RATE OF CONVERGENCE OF THE NANBU PARTICLE SYSTEM FOR
HARD POTENTIALS

NICOLAS FOURNIER AND STEPHANE MISCHLER

ABSTRACT. We consider the (numerically motivated) Nanbu stochastic particle system associ-
ated to the spatially homogeneous Boltzmann equation for true hard potentials. We establish
a rate of propagation of chaos of the particle system to the unique solution of the Boltzmann
equation. More precisely, we estimate the expectation of the squared Wasserstein distance with
quadratic cost between the empirical measure of the particle system and the solution. The rate
we obtain is almost optimal as a function of the number of particles but is not uniform in time.

1. INTRODUCTION AND MAIN RESULTS

1.1. The Boltzmann equation. The Boltzmann equation predicts that the density f(¢,v) of
particles with velocity v € R? at time ¢ > 0 in a spatially homogeneous dilute gas solves

) s =g [ o [ deBlo— ol O[W)AE) ~ fiw)fi.))

where the pre-collisional velocities are given by

(1.2) v =0 (v,v4,0) = v—;v* + [v _QU*|J, vl = vl (v,v,,0) =
and 0 = 0(v,v,0) is the deviation angle defined by cosf = (\Z:ﬁf .
B(Jv — vs],0) > 0 depends on the nature of the interactions between particles. See Cercignani
[11], Desvillettes [12], Villani [41] and Alexandre [2] for physical and mathematical reviews on this
equation. Conservation of mass, momentum and kinetic energy hold at least formally for solutions
to and we classically may assume without loss of generality that fR3 fo(v)dv = 1.
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o. The collision kernel

We will assume that the collision kernel is of the form
(1.3) B(lv—04l,0) sinf = &(Jv—v.|) 8(f) with 8>0 on (0,7/2) and S=0 on [r/2,7].

This last condition 5 =0 on (/2,7 is not a restriction, since one can always reduce to this case
for symmetry reasons, as noted in the introduction of Alexandre et al. [3].

When particles behave like hard spheres, it holds that ®(z) = z and f = 1. When particles
interact through a repulsive force in 1/r®, with s € (2, 00), one has

— 2
O(z) =27 with v= % € (—=3,1) and B(0) 2 cst0~ 1" with v = T3¢ (0,2).

One classically names hard potentials the case when v € (0,1) (i.e., s > 5 and v € (0,1/2)),
Mazwell molecules the case when v =0 (i.e., s = 5 and v = 1/2) and soft potentials the case when
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v € (=3,0) (i.e., s € (2,5) and v € (1/2,2)). The present paper concerns Maxwell molecules, hard
potentials as well as hard spheres, so that we always assume v € [0, 1].

1.2. Stochastic particle systems. As a step to the rigorous derivation of the Boltzmann equa-
tion, Kac [26] proposed to show the convergence of a stochastic particle system to the solution
to (I.I). Kac’s particle system is a (R*)¥-valued Markov process with infinitesimal generator £y
defined, for ¢ : (R*)Y ~ R sufficiently regular and v = (vy,...,vx) € (R3)V, by

Fna(v) = ﬁ Z/S2 [V (0 (03, v, &) — 3 )i (0 (v1, 03, ) — ;) ) — S(V)] B[v3 —v;1, B) dor

i#]
For h € R?, we note he; = (0,...,0,h,0,...,0) € (R3)" with h at the i-th place. Roughly speaking,
the system is constituted of N particles entirely characterized by their velocities (v1,...,vy) and

each couple of particles with velocities (v;,v;) are modified, for each o € S?, at rate B(|v; —
v;],0)/(2(N — 1)) and are then replaced by particles with velocities v'(v;, v}, 0) and v} (v;, v;, o).

In the present paper, we will consider a slightly modified and non-symmetric particle system
introduced by Nanbu [34]. The Nanbu stochastic particle system corresponds to the generator £y
defined, for ¢ : (R3)Y — R sufficiently regular and v = (v, ...,vx) € (R®)N, by

(14)  Lyov) = £ 3 [ 60+ (@ wir1.0) = w)ed) — 6B i — v, 6)do:

irj 75
This system still describes N particles characterized by their velocities (v1,...,vx), but now each
couple of particles with velocities (v;,v;) are modified, for each o € S?, at rate B(|v; — v;],0)/N
and are then replaced by particles with velocities v'(v;,v;,0) and v;. Thus only one particle is
modified at each “collision”, but the rate of collision is multiplied by 2. All in all, the asymptotic
behavior, as N — 0o, should be the same.

1.3. Aims. Our aim is to prove that as N tends to oo, the Nanbu stochastic system is asymptoti-
cally constituted of independent particles with identical law governed by the Boltzmann equation,
and better, to quantify this convergence.

