ON KAC’S CHAOS AND RELATED PROBLEMS

M. HAURAY AND S. MISCHLER

ABSTRACT. This paper is devoted to establish quantitative and qualitative estimates related to
the notion of chaos as firstly formulated by M. Kac [37] in his study of mean-field limit for
systems of N undistinguishable particles as N — co.

First, we quantitatively liken three usual measures of Kac’s chaos, some involving the all N
variables, other involving a finite fixed number of variables. The cornerstone of the proof is a new
representation of the Monge-Kantorovich-Wasserstein (MKW) distance for symmetric N-particle
probabilities in terms of the distance between the law of the associated empirical measures on
the one hand, and a new estimate on some MKW distance on probability spaces endowed with
a suitable Hilbert norm taking advantage of the associated good algebraic structure.

Next, we define the notion of entropy chaos and Fisher information chaos in a similar way
as defined by Carlen et al [17]. We show that Fisher information chaos is stronger than entropy
chaos, which in turn is stronger than Kac’s chaos. More importantly, with the help of the HWI
inequality of Otto-Villani, we establish a quantitative estimate between these quantities, which
in particular asserts that Kac’s chaos plus Fisher information bound implies entropy chaos.

We then extend the above quantitative and qualitative results about chaos in two other
frameworks. We first extend it to the framework of probabilities with support on the Kac’s
spheres, revisiting [17] and giving a possible answer to [17, Open problem 11]. Additionally
to the above mentioned tool, we use and prove an optimal rate local CLT in L° norm for
distributions with finite 6-th moment and finite LP norm, for some p > 1. Last, we investigate
how our techniques can be used without assuming chaos, in the context of probabilities mixtures
introduced by De Finetti, Hewitt and Savage.
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1. INTRODUCTION AND MAIN RESULTS

The Kac’s notion of chaos rigorously formalizes the intuitive idea for a family of stochastic
valued vectors with IV coordinates to have asymptotically independent coordinates as N goes to
infinity. We refer to [61] for an introduction to that topics from a probabilistic point of view, as
well as to [49] for a recent and short survey.

Definition 1.1. [37, section 3] Consider E C R?, f € P(E) a probability on E and GV €
Psym(EN) a sequence of probabilities on EN, N > 1, which are invariant under coordinates per-
mutations. We say that (GN) is f-Kac’s chaotic (or has the “Boltzmann property”) if

(1.1) Vji>1, Gj»v — f®7 weakly in P(E?) as N — oo,
where G;V stands for the j-th marginal of GV defined by

Gy ;:/ GNdxjyy ...doy.
EN-J

Interacting N-indistinguishable particle systems are naturally described by exchangeable ran-
dom variables (which corresponds to the fact that their associated probability laws are symmetric,
i.e. invariant under coordinates permutations) but they are not described by random variables
with independent coordinates (which corresponds to the fact that their associated probability laws
are tensor products) except for situations with no interaction! Kac’s chaos is therefore a well
adapted concept to formulate and investigate the infinite number of particles limit N — oo for
these systems as it has been illustrated by many works since the seminal article by Kac [37]. Using
the above definition of chaos, it is shown in [37, 45, 44, 32, 50] that if f(¢) evolves according to
the nonlinear space homogeneous Boltzmann equation, GV (t) evolves according to the linear Mas-
ter /Kolmogorov equation associated to the stochastic Kac-Boltzmann jumps (collisions) process
and G (0) is f(0)-chaotic, then for any later time ¢ > 0 the sequence G (t) is also f(t)-chaotic:
in other words propagation of chaos holds for that model. As it is explained in the latest refer-
ence and using the uniqueness of statistical solutions proved in [2], some of these propagation of
chaos results can be seen as an illustration of the “BBGKY hierarchy method” whose most famous
success is the Lanford’s proof of the “Boltzmann-Grad limit” [39].

In order to investigate quantitative version of Kac’s chaos, the above weak convergence in (1.1)
can be formulated in terms of the Monge-Kantorovich-Wasserstein (MKW) transportation distance
between Gj»v and f®7. More precisely, given dz a bounded distance on E, we define the normalized
distance dg; on E7, j € N*, by setting

. 1<
(12) VX = (,Tl,...,{Ej),YZ(yl,...,yj) € FE’ dEJ(X,Y) = ;ZdE(,Tz,yl),
i=1
and then we define W3 (without specifying the dependence on j) the associated MKW distance in
P(E7) (see the definition (2.2) below). With the notations of Definition 1.1, GV is f-Kac’s chaotic
if, and only if,
Vi>1, Q(GN;f) = Wl(Gj-V,f‘@j) — 0 as N — 0.

Let us introduce now another formulation of Kac’s chaos which we firstly formulate in a prob-
abilistic language. For any X = (x1,...,2x5) € EV, we define the associated empirical measure

N
(13) p(dy) = = 6, (dy) € P(E).

i=1
We say that an exchangeable EV-valued random vector XV is f-chaotic if the associated P(E)-
valued random variable u% ~ converges to the deterministic random variable f in law in P(E):

(1.4) phy = f inlawas N — oo.

In the framework of Definition 1.1, the convergence (1.4) can be equivalently formulated in the
following way. Introducing GV := Z(X%) the law of XV, the exchangeability hypothesis means
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that GN € Pyyn(EN). Next the law GV := ZL(p¥ ) of piy is nothing but the (unique) measure
GN € P(P(E)) such that

(GN,®) = /EN (p)GN(dX) V@ e C(P(E)),

or equivalently the push-forward of GV by the application “empirical distribution”.
Then the convergence (1.4) just means that

(1.5) GN = §; weakly in P(P(E)) as N — oo,

where this definition does not refer anymore to the random variables XV or ,u% ~. It is well known
(see for instance [33, section 4], [37, 63, 60] and [61, Proposition 2.2]) that for a sequence (G*) of
Py (EYN) and a probability f € P(E) the three following assertions are equivalent:

(i) convergence (1.1) holds for any j > 1;

(ii) convergence (1.1) holds for some j > 2;

(iii) convergence (1.5) holds;
so that in particular (1.1) and (1.5) are indeed equivalent formulations of Kac’s chaos. The chaos
formulation (ii) has been used since [37], while the chaos formulation (iii) is widely used in the works
by Sznitman [59], see also [60, 47, 53], where the chaos property is established by proving that the
“emperical process” ,u% ~ converges to a limit process with values in P(F) which is a solution to a
nonlinear martingal problem associated to the mean-field limit equation. Formulation (1.5) is also
well adapted for proving quantitative propagation of chaos for deterministic dynamics associated to
the Vlasov equation with regular interaction force [25] as well as singular interaction force [35, 34].
Let us briefly explain this point now, see also [49, section 1.1]. On the one hand, introducing the
MKW transport distance Wy := Wy, on P(P(FE)) based on the MKW distance Wi on P(E), (see
definition (2.6) below), the weak convergence (1.5) is nothing but the fact that

Qoo (GN; f) =Wi(GN,65) - 0 as N — .

On the other hand, for the Vlasov equation with smooth and bounded force term, it is proved in
[25] that

(1.6) VT >0, Vte[0,T]  Wilpky, fi) < Or Wi(pX, fo),

where f; € P(E) is the solution to the Vlasov equation with initial datum fy and XN € EV is the

solution to the associated system of ODEs with initial datum XZ¥. Inequality (1.6) is a consequence

of the fact that ¢ — ug ~ solves the Vlasov equation and that a local W stability result holds
t

for such an equation. When Ap is distributed according to an initial density G{Y € Pyym(EY)
we may show that X, is distributed according to GV € Psym(EN ) obtained as the transported
measure along the flow associated to the above mentioned system of ODEs or equivalently G is
the solution to the associated Liouville equation with initial condition G¥’. Taking the expectation
in both sides of (1.6), we get

L Wi )G aY) = EW (. i)

IN

CoEW: iy fo)l = Co [ Walud o) G5 a1,

for any ¢ € [0,T]. We conclude with the following quantitative chaos propagation estimate
Vi e [OvT] Qoo(GiJEvvft)SOTQoo(Gévva)

It is worth mentioning that partially inspired from [33], it is shown in [52, 50] a similar inequality as
above for more general models including drift, diffusion and collisional interactions where however
the estimate may mix several chaos quantification quantities as o, and €25 for instance.
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There exists at least one more way to guaranty chaoticity which is very popular because that
chaos formulation naturally appears in the probabilistic coupling technique, see [61], as well as
[43, 12, 11] and the references therein.

Thanks to the coupling techniques we typically may show that an exchangeable EV-valued
random vector X'V satisfies

N
E(%Z;I?QN—WI)HO as N — oo,

for some EN-valued random vector YV with independent coordinates. Denoting by GV € Poym (EN)
the law of XV, f the law of one coordinate V¥, and Wi the MKW transport distance on P(EY)
based on the normalized distance dg~ in EV defined by (1.2), the above convergence readily
implies

(1.7) AONGYN ) =W (GN, f®N) - 0 as N — oo,

which in turn guaranties that (G%) is f-chaotic. It is generally agreed that the convergence (1.7)
is a strong version of chaos, maybe because it involves the all N variables, while the Kac’s original
definition only involves a finite fixed number of variables.

Summary of Section 2. The first natural question we consider is about the equivalence between
these definitions of chaos, and more precisely the possibility to liken them in a quantitative way.
The following result gives a positive answer, we also refer to Theorem 2.4 in section 2 for a more
accurate statement.

Theorem 1.2 (Equivalence of measure for Kac’s chaos). For any moment order k > 0 and any
positive exponent v < (d+1+d/k)™1, there exist a constant C = C(d, k,~) € (0,00) such that for
any f € P(E), any GV € Py (EYN), N > 1, and any j,¢ € {1,..., N} U {oco}, £ # 1, there holds

OGN <cau* (Qe(GN; )+ %)7

where My, = My (f) + Mi(GY) is the sum of the moments of order k of f and G.

It is worth emphasizing that the above inequality is definitively false in general for £ = 1. The
first outcome of our theorem is that it shows that, regardless of the rate, the propagation of chaos
results obtained by the coupling method is of the same nature as the propagation of chaos result
obtained by the “BBGKY hierarchy method” and the “empirical measures method”.

The proof of Theorem 2.4 (from which Theorem 1.2 follows) will be presented in section 2. Let
us briefly explain the strategy. First, the fact that we may control £2; by 2y for 1 < j </ <N
is classical and quite easy. Next, we will establish an estimate of Q. by Qs following an idea
introduced in [50]: we begin to prove a similar estimate where we replace Qo by the MKW
distance in P(P(E)) associated to the H~*(R%) norm, s > (d + 1)/2, on P(E) in order to take
advantage of the good algebraic structure of that Hilbert norm and then we come back to Qs
thanks to the “uniform topological equivalence” of metrics in P(F) and the Holder inequality.
Finally, and that is the other key new result, we compare 2, and Qy: that is direct consequence
of the following identity

VFN GN € Py (BY)  Wi(GN,FN) = Wi (GN, FN)

applied to F'N := f®N and a functional version of the law of large numbers.

Summary of section 3. A somewhat stronger notion of chaos can be formulated in terms of
entropy functionals. Such a notion has been explicitly introduced by Carlen, Carvahlo, Loss,
Leroux, Villani in [17] (in the context of probabilities with support on the “Kac’s spheres”) but it
is reminiscent in the works [38, 6]. We also refer to [58, 48, 13, 14] where the N particles entropy
functional below is widely used in order to identify the possible limits for a system of N particles
as N — oo. Consider E C R? an open set or the adherence of a open space, in order that the
gradient of a function may be well defined. For a (smooth and/or decaying enough) probability
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GV € Py (EN) we define (see section 3 for the suitable definitions) the Boltzmann’s entropy and
the Fisher information by
1 1 |IVGN |2
HGN):=—= [ G logGNdx I(GNYy = — dx.
@)=y [ GMegeNax. 16V [ oS

It is worth emphasizing that contrarily to the most usual convention, adopted for instance in [17,
Definition 8], we have put the normalized factor 1/N in the definitions of the entropy and the Fisher
information. Moreover we use the same notation for these functionals whatever is the dimension.
As a consequence, we have H(f®N) = H(f) and I(f®N) = I(f) for any probabilities f € P(E).

Definition 1.3. Consider (GV) a sequence of Pgym(E™N) such that the k-th moment My (F{) is
bounded, k > 0, and f € P(E). We say that
(a) (GN) is f-entropy chaotic (or f-chaotic in the sense of the Boltzmann’s entropy) if

GY — f weakly in P(E) and H(GN)— H(f), H(f) < oc;
(b) (GN) is f-Fisher information chaotic (or f-chaotic in the sense of the Fisher information)

if
GY — f weakly in P(E) and I(GN) — I(f), I(f) < cc.
Our second main result is the following qualitative comparison of the three above notions of
chaos convergence.

Theorem 1.4. Assume E =R?, d > 1, or E is a bi-Lipschitz volume preserving deformation of
a convez set of RY, d > 1. Consider (GY) a sequence of Psym(EYN) such that the k-th moment
My (GY) is bounded, k > 2, and f € P(E).
In the list of assertions below, each one implies the assertion which follows:

(i) (GN) is f-Fisher information chaotic;

(i) (GN) is f-Kac’s chaotic and I(GN) is bounded;

(iii) (GN) is f-entropy chaotic;

(iv) (GN) is f-Kac’s chaotic.
More precisely, the following quantitative estimate of the implication (i) = (iii) holds:

(1.8) |H(GN) — H(f)| < Cs K Qn(GN; f)7,

with v := 1/2 — 1)k, K := supy I(GN)Y? supy Mp(GN)* and Cg is a constant depending on
the set E (one can choose Cp = 8 when E = R%).

The implication (i) = (i4¢) is the most interesting part and hardest step in the proof of
Theorem 1.4. It is based on estimate (1.8) which is a mere consequence of the HWT inequality of
Otto and Villani proved in [55] when E = R? together with our equivalence of chaos convergences
previously established. We believe that this result gives a better understanding of the different
notions of chaos. Other but related notions of entropy chaos are introduced and discussed in
[17, 51]. But the one of [17], which consists in asking for point (#i7) and (iv) above is in fact
equivalent to ours thanks to the previous theorem.

Summary of Section 4. Here we consider the framework of probabilities with support on the
“Kac’s spheres” KSy defined by

KSn :={V = (v1,...,un) € RN, v% + ... +UJQV =N},

as firstly introduced by Kac in [37]. Our aim is mainly to revisit the recent work [17] and to develop
“quantitative” versions of the chaos analysis.

We start proving a quantified “Poincaré Lemma” establishing that the sequence of uniform
probability measures oV on KSy is 7-Kac’s chaotic, with v the standard gaussian, in the sense
that we prove a rate of converge to 0 for the quantification of chaos Qx(o;7). We also prove that
for a large class of probability densities f € P(E) the corresponding sequence (FV) of “conditioned
to the Kac’s spheres product measures” (see section 4.2 for the precise definition) is f-Kac’s chaotic
in the sense that we prove a rate of converge to 0 for the quantification of chaos Qa(F; f). That
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last result generalizes the “Poincaré Lemma” since f = v implies FV = ¢". The main argument
in the last result is a (maybe new) L% optimal rate version of the Berry-Esseen theorem, also
called local central limit theorem, which is nothing but an accurate (but less general) version of
[17, Theorem 27]. Together with Theorem 1.2, or the more accurate version of it stated in section 2,
we obtain the following estimates.

Theorem 1.5. The sequence (o) of uniform probability measures on the “Kac’s spheres” is
v-Kac’s chaotic, and more precisely
(1.9)  VYN2=1 Qz(on)S%, W™ < 3 7)< 0y
for some numerical constants C;, i = 1,2, 3.

More generally, consider f € P(R) with bounded moment My(f) of order k > 6 and bounded
Lebesgue norm || f||L» of exponent p > 1. Then, the sequence (FN) of associated “conditioned (to
the Kac’s spheres) product measures” is f-Kac’s chaotic, and more precisely

Cy Cs Cs
1.10 VN >1 DEFN )<=, ONEN )< —, Quo(FY; <—Nv
(1.10) > 2( f)_N§ ~( f)_N7 (F75f) <

RAR)
2

for any v € (0, (2 +2/k)~1) and for some constants C; = Ci(f,~,k), i = 4,5,6.

Let us briefly discuss that last result. The question of establishing the convergence for the
empirical law of large numbers associated to i.i.d. samples is an important question in theoretical
statistics known as Glivenko-Cantelli theorem, and the historical references seems to be [30, 15, 64].
Next the question of establishing rates of convergence in MKW distance in the above convergence
has been addressed for instance in [26, 1, 24, 56, 50, 10], while the optimality of that rates have
been considered for instance in [1, 62, 24, 4]. We refer to [4, 10] and the reference therein for
a recent discussion on that topics. With our notations, the question consists in establishing the
estimate

(1.11) B (18in ) = 072N ) < oo

for some constants C = C(f) and ¢ = ¢(f). In the above left hand side term, X" is a EV-valued
random vector with independent coordinates with identical law f or equivalently XN = X is the
identity vector in EV and E is the expectation associated to the tensor product probability f®¥.
When E = R% estimate (1.11) has been proved to hold with ¢ = 1/d, if d > 3 and supp f is
compact in [24], with ¢ < (. := (d' + d'/k)™!, d’ = max(d,2), if d > 1 and Mg(f) < oo in [50] and
with ¢ = (. if furthermore d > 3 in [10].

To our knowledge, (1.9) and (1.10) are the first rates of convergence in MKW distance for
the empirical law of large numbers associated to triangular array XV which coordinates are not
i.i.d. random variables but only Kac’s chaotic exchangeable random variables. The question of the
optimality of the rates in (1.9) and (1.10) is an open (and we believe interesting) problem.

Now, following [17], we introduce the notion of entropy chaos and Fisher information chaos in
the context of the “Kac’s spheres” as follows. For any j € N, and f, g € P(E7), we define the usual
relative entropy and usual relative Fisher information

1

U 2
1l = [ wiogugtan). 10719) = [ glan)

where u = % stands for the Radon-Nikodym derivative of f with respect to g.

For f € P(E) and GV € Py, (KSn) such that G — f weakly in P(E), we say that (GV) is
(a’) f-entropy chaotic if H(GN o) — H(f|v), H(f|y) < oo;
(b) f-Fisher information chaotic if I(GN|o™) — I(fly), I(fly) < oo.

In a next step, we prove that for a large class of probabilities f € P(R) the sequence (F¥)
of associated “conditioned (to the Kac’s spheres) product measures” is f-entropy chaotic as well
as f-Fisher information chaotic, and we exhibit again rates for these convergences. The proof is

df
ui= —
dg’
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mainly a careful rewriting and simplification of the proofs of the similar results (given without
rate) in Theorems 9, 10, 19, 20 & 21 in [17].

We next generalize Theorem 1.4 to the Kac’s spheres context. Additionally to the yet mentioned
arguments, we use a general version of the HWT inequality proved by Lott and Villani in [42], see
also [66, Theorem 30.21], and some Entropy and Fisher inequalities on the Kac’s spheres established
by Carlen et al. [18] and improved by Barthe et al. [3].

All these results are motivated by the question of giving quantified strong version of propagation
of chaos for Boltzmann-Kac jump model studied in [50] by Mouhot and the second author, where
only quantitative uniform in time Kac’s chaos is established. As a matter of fact, K. Carrapatoso
in [19] extends the present analysis to the probabilities with support to the Boltzmann’s spheres
and proves a quantitative propagation result of entropy chaos.

Another outcome of our results is that we are able to give the following possible answer to [17,
Open problem 11]:

Theorem 1.6. Consider (GV) a sequence of Psym (E™N) with support in KSn such that

(1.12) I(GN|eN) < C,
for C > 0. Also consider f € P(E), E :=R, satisfying [v*f(v)dv=1 and
(1.13) f>exp(—al/*+3) on E,

with 0 <k <2, a >0, B€R. If (GV) is f-Kac’s chaotic, then for any fized j > 1, there holds
H(Gj»v|f®j) — 0 as N — oo,

where H(-|-) stands for the usual relative entropy functional defined in the flat space E7. Remark
that the condition on the second moment of f is useless if sup My (GY) < +o0 for some k' > 2.

