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Abstract

We develop the Cauchy theory of the spatially homogeneous inelastic
Boltzmann equation for hard spheres, for a general form of collision rate
which includes in particular variable restitution coefficients depending on the
kinetic energy and the relative velocity. It covers physically realistic models
for granular materials. We prove (local in time) non-concentration estimates
in Orlicz spaces, from which we deduce weak stability and existence theorem.
Strong stability together with uniqueness is proved under additional smooth-
ness assumption on the initial datum, for a restricted class of collision rates.
Concerning the long-time behaviour, we give conditions for the cooling process
to occur or not in finite time.
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1 Introduction and main results

In this paper we address the Cauchy problem for the spatially homogeneous Boltz-
mann equation modelling the dynamic of a homogeneous system of inelastic hard
spheres which interact only through binary collisions. More precisely, describing the
gas by the probability density f(¢,v) > 0 of particles with velocity v € RY (N > 2)
at time ¢ > 0, we study the existence and the qualitative behaviour of solutions to
the Boltzmann equation for inelastic collision

(1.1) aa—{ = Q(f,f) in (0,+00) x RY,

(1.2) f0,) = fiu i RV

The use of Boltzmann inelastic hard spheres-like models to describe dilute, rapid
flows of granular media started with the seminal physics paper [17], and a huge
physics litterature has developped in the last twenty years. The study of granular
systems in such regime is motivated by their unexpected physical behavior (with the
phenomena of collapse —or “cooling effect”— at the kinetic level and clustering at the
hydrodynamical level), their use to derive hydrodynamical equations for granular
fluids, and their industrial applications.

From the mathematical viewpoint, works on the Cauchy problem for these mod-
els have been first restricted to the so-called inelastic Mazxwell model, which is an
approximation where the collision rate is replaced by a mean value independent



on the relative velocity (see [6] for instance). This simplified model is important
because of its analytic simplifications allowing to use powerful Fourier transform
tools. Nevertheless, although it is possible to modify the collision operator by a
multiplication by a function of the kinetic energy in order to restore its dimensional
homogeneity (see [6] for this pseudo-Mazwell molecules model), fine properties of
the distribution (such as overpopulated tails or self-similar solutions) are broken or
modified by the approximation. Another simplification which has lead to interesting
results is the restriction to one-dimensional models (in space and velocity) (see [2],
[27] and [3]), where, on the contrary to the elastic case, the collision operator has a
non-trivial outcome. Also the recent papers [13, 7] have studied the case of inelastic
hard spheres in various regimes (for instance in a thermal bath, i.e. when a heat
source term is added to the equation) in any dimension. Another common major
physical simplification is to deal with constant restitution coefficients. This choice,
while reasonnable from the viewpoint of the mathematical complexity of the model,
appears inadequate to describe the whole variety of behaviors of these materials
(see the discussion and models in [6] and [27] and the references therein). Lately
the work [6] has considered some cases of restitution coefficients possibly depending
on the kinetic energy of the solution, and the works [27], [3] have considered some
cases of restitution coefficients depending on the relative velocity.

In this work, we shall construct solutions to the freely cooling Boltzmann equa-
tion for hard spheres in any dimension N > 2 and for a general framework of
measure-valued inelasticity coefficients which covers in particular variable restitu-
tion coefficients possibly depending on the relative velocity and the kinetic energy
of the solution. Our framework enables to consider interesting physical features,
such as elasticity increasing when the relative velocity or the temperature decrease
( “normal” granular media) or the opposite phenomenon ( “anomalous” granular me-
dia). Let us emphasize that these solutions are new even in the case of a constant
restitution coefficient. We also discuss various conditions on the collisions rate for
the collapse to occur or not in finite time. A second part of this work [22] will be
concerned with the existence of self-similar solutions and the tail behavior of the
distribution.

Before we explain our results and methods in detail, let us introduce the problem.

1.1 A general framework for the collision operator

The bilinear collision operator Q(f, f) models the interaction of particles by means
of inelastic binary collisions (preserving mass and total momentum but dissipating
kinetic energy). We denote by B the rate of occurance of collision of two particles
with pre-collisional velocities v and v, which gives rise to post-collisional velocities
v and v.. The collision may be schematically written

. Vvl =0+,
(13)  {o}+ {0} 2o @y + o} with

[0 4 0l* < [ol* + Jou .



More precisely, we define the collision operator by its action on test functions
(which is related to the observables of the probability density). Taking ¢ = ¢(v) to
be some well-suited regular function, we introduce the following weak formulation
of the collision operator

(1.4) (Q(f f),p) = %/RN/RN f*f/D(gal+g0’—<p—go*)B(€,v—v*;dz)dvdv*

where D := {u € R"; |u| < 1}. Here and below we use the shorthand notations

Y = Y), P, = P(v,), ¥ = (') and . = Y (v.) for any function ¢ on RY. For
any z € D and v,v, € RY we define

v=(v4+v.)/24 2z |v. —v|/2
(1.5)
Vo= (04 0.)/2 = zfv. —0]/2,

which is nothing but a parametrization, for any fixed pre-collisional particles {v, v.},
of all possible resulting post-collisional particles {v',v.} in (1.3). Finally, £ is the
kinetic energy of the distribution f, defined by

& ::/ f v dv.
RN

The collision rate B is the product of the norm of the relative velocity by the
collisional cross section, B = |v — v.| b, reflecting the fact that we are dealing with
hard spheres which undergo contact interactions. The collisional cross section b is
a non-negative measure on D, depending on the kinetic energy £, and on the pre-
collisional velocities v, v,. It depends on the velocity only through v—uv, by Gallilean
invariance. The non-negative real |z| is the restitution coefficient which measures
the loss of energy in the collision, since

1
(1.6) [ + ol = ol = o = =5 (1= [2]") [o. = o” <0.

In the above formula, |z| = 1 corresponds to an elastic collision while z = 0 corre-
sponds to a completely inelastic collision (or sticky collision). In the sequel we shall
denote u = v — v, the relative velocity, and for a vector x € R\ {0}, we shall denote

A first simple consequence of the definition of the operator (1.4) and of the
parametrization (1.5) is that mass and momentum are conserved

d 1
4 dv =0
dt RNf(U> o

a fact that we easily derive (at least formally), multiplying the equation (1.1) by
¢ =1 or ¢ = v and integrating in the velocity variable (using (1.4)). In the same



way, multiplying equation (1.1) by ¢ = |v|?, integrating and using (1.6), we obtain
that the kinetic energy is dissipated

(L7) Cet) = D) <0,

where we define the energy dissipation functional D and the energy dissipation rate
(3, which measures the (averaged) inelasticity of collisions, by

i) = [ [ FA e oo,
1

B(Eu) = 1/D(1—|,z|2)b(5,u;d,z)zo.

Finally, we introduce the cooling time, associated to the process of cooling (pos-
sibly in finite time) of granular gases:

(1.8) T.:=inf{T'>0, E(t) =0Vt>T} =sup{S >0, £(t) >0Vt< S}

This cooling effect (or collapse) is one of the main motivations for the physical and
mathematical study of granular media.

The Boltzmann equation (1.1) is complemented with an initial condition (1.2)
where the initial datum is supposed to satisfy the moment conditions

(1.9) 0 < fin € L,(R™), . findv =1, » fmvdv =0

for some ¢ > 2. Notice that we can assume without loss of generality the two last
moment conditions in (1.9), since we may always reduce to that case by a scalling
and translation argument. Here we denote, for any integer ¢ € N, the Banach space

L, = {f : RY — R measurable; 1 flls = / |f(v)] (14 |v|?) dv < oo} .
RN
We also define the weighted Sobolev spaces W' (¢ € R and k € N) by the norm

1 s = D 10°F (1 + [0])l| .

|s|<k

We introduce the space of normalized probability measures on RY, denoted by
M'(RY), and the space BV,(RY) (¢ € R) of Bounded Variation functions, defined
as the set of the weak limits in D'(RY) of sequences of smooth functions which are
bounded in qu’l(]RN ). Throughout the paper we denote by “C” various constants
which do not depend on the collision rate B.



1.2 Mathematical assumptions on the collision rate

Let us state the basic assumptions on the collision rate B:

e B takes the form
(1.10) B = B(&,u;dz) = |u|b(&,u;dz),

where b is a finite measure on D for any &, u. This measure b satisfies the
following properties:

o [t satisfies the symmetry property

(1.11) b(E,u;dz) = b(E, —u, —dz).
e For any ¢ € C.(RY) the function

(1.12) (v,v*,g)H/ljgo(v’)b(g,u;dz)

1S continuous.

e There exists a continuous function « : (0,00) — (0, 00), which measures the
intensity of interactions, such that

(1.13) YueRY £>0 a(é’):/b(é’,u;dz).
D

For the energy coupled models we will need the following additional assumption:

e The measure b satisfies the following angular spreading property: for any
E > 0, there is a function je(e) > 0, going to 0 as € — 0, such that

(1.14) Ve >0, ueRY b(E, u; dz) < a(E) je(e).

/{|ﬁ-z|€[1,1]\[1+8;15]}

Moreover we assume that this convergence is uniform according to £ when it
is restricted to a compact set of (0, +00).

For the uniqueness of the energy coupled models, we shall need the following
assumption

H1. The cross-section b reduces to a measure on the sphere

1—e 1+e
~ SNfl
5 U+ 2 ,

(115) Cu,e =

where e : (0,00) — [0,1], € — e(€) depends only on the kinetic energy, and
a = «a(f) and e = (&) are locally Lipschitz on (0,400). Morerover, b is
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assumed to be absolutely continuous according to the Hausdorff measure on
Cu., and thus writes

(1.16) b(E, u;dz) = S(a=1-eyi/2+(1+e)o/2y D(E, [ul i - 0) do
where do is the uniform measure on the unit sphere, and bis a non-negative

measurable function.