There are two main motivations for such a study. (i) From a physical point of view, we want to
know how well the Boltzmann equation approximates true particles. Of course, true particles are
subjected to classical (non random) dynamics. However, Kac’s particle system can be seen as such
a (strongly) simplified system. In some sense, the Nanbu non-symmetric particle system under
study is again a simplification of Kac’s dynamics. (ii) From a numerical point of view, we want to
know how well the particle system approximates the Boltzmann equation. It is then important to
get rates of convergence, to know how to choose the number of particles (and the cutoff parameter)
to reach a given accuracy.

One might be surprised at first glance: why approximate a Boltzmann equation by a particle
system which the Boltzmann equation is expected to approximate? The reason is of numerical
computation order. Indeed, it is numerically interesting to approximate a particle system with a
huge number of particles (as in a true gas) by a particle system with much lesser particles.

The main difficulty lies in the fact that even if the particle system is initially constituted of
independent particles, they do not remain independent for later times, because of interactions.
Hence to answer the convergence issue, we have to prove that particles asymptotically become
independent and in the same time to identify their common law: we have to prove that the system
is chaotic in the sense of Kac [20].
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We are able to prove and quantify the chaotic property for Nanbu’s particle system. Unfor-
tunately, our study does really not seem to work for Kac’s particle system. From the physical
point of view, Nanbu’s system is less pertinent. However, we believe that the behaviors of the two
systems are very similar, so that our results should also hold true for Kac’s particle system. From
the numerical point of view, both systems are expected to approximate the solution to with
an error of the same order, so that the system under study is as interesting as Kac’s system.

We will also study a cutoff version of Nanbu’s system. This is motivated by two reasons. From
a numerical point of view, the particle system with generator £y cannot be directly simulated,
because each particle collides with infinitely many others on each time interval (except for hard
spheres). Thus we have to introduce a cutoff. From a technical point of view, we are not able
to prove directly our estimates for the particle system without cutoff: we have to study first the
particle system with cutoff and then to pass to the limit.

1.4. Assumptions. We assume that the collision kernel is of the form (1.3]) with

(1.5) v €10,1], V2 >0, ®(z) =27,

and either

(1.6) Vo € (0,7/2), B(6) =1

or

(1.7) Jrve(0,1), 30< ¢y <, YO € (0,7/2), cof 7" < B(0) <1677,

This work could probably be extended to v € (0,2), since the important computations on which
it relies also hold in this case. However, this would introduce several technical difficulties. Since
Maxwell molecules and hard potentials, which we study, satisfy with v € (0, 1), we decided
to avoid these technical complications.

The propagation of exponential moments requires the following additional condition

(1.8) B(0) = b(cosf) with b non-decreasing, convex and C* on [0,1).

In practice, all these assumptions are satisfied for Maxwell molecules (y = 0 and v = 1/2), hard
potentials (y € (0,1) and v € (1,1/2)) and hard spheres (y =1 and g = 1).

1.5. Notation. For 6 € (0,7/2) and z € [0, 00) we introduce
/2
(1.9) H(0) :/ B(x)dz and G(z) = H *(z).
0
Under (1.7), H is a continuous decreasing bijection from (0,7/2) into (0,00), and its inverse

function G : (0,00) — (0,7/2] is defined by G(H(#)) = 0, and H(G(z)) = z. It is immediately
checked that under ([1.7)), there are some constants 0 < c¢o < ¢g such that

(1.10) Vz>0, c(l+2)7 Y <G2) <es(142)"

and, as checked in [I9, Lemma 1.1], there is a constant ¢4 > 0 such that for all z,y € Ry,
00 2

1.11 G(z/x) — G(z 2dz<cM.

(1.11) | Glete) =G ds < o2

Under (1.6]), we have G(z) = (7/2 — z)4+ (with the common notation z; = max{z,0}) and a direct
computation shows that (1.11)) also holds true.



4 NICOLAS FOURNIER AND STEPHANE MISCHLER

1.6. Well-posedness. Let Py (R3) be the set of all probability measures f on R3 such that
Jgs [0|"f(dv) < oo. We first recall known well-posedness results for the Boltzmann equation,
as well as some properties of solutions we will need. A precise definition of weak solutions is stated
in the next section.

Theorem 1.1. Assume (L.3)), (1.5) and (1.6) or (1.7). Let foy € P2(R3).
(i) If v = 0, there exists a unique weak solution (fi)i>0 € C([0,00), P2(R?)) to (L1). If

fo € Pp(R3) for some p > 2, then SUP[0,00) fR3 [vf? fr(dv) < oo. If ng fo(v)log fo(v)dv < o0
or if fo € P4(R3) and is not a Dirac mass, then f; has a density for all t > 0.
(i1) If v € (0,1], assume additionally (1.8) and that

(1.12) Ipe (7,2), /

R
There is a unique weak solution (f;)i>0 € C(]0,00), P2(R?)) to (L.1) such that

el fo(dv) < oco.
3

(1.13) Vqe (0,p), sup / e‘”'qft(dv) < 00.

[0,00) JR3
Under (1.7)) and if fo is not a Dirac mass, then fi has a density for all t > 0. Under (1.6) and if
fo has a density, then f; has a density for all t > 0.