Contrarily to the conditioned tensor product assumption made in [17, Theorem 9] which can
be assumed at initial time for the stochastic Kac-Boltzmann process but which is not propagated
along time, our assumptions (1.12) and (1.13) in Theorem 1.6, which may seem to be stronger,
are in fact more natural since they are propagated along time. We refer to [50, 19] where such
problems are studied.

Summary of Section 5. Here we investigate how our techniques can be used in the context
of probabilities mixtures as introduced by De Finetti, Hewitt and Savage [22, 36] and general se-
quences of probability densities GV of N undistinguishable particles as N — oo, without assuming
chaos, as it is the case in [48, 13, 14] for instance.

In a first step, we give a new proof of De Finetti, Hewitt and Savage theorem which is based
on the use of the law of the empirical measure associated to the j first coordinates like in Diaconis
and Freedman’s proof [23] or Lions’ proof [40], but where the compactness arguments are replaced
by an argument of completeness. As a back product, we give a quantified equivalence of several
notions of convergences of sequences of Py, (EY) to its possible mixture limit.

In a second step, we revisit the level 3 entropy and level 3 Fisher information theory for a
probabilities mixture as developed since the work by Robinson and Ruelle [58] at least. We give a
comprehensive and elementary proof of the fundamental result

(1.14) K(m) ::/ K(p)n(dp) = lim 1 K(m;)
P(E) J=o0 ] JEi

for any probability mixture 7 € P(P(E)), where 7; stands for the De Finetti, Hewitt and Savage
projection of m on the j first coordinates and K stands for the entropy or the Fisher information
functional. In our last result we establish a rate of convergence for the above limit (1.14) when
K is the entropy functional mainly under a boundedness of the Fisher information hypothesis
and we generalize such a quantitative result establishing links between several weak notions of
convergence as well as strong (entropy) notion of convergence for sequences of probability densities
G € Py (EYN) as N — oo, without assuming chaos.
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2. KAC’S CHAOS

In this section we show the equivalence between several ways to measure Kac’s chaos as stated
in Theorem 1.2. We start presenting the framework we will deal with in the sequel, and thus
making precise the definitions and notations used in the introductory section.

2.1. Definitions and notations. In all the sequel, we denote by E a closed subset of R?, d > 1,
endowed with the usual topology, so that it is a locally compact Polish space. We denote by P(E)
the space of probability measures on the borelian o-algebra %g of E.

Monge-Kantorovicth-Wasserstein (MKW) distances.

As they will be a cornerstone in that article, used indifferent setting, we briefly recall their
definition and main properties, and refer to [65] for a very nice presentation.

On a general Polish space Z, for any distance D : Z x Z — RT and p € [1, 00),we define Wp
on P(Z) x P(Z) by setting for any p1, p2 € P(2)

(Wpp(p1,p2)]P :=  inf D(z,y)? m(dz, dy)
m€ll(p1,02) Jzx 2

where II(p1, p2) is the set of proability measures 7 € P(Z x Z) with first marginal p; and second
marginal pg, that is 7(A x Z) = p1(A4) and 7(Z x A) = pa(A) for any Borel set A C Z. It defines
a distance on P(Z2).

The phase spaces EV (its marginal’s space E’) and P(E).

When we study system of N particles, the natural phase space is EV. The space of marginals
EJ for 1 < j < N are also important. We present here the different distances we shall use on these
spaces.

e On F we will use mainly two distances :

— the usual Euclidian distance denoted by |z — y|;
— a bounded version of the square distance : dg(z,y) = |x —y| A1 for any z,y € E.

e On the space E7 for 1 < j, we will also use the two distances

— the normalized square distance |X — Y|y defined for any X = (z1,...,1;) € EJ and
Y =(y,...,y;) € E? by

L
X —Y[5:= 7 > i =yl
=1

— the the normalized bounded distance d; = dg; defined by

2.1 s (X.Y) = = Y di (o).

It is worth emphasizing that the normalizing factor 1/j is important in the sequel in order to
obtain formulas independant of the number j of variables.

e The introduction of the empirical measures allows to “identify” our phase space E" to a subspace
of P(E). To be more precise, we denote by Py (E) the set of empirical measures

Pn(E) = {p¥, X = (21,....,2n) € EN} C P(E),

where ;¥ stands for the empirical measure defined by (1.3) and associated to the configuration X =
(71,...,2,) € EN. We denote by py : ENY — Py (E) the application that maps a configuration to
its empirical measure : py(X) = p¥.
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e On our phase space P(E), we will use three different distances
- The usual MKW distance of order two W defined as above with the choice D(z,y) = | — y|?

Wa(p1, p2)* = Wi,2(p1,p2)° == _inf / |z — y|? 7 (da, dy)
m€ll(p1,02) JEXE
- The MKW distance W; associated to dg defined by
(2.2) Wi(p1, p2) = Wag 1(p1,p2) := _inf / dp(z,y) 7(dz,dy)
m€ll(p1,p2) JEXE

From the Kantorovich-Rubinstein duality theorem (see for instance [65, Theorem 1.14]) we have
the following alternative characterization

(2.3 Voo €PE)  Wilprpd) = sup [ (o) (pr(do) - paldo)).
lelip<tJE
Where ||| Lip := sup,.z, % is the Lipschitz semi-norm relatively to the distance dg. This

semi-norm is closely related to the usual Lipschitz semi-norm since it satisfies

1
(2.4) 3 IVellss +lle =2 (0)]lo) < llellzip < 2(Velloo + Ielloc) =2 2 ollw..
It implies that W) is equivalent to the (W1:°°)’-distance denoted by Dyy1,
1
(2.5) Dy, :=  sup / o(x) (p1(dx) — p2(dx)), B Dyyi,00 < Wi <2 Dypiyoo.
lellwre<1/E

- The distance induced by the H ™% norm for s > 4 : for any p, n € P(E)

d
o=l = [ 190 - 2O

where p denotes the Fourier transform of p (which may always be seen as a measure on the whole
R7), and () = /1 + [¢]>.

e We will often restrict ourself to the spaces Py (E) of probabilities with finite moment of order
k > 0 defined by

PiL(E):={peP(E)st. My(p):= /E<v>k p(dv) < +oo}.

The probability ”spaces” P(EY), its marginals spaces P(E7), and P(P(E)). The next
step is to consider probabilities on the configuration spaces.
e The space P(EY) will be endowed with two distances
— Wi the MKW distance on P(EY) associated to dg~ and p = 1, which has the same
properties than the one of P(E) and satisfies in particular the Kantorovich-Rubinstein
formulation (2.3).

— Ws the MKW distance associated to the normalized square distance | - |2 defined above.
Remark that we will only work on the subspace Py, (E”Y) of borelian probability measures which
are invariant under coordinates permutations.

e On the probability space P(P(F)), we can define different distances thanks to the Monge-
Kantorovich-Wasserstein construction. We will use three of them

— Wi, the MKW distance induced by the cost function W; on P(E). In short

(2.6) Wi(ar, a2) = W, (o, az) == inf / Wi(p1, p2) m(dp1, dp2),
P(E)xP(E)

mell(a,az2)

— W, the MKW distance induced by the cost function W3 on P(E). In short

Wa(ar, a2)? = Wi, a(a1,0)® == inf / W3 (p1, p2) w(dp1,dp2),
(E)xP(E)

rell(ar,a2) Jp(E
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— Wpy-+, the MKW distance induced by the cost function | - [|%,_. on P(E). In short

Wi (e, 09)” = Wi alon, az)? = inf / o1 = p2llF; - 7(dp1, dp2).
mell(ay,o2) P(E)xP(E)

e Remark that the application ”empirical measure“ py allows to define by push-forward a canonical
map between P(EY) and P(P(E)). For GN € P(E") we denote its image under the application
pn by GY € P(P(E)) : GN = G pn. In other words, G is the unique probability in P(P(E))
which satisfies the duality relation

(2.7) V® e Cy(P(E)) <GN,<I>>=/ d(u¥) GN(dX).
EN

More properties of the space P(P(E)).

e Marginals of probabilities on P(P(FE)). We can define a mapping form P(P(FE)) onto
P(E7) in the following way. For any o € P(P(E)) we define the projection o; € P(E7) thanks to
the relation

a; = /p®j da(p).

It may also be restated using polynomial fonctions : for any ¢ € Cy(E?) we define the monomial
(of order j) function R, € Cy(P(E)) by

VpeP(E)  Rylp):= [Ej ©(X) p®I (dX).

We remark that the monomial functions of all orders generate an algebra of continous fonction (for

the weak convergence of measures) that are called polynomials. When F is compact so that P(E)

is also compact, they form a dense subset of C,(P(F)) thanks to the Stone-Weierstrass theorem.
In terms of polynomial fonctions, the marginal o;; may be defined by

Vo e C(B?)  (aj,0) = (a Ry).
e Starting from GV € Py, (EY), we can define its push-forward GYN and then for any 1 < j < N

the marginals of the push-forward G‘;V := (GN); € Pyym(E7). They satisfy the duality relation

(2.8 Ve eCuE) (G [ R GV @),
We emphasize that it is not equals to G;-V the j-th marginal of GV, but we will see later that the
two probabilities G;-V and C:';V are close (a precise version is recalled in Lemma 2.8).

Different quantities mesuring chaoticity. Now that everything has been defined, we intro-
duce the quantities that we will use to quantify the chaoticity of a sequence G € Py, (EY) of
symmetric probability with respect to a profil f € P(E):

— The chaoticity can be mesured on E7 for j > 2. For any 1 < j < N, we set
OGN f) = Wa(GY, 197,
— and also on P(E) by

(Vi) = WGV 8) = [ Wi 1) GV (ax)

since there is only one transference plan @ ® §; in (e, dy).
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2.2. Equivalence of distances on P(E), Py, (EY) and P(P(E)). .

To quantify the equivalence between the distances defined above on P(F), we will need some
assumption on the moments. The metrics Wy, W5 and ||.|| -+ are uniformly topologicaly equivalent
in Py (FE) for any k > 0. More precisely, we have
Lemma 2.1. Choose f,g € P(E). For any k > 0, denotes M, := My(f) + My(g).

s—1
(i) For any s > 1 there exists C := C(d) [1 + (%)T} such that for any k > 0, there holds

d 2k
(2.9) Wi(f,9) < CA | f =gl =
(ii) For any k > 2
(210) Walf.g) < 22 ;" Wa(f.9)"/*7 V%
(i11) It also holds without moment assumptions for s > % and a constant C(s,d)
Wif.9) S Walfog)s IS =gl < CW(f.9)%.

We remark that we have kept the explicit dependance on s of the constance appearing in (¢) in
order to be able to perform some optimization on s later. The important point is that the constant
may be choosen independant of s if s varies in a compact set.

PrROOF OF LEMMA 2.1. The proofs is a mere adaptation of classical results on comparison of
distances in probability spaces as it can be found in [56, 20, 50] for instance. We nevertheless
sketch it for the sake of completness.

Proof of i).

We consider a truncation sequence yr(z) = x(z/R), R > 0, with x € C*(R?), ||[Vx|l < 1,
0<x <1, x=1on B(0,1), and the sequence of mollifers w.(z) = e~%w(z/e), ¢ > 0, with
w(z) = (27)~Y? exp(—|z|?/2), so that &.(£) = exp(—e?[£]?/2). In view of the equivalence of
distance (2.5), we choose a ¢ € WH(R?) such that ||¢|lwi~ < 1, we define pr := ¢ xr,
YR = YR *we and we write

[o@—do) = [enctar—dg)+ [ on—enc) (@~ o)+ [ (o= on) (07 - dog).
For the last term, we have

|510|]C k

M
Jon=ora—an| < [ ol o r +.a0) <
B
For the second term, we observe that

lor = ol < IVenl | wla)laldo < Q) e,

VR>0

and we get

[ or=ora) @ - o) < c(@pe.
Finally, the first term can be estimated by

\ [ onetas —dg>\ < llgnmellae I1f = gl
with for any R > 1 and € € (0, 1]
1/2
lonell: = ( J G R G |ws|2ds>

lo xrllan 166 @e(€)llze < C(d) RY2|(€)* ™" &e(€)l| 2

The infinite norm is finite and a simple optimization leads to

IN

(s—1)4
g (s=Dy

g (s —1)
168" @)l < (F57)
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with the notation 7, := max(0,r) and the natural convention 0° = 1. All in all, we have for s > 1

s—1

Wi(f.g) < C(@) {1 +(357) T} (e + e+ REe O g glle> .

This yields to (2.9) by optimizing the paramater ¢ and R with

2s _ 2 d 2k
R — Mkd+2ks Hf _ g|‘Hit2ks, and e = Mkd+2ks Hf _ gHId;rf;cs .

Proof of ii). We have for any R > 1 the inequality

k

2
RE—2

Yo,y €E, |o—y]’ < R*dp(e,y)+ (J* + Jy1*)

from which we deduce

Wa(f,9)> < R® inf / dg(z,y) n(dz, dy)
ExE

n€Il(f,9)
by s [ (il ) ey
Sr_o 1 [ U )
RF=2 o cni(f.g) JExE
2k
< R*Wi(f,9)+ R 2 (My(f) + Mi(g)),

and then we get with (R/2)* = ., /W,
(2.11) Wa(f,g) < 25724, Wi (f, )t /> V/",

Proof of iii). The first point is classical. The second relies on the fact that
102 = 8y[I3—. < Cdp(w,y). O

Their is also a similar result on EV, where the H® norm is less usefull.
Lemma 2.2. Choose FN,GN € Py, (EN). For any k > 0, denotes
M, = My(F{Y) + My (GY).
For any k > 2, it holds that
(2.12) Wy (FN,GNY < 28 .4/ Wy (PN, GN)Y/2-1/k
It also holds without moment assumptions that Wy (FN,GN) < Wo(FN,GN).
PrOOF oF LEMMA 2.2. The proof is a simple generalisation of (2.10) to the case of N variables.
We skip it. (I
The inequalities of Lemma 2.1 also sum well on P(P(FE)) in order to get

Lemma 2.3. Choose «, 3 € P(P(E)), and define
My, = My(a) + My (8) :== /Mk(P) [ + B](dp) = My(a1) + My(51).

(i) For any s > 1 and with the same constant C(d, s) that in point (i) of Lemma 2.1 we have for
any k> 0,

- 2
(2.13) Wi(a, ) < C M7 Wy (a, B) T35
it) For any k > 2, it also holds that
(2.14) (i) WalaB) <28 Af Wle, )2 H,

1
iii) It holds without moment assumption that Wi < Wy and Wg-s < CWZ for s > % with a
constant C(s,d).
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Proor oF LEMMA 2.3. All the above estimates are simple summations of the corresponding
estimate of Lemma 2.1. We only prove 7).

Wi(a,B) = He%ﬁg ﬁ)/Wl(p,n)H(dp, dn)
d 2k
< i aT2ks || p — pl| 2k
< Cnehr%gﬁ)/[Mk(p)+Mk(77)]d+ % lp =l 5= W(dp, dn)
4 __ _2ks
d+2ks 1 d+2ks
< i — s
< C (/Mk(p) [a+ﬁ](dp)> (Heggy_ﬂ)/lp g H(dp,dn)>

k
d d+2ks
< COM M, TF2Rs inf —||%_. U(dp, d
< O[Mg(a) + Mg(B)]772F (Heg%aﬁ)/lp N[ zr-+ I(dp, n))

_d k
< CAMTT Wy (o, B)7em

where we have successively used the inequality (2.9), Holder inequality, the definition of the moment
of a and (3, and Jensen inequality. O

2.3. Quantified equivalence of chaos. This section is devoted to the proof of Theorem 1.2, or
more precisely, to the proof of the following accurate version of Theorem 1.2.

Theorem 2.4. For any GV € Py, (EN) and f € P(E), there holds

(2.15) (i) VI<j<t<N  QGN;f) < 20/(GY; ),

2
(2.16) (@) VI<j<N  QGN:if) £ Quo(GNif)+ jN

For any k > 0 and any 0 < v < m , there exists a explicit constant C' := C(d,~, k) such
k
that
1 1\”

(2.17) (i) 0ulif) < 0t (0a6YiD 4 )

where as usual My, := My(f) + Mp(GY).
Foranyk >0 and any0 < v < with d' = max(d, 2), there exists a constant C := C(d,~, k)

such that

a+4

M (f)M*
Nv

Let us make some remarks about the above statement. Roughly speaking, the two first inequal-
ities are in the good sense: the measure of chaos for a certain number of particles is bounded by
the measure of chaos with more particles, and even in the sense of empirical measure (i.e. with
Q). Let us however observe that the second inequality is meaningful only when the number j of
particles in the left hand side is not too high, typically j = o(v/N). The third inequality is in the
”bad sense” and it is maybe the most important one, since it provides an estimate of the measure
of chaos in the sense of empirical measures by the measure of chaos for two particles only. It is for
instance a key ingredient in [50]. See also corollary 2.11 for versions adapted to probabilities with
compact support or with exponential moment. The last inequality compares the measure of chaos
at N particles to its measure in the sense of empirical distribution. It seems new and it will be
a key argument in the next sections in order to make links between the Kac’s chaos, the entropy
chaos and the Fisher information chaos.

(2.18) () OGN, f) = Qe (GY, f)| <O

Remark 2.5. In the inequality (2.17), the Qo term in the right hand side may be replaced by any
Qy for £ > 2, but it cannot be replaced by 1, which does not measures chaoticity, as it is well
known. We give a counter-example for the sake of completeness. We choose g and h two distinct
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probabilities on E, and take f := £(g+ h). We consider the probability G € P(P(E)), and its
associated sequence (GN) of marginal probabilities on P(E™)
1 1 1
G=z(0g+0n), GY:i=2g®N +-h®N
As Gy = f, QU (GN, f) = 0 for all N, inequality (2.17) with Qo replaced by Q1 will imply that
Qoo (G, ) goes to zero. But from inequality (2.16) of Theorem 2./

WA(G2 £5%) = 0a(G™ ) < GV 1) + .

There is a contradiction since G2 # f®2 except if g = h.

We begin with some probably well known elementary inequalities and identities concerning
Monge-Kantorovich-Wasserstein distances in space product. For the sake of completeness we will
nevertheless sketch the proofs of them. Remark that the two first formulas are particularly simple
thanks to the choice of the normalization (2.1), and that they remains valid if we replace d; by the
normalized [!-distance % Yol — vl

Proposition 2.6. a) - For any FY,GN € Psy,,,(EY) and 1 < j < N, there hods

(2.19) wi(EY, oY) < (4 [g})fl Wi (FN,GNY < 2w, (FY, V),
b) - For any f,g € P(E), there holds

(2.20) Wi (&N, g®N) = Wi (f, 9).

¢) - For any f,g,h € P(E), there holds

(2.21) QWL(f ®h,g®h) = Wi(f.g).

As a immediate corollary of (2.19) with N := ¢, F* := f®¢ and G’ := GI¥, we obtain the first
inequality (2.15) of Theorem 2.4.

As can be seen in the following proof, similar results also holds for MKW distances constructed
with arbitrary distance D and exponents p, and therefore for the W5 distance. We do not state
them precisely, but they will be useful in the proof of the next Lemma 2.7.

PROOF OF PROPOSITION 2.6.

Proof of (2.19).  Consider 7 € II(FY GY) an optimal transfer plan in (2.2). Introducing the
BEuclidian division, N = nj +r, 0 < r < j — 1, and writing X = (X1,..., X, Xo) € EN, Y =
(Yl, ...,Yn,XQ) S EN, with X,;,Y; € Ej, 1<i<n, Xo,Yy € E", we have

wi(FN.GNY = / dp~ (X,Y) w(dX,dY)
E2N

1 .
= N 2N <;] dEj(Xi,Xz‘)—FrdEr(Xo,YO)) m(dX,dY)

i~ .
> = dpi (X3, Y;) m(dX;, dX;),
359 IXCLROLITERES

with 7; € H(Fi,éi), where F, and G; € P(E7) denote the marginal probabilities of FN and
G" on the i-th block of variables. From the symmetry hypothesis, we have F; = | = F jN and
éi = él = G§V for any 1 <14 < n. As a consequence, we have

/ dpi (X3, Y;) 7 (d X5, dX;) > Wi(FY,GY),
B2

and we then deduce the first inequality in (2.19). Since the integer portion n := [N/j] is larger
than 1, we have

\

j{N}_ nj 1
NLljl nj+r ~nj+j =2
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from which we deduce the second inequality in (2.19).
Proof of (2.20). We consider « € II(f, g) an optimal transport plan for the Wi (f, g) distance and
we define the associated transport plan 7 := a®V € II(f®V, g®V) by

VA;,B;€ E 7(A; X .. X ANy X By X ... x By) = a(A1 X By) X ... x a(Any X By).