In the study of the cooling process, we always assume:

H2. The energy dissipation rate 5(€,u) in (1.8) is continuous on (0, +o00) x RY

and satisfies
(1.17) B(E,u) >0 YueRY, £>0.

We will also need one of the two following additional assumptions:
H3. For any &), £ € (0,00) (with & > &) there exists ¥ such that
(1.18) B(E,u) > P(|u]) VE € (Ex, &), YueRY,
with ¢ € C(Ry,R,) and such that for any R > 0 there exists g > 0,
(1.19) Y(jul) > Yrlul™ YueRY) |u| > R/2.

This assumption is quite natural. In particular, it holds for a "normal” gran-
ular media.

H4. The cross-section b reduces to a measure on the sphere C, . and it is absolutely
continuous according to the Hausdorff measure, where e : (0, 00) x (0, 00) —
[0,1], (&, |ul) — e(&, |u]) is a continuous function. In particular, (1.16) holds.
Moreover we assume that for any given £ and |u|, the function z — b(E, |ul, 2)
is non-negative, nondecreasing and convex on (—1,1).

The fact that b is a finite measure on D allows to define the splitting Q = QT —Q~
where Q7 and )~ are defined in dual form by

120) QA= [ [ 0s [ dlulbEnd) .

and

(1.21) @)= [ [ ot [ ellbEwd .

A straightforward computation shows that it is possible to give a very simple strong
form of )~ as follows

(1.22) Q (9,f) = L(g) f



where L is the convolution operator

(1.23) L(g)(v) := a(€) /RN g(vi) |v — v, dv,.

Under assumption H4, the expression of Q* reduces to

.24 *( N 5 do dv dv,.
(1.24)  (Q"(g,f), /RN/RNgf|u|/ lul, - o) do dvdv

We refer to [6] for physical motivations for the case when e = ¢(£) and to [27] for

the case when e = e(Ju|). Under assumption H4 and when one assumes that b only
depends on 4 - o, the energy dissipation rate just writes

(1.25) B(E,u) = Cn (1= ¢?),
where C'y is a constant depending on the dimension.

We note that the classical Boltzmann collision operator for inelastic hard spheres
with a constant normal restitution coefficient e € [0,1], as studied for instance
in [6] and [13], is included as a particular case of our model, and satisfies all the
assumptions above. But the formalism (1.4)—(1.14) is much more general than this
case. In particular, we may also consider:

1. Uniformly inelastic collision processes such that
(1.26) 32 €(0,1) st. suppB(E,u,.) C D(0,2) YuecRY V& >0,

which includes the sticky particles model when zy = 0.

2. The physically important case of a normal restitution coefficient e depending
on the relative velocity and the kinetic energy with a cross-section b depending on
E, uand U - 0. In particular it covers the kind of models studied in [6] (where e
depends on &, and b is independent on £ and u).

3. This formalism also covers multidimensional versions of the kind of models
proposed in [27], which corresponds to the case where b is the product of a measure
depending on |u|, |z] and a measure of @ - z absolutely continuous according to the
Hausdorff measure. One easily checks that our assumptions are quite natural for
this kind of models as well.

1.3 Statement of the main results

Let us now define the notion of solutions we deal with in this paper.

Definition 1.1 Consider an initial datum fi, satisfying (1.9) with ¢ = 2. A non-
negative function f on [0, T] x RY is said to be a solution to the Boltzmann equation
(1.1)-(1.2) if

(1.27) f € C(0, T); LYR)),
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and if (1.1)-(1.2) holds in the sense of distributions, that is,

T 0
s [ G @unafa- [ e

for any ¢ € CL([0,T) x RYN).

It is worth mentioning that (1.27) ensures that the collision term Q(f, f) is
well defined as a function of L'(RY). Indeed, on the one hand, we deduce from
f € C(0,T]; LYRYN)) that £(t) € K; on [0,T] and thus a(E(t)) € Ky on [0,T] for
some compact sets K; C (0,00). On the other hand, from the dual form (1.20) it
is immediate that Q% is bounded from L1 x L} into L', with bound «/(&) (see also
[13, 22] for some strong forms of the QT (f, f) term). It turns out that a solution f,
defined as above, is also a solution of (1.1)-(1.2) in the mild sense:

f(t,.):fin—l—/o Q(f(s,.))ds ae.in RV,

Another consequence is that if f € L*([0,T), L;) then f satisfies the chain rule

d

(1.29) 7 RNﬁ(f)qﬁdv:(Q(f,f),ﬂ’(f)@ in D([0,T)),

for any 3 € C'(R) N WH*(R), ¢ € L (RY), see [14, 10, 19].

Let us state the main results of this paper. First, we give a Cauchy Theorem
valid when the collision rate B is independent on the kinetic energy.

Theorem 1.2 Assume that B satisfies the assumptions (1.10)-(1.13) with b =
b(u;dz): the cross-section does not depend on the kinetic energy. Take an initial
datum fy, satisfying (1.9) with ¢ = 3. Then
(i) For all T > 0, there exists a unique solution f € C([0,T]; Ly) N L*>(0,T; L})
to the Boltzmann equation (1.1)-(1.2). This solution conserves mass and mo-
mentum,

(1.30) f(t,v)dv =1, ft,v)vdv =0 Vit >0,
RN RN

and has a decreasing kinetic energy

(1.31) E(ts) < E(H) < Em=E(0) Vit >t >0.

(i4) Its time of life (as introduced in (1.8)) is T, = oo, in particular, £(t) > 0 for
any t > 0. Morever, assuming H2-H3 or H2-H4 (with e and b independent
on the kinetic energy), there holds

(1.32) &) —0 and f(t,.) = p—¢ in M"(R™)-weak* when t — T,.

In other words, the cooling process does not occur in finite time, but asymp-
totically in large time.



Remarks 1.3 Let us discuss the assumptions and conclusions of this theorem.

1. Under assumption H4 and when the collision rate is independent on the ki-
netic energy, one can prove in fact that there exists a unique solution f € C([0,00); L')
satisfying (1.30) and (1.31) for any initial condition fi, satisfying (1.9) with ¢ = 2.
The proof is quite more technical and we refer to [23] where the result is presented for
the true elastic collision Boltzmann equation; nevertheless the proof may be readily
adapted to the inelastic collisional framework.

2. The ezistence and uniqueness part of Theorem 1.2 (point (i)) extends to a
cross-section B = B(u;dz) > 0 which satisfies the sole assumptions

( B(—u;—dz) = B(u;dz),

/ Bdz < Co(1+ o] + v.])
D

(v,v,) — /Dgp(v’) B(u;dz) € C(RY x RY) Vo € C.(RY)

\

for some constant Cy € Ry. This corresponds to the so-called cut-off hard potentials
(or variable hard spheres) in the context of inelastic gases.

3. For a uniformly dissipative collision model, i.e. such that

Bu) = By € (0,00),

a fact which holds under assumption (1.26) or under assumption H4 with a resti-
tution coefficient e satisfying e(|u]) < eg € [0,1) for any u € RN, we may prove the
additionnal a priori bound

/0 LGt )y dt < C(lfall g o).

As a consequence, one can easily adapt the proof of existence and uniqueness in
Theorem 1.2 and then one can easily establish that the existence part of Theorem 1.2
holds for any initial datum fi, satisfying (1.9) with ¢ = 2.

4. The existence and uniqueness part of Theorem 1.2 (point (i)) immediately
extends to a time dependent collision rate B = |u|y(t) b(t, u; dz) where b(t,u;-) is a
probability measure for any u € RN, t € [0,T] such that b(t,u;dz) = b(t, —u; —dz),
and y(t) is a positive function in L>(0,T).

Now, let us turn to the case where the collision kernel depends on the kinetic
energy of the solution.

Theorem 1.4 Assume now that B satisfies the assumptions (1.10)-(1.14) and that
the cross-section b = b(E,w; dz) depends also on the kinetic energy €. Take an initial
datum fi, satisfying (1.9) with q¢ = 3.
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(i) There exists at least one mazimal solution f € C([0,T.); Ly) N L>=(0,T.; L)
for some T, € (0,400] which satisfies the conservation laws (1.30) and the
decay of the kinetic energy (1.31).

(i1) If the collision rate satisfies the assumption H1, and the initial datum satisfies
the additional assumption fi, € BVy N LL, then this solution is unique in the
class of functions C([0,T], L) N L>(0,T; L) for any T € (0,T,).

(111) The asymptotic convergence (1.32) holds under the additional assumptions
H2-H3 or H2-H4.

(iv) If a is bounded near & = 0 and je converges to 0 as € — 0 wuniformly near
E =0, orif B satifies H4, [ is bounded by an increasing function By which
only depends on the energy, and fi,e®"l" € LY with n € (1,2], a, > 0, then
T.=+4o00.

(v) If B(E,u) > Bo £ with By >0 and § < —1/2, then T, < cc.

Remark 1.5 Let us discuss the assumptions and conclusions of this theorem.

1. In point (ii), the assumption we make in order to get the uniqueness part of
the theorem could most probably be relaxed to a smoothness assumption on b of the
form b depends only on € and z and € — b(E;dz) is locally Lipschitz from (0, +00)
to W=LY(D).

2. Under the assumptions of point (ii) on the initial datum, by using a bootstrap
a posteriori argument as introduced in [23], one can indeed prove that there exists
a unique solution f € C([0,00); L') satisfying (1.50) and (1.31) for any initial
condition fi, satisfying (1.9) with ¢ > 4 and f;, € BV}.