Concerning well-posedness, see Toscani-Villani [40] for Maxwell molecules, [22], [14] for hard
potentials and [5], 33, 27, [15], 28] for hard spheres. The propagation of moments in the Maxwell
case in standard, see e.g. Villani [41, Theorem 1 p 74]. The propagation of exponential moments
for hard potentials and hard spheres, initiated by Bobylev [7], is checked in [22] 28]. Finally, the
existence of a density for f; has been proved in [I7] (under and when fy is not a Dirac
mass and belongs to P4(R?)), in [33] (under when fo has a density) and is very classical by
monotonicity of the entropy when fy has a finite entropy, see e.g. Arkeryd [4].

We now introduce our particle system with cutoff.

Proposition 1.2. Assume (L.3)), (L.5) and (1.6) or (1.7). Let fo € P2(R®) and a number of
particles N > 1 be fized. Let (Vy)i=1,.. N be i.i.d. with common law fy.

(z) For each cutoff parameter K € [1,00), there exists a unique (in law) Markov process
(I/;’NK)Z':LM,NJZO with values in (R*)N | starting from (V§)i=1.. N and with generator Ly x de-
fined, for all bounded measurable ¢ : (R®)N +— R and any v = (vy,...,vy) € R3, by

Lnrd(v) = %Z/ [D(v + (V' (vi, v5,0) = vi)ei) — ¢(V)]B(|vi — 5], ) {9 (k) vi—v, |1)}140,
i#j 75
with G defined by and, for h € R3, he; = (0,...,h,...,0) € (R®)N with h at the i-th place.
(i) There exists a unique (in law) Markov process (‘/'ti’N’oo)i:17___7N7t20 with values in (R®)N,
starting from (Vi)i=1, n and with generator Ly defined, for all Lipschitz bounded function ¢ :
(R*N = R and any v = (v1,...,vn) € R3, by (L.4).

Let us emphasize that the cut-off used for defining the generator £y, i is not the usual one since
it depends not only on the deviation angle 6 € (0,27) but also of the relative velocity v — v, |. It is
more convenient in order to perform the computations we want to do. It might also be convenient
for practical simulations. Indeed, the total rate of collision of the particle system does not depend
on the configuration of the velocities: it always equals 27(N — 1) K. Hence, the (mean) simulation
cost of the particle system on a time interval [0, T] is proportional to (N — 1)KT.
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1.7. Wasserstein distance. For g,7 € P2(R?), let H(g, §) be the set of probability measures on
R3 x R3 with first marginal g and second marginal §. We then set

Wi(g.9) = inf{( [ ostenaan) ne’H(g,a)}.

This is the Wasserstein distance with quadratic cost. It is well-known that the inf is reached.
We refer to Villani [42] Chapter 2] for more details on this distance. A remarkable result, due to
Tanaka [38] [39], is that in the case of Maxwell molecules, ¢ — W ( fy, ft) is non-increasing for each
pair of reasonable solutions f, f to the Boltzmann equation. The present work is strongly inspired
by the ideas of Tanaka.

1.8. Empirical law of large numbers. For f € P»(R3) and N > 1, we define

N
(1.14) en(f) =E [WQQ (f, Nt 26){)] with X7,..., Xy independent and f-distributed.
1

Since a f-chaotic stochastic particle system is asymptotically constituted of i.i.d. f-distributed
particles, ex(f) is the best rate (as far as W3 is concerned) we can hope for such a system. We
summarize in the following statement the best available estimates on ey (f), essentially picked up
from Rachev-Ruschendorf [35, Theorem 10.2.1], [31, Lemma 4.2] and Boissard-Le Gouic [§].

Theorem 1.3. For all A >0, all k > 2, all f € P(R®) verifying fR3 lv|* f(dv) < A, all N > 1,

CaxN7T2  forr=(k—2)/(5k) if ke (2,7),
CaprNT2" foranyr<1/7 ifk="1,
(1.15) en(f) < CarN~?  forr=1/7 if k€ (7,20],

CarrN72" foranyr < (k—2)/(6k+6) if k> 20.

The proof of Theorem [I.3 will be discussed in Appendix [A] We shall use different proofs for the
different cases, which explains why the statement is awful. The above rates are clearly not optimal.
If f has infinitely many moments, then we almost obtain ey (f) < CN~'/3. This power 1/3 might
be optimal. See Barthe-Bordenave [6] and the references therein for a discussion concerning this
issue. We also refer to [25, Theorem 2.13] (and the remarks which follow) for a general discussion
about the rate of chaoticity for independent and dependent random arrays.

1.9. Main result. Our study concerns both the particle systems with and without cutoff. It
is worth to notice that for true Maxwell molecules and hard potentials, v € (0,1/2] so that
1 —2/v < =3 and the contribution of the cut-off approximation vanishes rapidly in the limit
K — o0.