By definition of W1 (f®N, ¢®V), we then have

L X
Wi (foN,g®N) < N;/Ewd(iﬂi,yi)ﬂ(d)(,dy)=W1(fag)7

Since the first inequality in (2.19) in the case j = 1 implies the reverse inequality, the above
inequality is an equality.

Proof of (2.21). On the one hand, from the definition of the distance W; by transport plans, we
have for an optimal transport plan = € II(f ® h, g ® h) the inequality

1
Wilfohgoh) = 5 [ (ds(enm)+ deea, ) wldor, das,dyn, dy)
1
—/4dE(£C1,y1)7T1(d£E1,dy1) >
E

Y

1
2 §Wl(fag)7

since the 1-marginal m; defined by 71(A x B) = 71(A X E x B X E) for any A, B € Bg belongs to
the transport plans set II(f, g).

On the other hand, considering an optimal transport plan 7 € TI(f, g) for the W; distance, we
define the associated transport plan 7(dz,dy) := w(dz1,dy1) ® h(dx2)dy,=z, € I(f @ h,g @ h),
and we observe that

Wilf@hgoh) < 5 [ (e + oo ) ddoy, dos, din. de)
1

1
= 5/ dp(r1,y1) w(dzy, dyr) = iwl(fvg)'
E4

We obtain (2.21) by gathering these two inequalities. ([l

We next prove another lemma that allows to compare distance between measures on P(P(FE))
and distance between their marginals on E7, and thus to compare 2y and Q.

Lemma 2.7. For any distance D on E andp > 1, extend D on E? with D; ,(V,W)P = % > D(vi, w;)?,
and define the associated MKW distance Wp,  , on P(E7) and the MKW distance Wy, , on
P(P(E)) associated to Wp and p. Let o and 3 be two probability on P(P(E)). Then, for any
JeN,
(2.22) Wb, ,.p(a5,85) < Wwp, p(e, 5)
That is in particular true for the MKW distances W1 and Ws defined in section 2.1

VJENa W2(Oéjaﬁ]) SWQ(CM,B), Wl(a_]aﬁ]) Swl(aaﬁ)

PRrROOF OF LEMMA 2.7. For simplicity we denote for any j, Wp, , = Wp. We choose any
transference plan II between o and § and write

[Wp(ay, 3)]" = _WD (/p®j a(dp),/p®j ﬂ(dp)ﬂp

/ Wp (027, n®7) (dp, dn)]p

/ (Wb (p, m)]* (dp,dn),

IN

IN
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where we have used the convexity property of the Wasserstein distance, the equivalent of equal-
ity (2.20) in our general case, and Jensen inequality. By optimisation on 7 we obtain the claimed
inequality. (Il

As a consequence of a classical combinatory trick, which goes back at least from [33], we have

Lemma 2.8 (Quantification of the equivalence G ~ G;V) For any GN € Py (EN) and any
1 <5 <N, we have

) (i1 R i1
@~ &Ny <2290 g ey ey < V2D,
and in particular the first marginals ar equal: GY = G{V

PrROOF OoF LEMMA 2.8. For the first inequality, we refer to [52, Lemma 2.14 estimate (2.27)]

which precisely claims that the RHS term is bounded by 25(j — 1)/N.

In order to prove second inequality with bound %, we show that for any measure p and 7

on EJ,
1
Wi(p,n) < §||P —nllrv.

To obtain that inequality, we shall only construct a transference plan that does not move the
mass that p and n have in common. Precisely, the mass they share defines a positive measure
which may be given by

d
min(p,7) := min (1, d_Z> 2

where Z—Z stands for the Radon-Nikodym of the part of 1 which is absolutely continuous with

respect to p. Then we define two positive measures 7 := n—min(p,n) and p := p — min(p, n) which
correspond to the ”excess part“ of the two measures. As p and 7 are two probability measures, we
have ||pllrv = ||7ll7v = 3llp — nllrv. Now we choose the transference plan 7 € II(p,n) defined by

. p(dx) @ 7(d
1= min(p, ) (d2)5,=, + L2 Y)
Iollrv
For this plan, the transportation cost is less than
N 1
[ aeyyin<laley = 3lo=lrv,
EixEI

and we conclude since by definition W1 (p,n) is less that the above LHS term. ([

Applying the previous lemmas 2.7 and 2.8, we can bound 2; by 2., and some rest. This is the
second inequality (2.16) of theorem 2.4.

PROOF OF INEQUALITY (2.16) IN THEOREM 2.4. We simply write
QiGN f) = WG ) < WG, GY) + WG F)

J2 AN j* N

thanks to the two previous lemmas 2.7 and 2.8. ([l

We establish now the key estimate which will leads to the third inequality (2.17) in Theorem 2.4
where Q is controled by §25. Following [50, Lemma 4.2], the main idea is to use as an intermediate
step the H~* norm on P(E), rather than the Wassertsein W; distance, because it is a monomial
function of order two on P(FE), and thus has a nice algebraic structure. This fact is stated in the
following elementary lemma.

Lemma 2.9. For s > d/2, define ®, :R? — R by

e d
(2.23) VzeRY Dy(2) := /Rd e i=s <§>§25.
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The function ®s is radial, bounded, and furthermore if s %, it is Lipschitz. For any p,n €
P(E)

(2.24) llp—nll7 - = /de Py(z —y) (p°* — p@n)(dz, dy) + /de Py(z —y) (n®* —n @ p)(de, dy),

and in particular, for any p € P(E)

ol = / Bz — y) p®(de, dy).
R2d

which means that the norm H—° on P(E) is the monomial function of order two associated to the
function (z,y) — @s(x — y).

PROOF OF LEMMA 2.9. We obtain that ® is bounded from the fact that [, (§) 2% d¢ is finite
for s > d/2, and that it is Lipschitz from the fact that [, (€)'~2* d¢ is finite when s > (d +1)/2.
We now prove (2.24). Using the Fourier transform definition of the Hilbert norm of H~*(R%), we
have for any p,n € P(E) C P(R?) c H*(R?)

o=l = [ (36 =) GO =70 75z
= / (p(dz) — n(dz) (p(dy) — n(dy)) e  @=¥)E ﬁzs
e (&)
N / s —y) (b — p©)(da,dy) + / O (z —y) (0 —n ® p)(dz, dy).
R2d 2
The last identity follows from (2.24) by choosing 1 = 0. 0

Thanks to that Lemma, we will be able to obtain the following key estimate.
Proposition 2.10. For any s > d“ there exists a constant C' = 2||®g||rip < 225 +dcdl € (0,00)
(where cq denotes the surface of the umt sphere of R?) such that for any GV € Py, (EN), N > 1,

f € P(E), there holds

Nl=

(2:25) Wir-+(GN,6) < C [W(GY, f & f)]

PROOF OF PROPOSITION 2.10. Because P(E) C P(RY) ¢ H~*(R?) for s > ¢ and
(GN,6;) = {GN @ d¢}, we have
R 2 R
[WHfs(GN, 5f)] = if ] = I(GN ®4),
ﬂGH(GN,(sf)

with cost functional

Iin) = / / lo = 0l w(dp,dn).
P(E)xP(E)

Using Lemma 2.9, we have

flerenl = /P<E>{/de D(x = y) (0% = p@ [)(da, dy) b GN (dp)
! /P<E){/de (2 —y) (f** = f @ p)(da, dy)} G (dp)
//Eg (z — ) [f(dz) f(dy) — f(dz) G (dy)].
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Now we may bound the cost functional as follows:

1GY @87 < |1@ullus [Wi(GH.GY @ )+ Wilf o f.f 0 GY)|
< @l [WEY F 0 )+ 2 © £,6Y @ )]
< ||<I>S|\Lip{W1(G§V,f®f)+W1(f,(?{v)}
<20l WA(GY [ @ f),

where we have used successively the Katorovich-Rubinstein duality formula (2.3), the triangular
inequality, the identity (2.21), and the first inequality in (2.19) together with the fact that (GL); =
GN. 0

Putting together Proposition 2.10, Lemma 2.8 above and Lemma 2.3 on comparaison of distance
in P(P(E)), we may prove inequality (2.17) of Theorem 2.4.

PROOF OF INEQUALITY (2.17) IN THEOREM 2.4. We define s := 5= —5¢. Notice that s > 41 > 1
thanks to the conditions satisfied by v and k. We can thus applied the point i) of Lemma 2.3,

Proposition 2.10 and then Lemma 2.8 in order to get

~ _d__ ~ 2
Qo (GNf) = WG, 65) < C(d, 8) M5 Wi—o (GN 55 725
C(d,s)
2s —d—1

C(d,’}/,k) % N ®2 2 7
’y*l—d/k}—d—ltﬁk WI(G27f )+N )

_d__ ~
%kd+2ks W1 (Gé\f, f®2) ﬁ

IN

since v = ﬁ. This is the claimed inequality thanks to the definition of 5. It is important

to notice that the constant C(d,~, k) of the last line depends on d and on k and ~ via s. But as

explained at the end of lemma 2.1, it can be choosen independent of k£ and v if s = % - %

in a compact subset of RT. O

remains

With stronger moment conditions on the probabilities f and GV, we may improve the exponent
in the right hand side of (2.17) and therefore the rate of convergence to the chaos. Introducing
the exponential moment

(2.26) VFeP(E), Mgx(F):= / A’ Fdz),
E
E =R%, 3,\ > 0, we have the following result.

Corollary 2.11. (i) There exists a constant C = C(d) such that if the support of f and GV are
both contained in the ball B(0, R), for a positive R, then

(2.27) 0. < Cn (2@ i+ 5 )T

In <QQ(GN;f)+ %)‘

(ii) There exists a constant C = C(d,[3) such that if the f and GY have bounded exponential
moment of order Mg x for B, >0,

C 1 1+1/8

N, _— 7r2(d+1) N, - -
(2.28) QoG f) < g5 K <Qz(G 2 f)+ N> TN

In (QQ(GN; f) ! >

where K := max(Mg x(f), Mg A(GY)).

PROOF OF COROLLARY 2.11.
Step 1. The compact support case. Here we simply have My(f) < RF and the same for the
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moments of GI¥. Applying (2.17) with the explicit formula for the constant C, we get for any
0< v < dL-i-l and k > #

, C(d, v, k) , 1\’
QOO(GN7f)S,7—1_dk—1_d_1R<Q2(GN’f)+N> .

And we use the remark at the end of the previous proof that allow to replace C(d,~, k) by C(d) if

§ = % — % is restricted to some compact subspace of [1,4+00). It will be the case in the sequel
since we shall choose k large and ~ close to d%_l. Letting £ — +o0 leads to

Y
N LI

Denoting o := % —d—1and a=Q(GY; f) + & which we assume smaller than 1, the r.h.s can

be rewritten B
Qoo(GN§ f) < C(d) st al/(d+1+a)'
[0

(d+1)2

[Inal *

Some optimization leads to the natural choice a = 2 It comes

Qoo(GN, f) < C(d)R | 1na| al/(d+l)al/(d+1+a)—l/(d+1)7

But —- — — <

«a
d+1 d+1+a S (d+1)2 and then

1
2| Inal
@M/ (@+1+e)=1/(d+1) < (=1/@lnal) _ o3

and this concludes the proof of point (4).

Step 2. The case of exponential moment.

k/B €>\ leﬁ

Using the elementary inequality 2% < (Aiﬁe) , we get the following bound on the k£ moment

k \1/8
Mk(F)l/k<( ) My A(F)V/*,

~ \\Ge

and it implies with our notations //lk% < (/\Lﬁe)l/ﬁ@K)l/k. Applying (2.17) with the explicit

formula for the constant C' and the notation a of the previous step, we get for any 0 < v < d+-1
and k >

'y*lfdfl

C(d) kl/8
(\Be)t/B =1 —dk—1 —d—1
Here we cannot take the limit as k — oo, but optimizing in k£ the second fraction of the r.h.s, we

Qe (GY5 f) < K'Yk g,

choose k satisfying % —d—1= %d and get the bound
d 4d
Qoo (GN; f) < ¢ld. ) K'Yk g,

= AYB (yml—d—1)1+1/8

(d+1)”
[Inal

leads this time to the bound

Still denoting o = % —d—-1= %d, the choice a = 2
cd,p n
QOO(GN;f) < )(\1/& ) K (d+1)/1 2|1na|1+1/ﬁ al/(d-‘rl)’

which concludes the proof. O

Remark 2.12. In particular inequality (2.17) in Theorem 2.4 says that for any 0 < v < (d+ 1+
d/k)~! there exists a constant C := C(d,~, k) such that for any f € P(E), there holds
C My, (f)M/*
Ny
For such a tensor product measure framework, the above rate can be improved in the following
way.

(2.29) Qo (f¥N; f) <

Theorem 2.13 ([50, 10]). 1. For a moment weight exponent k > 0 and an exponent
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(i) y=7:= 2+ 1/k)"" whend =1,
(i) v € (0,7.) with ve := (24 2/k)™ when d = 2,
(iii) v =7e := (d+d/k)~! when d > 3,
there exists a finite constant C' := C(d,~, k) such that (2.29) holds.
2. Moreover, for any moment weight exponents \,[3 > 0, there exists a finite constant C' :=

C(d, N\, B, Mp(f)) such that

(In N)/8 (In N)+1/8
N1/2 N1/d ’
On the one hand, using similar Hilbert norm arguments as those used in the proof of Proposi-

tion 2.10 and inequality (2.17) in Theorem 2.4, the first point in Theorem 2.13 has been proved
in [50, Lemma 4.2(iii)] with however the restriction v € (0,7.) when d > 1. The optimal rate
O(1/N@+1/K ™) in the critical case v = e, d = 1, is not mentioned in [50, Lemma 4.2(iii)] but
follows from a careful but straightforward reading of the proof of [50, Lemma 4.2(iii)]. The better
rate obtained in Theorem 2.13 with respect (2.29) is due to the fact that for a tensor product
measure one can work in the Hilbert space H* with s > d/2 rather than with s > (d+1)/2 in the
general case. The second point in Theorem 2.13 follows by adapting the proof of Corollary 2.11 to
this tensor product measure framework.

(2.30) Qo (fEN;f)<C L ifd=1, Qoo (&N f) < C if d > 2.

On the other hand, using matching techniques, it has been proved in [24, 10] that (2.29) also
holds true for the critical exponent 7. = 1/d in the compact support case (or exponential moment
with 3 = 1) when d > 3 and 7. = (d + d/k)~! in the case of finite moment of order k& when
d > 3. These last results thus slightly improve the estimates available thanks to our Hilbert norms
technique. It is worth mentioning that the critical exponents are known to be optimal, see for
instance [24, 4]. A natural question is whether the rates in inequality (2.17) and in Corollary 2.11
may be improved using similar arguments as in [24, 10].

We come to the proof of the last part of Theorem 2.4, which will be a consequence of the
following proposition

Proposition 2.14. For FN GV € Py,,,,(EY), there holds
(2.31) Wi (FN,GN) = Wy (FN,GN).

PROOF OF PROPOSITION 2.14. We split the proof into two steps.
Step 1. A reformulation of the problem. Since we are dealing with symmetric probabilities, it
is natural to introduce the equivalence relation ~ in EV by saying that X = (11,...,2y),Y =
(Y1, .., yn) € BN are equivalent, we write X ~ Y, if there exists a permutation o € &y such that
Y = XU = (.’L‘U(l), N ,.’L‘U(n)).

We also introduce on EVV the ”semi”-distance w;

occByN ceGnN

N
. . 1
(232) w1 (Xa Y) = Inf dEN (Xa Ya’) = inf N ; dE(I’La yU(i))a

which only satisfies W1(X,Y) =0 < X ~ Y. We also introduce the associated MKW functionnal
W{. For FN,GN € Py, (EN),
wi(FN,GN) = inf / wi (X, Y) 7V (dX,dY).
aNell(FN,GN) JpN«EN
It is in fact a distance on the space of symmetric probabilities, but this point will also be a

consequence of our proof. It is a classical result (see for instance [65, Introduction. Example: the
discrete case]) that

(2.33) VX, Y € BN, Wi(p¥,pd) =w (X,Y),
(shortly, it means than we do not need to split the small Dirac masses when we try to optimize

the transport between to empirical measures). We recall the notation py defined in section 2.1 for
the application that send a configuration to the associated empirical measure : py(X) = p¥.
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Remark that its associated push-forward mapping restricted to the symmetric probabilities
By Pym(EY) = P(Py(E)) Cc P(P(E)), GN— GN :=Glpn,
is a bijection. Its inverse can be simply expressed thanks to a dual formulation: for o € P(Pn(E)),
its inverse & = [);,104 is the probability satisfying
voeG(EY). [ e0a@x) = [ spald),
EN Pn(E)

where @(p) := 35 Y veey P(Xo), for any given X such that p = p¥. Similarly, defining P s(EY x
EN) the subset of P(EYN x EV) of probabilities which are invariant under permutations on the
first and second blocks of N variables separately, we have that

Y Py (EN x BN) — P(Pn(E) x Pn(E)), 7V & =78 (pn,pw),

is a bijection.
The identity (2.33) and the bijection py allows us to establish the identity

(2.34) VENGN e P(EN), WHFN,GN) =Wy (FN,GN).
Indeed, denoting I (FN,GN) = I(FN,GN) NP, o(EN, EY), we have

WiFEN, GN) = wi(X,Y) 7N (dX,dY)

inf
wNells s(FN,GN) JEN «EN

inf 4% X Y) eV (dX,dY
e /E o Wil (0, () 7 (@X, aY)

= inf /
TNEIL,s (FN,GN) Jpy (B)xPr (E)

= inf / Wi(p,n) 7 (dp, dn) = Wi (FN,GN),
P(E)xP(E)

Wi(p,n) 7 (o, o) (dp, dn)

AEM(FN ,GN)

where we have essentially used the invariance wq(X,Y) = w1 (X,,Y;) for any 0,7 € Gy and the
fact that ﬁ}ef is a bijection.

Step 2. The equality WlT =Wi.

The interest of the reformulation (2.34) is that we can now work on one space: EYV. Remark
that since wq(X,Y) < dg~(X,Y), we always have WlT < W1y, and the equality will hold only if
one optimal transport for WlT plan is concentrated on the set

C:= {(X, Y)e EN x EN st. w (X,Y) = inf dp~ (X,Y,) =dg~ (X, Y)} .
ceBN

We choose an optimal transference plan 7 for WlT . For simplicity we will assume that 7 is symmet-
ric, i.e. unchanged by the applications P, : (X,Y) — (X,,Y,) for any o € S. If not, we replace
it by its symmetrization % > T4 P which will still be an optimal transference plan of FN onto
GY. Starting from m, we will construct a transference plan 7* € II(FY, GV) such that

- i) 7* is concentrated on C.

-ii) In[r] = [un (X, Y) 7(dX,dY) = [wi(X,Y)7*(dX,dY) = In[r*]
Both properties imply then that

WiEN,GN) = / wi (X, Y)m(dX,dY) = / wy (X, Y) 7" (dX,dY)
ENxEN ENxEN

/ dp~ (X, Y) 7% (dX,dY) > Wi (FN,GN)
ENxEN

which is the desired inequality.
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We define 7* in the following way. First, we introduce for any X,Y € EV

Cxyy = {Z€EYN; Z~Y anddp~(X,Z) =w(X,Y)} C BV
1
. = 6 N . = Y-
PX;Y Ny > dix.z)s Nxw = #Cxiy

ZelCx,y

We note that Z € Cx.y iff Z ~Y and (X, Z) € C, so that Supp px,y C C. It can be shown that
(X,Y) — Nx.y is a borelian application (it takes finite values and its level set are closed) and
that EN x EN — P(EYN x EV), (X,Y) = px.y is also borelian if P(EY x EV) is endowed with
the weak topology of measures. This allows us to define a transference plan 7* by

v [y nX.dy) € PEY < BV)
ENxEN

or in other words, for any ¢ € Cy(EN x EV), we have

wr = [ X[ Y d@X v e (@x.av)

2N N R 2N
XY ZeCx,y B

1 N
/E > (X, Z2) 7N (dX,dY).

2N N .
X5y ZelCx,y

It remains to proof that 7* satisfy the announced properties. Since px.y is supported in C for any
(X,Y) € EN x EVN | it is also the case for 7*. It is also not difficult to show that the transport
cost for w; is preserved. Indeed, we have

1

Nx.y

> dpv(X,Z) | m(dX,dY)

/ dpy (X',Y') 7% (dX',dY") = /
E2N E2N ZeCriy

= / ! > wi(X,Y) | w(dX,dY)
E2N

Nx.
XY ZelCx,y

_ / wi(X,Y) 7(dX, dY).