1.4 Plan of the paper

We gather in Section 2 some new integrability estimates on the collision opera-
tor which can be of independent interest. Concerning the gain term we prove
convolution-like estimates in Orlicz spaces. These estimates generalize similar es-
timates in Lebesgue spaces in the elastic and the inelastic case. Concerning the
loss term we give simple bounds from below obtained by convexity. We give then
estimates on the global operator in Orlicz space, which show essentially that even if
the bilinear collision operator is not bounded, its evolution semi-group is bounded
in any Orlicz space (with bound depending on time). The proof is based on Young’s
inequality and only requires elementary tools. In Section 3 we start looking at
solutions of the Boltzmann equation and we prove Theorem 1.2, on the basis of
moments estimates in L'. In Section 4, we extend the existence result to collision
rates depending on the kinetic energy of the solution by proving a weak stability
result on the basis of (local in time) non-concentration estimates obtained by the
study of Section 2, to obtain the existence part of Theorem 1.4. The uniqueness
part of Theorem 1.4 is obtained by proving a strong stability result valid for smooth
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solution. In Section 5 we study the cooling process and prove the remaining parts
of Theorem 1.2 and Theorem 1.4.

2 Estimates in Orlicz spaces

In this section we gather some new functional estimates on the collision operator
in Orlicz spaces, that will be used in the sequel to obtain (local in time) non-
concentration estimates. Let us introduce the following decomposition b = bt + b7
of the cross-section b for € € (0,1):

bé (57 U, dz) = b(ga U; dZ) 1{*1+8§’Il-2§175}
bL(E,u;dz) = b(E,u;dz) — bL(E, u; dz)

where 1{_1i.<q..<1—c} denotes the usual indicator function of the set {-1+¢<
G-z <1—¢e}. When no confusion is possible the subscript € shall be omitted.

In the sequel, A denotes a function C? strictly increasing, convex satisfying the
assumptions (A.1), (A.2) and (A.3). This function defines the Orlicz space L*(RY),

which is a Banach space (see the definition in appendix).

2.1 Convolution-like estimates on the gain term

In this subsection we shall prove convolution-like estimates in Orlicz spaces. These
estimates extend existing results in Lebesgue spaces: see [15, 16, 24] in the elastic
case and [13] in the inelastic case for a constant normal restitution coefficient. The
proof relies only on elementary tools, essentially Young’s inequality, in the spirit
of [9]. Another proof could be given by interpolating between the L' and L* theo-
ries, as in [15, 16] (using tools of [4]), but this path leads to more technical difficulties.
Moreover the proof given here has several advantages: its simplicity, the fact that
it handles only the dual form of Q' and the fact that it is naturally well-suited to
deal with Orlicz spaces, since it is based on Young’s inequality.

As shown by the formula for the differential of the Orlicz norm in the appendix,
the crucial quantity to estimate is

QNN (1) do
RV [l
Most of the difficulty is related to the fact that the bilinear operator Q% is not
bounded because of the term |v — v,| in the collision rate. Nevertheless it is possible
to prove a compactness-like estimate with respect to this algebraic weight. When
combined with the damping effect of the loss term this estimate shall show that the
evolution semi-group of the global collision operator is bounded in any Orlicz space.
Let us state the result

12



Theorem 2.1 For any function f € L} N LA, for any e € (0,1), there is an explicit
constant CZ () such that

[ () d<ae) [cron (v (7)) 1kl i

1) 2@y [ 14 (h) el

Remark 2.2 Let us comment on the conclusions of this theorem.

1. We establish estimates for the quadratic Boltzmann collision operator but
similar bilinear estimates could be proved under additional assumption on b, namely
that either no frontal collision occurs, i.e. b(E,u;dz) should vanish for @ close to z,
or no grazing collision occurs, i.e. b(E,;dz) should vanish for @ close to —z. For
more details on these bilinear estimates and the corresponding assumptions, we refer
to [24] where they are proved in Lebesque spaces in the elastic framework.

2. Let us emphasize that for z ~ 0 (close to sticky collisions), the jacobian of the
change of variable (v,v,) — (v',v.) (both velocities at the same time) is blowing up.
However in our method, we only use the changes of variable v — v' and v, — v,
keeping the other velocity unchanged, and the jacobians of these changes of variable
remain uniformly bounded as z — 0. This explains why our bounds includes the
sticky particules model, and are uniform as z — 0.

Proof of Theorem 2.1. Let us denote

o0 =~ (1)

Using the decomposition b = b* + b", we control separately the two terms I* and I"
in the decomposition

@t nend = [ Faolf) [ul B(E, w3 d) do dos
RN RN xRN x D
+/ ffeo(f) Ju| b (€, u;dz) dvdv, =: I" + 1"
RN xRN xD

Using the bound
ul = |v = v < o] + o]

we have

I < / (FloD) foo () V(€ us d) do do.
RN xRN xD

-I—/ F(folv)o(f) |u| (€, u; dz) dv dv, =: I} + I1.
RN xRN xD

13



Now these two terms are treated similarly: the two changes of variable ¢, : v — v/
and ¢9 : v, — v (while the other integration variables are kept fixed) are allowed
thanks to the truncation. Indeed it is straightforward to compute their jacobian:

Jo, (0,04, 2) = 2N (1+=- a)il
(0,0, 2) =2V (1 — 2 - 0) ™!

which yields the bound
(2.2) ONTL < Ty Ty <2V 7

Thus, by applying the Young’s inequality (A.4)

fs
[ f1lza

we get for 1 the following estimate

fs
[f 1]z

P = 18l () 0 < 1A () + 1w Ao,

I < Hf“LA/ f|U]A< L )bt(é’,u;dz)dvdv*
RN xRN x D 1/l za

+1 £l za / FIolN (o(f) V(€ u; dz) dvdv, =: I}y + I .
RN xRN xD

On the one hand, using
VeeR,, Alx)<zA(z),
which is a trivial consequence of the fact that A(0) = 0 and A’ is increasing, we have

< a@®lfly [ Fetna.

The Hoélder’s inequality in Orlicz spaces (A.5) recalled in the appendix then yields

(23 It < a(€) NV (A’ (i)) TR
o

On the other hand, using that A*(y) =y (A)"*(y) — A((A) "1 (y)), we get

I, < / Flolf o) 0 (€, us dz) do do..
RN xRN x D

Since the cross-section ' is truncated, we can apply the change of variable v, — v/,
with the bound (2.2), and we get

e < al€)2 Sy [ 1)
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The Holder’s inequality (A.5) then yields

(2.4 1L, < a(€) 2V | fl NV (A' (i)) 1l
Tl

Next, the term I% is exactly similar to I, except that one has to use the change of
variable v — ¢’ instead of v, — v (with the bound (2.2) again). Therefore gathering
(2.3), (2.4) and the same estimate for I3, we obtain

@5 r=2a@ 02 Iy |V (o ()| e

Finally, for the term I, we can split it as
r< | £ Fe (") Loz ul 07 (€, s d2) do do,
RN xRN x D a
+/ I feo(f) Lgaa<oy [u|07(E, u; dz) dv dv, =: I7 + 1.
RN xRN xD
Then for I7, we use the Young’s inequality (A.4) to obtain
Iy < / T 12 o) Liamsoy [0l B (€, us d=) du do.
RN XRN xD

+/ T o(f) 1aasoy [u| 0 (E, u; dz) dv dv..
RN xRN x D

In the second integral we make the change of variable v — v’, whose jacobian is less
than 2V thanks the truncation @ - z > 0 and the formula for the jacobian, and we
use that under the truncation

[0 — 0] < 200" =] <2014 [0]) (1 + [o]).

Hence we obtain

o< e (sw [ v ity [ sen

ueRN

< (42" a@ie@ Iy [ o) 0+ i) do

The term I is treated similarly using Young’s inequality and the change of variable
v, — v, whose jacobian is also less than 2" under the truncation 4 -z < 0. It
satisfies therefore the same estimate. Thus we obtain the estimate

(2.6) I" < (242%%) a(€) je(e) 1 £ 1 / fe(f) (1 4+ Jv]) dv.
RN
Defining
(2.7) CHe) =2(1+2%™) + (2+2VF%) je(e),
we conclude the proof gathering (2.5) and (2.6). O
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2.2 Minoration of the loss term

In this subsection we recall a well-known result about the minoration of the loss
term Q7. Let us recall first the following classical estimate.

Lemma 2.3 For any non-negative measurable function f such that
(2.8) f e Li(RY), fdv=1, fodv =0,
RN RN

we have
Vo e RY, / felv —vi| dve > o).
RN

Proof of Lemma 2.3. Using Jensen’s inequality

/RN ©(g+) dpp > (/RN 9+ dm)

with the probability measure du, = f. dv., the measurable function v, — g, = v—w,
and the convex function ¢(s) = |s|, we deduce the result. O

Then the proof of the following proposition is straightforward:

Proposition 2.4 For a non-negative function f satisfying (2.8), we have

(2.9) QN (ﬁ) dv > a(&) /RN FA (W) 0] dv.

2.3 Estimate on the global collision operator and a prior:
estimate on the solutions
Combining Theorem 2.1 and Proposition 2.4 we get

Theorem 2.5 Let us consider a non-negative function f satisfying (2.8). Then
there is an explicit constant Ce depending on the collision rate through the functions
a and jg such that

/ f )d C { A*(A/( |f‘ )):| L A
[ () s e [0 (a (.0 ) )| Wt s

More precisely, Ce = a(€) Cf (o), with ey such that je(eo) < (24 2827l 4
and where C¢ is defined in (2.7).

Proof of Theorem 2.5. One just has to combine (2.1) and (2.9) and pick a gy small
enough such that
(2+2Y2) || fll oy de(eo) <1
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Corollary 2.6 Assume that B satisfies (1.10)-(1.11) and (1.13)-(1.14) and let con-
sider a solution f € C([0,T]; L) to the Boltzmann equation (1.1)-(1.2) associated
to an initial datum fi, € L} and to the collision rate B. Assume moreover that
(1.30) holds and there exists a compact set K C (0,400) such that

vtel0,T], &) € K.