Theorem 1.4. Let B be a collision kernel satisfying ., (1.5) and | or 1 7)) and let fy €
P5(R3) not be a Dirac mass If v > 0, assume additionally (1.8) and | . Consider the unique
weak solution (f;) t>0 10 11.1) defined in Theoremu 1.1 and, for each N > 1 K el oo] the unique

Markov process (V! N’K)l_L...,N,tgo defined in Proposition | Let ut -1 21 VN
(i) Mazwell molecules. Assume that v = 0, and either fR3 fo(v logfo( )dv < oo or
fo € P4(R3). There is a constant C' such that for all T >0, all N > 1, all K € [1, 0],

(1.16) sup E[W3 (", f)] <C(1+T)* sup en(f) + CTK /",
[0.7] [0.7]
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If fo € Pr(R®) for some k > 2, we have supp oo [gs [0]" fi(dv) < oo and we can use Theorem
to bound supyy 1 en(ft). In particular if fo € Pr(R3) for all k > 2, then for alle > 0, all T > 0,
all N > 1, all K € [1, 0],
(1.17) sup EWZ (ul ", f1)] <C.(1 4+ T)2 N3+  oTK'=2/v,

[0,7]

(i) Hard potentials. Assume that v € (0,1) and (1.7)). For all e € (0,1), all T > 0, there is a
constant Ce v such that for all N > 1, all K € [1,00],

1—¢
(1.18) sup B3 (1", f)] <Cer <Sup en(fe) + KlQ/”) :
[0,T7] (0,77
Consequently, for all e € (0,1), all T > 0, there is Cer such that for all N > 1, all K € [1, ],
(1.19) sup EW2 (15 )] <C.p(N7YV3 4 g1-2/vyl=e,
(0,77

(i4i) Hard spheres. Assume finally that v = 1, (1.6) and that fo has a density. For alle € (0,1),
allT >0, all g € (1,p), there is a constant Cy 4 such that for all N > 1, all K € [1,00),

1—e

(1.20) sup EDVS (", f1)] <Cegr (Sup €N(ft)> +e K| eCrark,
[0,7 [0,7]

Thus for all e € (0,1), all T > 0, all ¢ € (1,p), there is Ce 41 such that for all N > 1, all

K €[1,00),

(1.21) sup ]E[Wg(uiv’K, o) SC’WLT(NA/“SJrg + equ)eCM-rTK.
(0,77

Concerning the rate of convergence of the simulation algorithm, we have the following.

Remark 1.5. Recall that the simulation cost per unit of time is proportional to (N — 1)K.

(i) For Mazwell molecules and hard potentials the error (for Wy) is (N~/6 4 K1/2=1/v)1=_ For
a given simulation cost T, the best choices are N ~ 7(6=3)/(6=2v) ypnq K ~ 7v/(6=3Y) which leads
to an error in 7—2=V)/(2=4)+ " For true hard potentials and Mazwell molecules, this is at worst
773/20% and at best 7—1/0F,

(ii) For hard spheres, make the choice K ~ (log N)* with a € (1/q,1). Then e“¥ << N¢
for any e € (0,1) and e~ 5" << N~ for any r > 1. With this choice, we thus find an error in
N-Y6+¢ for a simulation cost in N(log N)*. Consequently, for a given simulation cost T, we find
an error in /6%,

We excluded the case where fy is a Dirac mass because we need that f; has a density and
because if fo = §,,, then the unique solution to is given by f; = d,, and the Markov process
of Proposition is nothing but V"5 = (vy,...v) (for any value of K € [1,00]), so that
pu = 6,, and thus Wa(fe, pi %) = 0.

1.10. Comments. We thus show that the empirical law of the particle system converges to f; as
fast as i.i.d. f;-distributed particles (up to an arbitrary small loss if 4 # 0). This is thus almost
optimal in some sense. However, this is optimal only as far as W, is concerned: we would have
preferred to work with another distance and to obtain a rate in N~1/2 as is expected for laws of
large numbers. Here we obtain a rate in N~/¢, since W is squared. However, W, enjoys several
properties that make it quite convenient when studying the Boltzmann equation, mainly because
of the role of the kinetic energy. Another default of this work is that we obtain a non-uniform
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(in time) bound. For Maxwell molecules, the bound is slowly increasing (as T?) but for hard
potentials, it is growing very fast.

Note also that for hard spheres, we are not able to treat the case where K = oo: we need to
let K and N go to infinity simultaneously, with some constraints. We believe that this is only a
technical problem, but we were not able to solve it. However, we still obtain a very reasonable rate
of convergence (as a function of the computational cost).

Our proof is based on a coupling argument: we couple the N-particle system with a family
of N ii.d. Boltzmann processes, in such a way that they remain as close as possible. We prove
an accurate control on the increment of the distance between the two systems at each collision.
This last computation is similar to those of [22] [19] concerning uniqueness of the solution to (1.1)).
However, we need to handle much more precise computations: in [22], when studying the distance
between two solutions to , both were supposed to have exponential moments. Such exponential
moments are known to propagate for solutions to since the seminal work of Bobylev [7], but
for the particle system under study, we are not even able to prove the finiteness of a moment of
order 2 4+ ¢, € > 0! We thus need a very precise refinement of the computations of [22] [19].

