¡1
1(zj+1¡z1zj)

fl
fl
fl
fl
fl
•(1+y1)

‘
‘X

j=1

jzj+1¡z1zjj;

whence

sup
1•i•‘

fl
flzi¡z

i
1

fl
fl•(1+kykX)

‘
‘X

j=1

jzj+1¡z1zjj:

Insertingtheaboveinequalit yin(??)andusingoncemore(??)yield(??).ut

Step5.Weclaimthat,foreveryfi>0,

f=F[‰]a.e.inUfi;(3.13)

thesetUfibeingdeflnedinLemma??.Indeed,thanksto(??),(??)and(??),wehave,
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forany‘‚1andk‚1,

1X

i=1

ijf
"k
i¡Fi(f

"k
1)

i
j•‘C(‘)(1+Rfi)

‘+1
D(f

"k
)
1=2

+
1X

i=‘+1

if
"k
i+

1X

i=‘+1

iFi(f
"k
1)

i

•C(‘;fi)D(f
"k
)
1=2

+!(‘)+
1X

i=‘+1

iFiR
i
fia.e.inUfi:

Wenowflrstpasstothelimitask!+1withthehelpof(??)andthenlet‘!+1
withthehelpof(??)and(??)toconcludethat

1X

i=1

ijf
"k
i¡Fi(f

"k
1)

i
j¡!
k!+1

0a.e.inUfi:(3.14)

Consequently,

j%
"k
¡'(f

"k
1)j•

1X

i=1

ijf
"k
i¡Fi(f

"k
1)

i
j¡!
k!+1

0a.e.inUfi;(3.15)

andthecontinuityof'
¡1

alongwith(??)implythat

lim
"!0

f
"k
1=lim

"!0
'
¡1
(%

"k
)='

¡1
(%)=z[%]a.e.inUfi:(3.16)

Next,comingbackto(??)andusing(??),weobtain

kf
"k
¡F[‰]kX•kf

"k
¡F['(f

"k
1)]kX+kF['(f

"k
1)]¡F[‰]kX¡!

k!+1
0(3.17)

a.e.inUfi.Recalling(??),weget(??).

Sincefiisarbitrary ,wededucefrom(??)that(??)and(??)actuallyholda.e.in›T.
Since(f

"k
)convergestowardsffortheweaktopologyofL

1
(›T;X)anda.e.,theVitali

theoremimpliesthat(f
"k
)convergestowardsfforthestrongtopologyofL

1
(›T;X),

whence(??).Italsoreadilyfollowsfrom(??)and(??)that

·=
1X

i=1

idiFi[%]=“(z[%])=§(%);

andtheproofofassertion(i)ofTheorem??iscomplete.ut

Weendupthissectionbysomeremarksonthedifiusionequationsatisfledby%.
Thefunctions'and“deflnedin(??)and(??),respectively,aresmooth,nonnegative,
andincreasing functions, satisfying

lim
z!0

'(z)=lim
z!0

“(z)=0;lim
z!+1

'(z)=lim
z!+1

“(z)=+1:
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Consequently,§isasmoothandincreasing function,anditreadilyfollowsfrom(??),
(??)and(??)that

0•§(z)•„dz;z‚0:(3.18)

Furtherpropertiesof§aregatheredinthenextlemma.

Lemma3.3Wehave§
0
(0)=d1>0and

§(z)=d1z+2(d2¡d1)F2z
2
+O(z

3
)

inaneighbourhoodofz=0.Inaddition,ifdi!0asi!+1,then

lim
z!+1

§
0
(z)=0:

Proof.Forz»0,wehave

'
¡1
(z)=z¡2F2z

2
+O(z

3
);z!0:

Thebehaviourofthefunction§=“–'
¡1

nearz=0isthen

§(z)=d1z+2(d2¡d1)F2z
2
+O(z

3
);(3.19)

withd1>0byhypothesis(??),whencetheflrstassertionofLemma??.Next,let
–2(0;1).Thereisi0‚1suchthatdi•–=2fori‚i0.Forw‚1itfollowsfrom(??)
that

“
0
(w)•„d

i0 X

i=1

i
2
Fiw

i¡1
+
–

2

1X

i=i0+1

i
2
Fiw

i¡1

•
„d

Fi0+1

ˆi0 X

i=1

Fiw
i¡1¡i0

!

(i0+1)
2
Fi0+1w

i0
+
–

2
'
0
(w)

•

ˆ
„d

Fi0+1w

ˆi0 X

i=1

Fi

!

+
–

2

!