The fact that 7* has first marginal F'V is also clear since for any p € Cy(E™)

/ * / / . 1 T
/E (X (dXdY") = /E N > e(X) | w(dX,dY)

Nx.
X;Y ZelCx,y

/EzN o(X)7(dX,dY) :/ ©(X) FN(dX).

EN

For the second marginal, we shall use the following properties of Cx.y and Nx.y

Vr €6y, Z.€ CXT;YT s 7€ Cx;y, and thus NXT;YT = Nx;y.
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Thanks to the invariance by symmetry of 7 and GV, we can write for any ¢ € Cy(E™)

/ e(Y)r*(dX,dY) = ( o(Z) | m(dX,dY)
E2N E2N NXYZGC o

1
o z@: [Ew NX — Y o2 ] w@x.av)

T Z€Cx, iy,

ZG: [Ew ny > e(Zr) | w(dX,dY)
@(Z) | 7(dX,dY)

ZeCx,y
/ ( ZEC XY

/ B(Y) 7(dX, dY)
:/ @(Y)GN(dX):/ p(Y) GN(dX),
E2N E2N

where we have introduced the symmetrization of ¢ defined by ¢(2) := 7 Y veay P(Zs) and we

have used that $(Z) = ¢(Y) for any Z € Cx,y and the fact that GV is symmetric. This conclude
the proof. O

Putting together Proposition 2.14 and (2.29), we obtain the inequality (2.18) of Theorem 2.4.
PROOF OF INEQUALITY (2.18) IN 2.4. We have

N (G, ) = Qe GV ] = WGY, F2N) =G, 0y
= (GN, J3N) - iGN, 5y)

< WPV, 8p) = Quo(fOV: f)

. CM(H)Y*

< N ;
where we have used the definition of Qpy, Q, the triangular inequality, Proposition 2.14 and
(2.29). O

3. ENTROPY CHAOS AND FISHER INFORMATION CHAOS

In this section E C R stands for an open set or the adherence of a open space (so that the
gradient of a function on F is well defined).

3.1. Entropy chaos. The entropy of a probability on a compact subset of R with density f dx is
well defined by the formula [ fIn f. On a (possibly) unbounded set E, we have to be more careful
because the entropy may not be defined for probability decreasing too slowly at infinity. This is a
well known issue, but we present here a rigourous definition for probability F' € P(E’) having a
finite moment M}, for some k > 0. It will be usefull in the section 5 where we define level 3 entropy
on P(P(E)).

We emphasize that in the sequel we shall use the same notation F' for a probability and its
density F' dxr with respect to the Lebesgue measure, when the last quantity exists. For any k > 0
and F € P,(E7) N L, we define the (opposite of the Boltzmann’s) entropy

(3.1) H;(p) = H;(F) := /EjFlogF:[Eh(F/Gi)Gi—i—/EFlogGi (= HV(F))

with GL(V) := ¢/ exp(—|vi|F — ... = [v;|¥) € P(EJ), k > 0 and ¢ = ¢(k) choosen so that G is a
probability , and h(s) := s logs — s + 1. The RHS term is well defined in R U {400} as the sum
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of a nonnegative term and a finite real number, and it can be checked than it is equals to the
middle term, which has thus a sense. Next, we extend the entropy functional to any F € Py (E7)
by setting

G2 HE) = sp {(Be)-H@)}+ [ Pl (= H)
¢;€CH(ET) E

where
o) = [ 1@)6,

and where h*(t) := e® — 1 is the Legendre transform of h. Finally, we define the normalized entropy

functional H by
, 1
(3.3) VFePp(E) H(F):= EHJ'(F)-

We start recalling without proof a very classical result concerning the entropy.

Lemma 3.1. Let us fit k > 0. The entropy functional Pyp(E) — RU {+o0}, p — H;(p) is well
defined by the expression (3.2) is convex and is lsc for the following notion of converging sequences:
pn — p in the weak sense of measures in P(E) and (py, |[v|™) is bounded for some m > k (the
same holds of course for H). Moreover, H;(F) does not depend on the choice of k used in the
expression (3.2),
H(F) > logc(k) — My(f) VF e Py(E),

and H(F) < oo iff F € L', F log F € L'(E), and then H(F) = HV(F).

We also recall the definition of the (non-normalized) relative entropy between two probabilities
p and n of P(EY) :

(3.4) (o) = [ ln(jj;) dp= [ (giag+1-g)y

with g = Z—Z if p is absolutely continuous with respect to 7. If ¢ is not defined, then H;(p|n) := +o0.
Th associated normalized quantity is simply H(p|n) := %H i(pln). The relative entropy can also
be defined using a dual formula similar to (3.2). Let us remark that the relative entropy is defined
without moment assumption since the quantity under the last integral is positive. For a fixed 7 it
has the same properties than the entropy.

We now give two elementary and well known results which are fundamental for the analysis of
the entropy defined on space product.

Lemma 3.2. On P,,(E?), m > 0, the entropy satisfies the identity
(3.5) VfePu(B)  H(f*)=H(f)

PROOF OF LEMMA 3.2. If f € P, (F) is a function such that H(f) < oo, then we may use (3.1)
as a definition and

H(f®) = jl . %9 log ¥ = . fvr) 10gf®j(v1,...,vj) = Hi(f).

In the contrary, Hi(f) = oo and H;(f®7) = oc. O
Lemma 3.3. (i) For any functions f,g € L. (E) NP(E), m > 0, there holds
(3. )= [ fogf> [ fogo. or Hisle)= [ fioes/o) 0

with equality only if f =g a.e..
(ii) More generally, for any nonnegative functions f,g € LL (E), m > 0, there holds

/flog—ZFlog—, avec /f, : /
E ) G
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(iii) A consequence of (i) is that if F € P(E’) has first marginal f with H(f) < 400, then
H(F)> H(f) with equality only if F = %7 a.e..

(iv) The entropy is superadditive: for any F € P (E™) N Psyp (E), 4,5 € N*, m > 0, the

following inequality holds

(3.7) Hi1i(Fiy;) > Hy(F,) + H;(Fj), (non-normalized entropy),

where Fy, as usual stands for the k-th marginal of F.

PrOOF OF LEMMA 3.3. (i) To obtain the inequality, write H(f|g) = [ h(f/g)f and use the fact

that h(s) = slog s — s+ 1 is a non-negative function. next there is equality only if h(f/g) =0 a.e.

on {f > 0}. Since h vanishes only at s = 1, it means that f = g a.e. on {f > 0}. And form the
fact that [ f = [ g = 1, we obtain the claimed equality.

(ii) We write
/flog— F/ f/Flog /fl

the first term is nonnegative thanks to (3.6) and the second term is the one which appears on the
RHS of the claimed inequality.

(iii) We use the first inequality (3.6) on E7 with F and f®7
H(E) =< [ FlogF == [ Flogs® = [ F)log o) dv = H()
J JEi J JEi Ei
Using again the point i), we see that equality can occurs only if F' = f®7 a.e..
(iv) Denote hy := Hy(Fy). If h;y; = 400 there is nothing to prove. Otherwise, we have h;;; < oo
which in turn implies F' € L'(E7), then F; € L'(E"), F; € L'(E7), so that the entropy may be
defined thanks to (3.1). In RU {—o0}, we compute

hivj —hi —h; = / Fiyjlog Fiyj
Eiti

—/ Fi-i-j logFi(Ul,..,vi) —/ Fi-i-j logFj(Ui+1,..,Ui+j)
Eiti Eiti

/ Fiyjlog Fiyj — / FitjlogF; @ Fj > 0,
Eit+i Eiti

thanks to (3.6). O
Our first result shows that entropy chaos is a stronger notion than Kac’s chaos.

Theorem 3.4 (Entropy and chaos). Consider (GY) a sequence of Py (EN) such that (GY, |v|™) <
a for some m,a >0 and f € P(E).

1) If Gj-v — Fj weakly in P(E7) for some given j > 1, then
(3.8) H(F;) < liminf H(GN).
In particular, when (GY) is f-Kac’s chaotic, (3.8) holds for any j > 1 with Fj := f®7.
2) On the other way round, if (GY) is f-entropy chaotic, then (GV) is f-Kac’s chaotic.
PROOF OF THEOREM 3.4. Step 1. For any N > j we introduce the Euclidian decomposition
N =nj+r 0<r < j—1, exactly as in the proof of Propsoition 2.6. Iterating n times the
superadditivity inequality (3.7) we have

Hy(FY) = n Hy(F) + H(EY),

with the convention H(FY) = 0 when r = 0. We get (3.8) by passing to the limit in that inequality

using that H is Isc and that H(F") is bounded by below thanks to Lemma 3.1 and the condition
on the moment.

Step 2. We assume that (GV) is f-entropy chaotic, that is
GY — f weakly in P(E) and H(GY)— H(f) < oo.
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Let us fix j > 1. The sequence (GY) being bounded in P,,(E7), there exists F; € P(E’) and a
subsequence (GN') such that ijl — F; weakly in P(E7). Thanks to step 1, we have
H(F;) <liminf H(GY') < liminf H(GN) = H(f) = H(f*).

Since the first marginal of Fj is (F;)1 = limy_ 1 GY¥ = f, the third poind of Lemma 3.3 gives
that F; = f®7 a.e.. As a conclusion and because we have identified the limit, we have proved that
the all sequence (G;V ) weakly converges to f®7. O

3.2. Fisher chaos. We now establish similar results for the Fisher information functional. For an
arbitrary probability G € P(E?), we define the normalized Fisher information by

VGI? / 2 - :
— = VInG?G e RU{+o0} if G e WHI(ET),
39  1MG) = [Ej e ] | {+00} ( _)
+00 if G ¢ Whi(E7),
For G € P(E7), we also give an alternative definition
2
(3.10) I]@)(G) = sup (G, _llE diveyp) € RU {+o0}.
YeCy (B7)? 4

Lemma 3.5. for all j € N, The identity I]m = IJ@) holds on P(E’), and we simply denoted
by I; the usual (non-normalized) Fisher information and by I = j~'1I; the normalized Fisher
information on the all set P(E7). The functionals I; and I are proper, convez, lsc (in the sense
of the weak convergence of measures) on P(E7).

ProOOF OF LEMMA 3.5. For the sake of simplicity, we only deal with the case j = 1. We split
the proof into two steps.

Step 1. Assume that f € Wb, Since for all ¢ € C}(E)?

Kl i

2
|V1nf|2—Vlnf~1/J+——‘V1nf—§

>0

3

4

we have 2
1) - 2 = 20
100 = [1vmgerz [ (vwro-tE)

For any sequence (¢,,) of smooth functions approximating Vln f = %, we obtain that

w = u <V Inf-4¥— —|¢|2>
) wecs’bl(%j)j/E I¥ 4 d
— ‘/’2] (3)
3.11 u VF-o— — 7 '
( ) wezbl?E)d/E |: f 1/) f 4 (f)

The remaining equality 1(®) = I®) is just a simple integration by parts. Remark that maximizing
sequences (1) must converge (up to some subsequence) pointwise to 2V 1In f a.e. on {f # 0}. We
shall use that point in the sequel.

We also remark that this reformulation I®) is also exactly the one obtained when using the

general Fenchel-Moreau theorem on the convex function (a,b) — @ (that is used in the integral
defining 1(M).
Step 2. Tt remains to check that the equality I() = I?) is also true on P(E)\W'(E). In other
words that if f ¢ WH(E) then I®(f) = +oo. In what follows, we prove the contraposition :
I?(f) < +oc implies f € WHI(E). Once it will be done, we will have I(Y) = I() everywhere,
from which follows that I is Isc in the sense of the weak convergence of measures.

Consider f € P(E) and assume I®(f) < co. We deduce that for any ¢ € C}(R?) and any
teR

_21/}_2_ i (2)
[ r1 T iy < 1),
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so that by optimizing in ¢ € R and using that f € P(F), we get
2 1/}2
<a127) [ 15 <190 ol

That inequality implies f € BV (E) and |V f|rv < /I2)(f). Using that f € BV(E) and making
an integration by part in the definition of I®)(f), we find

I®(f) = sup / iy 2
) FE

YeCl(E)4

Vi € CLRY)

fdivy
E

)= 1),

Now, for any compact subset K C E with zero Lebesgue measure, we may find a sequence 1. €
CH(R?) such that 0 < 9. < 1, . = 1 on K and 9. — 1k a.e., so that for any ¢ > 0 and using
that f € BV(E) C LY(E), we get

imin —ft? ®)
¢ [ Ve <tmipt [ (195100 - 7 5 < 10,

Passing to the limit ¢ — oo, we deduce that V f vanishes on K, which precisely means that V f is
a measurable function. We have proved f € W11 (R?). 0

Similarly, we define for two measures p and n on E’ their (non-normalized) relative Fisher
information I(p|n) by

(3.12) B = [ S~ [

where g = Z—Z if p is absolutely continuous with respect to n. If not, I;(p|n) := +oo. The associated

¥z

dp|”

YA d
nonl

normalized quantity is simply I(p|n) := 21;(p|n). For a fixed 7, the relative Fisher information has
J

roughly the same properties than the Fisher information. In particular, if 7 as a derivable density,

we have the equality

v : 2
(3.13) Ii(pln) = sup / (—cp- 777 —divep — %) dp.

peC(RI)I JR
Lemma 3.6. For any f € P(E) there holds I(f®7) = I(f).

PROOF OF LEMMA 3.6. If I(f) < oo then f € WHI(E) and also f® € W!(E7). The following
computation is then meaningful

@iy L IV i [ 7/ Vefl® _ e6-1) _
1o =5 [ Rl - [ R gy,
Since I;(f®7) < oo implies f®/ € WH1(E7) and then f € W (E), we also have I;(f®7) = j I (f)
if I(f) = o0. O
Lemma 3.7. For any F € Py, (E?) and 1 < € < j, then holds

(1) 1(Fy) < I(F).

(ii) The Fisher information is super-additive. It means that

(3.14) Li(F) > I(Fo) + Ij—¢(Fj—e), (non-normalized Fisher information),

with in the case Iy(Fy) + L4 (Fj_¢) < +00 equality only if F = Fy ® Fj_y.

(iii) If I(Fy) < +o0, the equality I(Fy) = I(F) holds only if F = (Fy)®7.

PrOOF OF LEMMA 3.7. We give two proofs of (i), each one laying on one of the two equivalent

definitions of I.

Proof 1. If I(F) = 4o the conclusion is clear. Otherwise, we have I(F) < oo and then
F € WHY(E7). We are able to perform the following computation

1 [ |VF]? /|V1F|2 /
I(F) = - 220 YT F v R).
(F) ]/E = [ = [ )
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Thanks to the equivalent definition I®® of the Fisher information, we have

2
I(F) = sup /(w-vlF—F%)
YeCy(EIT) J EI
) 1942
> sup /(¢®1J*4-V1F—Fm)
Ve, (B J Bi 4
2
= swp /(w-vlFe—Fe%)zf u(Fe, Vi Fy),
YEC,(EL) J Bt Bt

and the last term is nothing but I(Fy).

The superadditivity. The first proof of that result seems to be the one by Carlen in [16, Theorem
3]. We sketch now another proof that uses the third formulation T (), In fact, we recall that
2
LE) =10F) = sw [ wro-
peCl(Bi)id B

where the sup is taken an all 1 = (¥1,...,%;), with all ¥; : B/ — R We will restrict the
supremum over the ¢ such that :

- The / first 1); depend only on (1, ..., ), with the notation ¥¢ = (¢1, ..., 1).

- The (j — ¢) last ¥; depend only on (241, ...,2;), with the notation ¥/ =¢ = (¢p11,..., ;).

We then have the inequality

[0+ P
e

LF) > sup /E [Vef 0+ ;o it —

P it
wé 2
= s owses-n 80
weecg(El)Ed Ef
) i—t)2
+ sup / [V ime -7 = fis v 1 | ]
Yi—teC(Bi—t)i-0d JEi=t

= L(F)+Ti-o(Fj-e)
If the inequality is an equality, we use the remark made at the end of Step 1 in the proof of
Lemma 3.5 : Maximizing sequences % and 1J~* for respectively I, (resp. I j—¢) should converge
pointwise towards 2V In f; (resp. 2VIn fj_,) up to some subsequence, a.e. on {fr # 0} (resp.
{fj—¢ # 0}). If we have equality, we also must have (5,147 %) — 2VIn f on {f # 0}, a set that
is included in {f; # 0} x {fj—¢ # 0} and thus

Vinf=(Vnfe,Vinfj—¢) = Vin(fe ® fj—e),
which implies the claimed equality since f and f, ® f;_¢ are probabilities.

The case of equality iii). Using recursively the superadditivity in that particular case, we get with
the notation F} = f

ji—1 1 j—2 2
I(f) =1(F) = TI(Fj—1)+ El(f) > TI(FJ‘—2)+ El(f) > .. 2 I(f).
Therefore, all the inequalities are equalities. We obtain that
F=F8f=F0fef=..=f%
by applying recursively the case of equality in (3.14). O

It is well-known that for (f,,) a sequence of P(FE), the conditions
fn — f weakly in P(E), My(f,) bounded, £k >0, and I(f,) <C

imply that H(f,) — H(f). A natural question is whether a similar result holds for a sequence (F)
in P(EY). Before answering affirmatively to that question, we establish a normalized non-relative
HWI inequality for a large class of sets £ C R%. It is a variant of the famous HWI inequality of
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Otto-Villani that will be the cornerstone of the argument. Let us mention that its good behaviour
in any dimension is of particular importance here.

Proposition 3.8. Assume that E C R? is a bi-Lipschitz volume preserving deformation of a
convez set of R%, d > 1: there exists a convex subset By C R? and a bi-lipschitz diffeomorphism
T : By — E which preserves the volume (i.e. its Jacobian is always equals to 1). Then, the
normalized non relative HWI inequality holds in E: there exists a constant Cg € [1,00) such that

(3.15) vEN GN e P(EN)  H(FN) < H(GN) 4+ Cp Wo(FN,GN) /I(FN).
More precisely, the above inequality holds with Cgp = ||VT|loo [VT | where

VT |oo = supyep supjpy,<1 [VT(0) b2

Before going to the proof, remark that the class of set £ which are bi-Lipschitz volume preserving
deformation of convex set is rather large. For instance, it is shown in [29, Theorem 5.4] that any
star-shaped bounded domain with Lipschitz boundary (and some additional assumptions) is in the
previously mentioned class.

PRrROOF OF PROPOSITION 3.8. We proceed in three steps.

Step 1. E = R% Let us first recall the famous HWI inequality of Otto-Villani. Consider
p = e V(@ dz a probability measure on RP such that D2V > 0. For any probability measures
fo, f1 € P2(RP), there holds

(3.16) Hp(folp) < Hp(f1lp) + Wa(fo, f1) V/In(folp),

where Hp and Ip stand for the (non normalized) relative entropy and relative Fisher information
defined in (3.4) and (3.12) respectively, and W, stands for the non normalized quadratic MKW
distance in RP based on the usual Euclidian norm |V| = (Zfil |vi]2)/2 for any V = (vq,...,vp) €
RP. Inequality (3.16) has been proved in [55], see also [65, 66, 54, 9, 21]. We easily deduce
the “non relative” inequality (3.15) from the “relative” inequality (3.16). In order to do so, we
simply apply the HWI inequality (3.16) in R”, D = dN, with respect to the Gaussian vy (v) :=
(2mA)~P/2e=1W1*/2X and we get

Hp(FN|y\) < Hp(GN ) + Wa(FN,GN) /I (FN|).