All these problems do not appear when studying Maxwell molecules. Roughly, the collision op-
erator is globally Lipschitz continuous for Maxwell molecules and only locally Lipschitz continuous
for hard potentials (which explains why large velocities have to be controlled by using exponential
moments). This is why we obtain a better result for Maxwell molecules.

Note that for the (physically more relevant) Kac particle system moments are known to prop-
agate (uniformly in N), see Sznitman [36] and also [3I], which would simplify greatly the proof
at many places. However, we are not able to exhibit a suitable coupling. This is due to the fact
that in Kac’s system, each collision modifies the velocity of two particles. In Nanbu’s system, the
Poisson measures governing two different particles are independent, which is not the case for Kac’s
system (because each time a particle’s velocity is modified, another one has to be also modified)
although the larger is the number of particles, the lower the correlation is. As a consequence, it is
more difficult to couple the N-particle symmetric Kac’s system with N independent copies of the
Boltzmann process and we did not succeed.

1.11. Known results. Such a chaos result for the Boltzmann equation with bounded cross section,
or for related models, has been first established without any rate by Kac [26] (for the so-called
Maxwell molecules Kac’s model which is roughly a “toy one-dimensional” Boltzmann equation)
and then by McKean [30] and Griinbaum [24]. For unbounded cross section, the chaos property
has been proved by Sznitman [36] for hard spheres, still without rate.

For Maxwell molecules with Grad’s cutoff, a nice rate of convergence (of order 1/N in total
variation distance on the two-marginal) has been obtained by McKean [29] and improved by
Graham-Méléard [23]. This was extended by Desvillettes-Graham-Méléard [13], see also [20], to
true (without Grad’s cutoff) Maxwell molecules, but with a rate in N~'eX7” 4 K1=2/¥ (with
the notation of the present paper). From a numerical point of view, this leads to a logarithmic
convergence as a function of the computational cost.

More recently, a uniform in time rate of chaos convergence of Kac’s stochastic particle system to
the Boltzmann equation for two unbounded models has been established in [311 [10] (see also [32]),
by taking up again and improving Griinbaum’s approach. For true Maxwell molecules, uniform in
time rate of convergence of order N=1/(6+9) for any § > 0, for a weak distance on the two-marginals
has been proved in [3I, Theorem 5.1] when the initial condition fy has a compact support. This
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result was improved and made more precise in [I0, Step 3 of the proof of Theorem 8], where, still
for true Maxwell molecules, uniform in time rate of convergence of order N=1/177_ for the same W,
Wasserstein distance as used in , has been proved for any initial condition fy satisfying .
Hard spheres have also been studied in [31, Theorem 6.1]: a uniform in time rate of convergence
of order 1/(log N)® with a > 0 small, for the W; distance on the two-marginals has been proved.
When applying the methods of [3T] B2] [10] on finite time intervals, the previous rates can not be
really improved. Finally, let us mention that the present work follows some of the ideas of [18],
which concerns the Kac equation.

To summarize:

e We obtain the first rate of convergence for hard potentials and this rate is reasonable. Recall
that hard potentials are twice unbounded (the velocity cross section is unbounded and the angular
cross section is non-integrable), while Maxwell molecules enjoy a bounded velocity cross section
and hard spheres an integrable angular cross section.

e For hard spheres and Maxwell molecules, we prove a much faster convergence than [31] 32, [10],
but we are restricted to finite time-intervals and we cannot study Kac’s system.

Let us finally mention that we use a coupling method, as is widely used since the famous cours
a école d’été de Saint-Flour by Sznitman [37] for providing rate of chaos convergence for the so-
called McKean-Vlasov model and that such methods have been recently adapted to non-globally
Lipschitz coefficients by Bolley-Caiizo-Carrillo in [9], making use of exponential moments.

1.12. Plan of the paper. In Section[2] we make precise the notion of weak solutions, rewrite the
collision operators in a suitable form and check a accurate version of a lemma due to Tanaka [39].
Section [3] is devoted to the cornerstone estimate on the collision integral. In Section [4] we prove
the convergence of the particle system with cutoff. The cutoff is removed in Section Finally,
elements of the proof of Theorem on quantitative law of large number for empirical measures
are presented in Appendix [A]

2. PRELIMINARIES

2.1. Rewriting equations. We follow here [20]. For each X € R?, we introduce I(X), J(X) € R?
such that (&—l, %, %) is a direct orthonormal basis of R? and, of course, in such a way that
I, J are measurable functions. For X, v,v, € R?, for § € (0,7/2) and ¢ € [0,27), we set

D(X, ) = (cos p)I(X) + (sin ) J(X),

1—cosf sin 6
e - +

(2.1) a(v, vy, 0,0) = (v —vs, ),

V' (0,05, 0, 0) 1= v+ a(v, vy, 0, ),

I(v—vy)

o—v.|

which is a suitable parametrization of (1.2)): write 0 € S? as 0 = =% cos § + sin @ cos p +

[v—v]
J(v—vy)

To—o.] sin fsin . Let us define, classically, weak solutions to (|1.1)).