'
0
(w)

•

µ„d'(1)

Fi0+1w
+
–

2

¶

'
0
(w)

•–'
0
(w)

forwlargeenough,sayw‚w–.Therefore,ifz‚z–:='(w–),weinferfromtheabove
inequalit ywithw='

¡1
(z)that

(“
0
–'

¡1
)(z)•–('

0
–'

¡1
)(z);

thatis,§
0
(z)•–forz‚z–,andtheproofofLemma??iscomplete.ut

AsaconsequenceofLemma??,werealizethat§
0
>0on[0;R]foreachR>0

butmightconvergetozeroasz!+1.Theequation(??)isthennotnecessarily
uniformlyparabolic,inparticular whendi!0asi!+1.Thislastconditionis
oftensatisfled,asitisgenerallyassumedthatdibehavesasi

¡°
forlargei,with°>0.
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4Improvedconvergence

TheproofofthesecondassertionofTheorem??isactuallyaconsequenceofthe
followingresult.

Proposition4.1LetT>0andrecallthat›T=(0;T)£›.Considerasequenceof
nonnegativefunctions

(uk;vk)k‚12C([0;T];L
1
(›))\L

1
(›T);(4.1)

andanonnegativefunctionu
in
2L

2
(›)suchthat

(uk;vk)¡!(u;§(u))inL
1
(›T);(4.2)

uk(0)¡!u
in

inL
2
(›);(4.3)

and
Z

›

(uk(T)ˆ(T)¡uk(0)̂(0))dx=

ZT

0

Z

›

(uk@t̂+vk¢xˆ)dxd¿(4.4)

foranyˆ2L
2
(0;T;H

2
(›))\H

1
(0;T;L

2
(›)).

Thenu·û,whereûdenotestheuniqueweaksolutionto(??),(??)witĥu(0)=u
in

satisfying
§̂(̂u)2L

1
(0;T;L

1
(›));§(û)2L

2
(0;T;H

1
(›)):

Proof.Theproofisadaptedfromthatof[?,Proposition1].Weflrstnoticethat(??)
impliesthatZ

›

uk(t;x)dx=

Z

›

uk(0;x)dx;t2[0;T]:(4.5)

Next,letU
in
beanonnegativefunctioninL

1
(›).By[?],thereisauniqueweak

solutionUto(??),(??)withU(0)=U
in
suchthat

§̂(U)2L
1
(0;T;L

1
(›));§(U)2L

2
(0;T;H

1
(›)):

Inaddition,UbelongstoL
1
(›T)bythemaximumprinciple, andsatisfles

Z

›

¡
U(T)ˆ(T)¡U

in
ˆ(0)

¢
dx=

ZT

0

Z

›

(U@t̂+§(U)¢xˆ)dxd¿(4.6)

for̂2L
2
(0;T;H

2
(›))\H

1
(0;T;L

2
(›)).Inparticular, wededucefrom(??)that

Z

›

U(t;x)dx=

Z

›

U
in
(x)dx;t2[0;T]:(4.7)
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Fork‚1,weput

Xk:=uk¡
1

j›j

Z

›

uk(0;x)dx¡U+
1

j›j

Z

›

U
in
(x)dx;

Yk:=vk¡§(U):

Weinferfrom(??),(??),(??)and(??)that

Z

›

(Xk(T)ˆ(T)¡Xk(0)̂(0))dx=

ZT

0

Z

›

(Xk@t̂+Yk¢xˆ)dxd¿(4.8)

foranyˆ2L
2
(0;T;H

2
(›))\H

1
(0;T;L

2
(›)).By(??)and(??),wehave

Z

›

Xk(t;x)dx=0fort2[0;T]:

Consequently,foreacht2[0;T],thereisauniqueZk(t)2H
2
(›)suchthat

¡¢xZk(t)=Xk(t)in›;(4.9)

@Zk(t)

@n
=0on@›;(4.10)

Z

›

Zk(t;x)dx=0:(4.11)

OurgoalisnowtotakeZkasatestfunctionin(??).Owingto(??)andthe
regularit yofU,wehaveXk2L

2
(›T)andclassical elliptic estimatesentailthat

Zk2L
2
(0;T;H

2
(›)).Wenextinferfrom(??)that

@tZk=
1

j›j

Z

›

Ykdx¡Yk;

andtheright-handsideoftheaboveidentitybelongstoL
2
(›T)by(??)andthereg-

ularityofU.Consequently,ZkalsobelongstoH
1
(0;T;L

2
(›)).Wemaythustake

ˆ=Zkin(??)andobtain,thanksto(??),
Z

›

jrxZk(T)j
2
dx+2

Z

›T

XkYkdxd¿=

Z

›

jrxZk(0)j
2
dx:

BythePoincar¶e-Wirtinger inequalit y,thereisaconstantC›dependingonlyon›such
thatZ

›

jrxZk(0)j
2
dx•C›

Z

›

jXk(0)j
2
dx:

Wethusendupwith

2

Z

›T

XkYkdxd¿•C›

Z

›

jXk(0)j
2
dx;
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whichalsoreads
Z

›T

ukvkdxd¿•

Z

›T

(uk§(U)+vkU¡U§(U))dxd¿

+
1

j›j

µZ

›

¡
uk(0)¡U

in¢
dx

¶µZ

›T

(vk¡§(U))dxd¿

¶

+
C›

2

Z

›

jXk(0)j
2
dx:

SinceUand§(U)arebounded,wemaypasstothelimitask!+1intheabove
inequalit yanduse(??),(??)andtheFatoulemmatoobtain

Z

›T

u§(u)dxd¿•

Z

›T

(u§(U)+§(u)U¡U§(U))dxd¿

+
1

j›j

µZ

›

¡
u
in
¡U

in¢
dx

¶µZ

›T

(§(u)¡§(U))dxd¿

¶

+
C›

2

Z

›

j–(U
in
)j
2
dx;

with

–(U
in
):=u

in
¡U

in
¡

1

j›j

Z

›

¡
u
in
¡U

in¢
(x)dx;

whence
Z

›T

(u¡U)(§(u)¡§(U))dxd¿

•
1

j›j

µZ

›

¡
u
in
¡U

in¢
dx

¶µZ

›T

(§(u)¡§(U))dxd¿

¶

+
C›

2

Z

›

j–(U
in
)j
2
dx:(4.12)

Wenowconsiderasequence(U
in
p)p‚1ofnonnegativefunctionsinL

1
(›)suchthat

lim
p!+1

kU
in
p¡u

in
kL2(›)=0;

anddenotebyUptheuniqueweaksolutionto(??),(??)withUp(0)=U
in
pgivenby

[?].Ontheonehand,itfollowsfrom(??)that
Z

›T

(u¡Up)(§(u)¡§(Up))dxd¿

•
1

j›j

µZ

›

¡
u
in
¡U

in
p

¢
dx

¶µZ

›T

(§(u)¡§(Up))dxd¿

¶

+
C›

2

Z

›

j–(U
in
p)j

2
dx:
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Ontheotherhand,bytheL
1
-contractionpropertyofweaksolutionsto(??),(??)[?],

wehave
lim

p!+1
sup
t2[0;T]

kUp(t)¡û(t)kL1(›)=0:

Since§isincreasing, wemaypasstothelimitasp!+1withthehelpoftheFatou
lemmatoconcludethat

Z

›T

(u¡û)(§(u)¡§(û))dxd¿•0:

Thefunction§beingincreasing, Proposition??readilyfollows.ut

Proposition??isactuallystillvalidifwereplacetheassumptiononu
in
and(??)

by

§̂(u
in
)2L

1
(›)andu

in
2

8
<

:

L
2D=(D+2)

(›)ifD‚3;
L
1+fi

(›)ifD=2(fi>0);
L
1
(›)ifD=1:

Indeed,theonlymodiflcationtobemadeistheestimateofkrxZk(0)kL2(›).For
instance,ifD‚3,thespaceW

1;2D=(D+2)
(›)iscontinuouslyembeddedinL

2
(›).

Classicalelliptic regularit yresultsandthePoincar¶einequalit ythenimplythat

krxZk(0)kL2(›)•C›kZk(0)kW2;2D=(D+2)(›)•C›kXk(0)kL2D=(D+2)(›):

Wethenargueasinthepreviousproof,replacingtheL
2
-normsofXk(0)and–(U

in
)

bytheirL
2D=(D+2)

-norms.

ProofofTheorem??(ii).ItisactuallyastraightforwardconsequenceofPropo-
sition??.Indeed,weinferfrom(??)that,foreachk‚1,thereisNk‚3such
that

k%
"k;Nk

¡%
"k
kL1(›T)+k·

"k;Nk
¡·

"k
kL1(›T)•

1

k
:

Therefore,
(%

"k;Nk
;·

"k;Nk
)¡!(%;§(%))inL

1
(›T)

by(??)andthepropertiesof§.Owingto(??),(??),(??)and(??),wemayapply
Proposition??toconcludethatassertion(ii)ofTheorem??holdstruefor(f

"k
).The

uniquenessofthelimitthenimpliestheconvergenceofthewholefamily.ut
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