Then, there exists a C?, strictly increasing and convex function A satisfying the
assumptions (A.1), (A.2) and (A.3) (which only depends on fi,) and a constant Cr
(which depends on K, T and B) such that

sup [|f (2, )l[za < Cr.
0,71

Remark 2.7 Let us emphasize that these non-concentration bounds are valid for the
sticky particules model (in this case they provide an exponentially growing bound in
LA for all times). As a particular case we deduce some explicit bounds on the entropy
when it is finite initially. Moreover, since our bounds are uniform as b — d,—g, we
also deduce a proof of the sticky particules limit (for a cross-section being a diffuse
measure converging to a Dirac mass at z = 0) by the Dunford-Pettis Lemma. This
shows moreover that this limit is not singular.

Proof of Corollary 2.6. Since fi, € L'(RY), as recalled in the appendix, a refined
version of the De la Vallée-Poussin theorem [20, Proposition 1.1.1] (see also [18, 19])
guarantees that there exists a function A satisfying the properties listed in the
statement of Corollary 2.6 and such that

/ A(] fin]) dv < +o00.
RN

Then the L* norm of f satisfies

it = [ (¢ ()] o)
gl = [ (¢ ()| [Lenni () e

thanks to Theorem A.2, and thus using Theorem 2.5, we get

d
vee[0.T],  —llfellea < Ceq [ fellog [1fellza-

Thanks to the assumptions (1.13) and (1.14), the constant Cg() provided by The-
orem 2.5 is uniform when the kinetic energy belongs to a compact set. Thus we
deduce

d
(2.10) vEe 0.7, —llflles < Cre llfelloy 1 fellca-

for some explicit constant C'x > 0 depending on K and the collision rate. We
conclude thanks to the Gronwall lemma. O
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3 Proof of the Cauchy theorem for non-coupled
collision rate

In this section we fix T, > 0 and we assume that the collision rate B satisfies
(3.1) B = B(t,u;dz) = |u|y(t) b(t, u; dz),

where b is a probability measure on D for any ¢t € [0, 7] and u € RY satisfying
(3.2) Vte[0,7.], Vu e RY, b(t,u;dz) = b(t, —u; —dz)

and where v satisfies
(3.3) 0<~(t) <y on (0,T0).

3.1 Propagation of moments

In this subsection we establish several moments estimates which are well known
for the Boltzmann equation with elastic collision, see [23, 21, 5] and the references
therein, as well as the recent works [13, 7] for the inelastic case. Let us emphasize
that these moment estimates are uniform with respect to the normal restitution
coefficient e or more generally to the support of b(t,u;-) in D.

First we give a result of propagation of moments valid for general collision rates
using a rough version of the Povzner inequality.

Proposition 3.1 Assume that B satisfies (3.1)-(3.3). For any 0 < fi, € Ly(RY)
with ¢ > 2 and T > 0, there exists Cr such that any solution f to the inelastic
Boltzmann equation (1.1),(1.2) on [0,T] satisfies, at least formally,

sup [ f (2, )|y < Cr.
0,71

Proof of Proposition 3.1. We make the proof for the third moment, the general
moment estimate being similar. For any function ¥ : RY — R, such that ¥(v) :=
¥([v]?) for some function ¢ : R, — R, the evolution of the associated moment is
given by
d
— f\Ide:/ f [« Ky dvdv,,
dt RN RN xRN
where

1
Ky — 5/(\11’+\IJ;—\IJ—\II*)B(t,u;dz).
D

For ¢(z) = 2z°, s > 1, the function v is super-additive, that is ¢ (z)+¥(y) < ¥ (z+y),
and it is an increasing function. As a consequence,
U0 =0T, < () + (o) = ('] + i)
F)([o]* + [vel?) = ¥ ([v]*) — ¢ (Jo.]?)
< PP+ o) = (o) = (o),
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which implies
Ky < @ o —v.] [9(jo]* +[o:]?) = P([vf*) = (jo.]?)] -

Making the choice (x) = 232 and using the inequality

(x1/2 i y1/2) (z + y)3/2 32 y3/2] < C (x1/2 4 y1/2) min(x1/2y, l,yl/2)
(3.4) < Clay+ x1/2y3/2)

for any z,y > 0, we get
d

(35 4 / Flof* dv < C (1) / £ 7 (o 0. 4 o] [0.]?) do do,
dt RN RNXRN

and we conclude thanks to the Gronwall Lemma. O

Finally we give a much more precise result on the evolution moment in the
case when assumption H4 is made. One the one hand, we prove uniform in time
propagation of algebraic moment (as introduced in [25, 1, 11]) and exponential
moment (which starting reference is [5]). On the other hand we prove appearance
of exponential moment (while appearance of algebraic moments where initiated in
[8, 29]) using carefully tools developed in [7]. These estimates may be seen as a
priori bounds, but in fact, by the bootstrap argument introduced in [23], they can
be obtained a posterior: for any solution given by the existence part of Theorem 1.2
and Theorem 1.4.

Proposition 3.2 We make assumption H4 on B. A solution f to the inelastic
Boltzman equation (1.1),(1.2) on [0,T,) satisfies the additional moment properties:

(i) For any s > 2, there exists Cs > 0 such that

(3.6) sup | f(t, )l oy < max {||finllz1, Cs}-

tel0,Te)
(i3) If fine" " € LYRN) forr > 0 and n € (0,2], there exists Cy, v’ > 0, such that

(3.7) sup ft,v)ye " dv < ¢y

tel0,T.) JRN
(1it) For any n € (0,1/2) and 7 € (0,T¢) there exists a,, C,, € (0,00) such that

(3.8) sup ft,v)yem " qv < O,
te|r,Tc) JRN

Let us emphasize that all the constants do not depend on the inelasticity coefficient
e (so that the estimates are uniform with respect to the inelasticity of the Boltzmann
operator) and that the constant Cs, a,, C,, may depend on f;, only through its kinetic
enerqy Ei,.
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Proof of Proposition 3.2. The proof of (i) is classical and we refer for intance to
[23, 21, 28] and the references therein. The proofs of (ii) and (iii) are variants of [5,

Theorem 3|. Let us define
my = / f vl dv.
RN

Taking ¢ (z) = 2/ and B of the above form, there holds

39 g = [ QUNPPd=a@) [ L=l K)o,

where

1
310) Kyfo.v) =5 [ (0P 40P = o = o)

b(E, ul, o - @)

NG do.

From [7, Lemma 1, Corollary 1] (see also [13, Lemma 3.1 to Lemma 3.4]), there
holds
(3.11) Kp(v,v.) < v (JoF + )7 = o] = o

where (’Yp)pfg /2.2,... 1s a decreasing sequence of real numbers such that
(3 12) 0 <7, < mi (1 —)
. min
P ) 1

(notice that the assumptions [7, (2.11)-(2.12)-(2.13)] are satisfied under our assump-
tions on the collision kernel). Let us emphasize that the estimate (3.11) does not de-
pend on the inelasticity coefficient e(&€, |u|). Then, from [7, Lemma 2 and Lemma 3],
we have

1
(3.13) e [ QU o < 5,5, (1= )y
a(E) Jrn
with
kp
Sy = Z (Z) (Mpg1/2 Mp—k + Mp Myp_i41/2),
=1

where k, := [(p + 1)/2] is the integer part of (p + 1)/2 and (Z) stands for the

binomial coefficient. Gathering (3.9) and (3.13), we get

d
(3.14) ar < (&) (W Sp — (1= 1) Mpt1y2) Vp=3/22,...

By Holder’s inequality and the conservation of mass,

I+55
D
My < Mpi1/2

and, by [7, Lemma 4], for any a > 1, there exists A > 0 such that

Sp < Al(ap+a/2+1) 2,
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with
mp

Zp = kzgll%}ﬁﬂp{zk+l/2 Zpks 2k Zpoki1/2)s Zp i m‘

We may then rewrite (3.14) as

I'(ap+a/2+1)
['(ap +1/2)

d
(3.15) % < a(€) <A Yo Z,— (1 —~) T(ap+1/2)/2 Z;+1/2p)

for any p =3/2,2,... On the one hand, from (3.12), there exists A’ such that

I(ap+a/2+1)

(3.16) A% lap+1/2)

< AP Yp=3/2,2,. ..

On the other hand, thanks to the Stirling’s formula n! ~ n™ ¢™" /27n when n — oo
and the estimate (3.12), there exists A” > 0 such that

(3.17) (1 —7,)T(ap+1/2)Y2 > A"p*2 Vp=3/2,2,...

Gathering (3.15), (3.16) and (3.17), we obtain the differential inequality

dz /o .
(3.18) d_tp <a(€) (A'p (212 gAY el 211)+1/2p)

for any p =3/2,2, ...

Step 3. Proof of 3.7. On the one hand, we remark, by an induction argument, that
taking po := max(3/2, (24’/A")?) the sequence of functions z, := a¥ is a sequence of
supersolutions of (3.18) for any 2 > 0 and for p > py. On the other hand, choosing
xo large enough, which may depend on py, with have from (i) that the sequence
of functions z, := 2P is a sequence of supersolutions of (3.18) for any = > z, and
for p € {3/2,...,po}. As a consequence, since z, for p = 0,1/2,1 are bounded by
| finll £y, we have proved that there exists xy such that the set

1
(3.19) Cp = {z:(zp); z, <aP Vpe QN}
is invariant under the flow generated by the Boltzmann equation for any x > xq: if

f(t1) € C, then f(ty) € C, for any ty > t;.
We put a :=2/n > 1. Noticing that

© k
3.20 gy =3
we get, from the assumption made on f;,, that
k!
mk/a(O) < () A VEkeN.
T
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Since we may assume r € (0, 1], the function y — Cp @

— is increasing, and we
deduce by Holder’s inequality that for any p

0, I'(ap +2)
my(0) < Cor% < Coy etz

with ¢, := [ap] + 1.
From the definition of 2z, we deduce

ap(ap+1) _ ,
rap+2 < L1

(3.21) 2,(0) < Cy

for any p and for some constant x; € (0,00). Choosing = := max{x,z,} we get
from (3.19) and (3.21) that for any p

zp(t) < 2P Vtel0,T,).
Therefore, we have
my(t) <T(ap+1/2)2?  Vp=3/2,2,..., Yt €]0,T.).