Definition 2.1. Assume (1.3), (L5) and (L.6) or (L.7). A family (fi)i>0 € C([0,00), P2(R?))

is called a weak solution to (1.1|) if it preserves momentum and energy, i.e.

@2 vezo [ o= [ o) ad [ el = [ pRo@)
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and if for any ¢ : R® — R bounded and Lipschitz-continuous, any t € [0,T),

e [ e = [ o+ [ ] Aotvne)faas

where

(2.4) Ap(v,v,) = [v — v |Y / B(6)do dgp [p(v + a(v,v.,0,0)) — d(v)].

Noting that |a(v,vs,0,0)| < COlv — v,| and that fﬁ/z B(0)d0, we easily get |Ap(v,v,)| <

Cylv — |17 < Cyp(1 4 [v — vs]?), so that everything makes sense in (2.3)).

We next rewrite the collision operator in a way that makes disappear the velocity-dependence
|v — v, | in the rate. Such a trick was already used in [2I] and [19].

Lemma 2.2. Assume (L.3), (1.5) and (L.6) or (1.7). Recalling (L.9) and (2.1)), define, for

€ (0,00), p € [0,27), v,v. € R? and K € [1,0),
(2.5) c(v, v, 2,0) 1= alv, v, G(z/|v —vi|7), 0] and ck(v,v4,2,) = c(v, v, 2, 0) L < K} -
For any bounded Lipschitz ¢ : R? — R, any v, v, € R?

(2.6) Ad(v,v..) / dz/zﬂdcp Ov + c(v, vs, 2, )] — Bv ])
For any N > 1, K € [1,00), v = (v1,...,vn) € (R*)Y, any bounded measurable ¢ : (R®)N — R,
2.7) Laxd(v Nz/ dz/2”d<p [6(v + cxc (03, vy, 2 p)es) — S(V)].
i#]
For any N > 1, any v = (vy,...,vn) € (R®)Y, any bounded Lipschitz ¢ : (R*)N — R,
(2.8) Lyo(v Z/ dz/%dcp A(v + c(vi,vj, 2, 0)€;) — d(V)].
i#£j

Proof. To get (2.6), start from and use the substitution § = G(z/|v — v.|7) or equivalently
H(0) = z/|v—wv|7, which implies |v—v*|7ﬁ(9)d9 = dz. The expressions (2.7)) and (2.8) are checked
U

similarly.

2.2. Accurate version of Tanaka’s trick. As was already noted by Tanaka [39], it is not possible
to choose I in such a way that X — I(X) is continuous. However, he found a way to overcome
this difficulty, see also |20, Lemma 2.6]. Here we need the following accurate version of Tanaka’s
trick.

Lemma 2.3. Recall (2.1)). There are some measurable functions g, 1 : R x R3 — [0,27),
such that for all X, Y € R3, all ¢ € [0,27),

L(X,0) - T(Y, 0+ ¢@o(X,Y)) = X - Y cos’(¢ + 01 (X, Y)) + | X||Y]sin®(p + ¢1(X,Y)),
(X, ) =T(Y, 0+ ¢o(X,Y))| < [X =Y.
Proof. First observe that the second claim follows from the first one: writing ¢; = ¢;(X,Y)
ID(X, ) = T(Y, 9+ ¢o)|* =D(X, )] + [T(Y, 0 + 90)[* = 20(X, ¢) - T(Y, ¢ + o)
X[+ [V 2(X Y cos?( + 1) + | X| V] sin (g + 1))
IXPH|YP-2X-Y=|X-Y]
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We next check the first claim. Let thus X and Y be fixed. Observe that I'( X, ) goes (at constant
speed) all over the circle Cx with radius |X| lying in the plane orthogonal to X. Let ix € Cx and
iy € Cy such that XY, ix,iy belong to the same plane and ix -iy = X -Y (there are exactly two
possible choices for the couple (ix,iy) if X and Y are not collinear, infinitely many otherwise).
Consider px and @y such that ix := (X, px) and iy := T'(Y, ¢y). Define jx :=T'(X, px +7/2)
and jy := (Y, oy +7/2). Then jx and jx are collinear (because both are orthogonal to the plane
containing X,Y,ix,iy), satisfy jx -jy = ljx||ljv| = |X]||Y | and ix - jy = iy.jx = 0. Next, observe
that T'(X, ¢ + ¢x) = ix cos ¢ + jx sinp while I'(Y, ¢ 4+ ¢y ) = iy cos p + jy sinp. Consequently,
D(X,0+px) T(Y,o+ py) =ix -iy cos? ¢ + jx - jy sin® ¢ = X - Y cos? p + | X||V]|sin? ¢. The
conclusion follows: choose ¢ := ¢y — px and 1 := —px (all this modulo 27). O

3. MAIN COMPUTATIONS OF THE PAPER

The following estimate is our central argument.