We write the relative entropy and the relative Fisher information in terms of the non-relative ones,
and we get

N
Hp(FN ) = Hp(FN) — / N In(3) = Hp(FV) + 2 log(2n) + L;‘; )
Ip(F¥|m) = /FN ’VlnFNJr;r :ID(f0)+§/v-Vf0+ M2)\(2f0)
= In(fo) - 22 4 Malho)

Inserting this in the relative HWI inequality, simplifying the terms involving log(27)), letting
A — +o00 and dividing the resulting limit by IV, we obtain the claimed result.

Step 2. E C R? is convex. The proof is the same as in the case £ = R? using that the HWI
inequality (3.16) holds in a convex set. We have no precise reference for that last result but all
the necessary arguments can be find in [66]. More precisely, [66, Chapter 20] explains that the
HWI inequality (3.16) holds when the entropy is displacement convex, while it is proved in [66,
Chapters 16 and 17] that the entropy on a convex set E is displacement convex, exactly as on R

Step 3. General case. We choose two absolutely continuous probabilities F¥ and GV on EV,
and defined the corresponding probabilities F{¥ and G on EY by

FN(vi,...,on) = FN(T(v1),...,T(vn)) = FN o TN (V),
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and the same formula for G{'. It can be checked that V., F{¥ = 'VT'(v;)V,,FY o T®N so that
Vo, FV| < [|[VT||o0 [V, FN o T®N|. Turning to Fisher information, it comes

|VFN|2 |VFN OT®N|2
I(FY) = [EN Fijlv av < ||VT|3, x  FNoTEN dv = VT 1(FY),
1 1 1

where we have used the fact that T preserves the volume.
For the MKW distance, remark that [(T~1)®N (V) —(T~H)®N(V')| < [|[VT7Y|s |V =V’|. There-
fore,

Wo(FN,GNY? = inf /V—V’2 av,dv’
2(Fy 1) men(lgf\’,c;{\’) | |7 1 ( )

= ﬂen(i}lfg,GN) / |(T_1)®N(V) — (T_1)®N(V/)|2 W(d‘/, dV/)

< VT et [V = Viaviav)
TE s

= VTS Wa(FY, GN)2.

For the entropy, the preservation of volume ensures the equality H(F}{¥) = H(FY), and a similar
one for GV. Finally, using the HWI inequality in E; proved in step 2 and the above properties,
we get

H(FY) = H(EFY) < H(GY) +I(F) Wa(FY, GT)

H(GY) + VT l|oo VT Hloo o/ 1(FN) Wa(FY, GV),

which is exactly the claimed result. (I

IN

Let us finally prove now our main result Theorem 1.4 which is a consequence of the characteri-
zation of the Kac’s chaos in Theorem 2.4 together with Proposition 3.8.

PROOF OF THEOREM 1.4. We split the proof into two steps.

Step 1. (i) = (ii). Fix a j € N, there exists a subsequence of (G), still denoted by (GV), and
some compatible and symmetric probabilities F; € P(E7), such that GY — F; weakly in P(E7).
In particular F; = f. As a consequence of Lemma 3.5 and Lemma 3.7 point (i), we have

I(f) < I(Fy) < liminf I(G}') < liminf I(GN) = I(f).
Using now the third point of Lemma 3.7 we deduce F; = f®J. The uniqueness of the limit implies

that the whole sequence G is in fact f-Kac’s chaotic.

Step 2. (ii) = (iii). We write twice the normalized non relative HWI inequality of Proposition 3.8,
and get

H(GY) = H(/*Y)| < CoWa(GY, 12) (\/IGN) + \J1(£27)).
Using the previous inequalities together with the inequality of the Lemma 2.2
WGV, FoN) < Cp 2% [Mp(GY) + My()]/F W (G, foN) /2
we get (1.8) since My, (f) < sup My(GY) and I(f) <supI(GV) . O

4. PROBABILITIES ON THE “KAC’S SPHERES”

We generalize the preceding two sections to the important case of probability measures on the
“Kac’s spheres”. We refer to [19] where similar results are obtained to the (even more important)
case of probability measures on the “Boltzmann’s spheres”.
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4.1. On uniform probability measures on the Kac’s spheres as N — oco.
Definition 4.1. For any N € N* and r > 0, we denote by o™¥'" the uniform probability measure
of RN carried by the sphere SN=1 defined by
SYThi={V eRY; |V?=r?},
We define o¥ € P(EN), E = R, the sequence o = oNVN of probability measures uniform on
the sphere of Kac’s collisions
KSn = SN L=V eRY; V]2 =N}
We begin with a classical and elementary lemma that we will use several time in the sequel.

Lemma 4.2. (i) For any 1 <{ < N — 1, there holds

N (V) = (1 B |V|2) =Sy
‘ N Je o N2ISN

where we recall that |S¥~| = 27%/2 /T (k/2).

(ii) For any fized {, the sequence (o) )n>n, is bounded in L™ (with Ny = {+4), in H® for any
s >0 (with Ny = N({, k) large enough) and the exponential moment My 1,4(0) ) defined in (2.26)
is bounded (uniformly in N ).

(iii) For any function ¢ € Co(RY), anyr >0 and 1 < ¢ < N — 1, there holds

|SN/T2€ ‘}2' N—¢
/SN*IQO(VaV)dU (V,V') = /B'-’( AT /SN’E’l (V,V)do o (V') 0 dV,

Ne=vs
where V € RY and V' € RN=¢. This precisely means that

N@v,av'y = ol (dV)o W(dv’).

PROOF OF LEMMA 4.2. (i) One possible definition of o™V is
1 1
N,r ._ N ._ N.
o =N B& 1| Jim - (1BN(r+h) - 1BN(r+h)) BY(p) :={V e RY; |V| < p},

where the surface 1V =1 | S 71| of the Sphere SN~ stands for the normalization constant such that
V" is a probability measure. For any ¢ € Cy(E*), 1 < < N — 1, we compute

N—¢ —
<1B(p)7 2 ®1 > = ‘/]Rz 1\V|2§p2 QD(V) { /RN , 1xtz+1+ +1N<p2 V|2 d.’L’g+1 dLL'N} dVv

= [ e - T v,

where w* = |B¥(1)| is the volume of the unit ball of R¥. We deduce

1 d f}in*Z(N—é) 2yt

a7 N2 _w (N0 B
N,y dr {w ( |V| )+ PN=T[GN=T| r(r V1%,

op (r) =

We conclude using the relation |SF~! = kw*.

(ii) The estimates on Uév are deduced from its explicit expression after some tedious but easy
calculations. We only prove the last one which will be a key argument in the proof of the accurate
rate of chaoticity in Theorem 1.5. For any k£ > 1 and introducing n:=(N— ) /2, we easily estimate

ol (@) — [l (1-185)
- 1 09y v = V1 v
\/N K+1 2\

T (1——) dr

0 N
1 n

NkJrl/ s* (1 —s) ds.

0

IN



32 M. HAURAY AND S. MISCHLER

Thanks to k + 1 integrations by parts, we deduce

1
v ol (dv) < NFFL 1—2)*2"dz
[v1]™ o3

R2 0

k 1
Nk-i-l—/ (1_2)k—12n+1dv
VR k 2 1 1
n+1 " n+k—1n+kn+k+1’
and then
2 =1
/R2e|v\ MoNw)dv < Zk—/ o12* o (dv)
k=0
i1 (2n + 4)k+1
N = dk (n+1)..(n+k+1)
=1 (n+2)
< 2 — < 6.
- 202’C n+1)

(iii) We come back to the proof of (i). We set m = £ and n = N — £ and we write

1 1
N,r :
o) = lim — / <P—/ ®
< ) ZNy h—0 h [ BN (r4h) BN (r) ]
it e |
= im — ©— @
ZNr h=0 h | iy <rin S < /GrrmE—Tol2 ol <r J /| <A/ h)P—[0]2

o= Jo ),
ZNTIHO h [/|v<r/v/|< Rz |2 o] <r J v |<y/r2—[v]2 ]

= lim —

@
Zer h=0 h /r<|v<r+h /|v'|<\/<r+h>2v|2

1 .1
"Zn, /Bm = Uﬂ( = /Bm/W) 4 '
We invert the integral and the limit on the last line using dominated convergence, since the integral
on v' are bounded by ||¢|eo/+/72 — |v]?. The first term is bounded (for any 0 < h < r) by
LI 1/ / o] < O ol e Tim Vo = 0,
ZNg h=0 b Jocip|<rin Jor|<vBTR h—0

and the second term converges to

/ Zn,\/r2—|'u\2
B™(r)

Zmgn,r /s"*l o0, ) daﬁ/m(vl) @,
V212

which is exactly the claimed identity. O
Let us recall the following classical result.

Theorem 4.3. The sequence 0¥ is y-chaotic, where v still stands for the gaussian distribution

y(dx) = (27) "2 e /2 dz on R, and more precisely

043
(4.1) ol — ¢ < 2%@3 pour tout 1 <L < N —4.
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The fact that oV is y-chaotic is sometime called “Poincaré’s Lemma”. In fact, it should go
back to Mehler [46] in 1866. Anyway, we refer to [23, 17] for a bibliographic discussion about
this important result, and to [23] for a proof of estimate (4.1). We also may prove the following
quantitative version of the “Poincaré’s Lemma”.

Theorem 4.4. There exists a numerical constant C' € (0,00) such that
c
(4.2) Qn(o™;v) =Wy (o, 7¥N) < TN
Remark 4.5. [t is worth observing that it is not clear that one can deduce (4.2) from (4.1) or that

the reverse implication holds. In particular, using (4.1) and Theorem 2.4 we obtain an estimate
on Wi (N, v®N) which is weaker than (4.2).

PROOF OF THEOREM 4.4. There is a simple transport map from v®" onto ¢ which is given by
the radial projection P : V — % with the notation |V]y = (N=13, |vi|*¥)'/* for any k > 0 for
the normalized distance of order k. The fact it is an admissible map comes from the invariance by
rotation of Y®~ and ¢¥. Is it optimal? It is not obvious because P(V') is not necessary the point
of KSy wich is the closest to V € RY, for the |- |; distance (for which it costs less to displace in
the direction of the axis). However, it may still be optimal for rotationnal symmetry reasons, but
it is less obvious. Nevertheless, it will be sufficient for our estimate. Since,

P(V) =V = |z =1 IV
we get as all our distances are normalized

Wi(®V, oY) < / P(V) = V142N (V)
RN

_ /RN | = 1| IVE®¥ @v)

_ +Oo’ﬂ_1’RN67R2/2dR |SN771| |V| dUN"l
o IR @mN2 \ Jgy-r T '

Using that |V]; < |V]2 because of the normalization, we may bound the last integral by
/ [V]1do™ < / [V]gdo™ = N71/2,
syt syt

Remark that this integral is also equal to \/—%M 1(o™) which can be explicited thanks to the formula

for oY of Lemma 4.2. Using this in the previous inequality and performing the change of variable
R=+VNR, we get

Wi( QN _N ﬂ e VN — RIRN-1e—F*/2 g
0PN £ | |
1N oo
|S(J;[7T)1j|\[]/\722 * = R/|(R/)N7167NR’2/2 dR'.
We can simplify the prefactor, using the formula for [S™V 1| and Stirling’s formula
|SN-UNT N7
L YOS P

oN/2
= \/NTU +O(1/N)].

Turning back to the transportation cost, we get

N +oo 2 N-1 2
e\/\/;[uou/zv)]/o (Re<1-R>/2) e~R*/2|1 — R|dR.

Wi (v®N, o) <
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After studying the function g(r) = re('=7")/2, we remark that it is strictly increasing form 0 to 1,
then strictly decreasing from 1 to 400, that its maximum in 1is 1, and that g(1+¢) = 1—e24-0(&?).
We shall also use the less sharp but exact bound

2

1
g(1—|—a)§1—%, forae[—i,ﬁ—l].

1/2 400
We can now cut the previous integral in three parts / + / + / . We bound the first part
/2

by
1/2 1 N-1
JREVIC A
0
and the third part by

/+°° L < g(WV2N /+°° o2 gy — S(VE)N e,

V2 V2
For the last part, we perform the change of variable r = 1 + u/ V/N. Tt comes
V2 (V2-1)VN
/ I / 14+ & ) |u|€7u/\/ﬁfu2/2N du
1/2 N VN/2 VN
(V2-— 1)\/_ S\ N—1
< / —) |u| du
VN /2
o0 2
< N(1+O( ))[m T u| du

4
< —(1+O(N!
< (1+ONY)
Putting all together, we finally get

Wi (v®N, o) <

%(1 +O(N) + CVNAY,

with A\ = max(g(v/2), g(1/2)) < 0.86. This implies the claimed inequality. O
PROOF OF (1.9) IN THEOREM 1.5. The proof of the last estimate in (1.9) follows from (4.2) and
Lemma 4.2-(ii) together with (2.28). O

4.2. Conditioned tensor products on the Kac’s spheres. We begin with a sharp version of
local central limit theorem (local CLT) or Berry-Esseen type theorem which will be the cornerstone
argument in this section.

Theorem 4.6. Consider g € P3(RP) N LP(RP), p € (1, 00|, such that

(4.3) / xg(z)dr =0, / x®xg(x)de = Id, / |z|? g(x) do =: Ms.
RD RD RD
We define the iterated and remormalized convolution by

(4.4) gn(@) == VN "M (VN ).

There exists an integer N(p) and a constant Cprp = C(p, k, M3(9), ||g||L») such that

CpE
(4.5) VN=>N(p) gy —7le= < N
Remark 4.7. Theorem 4.6 is a sharper but less general version of [17, Proposition 26]. The proof
follows the proof of [17, Proposition 26] and uses an argument from [17, Proposition 26|, see also
[41]. The first local CLT have been established in the pioneer works by A. C. Berry [7] and C.-
G. Esseen [27] who proved the convergence in O(1/v/N) uniformly on the distribution fonction in
dimension D = 1, see for instance [28, Theorem 5.1, Chapter XVI|. Since that time, many variants
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of the local CLT have been established corresponding to different regularity assumption made on
the probability g, we refer the interested reader to the recent works [57], [8], [3] and the references
therein.

The proof of Theorem 4.6 use the following technical lemma which proof is postponed after the
proof of the Theorem.

Lemma 4.8. (i) Consider g € P3(RP) satisfying (4.3). There exists 6 € (0,1) such that
VEEB(0,6)  [g() <e

(ii) Consider g € P(RP)NLP(RP), p € (1,00]. For any § > 0 there exists k = k(Ms(g), ||g]|z»,9) €
(0,1) such that

(4.6) sup [9(&)| < k(6).
ll>s

PROOF OF THEOREM 4.6. We follow closely the proof of [17, Theorem 27] which is more general
but less precise, and we use a trick that we found in the proof of [31, Theorem 1]. We observe that

an(€) = @E/VNYN, 48 = 3/ VNN

Because g € L' N LP, the Hausdorff-Young inequality implies § € LP N L™ with p’ € [1,00), and
then gn (€) = (9(¢/V/N))N € L! for any N > p'. As a consequence we may write

lgn (@) = y(2)| = (2m)P

/ @N(@—a(&»eif“ds‘s<2w>D [ law =51de.
RD RD

We split the above integral between low and high frequencies

lgw =l < / o] dé + / 151 de
|€]>VN§ |€|>VN §

+/ |§N —’3/| df (ZZ T+ 15 +T3)
l€|<VN &

For the first term, we have
T < /
k(6

| (—) }N ¢ = N/? /M g ™ dn

N—p'
sup 3(n ) N2 [ g dn
[n|=0 n>4

N NGy gl

IN

<
with 6 € (0,1) given by point (i) of Lemma 4.8, x(d) given by point (ii) of Lemma 4.8 and N > p/.

The second term may be estimated in the same way, and we clearly obtain that there exists a
constant C1 = C1(D,p, ||g||») such that

Cy
4.7 Th+T, < —.
(4.7) R N

Concerning the third term, we write

_ [NGECRGIN
T /Igl<m Tl e,
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with
O — @ 1 [HEVIY =AY
€f IERE €/ VNP
1 e VE) AV
N3/ €/VNT?
N—-1
x| a(E/VN)FA(E/ VNN TETT
k=0

Estimate (i) of Lemma 4.8 implies

N-—1
> GE/VNE A/ VNN
k=0
N-—1
< eif_ﬁkeff_fjw*kfl) §N€7¥ e SNengz.
k=0
We deduce
1 19(n) —4(n)| / _EP s
T3 = d
s = = (S‘ép = [ ve Fiepac
1
< s (Mslg) + Ms(9)) Cra.

We conclude by gathering the estimates on each term.

Proor oF LEMMA 4.8. Thanks to a Taylor expansion, we have

06 = 1- 5+ 00 )

. 2 1 .
©€) = 1= +0(EP), w(df)::ﬁe :

from which we deduce that there exists 6 = §(M3(g)) € (0, 1) small enough such that
R 3 . . g2
VEEBs (9§ <1- € <0(g), @(€) = e
That is nothing but (i). On the other hand, (ii) is a consequence of [17, Proposition 26, (iii)].

For a given “smooth enough” probability f € P(FE), E = R, we define

o Zn(r)
Z = ON goNor Z ::/ / doNr = 2N
N(r) /SNI(T) / o n(r) vy 7OV g ~ON (7)

We give a sharp estimate on the asymptotic behavior of Z) as N — oc.

Theorem 4.9. Consider f € Pg(R) N LP(R), p € (1, 00], satisfying

4. dv =
(4.8) /Rfv v =0,
and define
1/2
— 2 — 2 2
(4.9) E: /Rf|v| dv, PN </R(U E) f(v)du) .

Then Zn (1), Zn(r) are well defined for all v > 0 and there holds with the above notations

2 2 r




CHAOS 37

where
N _ _s
an(s)=s2""e 2 and ||BN|s < C@, | flp Mos(f))

As a particular case, there holds

(4.11) Zly = Z}V(\/ﬁ):g (1+O(N—%)).

PROOF OF THEOREM 4.9. We follow the proof of [17, Theorem 14] but using the sharper (but
less general) estimate proved in Theorem 4.6 instead of [17, Theorem 27].

Before going on, let us remark that it is not obvious that Zy(f;7) is well defined for all » > 0
under our assumption on f which is not necessarily continuous, since we are restricting f&V
to surfaces of RY. But, in fact the product structure of f®V make it possible. To see this,
take f and g two measurable functions equal almost everywhere, and call N the negligible set
on which they differ. Then the tensor products f®V and ¢g®V differs only on the negligible set
N =U; RO » N x R®WN=1_ Tt is not difficult to see that because of the particular structure
of N, the intersection of N N SN~!is also o¥-negligible for all 7 > 0. Therefore f® and g®V are
equals oY -almost everywhere on SN =1 and there is no ambiguity in the definition of Zy(f,r) for

all r > 0.

We now define the law g of v? under f
1
(4.12) h(u) = 2 (f (Vu) + f(=vu)) Luso,
remarking that h € P3(R) N LY(R) with ¢ > 1 as it has been shown in the proof of [17, Theorem

14]. Consider (V;) is a sequence of random variables which is i.i.d. according to f. On the one
hand, the law sy (du) of the random variable

N
Sv =Y Vil
j=1

can be computed by writing

Blosn) = [ o) sE N ([ o)) ar
( ' du

- /om p(u) |SV 7 u T (/Sf FEN W) NV av) ) S

2\/u’

which implies
1

sn(du) = 3 ISN=1 w21 Zy (V).
On the other hand, we have sy = h*V). Gathering these two identities, we get
1 aN/2 e—72/2
h(*N) 2 — - SN*l N-2 7 — N-2 ZI
(T ) 2 | 1 |T N('f‘) F(N/2) r N(r) (27_‘_)]\]/2

an(r?) Zy(r)
T(N/2) 2N/2

Let us define g(u) := ¥ h(E + X u), so that g € P3(R) N LIY(R) and

/g(y)ydy =0, /g(y) ly|? dy = 1.
R R

Applying Theorem 4.6 to g and using the identity ¢*¥)(u) = X hCN)(N E 4+ X u), we obtain

_ 1 (T2—NE>}<CBE
Ny \UVNy )| TNy

(4.13) -

(4.14) sup

r>0

h(*N) (,],,2)
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where Cpp is the constant given in Theorem 4.6 and associated to g. Gathering the Stirling
formula

(4.15) P(N/2) = VaN ax(N)2 ¥4 (14 0(N-1/2))

with (4.13), (4.14), we obtain

an(r?)Zy(r) 1 2~ NE\? @
=0 \/WaN(N)Q(HO(N—l/?))_Wzmexp« VNS ) /2>|S Ny

Estimate (4.10) readily follows. O

For a given f € Pg(R) N LP(R), p > 1, we define the corresponding sequence of “conditioned
product measures” (according to the Kac’s spheres KSy), we write FV := [f®N]cs,, by

1
4.16 FN = — —  (ON N
(4.16) Zn(f;VN) /

We show that (FV) is well defined for N large enough and is f-chaotic.