The function y — I'(y+1/2) 2¥ being increasing, we deduce from Holder’s inequality
that for any k € N*

Mmisa(t) <T(ap+1/2) 2 <T(k +a/2 + 1/2) 272 with  p:= [2k/a]/2 + 1/2.
For v/ < 227Y%(1 4 a)~! we have

e = T(k 24+1/2
Vite [O,Tc) f(t)v) e’ ] dv < Z ( + (l/ + / ) xk/a+1/2 (T/)k
RN — k!

> 1
<C Z (%xl/ar’) < 00
k=0

from which (3.7) follows.

Step 4. Proof of 3.8. Let fix 7 € (0,7..). We claim that there exists = large enough
and some increasing sequence of times (t,),>p, Which are bounded by 7 such that

for any p
(3.22) Vite [ty T.) z(t)<zP.

We yet know by classical arguments (see [23, 28]) that for py (defined at the beginning
of Step 3) there exists zy, larger than z defined in (3.19), such that (3.22) holds
for any p < po and ¢, = 7/2. We then argue by induction, assuming that for p > p,
there holds:

(3.23) g <a" on [tyip,T.) Vk<p-—1/2
(324) Zp Z xp on [tp—1/27tp)7
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for some x > x; to be defined. If (3.24) does not hold, there is nothing to prove
thanks to Step 3. Gathering (3.23), (3.24) with (3.18) we get from the definition of
po and the fact that £(t) € [£(7),E(0)] so that a(E) > ap > 0

dz A"
(3.25) d_tp < —ay 7])“/2 z;“/Qp on (ty_1/2,tp).

Integrating this differential inequality we obtain

_1 _1 _1 1 A" oy u
—Zp 2p (tp) < % » (tp—l/Q) — Zp 2p (tp) < _2_]) Tp /2 (tp - tp—1/2)'

Defining (,) in the following way:

1—a/2 0
_T ._ Tp ._ Z 1-a/2
to — 5, tp — tp_l/g —|— - Sa y Sa = Op /
p:

2

and defining z := (8 5,)?/(A” ap 7)? we have then proved z,(t,) < 25 and therefore
2p(t) < aP for any t > (t,,7.) with = max{x, 22} thanks to Step 3. Setting
a:=2/n>4(n<1/2) we have

(3.26) Y tigp <T
k=0
and we conclude as in the end of Step 3. O

3.2 Stability estimate in L and proof of the uniqueness part
of Theorem 1.2

Proposition 3.3 Assume that B satisfies (3.1)-(3.3). For any two solutions f and
g of the inelastic Boltzmann equation (1.1),(1.2) on [0,T] (T < T.) we have

1) 4 [ If=ol (bl o < 0n. [ (Fro)alof)de [ 1ol (+lef)do

RN

We deduce that there is Cp > 0 depending on B and supep 7 || f + g||Lé such that

Vtel0,T), |fi— gtHL; <||fin — gin||L% Crt

In particular, there exists at most one solution to the Cauchy problem for the inelastic
Boltzmann equation in C([0,T]; Ly) N L' (0,T; L3).

Proof of Proposition 3.3. 'We multiply the equation satisfied by f — g by ¢(t,y) =
sen(f(t,y) —g(t,y)) k , where k = (1+ |v|?). Using the chain rule (1.29), we get for

23



allt >0

d 1
At o d = 5 - * * — Ux
di Jon M T 9lkdy QANxRNxD (f = 9)ge + f(f = g.)]
(¢ + ¢, — ¢ — @) B(t,u;dz) dv, dv
1
— 5 [ ot
(¢ + ¢, — ¢ — @) B(t,u;dz) dv, dv
1
<5 [ if-dUre

)
(K" + k. — k+ k) B(t,u;dz) dv, dv,

where we have just use the symmetry hypothesis (3.1), (3.2) on B and a change of
variable (v,v,) — (vs,v). Then, thanks to the bounds (3.1), (3.3) we deduce

d
G [k < [l =gl (1 g0 bdods
RN RN xRN

< 7*/ |f—g\kdv/ (fo 4 g) ¥/ dos
RN RN

which yields the differential inequality (3.27). The end of the proof is straightforward
by a Gronwall Lemma. O

The uniqueness in C([0,7); L3) N L'(0,T; L3) as stated in Theorem 1.2 is given
by Proposition 3.3.

3.3 Sketch of the proof of the existence part of Theorem 1.2

As for the existence part, we briefly sketch the proof. We follow a method introduced
in [23] and developped in [12]. We split the proof in three steps.

Step 1. Let us first consider an initial datum f;, satisfying (1.9) with ¢ = 4 and
let us define the truncated collision rates B,, = B 1j,<,. The associated collision
operators (), are bounded in any L;, q > 1, and are Lipschitz in L) on any bounded
subset of L}. Therefore following a classical argument from Arkeryd, see [1], we
can use the Banach fixed point Theorem and obtain the existence of a solution
0 < f, € C([0,T); LY) N L>(0,T; L}) for any T' > 0, to the associated Boltzmann
equation (1.1)-(1.2), which satisfies (1.30)-(1.31).

Step 2. From Proposition 3.1, for any 7' > 0, there exists C such that

sup [| fullry < Cr.
0,71

Moreover, coming back to the proof of Proposition 3.3 (see also the first step in the
proof of [12, Theorem 2.6]), we may establish the differential inequality

d C!
%an - meL% < Ol an + meL% ||fn - meL% + ;2 ”fn + fm”%}l
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for any integers m > n. Gathering these two informations we easily deduce that (f;,)
is a Cauchy sequence in C([0,T]; L}) for any T0. Denoting by f € C([0,T]; L) N
L>(0,T; L) its limit, we obtain that f is a solution to the Boltzmann equation
(1.1)-(1.2) associated to the collision rate B and the initial datum f;, by passing to
the limit in the weak formulation (1.28) of the Boltzmann equation written for f,.

Step 3. When the initial datum f;, satisfies (1.9) with ¢ = 3 we introduce the
sequence of initial data fi,, := fin 1{jv|<e}. Since fi, o € L}, the preceding step give
the existence of a sequence of solutions f, € C([0,T]; Ly) N L>(0,T; L}) for any
T > 0 to the Boltzmann equation (1.1),(1.2) associated to the initial datum f;, .
From Proposition 3.1, for any 7" > 0, there exists Cp such that

sup [| fell g < Cr.
0,71

Thanks to (3.27) we establish that (f,) is a Cauchy sequence in C([0,T; L) and we
conclude as before. O

Remark 3.4 Note here that an alternative path to the proof of existence could have
been the use of the result of propagation of Orlicz norm which shows here that the
solution is uniformly bounded for t € [0,T] in a certain Orlicz space. Together with
the propagation of moments and Dunford-Pettis Lemma, it would yield the exis-
tence of a solution by classical approximation arguments and weak stability results
as presented below. More generally the propagation of Orlicz norm by the collision
operator can be seen as a new tool (as well as a clarification) for the theory of solu-
tions to the spatially homogeneous Boltzmann equation with no entropy bound, as in
the inelastic case, or in the elastic case when the initial datum has infinite entropy,
see also [1, 23] where other strategies of proof are presented.

4 Proof of the Cauchy theorem for coupled colli-
sion rate

4.1 Weak stability and proof of the existence part of Theo-
rem 1.4

Proposition 4.1 Consider a sequence B, = B, (t,u;dz) of collision rates satisfying
the structure conditions (3.1)-(3.2) and the uniform bound

0< () <~yr Vte|0,T], VneN

and let us denote by f, € C([0,T); L) N L>(0,T; LY) the solution associated to B,
thanks to the ezistence result of the preceding section (existence and uniqueness part
of Theorem 1.2 and Remark 1.8 4th point). Assume furthermore that (f,) belongs
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to a weak compact set of L*((0,T) x RY) and that there exists a collision rate B
satisfying (3.1)-(5.3) and such that for any ¢ € C.(RY)

Yo — v and /D@/)(v’)bn(t,u;dz) — /Dz/)(v')b(t,u;dz) a.e.

Then there exists a function f € C([0,T); L) N L>(0,T; L)) and a subsequence f,,
such that
fon. — f weakly in  L*((0,T) x RY),

and f is a solution to the Boltzmann equation (1.1)-(1.2) associated to B.

Such a stability /compactness result is very classical and we refer to [10, 1] for
its proof.

Proof of the existence part of Theorem 1.4. We assume without restriction that
there exists a decreasing function ag such that o < g on [0,&y,]. We proceed in
three steps.