Lemma 3.1. Recall that G was defined in (1.9) and that the deviation functions ¢ and cx were
defined in (2.5). For any v,v., 9,7, € R3, any K € [1,00),

o) 2m
/ / (‘U—l—c(v,v*,z,@)—17—cK(ﬂ,ﬁ*,z,go—i—goo(v—v*,ﬁ—ﬁ*))‘z—|v—17|2)dg0dz
o Jo
SA{((U,U*,’[),'E*) + Ag{(v,v*,ﬁ,f}*) + A?(’U,’U*ﬂj,f)*),

where, setting g (x) = waK(l —cosG(z/27))dz and Vi (z) =7 [;o (1 — cos G(z/27))dz,

K
AR (v, 0,,0,0,) =2|v — v, ]|0 — s /0 (G(z/lv—v.|") = G(z/|o — ﬁ*\w)]de,

A (0,0,5,8.) = — [(0 = 8) + (02 — 8.)] - [(v = 0) P (Jv — .]) = (6 — 0)Bxc ([ — 8.])],

AK (0, 0,,0,0,) =(|v — 022 + 20 — 0] v — v ) U (| — vs]).

Proof. We need to shorten notation. We write x = |v — vi|, T = |0 — Tu|, 0o = po(v — Vs, 0 — 0y),
c=c(v,v4,2,9), ¢ = c(0,0x, 2,0 + o) and ¢x = cx (0, s, 2, + o) = cll ;<. We start with

0o 27
Ag ::/ / (\v+c—@—EK|2—|U—ﬁ|2)dg@dz
0 0
K 27
:/ / <|c|2+|&|2—20~6+2(v—f))-(c—&))dgpdz
0 0

- /Koo /027r (|C|2 +2(v—-12)- C) dedz.

First, it holds that |¢|> = | — (1 — cosG(z/x7))(v — vi) + (sin G(z/27))T(v — vs, p)|?/4 =
(1—cos G(z/z7))|v —v.|?/2. We used that by definition, see (2.1)), I'(v — v, ) has the same norm
as v — v, and is orthogonal to v — v, and that (1 — cos#)? + (sinf)? = 2 — 2cos . Consequently,
we have

K 2m K
/ / |c\2d<pdz:7r\v—v*|2/ (1 —cosG(z/z"))dz = 2*P ().
o Jo 0

Similarly, we also have fOK fo% |e)dedz = B*® (Z) and [ OQW |c|2dedz = 2? W g ().
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Next, using that ¢ = —(1 — cos G(z/27))(v — v4)/2 + (sin G(z/z7))['(v — vs, ¢)/2 and that
fo% T'(v — vy, 0)dp = 0,

/OK / cdpdz = —(v —v.)m / " (1 cos G/ Mz = — (0 — v, ) ().

By the same way, fOK fo% édpdz = — (0 — .) Pk (Z) and [ f027r cdpdz = —(v — v,) V().
Finally, ¢- ¢ = [(1 — cos G(z/x7))(v — vi) — (sin G(z/27))['(v — v4, )] - [(1 — cos G(2/E7)) (D —

Ux) — (sin G(2/27))T(D — D, ¢ + ©0)] /4. Since fo% T(v = vs, p)dp = f027r I'(® — 04,0+ po)dp =0,
we get

/0 ' c-edp :g(l —cosG(z/27))(1 — cos G(z/Z7))(v — vi) - (0 — Ds)

2m
+ (sinG(z/mV))(sinG(z/i:V))/O Lo —ve,0) - T(0 = 0u, 0 + p0)dep.

NG

Recalling Lemma [2.3[ and using that fo% cos?(p + p1)dp = fo% sin?(¢ 4 ¢1)dy = 7, we obtain
2
/ c- cdy :g(l —cosG(z/x7))(1 —cos G(z/Z7))(v — vs) - (D — D)
0
+ %(sin G(z/27))(sin G(2/Z7)) [(v — vs) - (0= 0s) 4 |0 — 0|0 — 0. ]].
But G takes values in (0,7/2), so that, since |v — v, ||0 — 0] > (v — vs) - (T — Du),

2m
/ c-cdp
0

>—[(1 —cosG(z/27))(1 — cos G(z/Z7)) + (sin G(z/2"))(sin G(z/Z7))](v — vi) - (D — Dx)

oo

[(1—=cosG(z/27)) + (1 —cos G(z/Z7))](v — vs) - (D — D)

2
Using that 7(1 — cos ) < 262, we thus get

K 27 x T K
/ / c-edpdz >(v—v,) - (0 — f)*)w - xm/ (G(z/27) — G(2/7"))%dz.
0 0 0

(1 —cos(G(z/x7) — G(2/Z7)))(v — vs) - (D — Uy).

2
All in all, we find
Ak <2?®y(x) + BBy (%) — (v —v,) - (0 — 04) [P () + Pr (F)]
+2(0 = 9) - [(5 - 5)@x(F) — (v — 0.) D ()
K
+ 295:5/ (G(z/27) — G(z/37))%dz
0
+ 22U () — 2w — D) - (v — ve) Uk ().