Theorem 4.10. Consider f € Pg(R) N LP(R), p > 1, satisfying

(4.17) /Rfvdvzo and /Rfv2d11=1.

The sequence (FN) of corresponding conditioned product measure is f-chaotic, more precisely

1 C
Qu(FN, f) = Wi(EN, 9 < S ||FN — ) < ==
Z( 7f) Wl( 14 7f )—2H 4 f Hl—\/ﬁa

for some constant C = C(f) € (0, 00).

Remark 4.11. The f-Kac’s chaoticity property of the sequence FN = [f®N|xsy is stated and
proved for smooth densities f in the seminal article by M. Kac [37]). Next, the same chaoticity
property is proved with large generality (on f) in [17]. Theorem 4.10 is a “quantified” version of
[17, Theorems 4 & 9] and [37, paragraph 5].

PROOF OF THEOREM 4.10. As in Theorem 4.9, it is not obvious that FV is well defined under
our assumption on f which is not necessarily continuous, since we are restricting f® to a surface
of RN, But the argument given at the beginning of the proof of Theorem 4.9 shows in fact that the
restriction of f®V to KSy is unambiguously defined. Since, Theorem 4.9 implies that Zy(f, vV N)
is finite and non zero for N large enough, we deduce that FV is well defined for N large enough.

Let us fix £ > 1 and N > ¢+ 1. Denoting V = (V;, Vo n), with Vi = (vj)i<j<e, Vv =
(vj)e+1<j<n, we write thanks to the equality (iii) of Lemma 4.2

(274 QRQN—¢L
Poan = (1) o) it (L) (i) o™V @) o ) v,
N

so that, coming back to the notation V = V; = (v;)1<;<¢ € R, we have

4
_ fi) | Zn (VN —|V]?)
FgN(V) - ]11 ,Y(vj) ZJ/V(\/N)

14
o (V)= | T £@)) | b .e(V),
j=1

if we define the quantity 0 ¢ by

viz Zy (VN = V)

(4.18) Ono(V) = (2m)2e > o (V).
N
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The key point is now to prove that fn, goes to 1. Recalling the Stirling formula I'(k) =

\/%( ) (14 O(k~1Y)), we write ¥ as

—0—2
O'N(V) |S{v_€_l| (N - |V|2)+ ’
¢ |SN-T) N2
_ QN — ( |V| ) V_‘z 1 (14_0([2 ))
N-bay(N)  (2mh VISVN

from which we deduce

/ /N _ 2) an _ 2
V) = B et a1 + Ol

an_¢(N — 1) e_(%) + O((N — £)~1/2) /2

~ Ntan(N) 1+ O(N-1/2) tvisvr(l+O0g)

_(u\vﬁ) [2
(4.19) = <e e +(9((N—f)_1/2)> A+ OGN Yvicvw

0%
oL (V) :

where we have successively used (4.10), (4.11) the definition of ay_s(N — £), and a calculation
yielding
OzN,g(N - 6)
N-=zay(N)
It implies in particular the two following estimates on 6y, which will also be very useful in the
proof of the next theorems

=1+ O(f*/N).

Ce? 14k
(420) 9]\/‘7((’()) S ClIV‘S\/ﬁ, |9N7g(V) - 1| S N1/2 + C JV1|/21|V‘>N1/8

Once they are proven, the conclusion follows since from the second one

IEN = € H(9N€—1)f®€|\1

062
< I+

oz 125

It only remains to prove the estimates (4.20). The uniform estimate is clear from 4.19. In fact
0% ,|lsc and 6% , are also uniformly bounded. For the second estimate, we first control
Nt N

|9]1V,Z(V) -1 = |9]1V,Z(V) =11y j<nr/s + |9]1V,Z(V) =1Ly >n/s
0 V|2 2 4
< 2 (ﬁ) +O(N 1/2)|1lv‘<N1/8 +C]|V1|/21|V‘>N1/8
Cr? V4

< N1/2 Ljvi<nis + C ]\]1/21|V\>Nl/87
which implies a similar bound for 6y , since
On,e(V) =1 < 0% (V) |0 o(V) = 1] + |63 o(V) — 1]
Cloh (V) 1]+ O

ce? \4s
N1/2 +CNia N1/2 Lviznus.

IN

This concludes the proof. ([
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PRrROOF OF (1.10) IN THEOREM 1.5. The proof of the two last estimates in (1.10) follows from
Theorem 4.10 together with (2.17) and (2.18). O

4.3. Improved chaos for conditioned tensor products on the Kac’s spheres. In this sec-
tion, we aim to prove rate of chaoticity for stronger notions of chaos for the sequence (FV) defined
in the preceding section. Let us first recall the notion of entropy chaos and Fisher information
chaos in the context of the “Kac’s spheres” as they have been yet defined in the introduction.
For f € P(E) smooth enough, we define the usual relative entropy and usual relative Fisher
information

2
()= [wogurdn 1t = [ T an, e

and similarly for GV € Py, (KSy), we define the (normalized) relative entropy and relative Fisher
information

H(GN|oN ,_i N NaoN 1NN ._i |V9N|2dzv
(GVo™) = I g log g do*, (GYo™) = N ——do
KSn Ksy 9

where gV := fjg—§ stands for the Radon-Nikodym derivative of GV with respect to oV.

Definition 4.12. We say that a sequence (G) of P(KSy) is
i) f-entropy chaotic if GY — f and

H(GN|o™) — H(f]y),
ii) f-Fisher (information) chaotic if GY — f and
H(GN|o™) — I(f])-
It is worth emphasizing again that our definition is slightly different (weaker) that the corrse-

ponding definition in [17]. But they are in fact equivalent as we shall see in next section (Theo-
rem 4.19).

Theorem 4.13. For any f € Pg(R) N LP(R), p > 1, satisfying the moment assumptions (4.17) of
Theorem 4.10, the corresponding conditioned product sequence of measures (F™V) defined by (4.16)
is f-entropy chaotic. More precisely, there exists C = C(p, || f|lLe, Ms(f)) such that

(4.21) [H(FN|oN) — H(f|y)| < %

PROOF OF THEOREM 4.13. With the notation FV := [f®V]cs, , we write for any N > 1

B 1 f®N
AN = 5 o, (o e 4

_ f 1 /

= /R(log;) FlN_NIOgZN(f)'

Thanks to the bound (4.10) on Z)(f) which implies that (Z(f)) is bounded, we deduce

H(FN|o™) :/RFlN <10g %) +O(1/N).

Recalling the notation Oy := Oy ,1 defined in (4.18) and the estimates (4.20) it satisfies, we may
then write

H(FN|oV) = H(f|7) + / (On —1)f (1og§> LO(1/N),

=T

with
T <C / O — 1] £ (1+ |v|2>dv+/ 10 — 1] £ |log | dov.
R R

::T1 :JTQ
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In order to deal with 71, we use the second estimate of (4.20) and get

c , c RNe.
n /Rd<v) fav+ <o /Rd<v> fv= s

In order to deal with T, we make the more sophisticated (but standard) splitting: for any
N,R, M > 1, we write

/ |9N—1|f|1ogf|+09/ f1log f1
Br B,

T <

15

IN

IN

sup |On — 1| Cy + Co / fQog f)4+ 1p>m + Co (log f)+ 1> g1
R Bf?

f
B,

+Cy (log f)— ]‘lsze*\”@ + Cy (log f)— ]‘e*‘”‘22f20'

f f
Bj B

For the second term, we write f (log f), < fO+P)/2 < fp/M®=1/2 on {f > M}. For the third
term, we write f (log f)4+ < flogM < f(logM)|v|®/R° on {f < M, |v| > R}. For the fourth
term, we write log f > —|v|? on {f > exp(—|v|?)}, and thus f(log f)_ < f|v]?> < f|v|8/R* on
{1 >f>el"P |u| > R}. For the last term, we write f (log f)— < 4+/f on {0 < f < 1}, and
thus f (log f)_ <4e 1*"/2 on {¢="I" > f >0, |v| > R}. We deduce

1 (log M)+ 1 _R
I < Cij;?I@N —1[+Cy (M(p—l)/2 i
C(lIfllps Ms(f))
- N1/2 ’
with the choice R = N''/8 (which allows to use the second estimate of (4.20)), and then M ®~—1/2 =
RS. 0

Before stating a similar result with the Fisher information, we introduce a notation : the gradient
on the Kac’s spheres Sy will be denoted by V,,

VeV

Yev _V-VEW)
V2

V.
N )

V,F(V):= Py VF(V) = (Id - > VF(V)=VEF(V)

if F is a smooth function on RY. P, stands for the projection on the hyperplan perpendicular
to V. We will use many times that

wn ()] s () e ()

Theorem 4.14. For any f € Pg(R), satisfying the moment assumptions (4.17) of Theorem 4.10,
the corresponding conditioned product sequence of measures (FN) defined by (4.16) satisfies

sup I(FN|on) < 400
NeN

if I(f) < 4o0. If moreover

f')?,
/R o) ()= dv < 400,

the sequence F'N is Fisher information chaotic.

PROOF OF THEOREM 4.14. We only proof the second point. The first point (boundedness of
the Fisher information) can be deduced from the above proof. It suffices in fact to use the simple
bound |V,G| < |VG]| instead of equality (4.23).

Remark also since £ = R, the bound on the Fisher information implies that f is bounded.
Therefore, the LP (for p > 1) assumption which is necessary in theorem 4.10 is implied by our
bounds on Fisher information. We can therefore apply the estimates (4.20) on the quantity Oy ;
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for i = 1,2 defined in (4.18). They implies in particular that |0 ;| co is uniformly bounded and
that Oy ; converges point-wise towards 1. We start with the formula

1

1(PY)oY) =

N2 2N _ 1 f®N 2 N
Ve EY P RN ) = IV, In 2 FN@av),
N KSn FY

As V, is the projection on the Kac’s spheres of the usual gradient, we have from (4.22) for any
function G on RY

(4.23) VoGV = VGV~ < V- VGV

Using this with G = In (%) in the previous calculation, it comes

1 RN 1 QN
I(FN|UN)—N//CS Vln(£®N> FN(dV) — N2/;cs V- vm(f )

'7®N
Recalling that F¥ = f60y from (4.18), by symmetry, the first term in the right hand side is

equals to
f@) /()
a2y [ lom ISl A = 1+ [ 1255

The last term goes to zero from the hypothesis on f, the uniform bound |0y;| < C and the
pointwise convergence of 01 to 1. To handle the second term in the RHS of (4.24), we compute

V-Vin <£>®N2 = %(iv {lnﬂ/(vi)f

i=1

- %évf ([mﬂl(m )2 szvj {ln ] {1 ﬂ(lvj)-

i#j

FN(dV).

2

f(v) (On1(v) = 1) f(v)dv.

N2

After integration, it comes thanks to the symmetry of FV

%/}CSN V-Vin (%)WZ FN(dV):%/RUQ <{ln£]/(v)>2FlN(du)

/vva [m ] 1) {mf](/ o) FN (dvy, dvs).

Using the uniform bound F{¥ (v) = Oy .1 (v ) f(v) < Cf(v), and the hypothesis on f, we obtain that
the first term of the r.h.s. is bounded by . The second denoted by Ry (N) is equals to

/

Ro(N) = %/}RQW;Q [mﬂ(/vl) {ln%](vg)f(vl)f(vg)dvldvg

+¥ g V109 [111 ﬂ(/vl) [ln %](/'02)(9N,2(v17'02) —1) f(v1) f(v2) dvrdvs

= % (/R (vf'(v) + 02 f(v)) dv>2+R3(N) = R3(N),

after an integration by parts and because of the equality [ v2df = 1. The term R3(N) goes to
zero by dominated convergence since
! ! I
/ V12 {ln i}(vl) {ln £:|(1)2) [ln i}(v)
R2 v v g

F(01)f (02) dvydu = ( I 0 dv>

1(f17) / 2df = I(fly) = I(f) — 1.
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where the last equality follows from a simple integration by parts and the moment properties of f.
This concludes the proof. (I

4.4. Chaos for arbitrary sequence of probabilities on the Kac’s spheres. In that last sec-
tion, we aim to present the relationship between Kac’s chaos, entropy chaos and Fisher information
chaos in the Kac’s spheres framework.

We begin with a result which is the analog for probabilities on the Kac’s spheres of the lower
semi continuity of the Entropy and Fisher information.

Theorem 4.15. For any sequence (GY) of P(KSy) such that G;V — G; weakly in P(E7), there
holds
H(G;|v®7) < liminf H(GN|o™), I(G|y®7) < liminf I(GN|o™).

For the proof, we shall need the following integration by parts formula on the Kac’ spheres,
which proof is postponed to the end the proof of Theorem 4.15 .

Lemma 4.16. Assume that F (resp. ®) is a function (resp. vector field in RN ) on on the Kac’s
spheres KSn with integrable gradient. Then the following integration by part formula holds

N-1
(4.25) / {VUF(V) L ®(V) + F(V) dive (V) = ——F(V)&(V) - V} de™ (V) =0
KSn
where div, stands for the divergence on the sphere, given by
N N
. . V-Vo,(V)
div, @(V) := ; Vo®;(V)-e; =dive(V) — ; Tvi

where the last formula is useful only if ® is defined on a neighborhood of the sphere.

PROOF OF THEOREM 4.15. We refer to [17, Theorem 17] for a proof of the inequality involving
the entropy and give only the proof of the second inequality, which in fact relies on the character-
ization I(® of the Fisher information. Precisely, the previous Lemma 4.16 can be used to get a

reformulation of the Fisher information on the sphere information relative to o¥
P 2
In(GN o) = / Vo lnGY2GN(dV) = sup / <v mGYN .o — u) GN
KSn PO} (RN)N JKSN 4
N -1 o(V)|?
(4.26) = sup / <— (V) -V —div, (V) — M) GN(dV).
veci ®V)N JKsy 4

Next applying the equality (3.13) to the probability v/, we get that for or any € > 0, we can
choose a p € C}(R7)7 such that

1I‘(Fj| ®j < 1 : i |<p|2 J :
L) —e< - | (¢ Vj—dive— == | F/(dVj).
J J Jri 4

Remark that the r.h.s. is quite similar to (4.26). With the notation N =nj +r, 0 <r < j and
Vv =WVj1,...,Vjn, V), we define

(Vi) i= (p(Vi1, - (Vin),0) € CH(RV)Y,
and use it in the equality (4.26). We get

L NN 1 N-1 : [PV A
— > e . — S B A o
NI(G |O' ) = N S < N ‘I)(VN) VN leg ‘I)(VN) 1 G (dVN)
n N -1 . o(V;)|? R,(N
> 5 [ (Btem v - avewy - EOIEY @y + R0,
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where

N
R,(N) = %/(Z[VVCI%(V)]W) GN(dVy) = /

- N/ Za%vm aN(av;) = 0(1),

if Vi decrease sufficiently qu1ck1y at infinity. Passing to the limit, we get

N
e | GN(dVy)

i,

2
liminf (G"|o™) > 1./ (cp-Vj—divso |ﬂ| ) Fi(dV;) > I(FI|y®7) —
J Jri

N—4oc0
which concludes the proof. O

PROOF OF LEMMA 4.16 As before, we will use the normalized norm |V |3 := 1/ > v?. Choosing
any smooth function ¢ on (0, +00) with compact support, we define

v Vv
Its divergence is given by

. q(|V1]2) ( 1% ) (V> Vo oq([Vl]2) ( 1% ) (V> 1%
divw = Fl— | ®—)- + V. F Pl — ). —
N V]2 Vi) Vs V]2 V]2 Vi) Vs

q([V]2) ( 14 ) : ( 14 )
+ F{— | dive® | — | .
V]2 V]2 V2

Integrating this equality, and using polar coordinate, we get

0 = (/’CSN [VoF(V)-®(V) + F(V)dive ®(V)] UN(dV)) (/OOO q(r)r’N =2 dr)

3 ( [ Fwaw). varan)) ([T aen i),

Since [;° ¢/ (r)rN "t dr = —(N = 1) [;7 q(r)r¥ =2 dr, we obtain
/ [VUF(V) LB(V) + (V) divy &(V) — XL pv) . a(v). V} do™N (V) = 0,
KSn N

which is the claimed result. O

The next theorem will be the key estimate in the proof of the analog of Theorem 1.4 on the
Kac’s spheres. It relies on the HWI inequality on the Kac’s spheres, which allows to quantify the
convergence of the relative entropy.

Theorem 4.17. Consider (GV) a sequence of P(KSx) which is f-chaotic, f € P(E). Assume

furthermore that
Mk(GN)% <K fork>6, and I(GN|oV)<K.
Then f satisfies My(f) < oo, I(f) < oo, and (GN) is f-entropy chaotic. More precisely, there
exists C1 := C1(K) and for any v2 < 3 k-T—l a constant Ca(v2) such that
H(G|o™) = H(fln)] < C1 (Wi(GY, N + 6N ),
with y1 :=1/2 - 1/k.
The proof use the following estimate

Theorem 4.18. ([18, Theorem 2], [5, Theorem 2]). For any sequence (GY) of P(KSy), there
hold

V1<k<N, HGYo)N)<2HGNoN) and I(GY|o)) <21(GN|oM).
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PrROOF OF THEOREM 4.17. STEP 1. Thanks to Theorem 4.18, we have
I(GY|oy) <2K.
Using the strong convergence of oV to v stated in 4.2, we pass to the (inferior) limit and get
I(fly) <2K andthen I(f)<2K.

Introducing the restriction F¥ = f&N/Z(v/N)o of f®N to KSy defined in (4.16) and using
point ) of Theorem 4.14, we get

sup I(FN o) < Cs.
N

Step 2. Because the Ricci curvature of the metric space KSy is positive (it is K := (N — 1)/N)
we may use the HWT inequality in weak C'D(K, 00) geodesic space (see [66, Theorem 30.21]) which
generalizes the standard HWTI inequality (3.16) quoted in Proposition 3.8. However, we have to
be careful, because it is now valid with W, replaced by the MKW distance constructed with the
geodesic distance on the sphere, and not with the distance induced by the square norm of R¥.
Fortunately, both distance are equivalent, and if we add a constant 7 in the right hand side, we
can still write the HWI inequality with our usual distance W5. We then have

HFN|o™) - H(GN|o™) < 2

I(EN|oN) Wa(FN, GT),

and

H(GN|o™) = H(FN|oN) < 24/ T(GN|oN) Wao(FY,GY),
so that

|H(FN o) — HGN o) < Co Wa(FN,GN).
We rewrite it under the form

[H(GNo™) = H(fly)| < C3 [Wa(GV, fON) + Wa(FY, )] + [H(EN|o™) — H(f|7)].

For the first term, we have using inequality of Lemma 2.2
WQ(GN, f®N) S 4 KWl (GN, f®N)l/2—1/k'
For the second term, we have for any ¢ > 0

Wa(FN, foN) < AR Qu(FN; f)Y2 1k

1/2—1/k
< 4K (QOO(FN;f) +C. N—m)

1/2—1/k

IN

Ce (Qu(FN; f)Te% 4 € N7 )

1/4—1/2k

S Ca N~ 2Fe+2/F ,

where we have successively used Lemma 2.2, the inequality (2.17), (2.18) and Theorem 4.10 in the
case d = 1 (and then d’ = max(d,2) = 2). The third and last term is bounded by C' N~'/2 thanks
to Theorem 4.13. O
The lower semi continuity properties of Theorem 4.15 and Theorem 4.17 allow us to give a
variant of Theorem 1.4 in the framework of probabilities with support on the Kac’s spheres.