Step 1. We start with some a priori bounds. We set Y3 := || f||z1. From the Povner
inequality (3.5) (with ~(t) = «(&(t)) and the dissipation of energy equation (1.7),
we have

d
(4.1) 3= Crao(8)Ys,  Y5(0) = Ys(fin)
and J
(42) Eg Z —Cl Oé()(g) YE;, 5(0) = gina

for some constant C; (which depends on &;,). There exists T such that any solution
(Y3, E) to the above differential inequalities system is defined on [0, 7] and satisfies

(4.3) sup Y3(t) < 2Y3(fin), inf E(t) > &n/2.
[O,T*} [OvT*]

More precisely, we choose T, such that
C’1 O50(“:in/2) T* S Yz%(fm) and Cl aﬂ(gin/Q)Q YE’)(fm) T* S gin/27

in such a way that if (Y3, &) satisfies Y3 < 2Y3(fin) and (4.2) on (0,7%) or if (V5,E)
satisfies £ > &,/2 and (4.1) on (0,7}) then (4.3) holds. Then we introduce

X = {5 € C([0, ), En/2 < E(t) < En om (O,T*)}.

Step 2. Let us consider a function & € X and define By (t,u;dz) := B(&(t),u; dz).
From assumption (1.13) we may write

where by is a probability measure and 75(t) satisfies

Y2(t) = a(&1(t)) < ap(€in/2) < +00 Vtel0,T.)
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Thanks to Theorem 1.2 there exists a unique solution f, € C([0, T.]; L))NL>®(0, Ty; L))
to the Boltzmann equation (1.1)-(1.2) associated to the collision rate By and we set
&y = E(f2). In such a way we have defined a map ® : X — X, ®(&;) = &,.

In order to apply the Schauder fixed point Theorem, we aim to prove that &
is continuous and compact from X to X. Consider (') a sequence of X which
uniformly converges to & . Since (£]') belongs to the compact set [, /2, &) for any
n and any t € [0,7,], we deduce by applying Corollary 2.6 to the sequence (f3)
associated to B} (t,u;dz) = B(E](t),w; dz) that

(4.4) Vn >0, sup A(f5(t,v)) dv < Cy,

[OvT*] RN

for a superlinear function A and a constant C'y > 0. Moreover, from Proposition 3.1
we have
(4.5) VYn >0, sup fat,v) > dv < Cs
0,7.] JRN
for some constant C5 > 0.

On the one hand, gathering (4.4), (4.5) and using the Dunford-Pettis Lemma, we
obtain that (f3') belongs to a weak compact set of L*((0,7}) x R?). Propositon 4.1
then implies that there exists fo € C([0,T.]; L3) N L>(0,T,; L}) such that, up to a
subsequence, fi — fy weakly in L'(0,T; L) and f; is the solution to the Boltzmann
equation associated to Bs(t,u;dz) = B(&;(t), u;dz). Since this limit is unique by the
previous study, the whole sequence (f3') converges weakly to fs, and in particular

(4.6) Ey — & weakly in L'(0,7)

where & is the kinetic energy of fs.
On the other hand, there holds

d

G == [ B B W dud. = D}
RN xRN

Since (&7, u) < a(&])/4 < ap(&n/2)/4, we deduce from (3.1) that D} is bounded

in L>°(0,7") which in turn implies

(4.7) 1E3 [Twr.ee 0,y < C.

From the Ascoli Theorem we infer that the sequence (£3) belongs to a compact set
of C([0,T7]). Since the cluster points for the uniform norm are included in the set
of cluster points for the L' norm, it then follows from (4.6) that ®(£}) = E(f4)
converges to £(fy) = (&) for the uniform norm on C([0,7), which ends the proof
of the continuity of ®. Of course, the a priori bound (4.7) and the Ascoli Theorem
also imply that ® is a compact map on X. We may thus use the Schauder fixed point
Theorem to conclude to the existence of at least one & € X such that ®(&) = &.
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Then, the solution f € C([0,T.]; Ly) N L*=(0,T.; L) to the Boltzmann equation
associated to B(t,u;dz) := B(E(t),u; dz) satisfies

E(t)

| Fe o a0 = 2@

and therefore f is a solution to the Boltzmann equation associated to B in
C([0,T.]; L) N L*>(0,T.; L3).

Step 3. We then consider the class of solution f : (0,7}) — L3 such that f €
C([0,T]; LY)YNL>(0,T; LY) for any T € (0,T}), € is decreasing, f is mass conserving.
By Zorn Lemma, there exists a maximal interval [0, 7,) such that

(T. < oo and E(t) - 0 whent — T.) or T,= 0.

In order to end the proof, the only thing one has to remark is that if 7, < oo
and tlngl E(t) =E&. >0, then tl}I%l Y3(t) < oo (by (4.1)) so that f € C([0,T.]; Li) N

L>(0,T.; L) and we may extends the solution f to a larger time interval. O

4.2 Strong stability and uniqueness part of Theorem 1.4

In this subsection we give a quantitative stability result in strong sense, under the
additional assumption of some smoothness on the initial datum and the collision
rate. Let us first prove a simple result of propagation of the total variation of the
gradient of the distribution.

Proposition 4.2 Let B be a collision rate satisfying assumptions (3.1)-(3.2)-(3.3)
and 0 < fi, € BV4HL% an initial datum. Then there exists Cr,, depending on 7, and
| finll s, such that any solution f € C([0,T.], Ly) N L>(0,T%, L) to the Boltzmann
equation constructed in the previous step satisfies

Ve 0,7, |fillsve < |l finllvy €™

Proof of Proposition 4.2. The proof is based on the same kind of Povzner inequality
as above. Let us first prove the estimate by a priori approach, for the sake of
clearness. We have the following formula for the differential of Q:

VoQ(f, ) = Q(Vuf, f) + Q(f, Vuf).

This property is proved in the elastic case in [28] but it is strictly related to the
invariance property of the collision operator

mQ(f, f) = Q(ruf, Tnf)

where the translation operator 7, is defined by
Vo € RY, 7,f(v) = f(v—h).
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It is easily seen that it remains true in the inelastic case under our assumptions.
The propagation of the L norm has already been established. Then we estimate
the time derivative of the L} norm of the gradient along the flow:

%mmmui: / F (Vo [(U+ ) sgn(Vof) + (14 [0 ]") sen (V).
RN xRN x D
(1 [ol*) sen (Vo f) = (1 + [ou]*) sen (V). | B v,
g(/ FIV Ll [(U+ 101 + (1 o)) = (1 + [o])
RN xRN x D

—(1+ \U*|4)} B dv dv. + 45, || fe(1+ [0l 2 IVof (1 + [v])] e
< Clfella IVl

using a Povzner inequality as in (3.4). This shows the a priori propagation of the
BV, norm by a Gronwall argument.

Now let us explain how to obtain the same estimate by a posterior: approach.
First concerning the a posteriori propagation of the L! norm, it is similar to the
method in [23] and does not lead to any difficulty. Concerning the propagation of
BV, norm, we look at some “discretized derivative”. Let us denote k = sgn (7, f —
f) (1+|v[*). We can compute by the chain rule the following time derivative (using
the invariance property of the collision operator)

d /
EHThft — filly = /RNX]RNXD (tnfrnfe — f o) [K — k] Bdvdv,

= / (nf — [)f K+ K, — k — k] Bdvdv,
RN xRN xD

1

) ANwaxD<Thf — N nfe— f) K + K — k — k] Bdvdo,

< / \mnf — flf- [|v’!4 + [t = vl + ]v*|4] B dv dv,
RN xRN xD

1
w5 [ flms - £
RN xRN xD

1+ oL+ ol + o '] B dv do.

Then using the same rough Povzner inequality as in the proof of Proposition 3.1,
we have

1+ ol = ol foul] o = vl < € (1 o)1+ [en]?)
and

[\u’|4 + L)+ ot + |v*!4] <O [+ M+ o) + (1 + o)X+ [o)] -
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Hence we deduce that

d
%HThft = felly < Cysllmnfe = felloa {F oy + 170 fe = fell o

and for |h| < 1, we deduce

d
%HThft = Jellor < Cysllmnfe = fell a1 f 1l s
By a Gronwall argument it shows for any |h| < 1 that

vte [0, L], |7fi— ftHL}l < |7nfin — fin||L}1 eCrt

for a constant C7, depending on 7. and supc 1,
letting h goes to 0, we conclude that

filly. By dividing by A and

vte[0.T], Vofillug < IVofinllag e

which ends the proof. O

Now let us assume that the collision rate satisfies (1.10)—(1.14) plus the addi-
tional assumption H1: the measure b reduces to a mesure on the sphere (), . with
e(€),a(€) : (0,400) — [0,1] locally Lipschitz functions. Let us take fi, € BVyN L}
and let us consider two solutions f, g € C([0,T.]; L}) N L>(0,T; L}) constructed by
the previous steps. For these two solutions the function e(&) is locally Lipschitz, so
is the function B(€) and the differential equation (1.7) satisfied by E(f;) on [0, 7%]
implies that it is bounded from below on this interval. Thus thanks to the continu-
ity of «, the assumptions of Proposition 4.2 are satisfied, and thus the BV, norm is
bounded on any time interval [0, 7,] C [0,7}) .

Proposition 4.3 Let B be a collision rate satisfying (1.10)—(1.14) plus the addi-
tionnal assumption H1. Let f,g € C([0,T.]; L) N L>(0,T,; LY) be two solutions
with mass 1 and momentum 0 such that E(f;),E(gr) € K on [0,T,] with K compact
of (0,+00) and

Vit e [O’T*]v ||ft||BV47 ”gt||BV4 < CT*'

Then there is a constant C, depending on B, K and Cr, such that
Vte [0,7], Ife— gelloy < 1w — Ginlloy 77"

Proof of Proposition 4.3. Let us denote Qf (resp. @),) the collision operator with
collision rate associated with & = £(f;) (resp. €& = E(g¢)). Without restriction we
assume by symmetrization that b has its support included in @ - o < 0.

Let us denote D = f — g and S = f + g. The evolution equation on D writes

0

2D =2 [24(D.5) + Qs(5.D)] + [Qs(9.9) ~ Qul9,9)
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and thus the time derivative of the L} norm of D is

1

d
Gl = 5 | SD.[(1+ o) sgn(D) + (1 + oL ") sgn( DY)
dt 2 2 JRN xRN xSN-1

—(1+ |[v]*)sgn(D) — (1 + |v.]?) sgn(D)*] lu|b(E(f,), - o) dv dv, do
- 90, [(1 T g P sen(Dl g JBES), - 0)
RN xRN xSN—1
(0 Il ) (DL €1 - )|l o s do

—/ 99.(1+ o) sgn(D)lul [HE(f), @+ 0) = HE(gn); @ 0)| dvdv. do
RN xRN xSN-1
= ]1+‘L2+Wh

(the subscripts recall that the post-collisional velocities depend on the choice of the
restitution coefficient e). The first term is easily dealt with by the same arguments
as in the non-coupled case:

I < / S|D.| (1+[0) [ul BE(f2), @-0) dvdv, do < a(E(f:)) 15|y || fi—gill s
RN xRN x§N-1
The third term I3 is controlled by

Iy < |a(E(f1) — a(E(g))] llglley lglles

and using that « is locally Lipschitz on K we get

Iy < Ck |E(f1) = E(g)lIglly Ngllcy < Cr NI fe = gell ey gy lgllzy

for some constant C'x depending on o and K.

As for the second term I, we use the change of variable v, — v’ with v, o fixed
and e given. This change of variable depends on e and we denote v, = ¢, (v, 0’).
Let us denote the jacobian by J.. It is computed in [13]:

(4.8) J.(cos ) = (1Z€>N (1 - cos0)

and thus since by symmetrization we suppose here that 6 € [7/2, 7], we have

(4.9) Vee[0,1], VO e (0,7, J.(cosh) e [G)Nz (%)N] |

Thus we get

I, = / g (1+ [V']*) sgn(D’) |ul |:g(¢o,e(ft)(vav/)) Je(f1)(cos 0)
RN xRN xSN—1

~9(Baetgn (0:0)) g (c050) | B(E, cos ) dv v do
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So we can split this term as

I, = / g (14 |v']*) sgn(D") |ul [g((b@e(ft)(v,v’))
RN xRN SN -1
—9(Doe(ge) (U, V) | Je(sy) (cos 6) 5(5, cos ) dv dv' do
—i—/ g (14 |v'1*) sgn(D') |ul [Je(ft)(cos 0)
RN xRN xSN-1
—Je(g,)(cOS 9)} 9(Doe(g) (v, V")) b(E,cos0) dvdv' do = Ip, + L.

For the term I55 we use that, from the formula (4.8) and the fact that £ — e(€) is
locally Lipschitz,

Je(s0) (08 0) = Je(g,) (c0s 9)‘ < Cle(fi)—elg)l < Cr 1E(f)=E(ge)lry < Ck | fi=gtll1y-

Then doing the (elastic) change of variable backward v" — v, (whose jacobian is
bounded by (4.9)) we get

Ly < Ck|f: — gt||L§ HQHL;, ||9||L§-

We now aim to prove that for any functions f, g which energies £; and &, be-
long to a compact K C (0,00) there exists a constant C such that the following
functional inequality holds

(4.10) Ly < Ck [fe = gellzy 191y Nlgllsva-

Let first assume that f and g are smooth functions, say f,g € D(RY). We have
g(¢a,e(ft)(vv U,)) - g<¢0',€(9t)(v7 Ul)) < ||¢a,e(ft)(v7 v,) - Qba,e(gt)(U? Ul)”

1
([ 19200~ 000005000 4 0ty 0D ).

As for the difference |¢ge(s,)(V, V") = @pe(g)(v,0')], it is easy to see that for some
fixed v,v',0 the corresponding v, = ¢, .(v,v") are aligned for any e (on the line
determined by the plan defined by v,v’,0 and the direction defined by the angle
6/2 between v" — v and v, — v). Thus it remains to look for the algebraic length of
[Goe(f)(V, V), Poe(g,) (v, 0")] on this line, which is given explicitely in [13]:

/ Y |U B U/| 2|€(ft) — e(gt)|
’¢076(ft)(v7v ) - ¢07€(gt)<v7v )‘ = 6089/2 (1 +e(ft>>(1 +€(gt))'

Thus we get
|Poe(r) (V5 0) = Goe(g) (v, V)] < Cre [ul [| fo — g2l g
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and the term Iy, ; is controlled by (using the uniform bound (4.9) on Je,)(cosf))

1
Iis < Cx |fs — arlly / / g (1+ ') Jul?

0 RN xRN xS§N-1
IVog((1 = 8)Poe(f) (0, V") + tgeg) (v,0"))| b(cos ) dv dv' do dt.

Finally for any t € [0, 1] we want to perform the change of variable
(4.11) V' = (1 =) Poe(s) (0, V") + g e(g) (v, V).
Some tedious but elementary computations yields

4lv — /| °c__ . v—1
l+e [2cos6/2  |v—0']]

gba,e(va 'U/) =
We deduce that

(1 =)o (v, v') + thoen (V, V') = Doren (V, v')

with
_ter + (1 —t)ex +eren

0= 1+ (1 —t)eg + tey
Thus we deduce that the jacobian of the change of variable (4.11) is given by

o _ te(fe) + (1 —t)e(ge) + e(fr)e(gr)
(Je(ft,gt)(cos 0)) with e(ft7gt> = 1+ (1 — t)e(ft) + t€<gt)

and thus is uniformly bounded thanks to (4.8). Therefore we obtain (4.10) for
smooth functions. When f, g € BV, we argue by density, introducing two sequences
of smooth functions (f,,) and (g,) which converge respectively to f and g in L' and
are bounded in BV}, we pass to the limit n — oo in the functionnal inequality (4.10)
written for the functions f,, and g,. We then easily conclude that (4.10) also holds
for f and g.

Collecting all the terms we thus get

€ [min{ey, eo}, max{ey, ea}].

d
%Hft — gilly < Op, I fe — gl s

where C7, depends on K, b and some uniform bounds on || f||,: and ||g||pv,. This
concludes the proof by a Gronwall argument. O

The uniqueness part of Theorem 1.4 follows straightforwardly from Proposi-
tion 4.3 and the discussion made just before its statement.

33



5 Study of the cooling process

In this section we prove the cooling asymptotic as stated in point (ii) of Theorem
1.2 and points (iii), (iv), (v) of Theorem 1.4. We first prove the collapse of the
distribution function in the sense of weak * convergence to the Dirac mass in the
set of measures.

Proposition 5.1 Let T, € (0,400] be the time of life of the solution. Under the
sole additional assumption H2, there holds

(5.1) f(t,.) o Su—o weakly* in M'(RY).
Proof of Proposition 5.1. We split the proof in two steps.

Step 1. Assume first that £ — 0 when t — T,.. This includes the case when T, < +o0
(since the convergence to 0 of the kinetic energy follows from the existence proof
in this case) and it will be established under additional assumptions on B when
T, = 400 but probably holds true under the sole assumption H2 in this case as well.
For any 0 < ¢ € D(RM\{0}), there exists > 0 such that ¢ = 0 on D(0,r) and
then, there exists C, = C,(r, ||¢]loo) such that |p(v)| < C, |v]%. As a consequence,

fodv<C,E(t) — 0,
RN

from which we deduce that any weak * limit g of f in M* satisfies supp i C {0}.
Therefore, (5.1) follows using the conservations (1.30) and the energy bound (1.31).

Step 2. Assume next that &€ — £, > 0 (and thus also 7. = +o00). Then for a
fixed time 7" > 0 and for any non-negative sequence (t,) increasing and going to
+00, there exists a subsequence (,,) and a measure i € L>®(0,T; M,) such that
the function fi(¢,v) := f(t,, +t,v) satisfies

(5.2) fe — i weakly * in L>(0,T; M").

Moreover, for any ¢ € C.(R"), there holds

C fepdr= QUi sl o (0.7,
RN

with (Q(fk, fx), ¢) bounded in L>(0,7T). From Ascoli Theorem, we get

/ frodv — @dji(v) uniformly on [0,7].
RN RN

As a consequence, for any given function y. € C.(R? x R?) such that 0 < y. < 1
and x.(v,v,) = 1 for every (v,v,) such that |v| < e~ ! and |v,| < e™! we may pass
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to the limit (using the continuity of 5 = (&, u) which is uniform on the compact
set determined by [E, & | and the support of x.)

T T
(5.3) / D.(f)di — / /RNX]RNIUI3ﬁ(5oo,U)Xa(v,v*)dudu*dt,

k—+o0

where we have defined for any measure (or function) A:

D.(\) := /RN N [ul® B(E,u) xe(v,v,) dA(v) dA(v,).

From the dissipation of energy (1.7) and the estimate from below (1.18), there holds

15(15) < —D(f) with D(f) ::/ lul® B(E,u) f fodvdo,,

dt RN xRN

which in turn implies that ¢ — D(f(¢,.)) € L'(0,00), and then

T T by +T
(5.4) /0 D.(fy)dt < /0 D= [ DUpyat = o

k—o0

Gathering (5.3) and (5.4), and letting e goes to 0, we deduce that
/ [u? B(Enes u) diidji, =0 on (0,T).
RN xRN

The positivity (1.17) of §(Ew,u) then implies that i = ¢d,—4 for some measurable
functions w : (0,7) — RY and ¢: (0,7) — R,. Moreover, from the conservation of
mass and momentum (1.30) and the bound of energy (1.31) we deduce that ¢ = 1
and w = 0 a.e. It is then classical to deduce (by the uniqueness of the limit and the
fact that it is independent on time) that (5.1) holds. O

To conclude that this weak convergence of the distribution to the Dirac mass
as time goes to infinity implies the convergence of the kinetic energy to 0 (i.e. the
kinetic energy of the Dirac mass) we have to show that no kinetic energy is “created”
at infinify as ¢ — T,.. To this purpose we put stronger assumptions on the collision
rate. The first additional assumption H3 roughly speaking means that the energy
dissipation functional is strong enough to forbid it, whereas the second additional
assumption H4 allows to use the uniform propagation of moments of order strictly
greater than 2 to forbid it.