Theorem 4.19. Consider (GV) a sequence of Psym(KSy) such that Mg(GY) is bounded and
GY — f weakly in P(R).
In the list of assertions below, each one implies the assertion which follows:

(i) (GN) is f-Fisher information chaotic, i.e. I(GN|o™) — I(f|y), I(f) < oo;

(i) (GN) is f-Kac’s chaotic and I(GN|o™N) is bounded;

(iii) (GN) is f-entropy chaotic, that is H(GN|o™) — H(f|y), H(f) < oo;

(iv) (GN) is f-Kac’s chaotic.
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PROOF OF THEOREM 4.19. The proof is very similar to the one of Theorem 1.4. i) < i) and
iii) < iv) relies on the l.s.c. properties of Theorem 4.15. And i) < i) uses Theorem 4.17. We
omit the details. 0

We finally conclude this section with the proof of Theorem 1.6.

PRrROOF OF THEOREM 1.6. We only deal with the case j = 1, but the general case j > 1 can be
managed in a very similar way because we already know that Gj»v — f®J weakly in P(E’) thanks
to Theorem 4.17 and Theorem 4.19. With the notations of Theorem 1.6, we have to prove

H(Gﬁf)z/log(G{v/f)G{V — 0 as N — oo.
E

First, we observe that since GV is symmetric and has support on the Kac’s spheres, Ma(GN) = 1.
Moreover,

1GYY) = [ [V10gGY - Viogal P GY
E

I(G{V)+/[2Alogafv+|V10g0{v|2] G,
E
so that
Gy < I(G{V|0{V)+/(2A10ga{V+|v1oga{V|2)_ G,
E

We easily compute

2Alogay +|Viegol|? =
CN-3f (2PN 2N (2v/N)? 2
- {2<1—v2/1v>2 2(1—v2/N>+<1—v2/N>2} LN

and then

N -3 @e?/N-1_

N (1—u2/N)2 vish/A
< g L .32

= fa-rar 9

(2Alogoy + [Viegol [*)- = 2

Thanks to the boundedness assumption (1.12) we get that I(GY) < C for some constant C' €
(0,00), and then I(G¥|y) < 2[I(GN) + Ma(GN)] < C.

Next, we introduce the splitting

!
v

HGN|f) = HGNh) - H(fl) + /E (f - GY) log

::Tl

=T

and we show that T; — 0 for any ¢« = 1,2. For the first term, using twice the HWI inequality we

have
T < (\/I(G{V ) + 1<f|w) WG, f) =0

because of the uniform bounds on the Fisher information and on the k-th moment, k > 2, together
with the weak convergence GV — f as N — oo.

Before dealing with the last term, we remark that the bound on the Fisher information of f
implies some regularity, precisely that v/f and then f are %-Hélder. Therefore ln£ is continuous
and satisfies from the assumption (1.13) the bound

2

7 S C<’U>2.

lnﬂ <In|f ]l + ool + 18] +
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Using, then the fact that Ma(f) = 1, the regularity of f and the weak convergence of GV towards
f, we can conclude that 75 — 0. Precisely, we choose £ > 0, and A > 1 sufficiently large so that
f‘U|>A(1 +v2)f(v)dv < e. We split
1ni :=hy +he, with hy= lni X4, ha = lni (1 —xa),
Y Y v

where x4 is a smooth function such that x4(v) =1 on [—A4, A] and 0 outside [—2A4,2A]. Since hy
is smooth and compactly supported, it is clear that f(G{V — f)h1 — 0. Next

J@r-nm| < ¢ [a-xa@a+P6Er o + el

< C£+2C—C/XA(U)(1+UQ)G{V(v)dv

IN

lim inf / (GY — f)ha

N—o0

Ce+2C — C'/XA(U)(I +v2) f(v) dv

IN

Ca—i—C/(l —xa()(1 +v?)f(v)dv <2Ce.

5. ON MIXTURES ACCORDING TO DE FINETTI, HEWITT AND SAVAGE

In this section we develop a quantitative and qualitative approach concerning the sequence
of probabilities of Py, (EY), E C R? in the general framework of convergence to “mixture
probability ” (here we do not assume chaos property).

Depending of the result, we will need some hypothesis on the set E that we will make precise in
each statement. While in the first and second sections the results hold with great generality only
assuming that

- E is a Borel set of R?:
we shall assume in the third section that

- E =R or E is a open set of R? with smooth boundary in order that the strong maximum
principle and the Hopf lemma hold;
and we shall also assume in the third and fourth sections that

- the normalized non relative HWT inequality (3.15) holds in E.

5.1. The De Finetti, Hewitt and Savage theorem and convergence in P(E”"). We begin
by recalling the famous De Finetti, Hewitt and Savage theorem [22, 36] for which we state a
quantified version that is maybe new.

Theorem 5.1. Assume E C R? is a Borel set. Consider a sequence (77) of symmetric and
compatibles probabilities of P(E?), that is 7/ € Peym (E7) and (77),ge = 7t for any 1 < £ < j, and
consider (77) the associated sequence of empirical distribution in P(P(E)) defined according to
(2.7). For any s > g, the sequence (77) is a Cauchy sequence for the distance Wy -+, and precisely

(5.1) Wi (&N, 7] < 2|94l (ﬁ * %) ,

where ®g is the fonction introduced in Lemma 2.9. In particular, the sequence (77) converges

towards some m € P(P(E)) with the speed Wy« (79, 7) < % The limit  is caracterized by the

relations

(5.2) Vi>1, 7w =m;:= / P2 w(dp) in Peym(E7),
P(E)

or in other words, with the notations of section 2.1

(5.3) Vo e CE) (7o) [ , Beloytan)
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Reciprocally, for any mizture probability = € P(P(E)), the sequence (m;) of probabilities in P(E7)
defined by the second identity in (5.2) is such that the w; are symmetric and compatible.

PROOF OF THEOREM 5.1. We split the proof into two steps.

Step 1. As in proof of Proposition 2.10, we shall use the fact that ||-||%,_. is a polynomial on P(E),
but we have to choose a good transference plan. Fortunately, their is at least a simple choice. The
compatibility and symmetry conditions on (7V) tells us that 7V is a admissible transference
between 7V and 7. Using the symmetry of 7V and the isometry between (EY /&y, w;) and
(PN (F), Wy) stated in step 1 in the proof of Proposition 2.14, we will interpret it as a transference
plan @M on Py (E) x Pu(E) between 7V and #M. More precisely, #V M € P(P(E) x P(E))
is defined as the probability satisfying

Vo € Cy(P(E) x P(E)) (#V+tM o) :/ O(p, ) 7N M (dX, dY).
ENxEM

‘We have
R N 2 ~
Wy (Y, 4] < / o =l A (dp, d)
P(E)xP(E)
< / </ Dy(x—y) [(p%2 —p@n) + (®* —n @ p)](da, dy)> #NTM(dp, dn),
P(E)xP(E) \JR2d

with the help of (2.24). We can then compute

IN
—
— /\\;
S
) (Pﬂ?
S
®
|
QR
|
Z‘H
=
NE
K
&
b4
+
=
=
>
Q,
=

IA
&
c
‘2
|
—
)—‘\’_‘

’ir—
1,7 =

d
D B [a - rdndy) - [ @ - y) w2 (e, dy)

(% + %) ((I)s(o) - /fbs(:v ) WQ(dwady)>
2ol (574 5 )

The existence of the limit 7 is due to the completness of P(P(E)).

and we conclude with

[Wi— (7Y, #M)]?

IN

IN

Step 2. Now it remains to characterize the limit 7. We fix j € N, we denote by 7; its j-th
marginal defined thanks to the second identity in (5.2) and by frJN = (#Y); the j-th marginal of
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the empirical probability # as defined in (2.8). We easily compute

/ p® 7 (dp) — / p® 7 (dp)
P(E) P(E)

/ [p%7 — n®I] 11 (dp, dn)
P(E)

17N — il

H—s

2

= inf
Men(#N )

H-—s

< inf / p® — @312 TI(dp,dn
wetth o o I3 T1(dp,dn)
C

~N 2
= s < —.
Next we fix s > %, so that using Sobolev embeddings on R/, |¢|lec < C|l¢||lgs for any ¢ €
H*(R/?), which implies by duality that ||p||gz—= < C|lpllrv for any p € P(R/?). Using the Grun-

baum lemma 2.8 and the compatibility assumption 7r§v =7/, we get the inequality

o A A Cj?
I = ¥ e =l = ¥ e < C ¥ — &l < S
Combining the two previous inequalities leads to
- - C Cj?
AN AN
w9 =yl < 179 = 7 e Y =y le < o+
which implies the claimed equality in the limit N — +oo. (I

Let us now introduce some definitions. For k > 0, we define
Py (P(E)) :={m € P(P(E)); Mj(r):= My(m) < oo}
and for k,a > 0, we define
BPyo(BEY) = {F € P(EY); My(Fy) < a}.

For given sequences (FV) of Py (EY), () of P(P(E)) and 7 € P(P(E)), we say

- (FY) is bounded in Py (EYN) if there exists a constant a > 0 such that My (F{) < a;

- (my) is bounded in Py (P(E)) if there exists a constant a > 0 such that My (7, 1) < a;

- (FN) weakly converges to 7 in Py (E7)y;, we write FN — 7 weakly in Py (E7)y,, if (FV) is
bounded in P(EY) and F}¥ — 7; weakly in P(E) for any j > 1;

- (mp) weakly converges to 7 in P (P(FE)) if (7,) is bounded in Py (P(E)) and 7, — 7 weakly
in P(P(E)).

With that (not conventional) definitions, any bounded sequence in Py (P(E)) is weakly compact
in Py (P(E)), and for any sequence (F'V) of probabilities of Py, (E” ) which is bounded in Py (EY),
k > 0, there exists a subsequence (FN') and a mixture probability = € P(P(E)) such that FN" — 7
in P(Ej )Vj~

We now present a result about the equivalence of convergences for sequence of Py, (EY),
N — o0, without any chaos hypothesis.

Theorem 5.2. Assume E C R? is a Borel set.
(1) Consider (FN) a sequence of Psym(EYN) and 7 € P(P(E)). The three following assertions are
equivalent:
(i) FN —m in P(E7)y;, that is F}¥ — m; weakly in P(E7) for any j > 1;
(i) FN — 7 weakly in P(P(E));
(lll) W1 (FN, 7TN) — 0.
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(2) For any v € |5, %) (recall that d' = max(d,2)), and any k > %/_d, > 1, there exists a
constant C = C(v,d, k) such that the following estimate holds

< CMk (7T1)1/k

(8) With the same notations as in the second point, we have for any mixture probabilities o, 3 €
P(P(E))

(5.4) YN>1  [Wi(FN 7)) = Wi(FN 7))

CM 1/k
(5.5) Wi(ay,a) < CMElO) T
_7’7
where &; is empirical probability distribution in P(P(E)) associated to the j-th marginal o €
P(E7), as well as
_ O(My(on) + My(B1)7)
77

(5.6) Wi(a, B) < Wilay, B85) < Wi(a, B).

PROOF OF THEOREM 5.2. Step 1. Equivalence between (i) and (ii) is classical. Let us just
sketch the proof. For any ¢ € Cy(E?) we have from the Grunbaum lemma recalled in Lemma 2.8
that

(FN.Ry) = (FN,p@18N=i) 4+ O(j*/N)
= (F].¢) +O(j*/N).

We deduce that the convergence (FN, R,) — (m, R,) is equivalent to the convergence (FN, o) —
(mj, ) since that (7, R,) = (m;, ¢) thanks to Theorem 5.1.

Therefore, i) is equivalent to the convergence (FN &) — (x, ®) for any polynomial function
® € Cy(P(E)). But now, the family of probability N (and ) belongs to the compact subset of
P(P(E))

K :={a e P(P(E)), st. a1 = F1 },

and also any converging subsequence FN' should converge weakly towards a probability 7 having
the same marginals than 7. Since by Theorem 5.1 marginals uniquely characterize a probability
on P(P(FE)), it implies # = m and then weak convergence again polynomial function implies the
standard weak convergence of probability ii).

It is classical that the MKW distance is a metrization of the weak convergence of measures. Even
in that ”abstract” case, ii) is equivalent to Wy (F‘ N ) — 0. Thus, for sequence having a bounded
moment My (F{V) for some k > 0, the equivalence between ii) and iii) will be a consequence of
(5.4). For sequence which do not possess any moment My, it is still true. The correct argument
still relies on a version of inequality (5.4), with a slower and less explicit rate of convergence, which
can be obtained from an adaptation of Lemma 2.1.

Step 2. 'We now prove (5.4). For 7 we have the following representation:

(5.7) Ty = /p®N m(dp) = /@W(d/})-
Thanks to Proposition 2.14, we may compute

Wi (FN, ny) — Wi(EN, )| = Wi(FN, 7n) — Wi(FN, 7))

< Wi(in,m) =W (/P(E) p®N7-r(dp),/P(E) Op ﬂ'(dp))
< [ W) wan = [ ono)niap),
O(dvﬁ)/ak) Mk(p)l/k W(dp) < C(dv’}/vk) ]\4}6(7“)1/]@7

= N7 B(E) N
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where we have successively used the triangular inequality for the W; distance, the relation (5.7),
the convexity property of the W; distance and the definition of the chaos measure Q.. We also
used the bound (2.29) and the Jensen inequality (recall that 1/k € (0,1]) in the last line.

Step 3.  We now prove the third point. For the first inequality, choose s = % — %. Then by
our assumptions, s > max(1, %) and we can apply Lemma 2.3 on the comparison of distance in
P(P(F)) and Theorem 5.1 to get

C My(on)*

Wi(éj,a) <C My (ay)® WH*S(OAéj,O[)% < -
J

For the first part of the second inequality (5.6) we write
Wi(a, B) < Waa, 65) + Wi (6, 8;) + Wa(B;, B),

we use the inequality just proved above and the identity (2.14). The second part of the second
inequality (5.6) is a mere application of Lemma 2.7. O

5.2. Level 3 functional: an abstract setting. We present a general result which state how we
may defined a functional on P(P(E)) from a family of compatible functionals on Py, (E?). The
above theorems will be applied to the Boltzmann entropy functional, recovering classical results,
as well as on the Fisher information.
Proposition 5.3. Consider K; a sequence of functionals on P,.(E7), m >0, such that
(i) JUK(F59) = Ka(f) ¥ = 1,V f € Pou(E);
(i) any K; : Pp(E7) — RU {400} is proper, convex and lsc in the sense of the weak con-
vergence. More precisely, we assume that there exists a class of smooth functions C and a
functional K7 : C — RU {+00} such that

VFeP,(F) K;F)= sgg{<F,w> - K;(¥)},

where 1 := P[p] € C(E?) satisfies 1/ {v)™ — 0 when |v| — oo;
(iii) there exists (K1)i~o such that Kt : P, (E) — [—Ct, Cy], C; € (0,00), is continuous in the
sense of the weak convergence for any t > 0, and
VpePun(E) Kilp) / Ki(p).
Then for any m € P, (P(E)), we have
(5.5) Ka(m) = sup 5 LK () = Ka(m) 1= [ Ka(p)n(d),
jEN* P(E)

where T; denotes j-th marginal defined thanks to Theorem 5.1, and we simply denote K(mw) :=
Ki(m) = Ka(m) that quantity. Then K : P, (P(E)) — RU {400} is proper, linear, l.s.c. for the
weak converge of P, (P(E)).

Proposition 5.4. In addition to the assumptions of Proposition 5.8, we assume
(iv) for any 7 > 1 and a € (0,00) there exists 0;(N) and £;,(N) such that 0;(N) — 1,
€ja(N) — 0 when N — oo and

VF € BP,o(EY)  NT'Kn(F)>6;(N)j 'K;(F;) —€ja(N),
where F; stands for the j-th marginal of F.

Then we have the following additional characterization of K

(5.9) K(r) :jlilglojflKj(Wj)-

Moreover, for any bounded sequence (F™) in Psym(EN) NP, (EN) and 7 € P, (P(E)) such that
FYN — 7 in P, (E%)y;, we have

(5.10) K(m) < l}pian‘lKN(FN).
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PROOF OF PROPOSITION 5.3. We split the proof into five steps. We fix 7 € P,,,(P(E)) and we
establish the identity (5.8).
Step 1. For j > 1 and € > 0 fixed, there exists ¢; € C,(E’) and v; = ¥[p;] such that
Kj(mj) < (mj,v5) — K (p;) + ¢,
so that from the definition of Ko, we get

Ko(m) = j7! P(E)Kj(/’®j>77(dp)

- /P sup {0, 05) — K ()} w(dp)

(E) p;€Ch(EY)

s / (0%, 05) — KI5} m(dp)
P(E)

Y

= 5 (<7Tj7¢j> - K}‘(%)) > jT K (m) — <.
Taking the supremum over j in this inequality, and then passing to the limit ¢ — 0, we get the

first inequality
(5.11) Ki(m) = supj 1 K;(m;) < Ka(m).

j>1
Step 2. For given w;, 1 <14 < N, a partition of P,,(F), we introduce

; 1
r=aiy + ... +anyy, o ::Elwiw, oy ::/ 7(dp),
ws

3

and
N
N i 1
™ =Y by, fi=n =/ P (dp).
; ! b e

For any 1 <1¢ < N, we have

Ki(") = Sgl;)j_lKj(ﬁ) > Ki(v1) = K1(f1)-
J>
Using the convexity of IC1 (consequence of the convexity of each K;), the above inequality and the
definitions of 7%V and Ko, we get

Ki(m) > arkKi(y") + .. +anvKi(yY)
> o Ki(f1) + ... +anv Ki(fn)
(5.12) = [, K ) = o)
Step 3. Clearly
P, (P(E)) =R, m~ Ky(r):= Ki(p) (dp) = (m, K1)

P(E)

is continuous because Ki € Cy(P,,(E);R). The Beppo-Lévi monotone convergence theorem im-
plies that Ki(m) / Ko(r) for any m € P,,,(P(E)), and therefore Ks is Isc.

Next, for any fixed e > 0, we may cover BP,, ;/. by a finite number of small balls B; := {f €
BP,, 1/ Wilf, fi) < e}, 1 <i < N —1 because of the compactness of BP,, 1,.. We define a
partition of P, (E) by the family (wg)i<k<n by setting wy := By, ..., wi := Bp\(B1 U ... U Bg_1)
forany 1 <k < N—1land wy := P, (F)\(B1U...UBy_1). We consider now a sequence ¢ — 0 and
the sequence (7V) associated to the above partition thanks to the construction made in step 2. We
also define TV : P(E) — {v',...,v"} by TN (p) = +* for any p € w;. We notice that 7V = (TN)yx
and then Wy (m, 7™) < ((id @ TN)ym, W1 (.,.))) < e. From 7¥ = 71 and 7 € P,,,(P(E)), we get

(i, o™y = (w1, [o]™) = M () < .
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All together, we have proved 7 — 7 weakly in P, (P(E)).

As a conclusion, inequality (5.12), the above convergence and the lsc property of Ky imply the
second (and reverse) inequality

(5.13) Ko (m) < %ninf/cg(wN) < Ky (m).
The other properties of K follow straightforwardly from those of K3 and KCs. O

PROOF OF PROPOSITION 5.3. On the one hand, for any = € P,,(P(E)), we have from (iv)
N En(nn) > 0;(N) i Kj(mj) —€ja(N) YN >j>1,
since My, ((wn)1) = My (1) =: a < o0o. Passing to the limit N — oo, we get
1}\?Li§ofN_1KN(7TN) > Ky(my) Viz1,

which in turn implies
liminf N™' Ky (mx) > limsup j~ K (),

N—oo j—oo
and finally (5.9).

On the other hand, let us consider (FV) a sequence of Psy,,(EY) and 7 € P(P(E)) such that
FN — 71 weakly in P,,(E7)y;, in particular (F}¥, |v|™) < a for some a € (0,00). For any j > 1,
we have

i K ()

IN

e N
1}\I[Ii)lglofj K;(F;")

IN

lim inf 0;(N)" N 'Kn(FN) +ej4(N)}
= liminf N"'Kn(FY),

N—o00
where we have used successively the Isc nature of K; and the inequality (iv). We deduce (5.10)
thanks to the definition of ;. [l

5.3. Boltzmann entropy and Fisher information for mixtures. We first recover some well
known results on the Boltzmann entropy for mixture probability as stated in [2] and proved in
[58]. It is obtained as a direct consequence of Propositions 5.3 and 5.4 and the properties of the
entropy recalled in section 3.