Proposition 5.2 Let T, € (0, +o0] be the time of life of the solution. Then if either
T. < 400, or T, = 0 and B satisfies additional assumptions H2-H3 or H2-H4,
we have

(5.5) E(t) — 0 when t—T..
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Proof of Proposition 5.2. 'We split the proof in three steps.
Step 1. Assume first T, < oo. The claim follows from the existence proof.

Step 2. Assume now 7, = oo and that B satisfies assumption H3: (1.18)-(1.19). We
argue by contradiction: assume that £(t) /4 0, that is, there exists £, > 0 such that
E(t) € (Ex,&n). Reasoning as in Proposition 5.1, we get, for a fixed time 7" > 0 and
for any sequence (t,) increasing and going to 400, that there exists a subsequence
(t,,) and a measure i € L>°(0,T; M3) such that the function fi(¢,v) := f(tn, +1¢,v)
satisfies (5.2) and

(5.6) / "D dt / Do)t

where we have defined for any measure (or function) A:

D)= [l ) v dA) A (),

From the dissipation of energy (1.7) and the estimate from below (1.18), there holds

d

(67)  SEW < -DYf) with  D(f) = / JuP o) 1 £ dodo.

which in turn implies that ¢ — D°(f(¢,.)) € L'(0,00), and then

k—o00

T T ty +T
59 [ s [ pide= [ pina — o

Gathering (5.6) and (5.8), and letting & goes to 0, we deduce that D°(z) = 0 on
(0,T). The positivity of ¢ implies as in Proposition 5.1 that suppiz C {0} and
fi = Oy—o. As this limit is unique and independent on time we deduce that (5.1)
holds.

Now, on the one hand, taking R = /€ /2 there holds

(5.9) Flo2dv = / Floldo— [ FloPdv> 6 — R > )2
B RN

Br

for any ¢ > 0. On the other hand, for 7" large enough, there holds thanks to (5.1)

(5.10) fdv>

Br/2

1
3 for any t>T.

Remarking that on Bp/, x B there holds, thanks to (1.19),

3 2
(5.11) R e
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we may put together (5.7)-(5.11) and we get thanks to (5.9) and (5.10)

d
Cer) < - /B / o= U = S v

_Yr

< / fdv fo v dv, < =5 = 22
4 g, B,

for any t > T'. This implies that £ becomes negative in finite time and we get a
contradiction.

Step 3. Finally, assume that T, = +o00 and B satisfies assumption H4. On the one
hand, thanks to (3.6), there holds

sup ft,v) v dv < oo.
[0,00) JRN

On the other hand, arguing as in Step 2, we obtain (keeping the same notations)
that (5.2) and then (from the uniform bound in L3)

E(fy) = E=E() and D(p)=0.
The dissipation of energy vanishing implies that
lul* pp. =0 or B(€,u) is not positive on (0,7) x R,

In the first case we deduce that i = §,—¢ as in Step 2 and then & = &(J,—¢) = 0.
In the second case we deduce, from (1.17), that £ is not positive. In both case,
there exists 75, such that 7, — oo and &£(7) — 0 and therefore (5.2) holds since & is
decreasing. ]

Now we turn to some criterions for the cooling process to occur or not in finite
time.

Proposition 5.3 Assume that v is bounded near € = 0, and je converges to 0 as
e — 0 uniformly near £ =0, then T, = 400.

Proof of Proposition 5.3. It is enough to remark that, thanks to the hypothesis
made on « and jg, the a priori bound in Orlicz norm that one deduces from (2.10)
as in Corollary 2.6 extends to all times:

V20 |fills < [l exp (Cllfulluy )

for some constant C' depending on the collision rate. It shows that the energy cannot
vanish in finite time. O

Proposition 5.4 Assume that B satisfies H4, that for some increasing and positive
function By there holds B(E,u) < Bo(E) for any u € RN, £ >0, and that fi, e’ """ €
L' for some r >0 and n € (1,2], then T, = +o0.
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Proof of Proposition 5.4. From the dissipation of energy (1.7), the bound on [ and
the decay of the energy (1.31) we have

€

dt > —Bo(Ein) /RN RN I fs |u’3 dvdv, =: —Fo(En) (I1,r + I2,R)

where

ILR = / ‘u’?’ 1{|u\§R} f f* dv dv,
RN xRN

IQ7R = / |u|3 ]_{MZR}ff* dv d’l)*.
RN xRN

On the one hand, for any R > 0, we have using (1.30)

h,RSR/ |u|2ff*dvdv*:2R5.
RN xRN
On the other hand, we infer from Proposition 3.2 (since B satisfies H4) that

sup ft,v)e2" My < ¢y
te[0,T.) JRN

for some ', Cy € (0,00). Therefore
Iyr < / (4‘v|3+4’U*|3)21{|v|>R/2}ff* dv dwv,
RN xRN

< 86_T/Rn/ (1+ [v]?) e PP fdv/ (14 [v.]?) fudv, < Coe™ 7.
RN RN

Gathering these three estimates, we deduce
d —p' R
%82—03R5—03€ s

which in turns implies, thanks to the Gronwall Lemma,

e—'r’ RN

VR>0, inf &) > Ene GRT &

i ) 2 e R
We conclude that £(t) > 0 for any t € [0, 7] and any fixed T' > 0, choosing R large
enough (using that n > 1). O

Proposition 5.5 Assume 3(E,u) > By E® with By > 0 and § < —1/2, then T, <
“+00.

Proof of Proposition 5.5. On the one hand, from the dissipation of energy (1.7) and
the bound on 3, we have

d&

9 pye / f . Juf* dvd..
dt RN JRN
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On the other hand, from Jensen inequality and the conservation of mass and mo-
mentum, there holds

3/2
/ f fo |ul? dvdv, > (/ f fs \u|2dvdv*) = (28)%2.
RN JRN RN JRN

Gathering these two estimates, we get
ig < _ﬁo g5+3/2
dt —

and &€ vanishes in finite time. O

Appendix: Some facts about Orlicz spaces

The goal of this appendix is to gather some results about Orlicz spaces in order to
make this paper as self-contained as possible. The definition and Holder’s inequality
are recalls of results which can be found in [26] for instance. We also state and prove
a simple formula for the differential of Orlicz norms, which is most probably not new,
but for which we were not able to find a reference.

Definition

We recall here the definition of Orlicz spaces on RY according to the Lebesgue
measure. Let A : R, — R, be a function C? strictly increasing, convex, such that

(A.1) A(0) = A'(0) =0,

(A.2) Vi>0, A2t) <cyAl),

for some constant ¢, > 0, and which is superlinear, in the sense that
A(t)

We define L* the set of measurable functions f : RN — R such that

/RN A(F(0)]) dv < +oo.

Then L* is a Banach space for the norm

111z =inf{A>0 | /RNA(@) dv < 1}

and it is called the Orlicz space associated with A. The proof of this last point can
be found in [26, Chapter III, Theorem 3]. Note that the usual Lebesgue spaces L?
for 1 < p < +o0 are recovered as particular cases of this definition for A(t) = t*.
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Let us mention that for any f € L*(RY), a refined version of the De la Vallée-
Poussin theorem [20, Proposition I.1.1] (see also [18, 19]) guarantees that there exists
a function A satisfying all the properties above and

/RN A(F(0)]) dv < +oo.

Holder’s inequality in Orlicz spaces

Let A a function C? strictly increasing, convex satisfying the assumptions (A.1),
(A.2) and (A.3), and A* its complementary Young function, given (when A is C1)
by

Yy >0, A'(y)=yA) () — AN) ()

It is straightforward to check that A* satisfies the same assumptions as A. Recall
the Young’s inequality

(A.4) Vo, y>0, ry < Ax) + A (y).

Then one can define the following norm on the Orlicz space L*":

v =sw{ [ Ialavi [ Adahao <1},

One can extract from [26, Chapter III, Section 3.4, Propositions 6 and 9| the fol-
lowing result

Theorem A.1 (i) We have the following Hélder’s inequality for any f € L*, g €
LA* .

(A5) [ Maldo <110 ¥ ).

(ii) There is equality in (A.5) if and only if there is a constant 0 < k* < +o0 such
that

(A.6) (||}ﬁLA> (;ﬂ%) =4 <II}ﬂLA) A (Aﬁg))

for almost every v € RY.

Differential of Orlicz norms

In order to propagate bounds on Orlicz norms along the flow of the Boltzmann
equation, we shall need a formula for the time derivative of the Orlicz norm.

Theorem A.2 Let A be a function C? strictly increasing, convex satisfying (A.1),
(A.2), (A.3), and let 0 # f € C'([0,T), L*). Then we have

AT Gl = [V ( (n)cf))] Lo ()
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Proof of Theorem A.2. From [26, Chapter III, Proposition 6]), our assumptions on
A imply that

(A8) [ <HJ|CJ\C||) =l

for all 0 # f € L. By differentiating this quantity along t we get:

) T ) 4 ( ] )
— at ANl — )V dy— ——— A A d
0= ). 0 <||f||LA vl e Lo ()

Now using the case of equality in the Holder’s inequality (A.5) we have

/ |f| ) _ A* ( / ( |f| ))
N ——— | dv= A A
/.1 <||f||LA v =l N Tl

since the equality (A.6) is trivially satisfied with
|/ )
QZN(
[l

zy = A(z) + A (y)

and k* = N (g), using that

as soon as y = A’'(z). This concludes the proof. O
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