Theorem 5.5. Assume E C R? is a connected open set with smooth boundary. Let us fix a real
number m > 0.

(1) For any m € P, (P(E)), there holds

(5.14) / H(p)n(dp) = Jseul\%:i H(m;) = hm H(m;),

where ; is the j-th marginal of ™ deﬁned i Theorem 5.1 and H 1is the normalized Boltzmann’s
entropy defined on P, (E?) for any j > 1. Moreover, the functional H : P, (P(E)) — RU {00} is
proper, linear and lsc.

(2) Consider (FY) a sequence of Psym(EY) and m € P(P(E)) such that FN — 1 weakly in
P,.(E%)y;. Then
(5.15) H(r) < lim inf H(FN).
PROOF OF THEOREM 5.5. The claims are straightforward consequence of Propositions 5.3 and
5.4 since (3.5) implies (i), (3.2) implies (ii), (3.7) and the lower bound in (3.1) imply (iv), and we
only have to verify that (iii) is fulfilled. In order to do so, we introduce the family H* : P,,,(E) — R,
t > 0, defined by p € P(E) — H'(p) = H(p:), where p; is the solution to the heat equation

(5.16) Owpr — Apr =0, po=p€P(E),
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with Neumann condition when E # R?. We easily compute

3t/Ept <U>k=/EPtA<U>k <k’ /Ept (v)¥,

so that p; € Pi(P(E)) for any ¢ > 0. That bound allows to define the entropy H(p;) and we may
then compute

_ _ V|
OH(pr) = | (1 +logpe) Ape=— [ —— <0.
E E Pt

We deduce that H(p;) < H(p) for any ¢t > 0. Moreover, p; — p weakly in P(E) when ¢ — 0, so
that H(p:) — H(p) when t — 0, because H is l.s.c.. Also, we clearly have p — H(p;) is continuous
from P(E) into R for any ¢ > 0 thanks to the smoothing effect of the heat equation. All in all, we
have proved that
H? is continuous; H' /" H ast\,0,
which is nothing but (iii). O
We state now a similar result for the Fisher information of mixing probabilities.

Theorem 5.6. Assume E C R? is a connected open set with smooth boundary.

(1) For any m € P(P(E)), there holds
(5.17) I(m):= / I(p) w(dp) = sup I(m;) = lim I(m;),

P(E) jeN J—oo

where I stands for the normalized Fisher information defined in P(E?) for any j > 1. The
functional T : P(P(E)) — R U {oo} is proper, linear and lsc for the weak convergence.

(2) Moreover, the entropy H is continuous on bounded sets relatively to . In other and more
precise words, if (my,) is a bounded sequence of P, (P(E)), m > 0, such that

7w — 7 weakly in P(P(E)) and Z(m,) < C,

then H(m,) — H(n).

(8) Consider (FN) a sequence of Psym(EYN) and = € P(P(E)) such that FN — 1 weakly in
P(E7)yj. Then
(5.18) Z(n) <liminf I(FN).
PROOF OF THEOREM 5.6. Step 1. Since the assumption (i) in Propositions 5.3 is a consequence
of Lemma 3.6, the assumption (ii) in Propositions 5.3 is a consequence of (3.10) and Lemma 3.5,
and the assumption (i) in Propositions 5.4 is a consequence of Lemma 3.7, we only have to verify

the assumption (iii) in Propositions 5.3, and that is the aim of the next lemma. That will end the
proof of statements (1) and (3).

Step 2. We prove (2). We come back to the proof of Theorem 5.5, considering again p; the
solution to the heat equation (5.16) for any given p € P,,,(E), and the associated mollified entropy
functional

Hu(m)i= [ H(pr)w(dp).
P(E)
On the one hand, because p — H(p;) € C(P,,(E);R) for any ¢t > 0, we have
|Hi(mn) — He(m)] — 0 when n — oc.

On the other hand, because 0 < I(p;s) < I(p) for any s > 0, we have

t
Hp) ~ HE)| = | [ 1.5
0
from what we deduce that for any o € P(P(E))

Hi(a) — H(a)] < /P o JH (0~ Bl adp) < 17()

<tI(p),
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We finally write
H(mn) = H(m) = (H(mn) — Hi(mn)) + (Hi(mn) = Hi(m)) + (He(m) — H(7)),

and we conclude gathering the two preceding estimates on H; and the fact that Z(7) < C' thanks
to its l.s.c. property. ([

Lemma 5.7. There exists I' : P, (E) — R, m > 0, continuous, such that I'(f) /" I(f) for any
feP(E). As a consequence, condition (iii) of Proposition 5.3 is fulfilled.

PROOF OF LEMMA 5.7. Step 1. We start with two elementary and classical computations. The

Gateaux derivative of I writes
2
I'(f)-h=2 /vaVh— |Vfé| h.

Then, thanks to an integration by part on the v; variable, we get

1 1 1
§Il(f)'Af = /?ajfaiijf_/rﬂaiif (8jf)2
f{a Fouf - ff?wf&ngr/fz@fa fouf - ffaf(a 1

= _;/ ﬁaifajf—?aijf) f::—EJ(f),

We come back to the mollifying argument already used in the proof of Theorem 5.5. We denote
again p; the solution to the heat equation (5.16) for any given p € BP,, (E), a > 0. The smoothing
properties of the heat equation imply that p; is a smooth function for any ¢ > 0. First, for any
t >0, we have ||p¢||1 a2 < C1(t,a) < co. That implies H(p;) < co and the following equation is
licit

d

EH(Pt) I(Pt)-

As a consequence, H(p;) is decreasing and also fot I(ps)ds < 0o, so that I(p;) < oo a.e. t > 0. We
then may compute

L 1o =I'(p) - v = —J(p) <0

Again, that implies I(p;) < I(p) € RU {+o0}, I(p:) / when ¢t \, 0. Since furthermore I(p) <
liminf I(p¢) from the lsc of Fisher information, we get I*(p) := I(p;) /" I(p) for any p € P, (E).

Step 2. We show that I* : P,,(E) — R, p+— I'(p) is continuous. For any k € (0,m), k < 2, we

define
~ 2 ~
(o) = [ prozp s i) = [ T )= [ 101080 ot

and we remark that H(p;) < Cy(t,a) < oo for any ¢t > 0 and p € BP,, .(E). Next, we compute

i H () = —I(ps) + C H(pr)-

That inequality implies inf,c(o 4 [(ps) < ¢t7* fo (ps) ds < Cs(t,a) for any t > 0. The evolution of
the weight Fisher information is

S0 = —Jp0) + R(p)

where, with the notation ¢ := (v)¥,

R(f) = —2 / %@f 00, f o + / %aif (0,1)% i
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Observing that (?fjf = f@fj logf+ f710:f0;f and f~10;f = 0;log f, we may estimate the last
term as follows

R(f) = -2 / 10 log f 02 log f Dip — / 0:f (0;log f)? B
B / £0;0g f 92, log f 9,0 + / 1 8110 log £)?) i + / £ (9 log f)? 02
- / £ (95108 f)? 82 < Cr I(f).

We deduce form the resulting differential inequality and the first bound on I (pt) that I (pr) <
Cy(t,a) for any ¢ > 0. Finally, from ||p¢||r1 < Ci(t,a) we deduce when E = R¢

_lz—y? _R2 _ =2
pe(x) = e | fly)e = Zce Te fy)dy
Br Br
2 212 12
> cte_RTe_% (1—}%) :Kte_“‘ )

In the general case, we also have thanks to the strong maximal principle, the Hopf lemma and the
Neumann condition :
pe(x) > mpr>0 Vt>0, Vx € EN Bpg.
As a conclusion, for k£ € (0, min(2,m)) fixed, we write
Voil? Voel?
It(p):/ Vol +/ Vol '
Br Pt By Pt

The first term is clearly continuous with respect to p € BP,, o(E) for any fixed R > 0 thanks to

the above uniform inferior estimate on Br and the H? bound, and the second term is smaller than
Cy(t,a)/R*. |

We can now use lemma 2.7 to get an HWT inequality on P(P3(F)). It is stated in the following
proposition.
Proposition 5.8. Assume E = R? or more generally that (3.15) holds for N = 1. For any
a,f € P(P2(E)), we have
(5.19) H(a) <H(B) + V() Wal, §).

PROOF OF PROPOSITION 5.8. A first way in order to prove (5.19) is just to pass in the limit
in the HWT inequality (3.15) for ay and Sy and use the inequality stated in lemma 2.7 for the
quadratic cost, and the result of the previous section about level 3 entropy and Fisher information
5.14 et 5.17.

Another possibility is to sum up the HWI inequality (3.16) for p € P(E). Choosing an optimal
transference plan IT for W, between « and G, we have

/ H(p)U(dp,dy) < H () T(dp, dn) + / VI Walp,m) (dp, dn),
P(E) P(E)

P(E)
so that
1 1
2 2
H(e) < H(B)+ (/ 1(p) I(dp, dn)) ( Wa(p,n)? IL(dp, dn)) ,
P(E) P(E)
thanks to Cauchy-Schwarz inequality. It leads to the desired inequality. ([

Proposition 5.9. Consider m € P(P(E)) and (;) the associated family of compatible and sym-
metric probabilities in P(E7) defined as in the De Finetti, Hewitt € Savage theorem. For any
p € [1,400], the following equality holds

1 . 1
(5.20) m — Suppess {||pllp, p € P(E)} = sup |[m;l[p = Tim [l
jEN J—+o0
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It is part of the result that the limit exists. In particular, it implies the equivalence
Vj €N, [|mj|lLr(giy < C7 <= m — Suppess {||pllp, p € P(E)} < C.

PROOF OF PROPOSITION 5.9. First remark that there is nothing to prove for p = 1 since we are
dealing with probabilities. Now, one inequality is a simple consequence of the De Finetti, Hewitt
& Savage theorem. In fact, using the definition of m;, we get

’ / p® 7 (dp)
P(E)

and the last quantity is clearly bounded by M7, M := 7 — Suppess {||p|l,, p € P(E)}.

For the reverse inequality, we denote by ¢ € (1, +o0] the real conjugate to p. Because L1(E) =
(L?(E))’, the Hahn-Banach separation theorem infers that for any A < M there exists f in the
unit ball of L(FE) so that the set

Imillp =

<[ W lmtde) = [ ol ncan).
. Jem P(2)

B:={peP(F)s.t. /f(a:)p(da:) > A}

is of m-measure positive : ¢ := fB m(dp) > 0. Now for any j € N

||7Tj||p2/‘f®j dﬂjz/ (/_f®jp®j>d7r(p)25)\j,
Ei P(E) \JEi

which implies the reserve inequality M < lim,_ 4o |73 - O

5.4. Strong version of De Finetti, Hewitt and Savage theorem. The preceding results to-
gether with some smoothing techniques and the HWI inequality make possible to compare different
senses of convergence for sequences of P(E™), N — oo, without any assumption of chaos.

Theorem 5.10. Assume E = R? or more generally assume that E C R? is a connected open
subset with smooth boundary and that (3.15) holds. Consider (FY) a sequence of Psym(EN) and
7 € P(P(E)) such that FN — m weakly in Py(E7)y;, k > 2.

(1) In the list of assertions below, each assertion implies the one which follows:

(i) I(FN) — Z(7), Z(7) < oo;

(ii) I(FN) is bounded;

(iii) H(FN) — H(r), H(r) < oo.
(2) More precisely, the following version of the implication (i) = (iii) holds. There exists a
numerical constant C such that for any k > 2 and K > 0, and for any any sequence (FN) of
Pyym (EN) satisfying

VN  M(FN)<KF, I(FY)<K?

there holds

(5.21) VN >42  |H(FN) - H(r)| < K Wo(FN, my) + CKdliln(]{]{,YN),

with v = i

Wildﬂ and as usual d' = max(2,d).

(3) In particular, for any sequence (m;) of symmetric and compatible probability measures of
P(E7) satisfying

My(m) < K Vi>1 I(m;) < K2,
there holds

(5.22) Vi >4%  |H(r,) — H(n)| < o B

j’Y

for the same value of . In other words, (5.22) gives a rate of convergence for the limit (5.14).
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The fact that the constant C' do not depend on k is interesting when the space E is compact
or the measures I’V have strong integrability properties, for instance a exponential moment. It
allows to choose large k and get almost the largest exponent v possible. Precise version of the
point (iii) are stated (without proofs) in the corollary below.

Corollary 5.11. (i) In the case where E is compact, we denote K := max(diam(FE), /Z(r)).
Then there holds for all j > 424

1
2d+1

In(Kj
(5.23) |H(;) — H(r)| < CK*? L'y]) with v =
J
(i) If Mg (m1) == [, X’y (dx) < 400 for some A > 0 and Z(m) < +oo, there exists a
constant C(d, 3, \,Z(m)) such that for j large enough ( > C'In Mg x(71))

(5.24) () — H(m)| < ¢

with v = YR

PROOF OF THEOREM 5.10. We split the proof into four steps.

Step 1. i) implies ii) is clear. For ii) implies iii), we use the HWT inequality (3.15) and we write
[H(FY) = H(m)| = [H(FY)~ H(ny) + H(my) = H(m)|

Cis (\/ T(EN) + /Trn) ) Wa(F™ ) + [H () — H(m)].

We know from (5.14) that H(n) = lim H(ny) and from (5.17) and (5.18) that

I(nn) < Z(7) < liminf I(FY) < K, from which we conclude that there exist a sequence &, (N) — 0
such that

IN

|H(FN) —H(r)| <2Cp K Wa(FYN, 7y) +£(N).
We now aim to estimate £(IN) more explicitly as claimed in point (3). Then (2) will be a direct
consequence of (3) and the above estimate.

From now on, we only consider the case E = R? since the general case is similar (and the case
when FE is compact is even simpler).

Step 2. From [12, Theorem A.1] we know that for any R, > 0 we may cover P(Bg) by N (R, 4/2)
balls of radius 6/2 in W; distance (which is less accurate than the one considered in the above
quoted result) with

3

N(R,$) < (%) Cy(R/)"

where the constant C7 and C% are numerical. Let us fix a > 1 and recall that we define BPy, (E) :=
{p € P(E) s.t. Mi(p) < a}. Next, for any p € BPyo(E), we define pr € P(Bgr) by pr =
p(Br)~plp, for R large enough (so that it defines a probability), and we observe that for any
f € P(E) we have

Wilp, f) < Wilpr. f) + Wilpr. p),
and that for any R such that R* > 2a

Wi(pr, p) lor = pllry < ‘1 ‘ + p(Bg)

(1+@) o(B3) s:aﬁ,

IN

since then p(Bg) > 1— % > 1.

As a consequence, for any § < 1 and a > 1, choosing R such that 3a/RF = §/2 in the two
preceding estimates, we may cover BPy ,(E) by N, () = N(R,5/2) balls of radius ¢ in W distance,
with

< N(0) < (CratsmH) 2

| =
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The above lower bound on N, () is straightforwardly obtained by considering balls centered on
Dirac masses distributed on a line. In the sequel, we shall often use the shortcut N' = N, (d). Let
us then introduce a covering family wf C BPy o(E), 1 < i < N,(§), such that

Na(6)

sup Wi(p,n) < 26, wfﬂw?:@ifi;éj, BP (E w?
pnEwW! i=

—

as well as the masses and centers of mass

1
a ::/ ™ f = —5/ p7(dp).
w! & Jwp

We also denote wf) := [BP4(F)]° and of := [ 5, so that EZ “oaf = 1. Denoting Z := {i =
1.y Nu(8); af > No(6)72}, we finally defined
Na(8) o
8 .= ﬁf5f_s, with 5?::71f162and55 =0ifi ¢ Z.
i=1 ' EJEZ

Remark that by our moment assumption

ag < / m(dp) < / Mk—(p) n(dp) = M
(wd)e pE) @ a

Since Z%Zinl af < N~ <6, we necessarily have Z # () if § + @ < % < 1, an assumption
that we will make in the sequel. And even, we shall fix now the value of a to be so that

Mk (71'1)

—

As we see here for the first time, it simplifies the proof and we shall also see later that it 1eads to
the optimal inequality. With that particular choice, the condition above simply write & < —, and
the upper bound on N may be rewritten

6:

2\ C2 K95 a(1+%)
(5.25) N(8) = Na(6) < (01 K(S_l_%)
In that case, we have
(5.26) > af <24 1220@21—252%.

JEZ,520 JEZ

Now, by convexity of the Fisher information
1
1) < = [ 1)n(an),

which in turns implies that

o(d 1
=3 BRI < Y [ 1)ty <22(m),

Similarly, for the moment of order k :
N (8)

1
BMi(f7) <
Z k Z]EZQ

In order to prove (5.22), we introduce the splitting

(5.27) [H(m;) = H(m)| < |H(mj) — H(x})]

+HH (7)) = H(7®)| + [H(n®) = H(m),
6

where we have written 75 := (m%);. We now estimate each term separately.

Z/é Mi(p) m(dp) < 2 Mi(m1).

1€EZ
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Step 3. On the one hand, defining 7° : P(E) — {f3, ..., fac}, T(p) = fP if p € w?, T%(p) = £ =
8o if p € wd and 33 := 0, we compute

N N N
W1(7T77-r5) < Wl(w,Zafdﬁ)+W1(Zaf6f5,26§;5ff)
=0 1=0 =1

N

< Wilp,m)(Id@ T )er + | (ad = 87) b9

/P(E)XP(E) e ) ;( )0y TV

N

< Wi(p, T(p)) m(dp) + > |ad — B7] + |af)]

P(E) i—1
< 5+Ml—(7T) + 64 < 89,

a

where we have used several times estimation (5.26), in particular in order to get the inequality
N 1
s s s s s s
Zlai_ﬁi|+a02(1_zl aé)Zai"‘zaiS?’zai'
i=1 €2 i/ ez i¢Z igZ

Using the lemma 2.3 and the bound on My (n¢), we obtain a bound on Wy(n?, ) as follows (we
recall that the constant C' that appears is numerical : C' = 23/2)

W2(7T6,7T) < CMk(m)l/k W1(7T5,7T)1/271/k <4C K§Y* 1k,

Now, we use the HWI inequality on P(FE) stated in Proposition 5.8 and we bound the first term
in (5.27) by

[H(m®) —H(r)| < {\/I(w‘;) + \/I(?T):| Wa(r°, 1) < 2 K Wa(r®, ),
and the third term in (5.27) very similarly

) - M) < T+ 10m)]| Waled. )
{1/1(775) + \/I(w)} Wa(®,7) < 2 K Wa(r?, m),

where we have used the properties (5.17) of the level 3 Fisher information and Lemma 2.7 in order
to bound Wy by Ws. All together, we have proved

(528) [H(x") = H(m)| + [H(nf) = H(my)| < C K61/,

IN

for some numerical constant C' < 26.

Step 4. We estimate the second term in (5.27). Using that 75 = 3 (f9)®7 + ... + B3, (f3)®7, we
write

1
H(w?) = ;/E] w?logw?
N ; .
_ 5 ey 4 L s (LS B (FR)¥
- EBZH(JCZ)—’_]/EJFJA( ﬂ_? DEEEE] ﬂ_? )

with A : {U = (w;) € RY, 3, u; = 1} — R defined by
5 5
A(U) :=uy log <&> + ...+ up log <6—N> .
(751 UN
Observing that A is in fact (the opposite of ) a discrete relative entropy, we have for any U € Rf
with >, u; =1
—log(N?) <log(min ) < A(U) <0,
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we deduce 9
[H (=) = H(x") < 5 1og N, (0),
Step 5. All in all, observing that thanks to (5.25)

log N(8) < CK46~40+%) 1 4y m K — InJ],

we have
C~|H(m;) — H(m)| < K26Y/27V/k 4 1K [1+4 (K5
) : j 52D |
We can now (almost) optimize by choosing § = j~", with r=! := 2 — + +d(1 + 2) we obtain
- max(2,d) MULJ)
O [H(mj) = H(m)| < K<) =22

for the integers j > 4/ so that the the condition § < 1 is fullfiled (in order to ensures that Z # ().
But it can be check that for k € [2,+00), d < % < 2d. So that the previous condition on j is
fulfilled for j > 424 O
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