Recalling that z = [v—v,|, = |0 — .|, we realize that the third line is nothing but AX (v, v., 7, 0.)
while the fourth one is bounded from above by AX(v,v.,?,7.). To conclude, it suffices to note
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that the sum of the terms on the two first lines equals
—(0—v.) - [(v = v.) = (5= B,) — 2(0— )]s (a)
+ (0= 00) - [(0 = 0) = (v = 0a) +2(0 — )| (Z)
=—(v=v:) ((v=0) + (s = 0:)) P () + (0= 0s) - (v = 0) + (v — V) Pk (T)
which is AX (v, v,,7,7,) as desired. O
Next, we study each term found in the previous inequality. We start with the Maxwell case.

Lemma 3.2. Assume , with v =0, (1.7) and adopt the notation of Lemma . For
all K € [1,00), all v, vy, 0,0, € R3,

(i) AK(v,v.,0,70,) =0,

(i5) AKX (v,0.,9,04) = Ci[—|v — D)? + vy — 0s|?] where (x = ﬂfOK(l —cosG(z))dz,

(iii) AK (v, v.,0,0,) < C(|v]> + v |? + |0]2) K127,
Proof. Point (i) is obvious. Point (ii) immediately follows from the fact that ¥y (z) = (x does not
depend on z. Point (iii) holds true because U (z) = 7 [ (1 — cos G(z))dz < 7 [, G*(2)dz <
CK'2/¥ by (L10). O

The case of hard potentials is much more complicated. The following result gives a possible and
useful upper bound on the AX functions.

Lemma 3.3. Assume (1.3), (1.5) with v € (0,1), (1.7) and adopt the notation of Lemma .
(i) For all ¢ > 0, there is Cy > 0 such that for all M > 1, all K € [1,00), all v,v., 0,0, € R?,
AR (0,0, 5,5,) <M (v — 5% + o, — 5,]2) + Cge M7 Callvl+a1)
(ii) There is C > 0 such that for all K € [1,00), all v,v., 7,0, € R and all z, € R3,
Ag(v,v*,ﬁ,f;*) - Ag(’U,Z*/LN),’LN)*) §C|:|’U - 77‘2 + ‘U* - 5*|2
H[ow = 2P+ ol + o] + 2707,
(iii) There is C > 0 such that for all K € [1,00), all v,v,, 0,7, € R3,
A5 (0,04, 8,0.) SO(L+ [0 772 4 o, 77752 4[5 + (6,7 K277

This lemma is very technical. The reason is the following. The solution (f;);>¢ has bounded
exponential moments while, on the contrary, the particle system has only a bounded energy (mo-
ment of order 2). If K € [1,00), the particle system has all moments finite, which makes all the
computations licit, but the moments of order strictly greater than 2 are not uniformly bounded
with respect to K (at least, we were not able to show it). We will use the previous estimates with
v, v, (and z,) taken from the solution f; and v, 7, taken in the particle system. Thus, it is very
important that these estimates do not involve powers greater than 2 of v, v,. For example in point
(i), only v, v, appear in the exponential and this is crucial.

Proof. Using and that |27 — 37| < 2|z —y|/(z'77 + y177), we get
(v = v = 0 = 5.[")?
o= val F [5— 5P
v — v A — 0]
(lv = vu| V[0 = 2. ])t=

(3.1) A (v, 0,,9,0,) <2¢4|v — v, |[D — B4

<8cy (Jv — vi| — B — D4])%
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Now for any M > 1, this is bounded from above by

oy — 15— 5. )2 _ TP AV o o
y (0o =0 = 0"+ Bea(j = o] VIT = 8] g, _tommetiisel s
M 16 =
- - Cq -~ -7
< — — 2.8 — AN 1 v— v |A| BTy
S (o= vlt o =) 4 8ea | 7 (v = o A0 = 0.0) (SRR o

- - - - 249
<M (Jv —3* + |vs — 0:[%) + 8ea [16¢4(|v — v4| AT — B.])] Ly (o, |A[5—. )7 > 21

71604}
~12 ~ 12 2t
M(|'U — 'U| + "U* — ’U*| ) + 8C4 [1604(|'U‘ + |U*D] v n{(lv‘+|v*‘)72 1(13{4}
Fix now ¢ > 0 and observe that
x?+3 ]1{ " M }<.’E1 ’Ye_]\/[q/’v (1604)q/’v q < C —_ M/ 2(1604)‘7/7 q
Point (i) follows.
Point (ii) is quite delicate. First, there is C such that for all K € [1,00), all 2,y > 0,
Pr(x) <Czx” and |Px(x)— Pr(y)| < Clz” —y7|.
Indeed, it is enough to prove that for I'k (z fo (1 —cosG(z/x))dz, Tk(0) = 0 and |y (z)| <

C. But T'g(z) ==z OK/Z(l cos G(z ))dz < @ [;7 G*(2)dz, so that Tk (0) = 0 and [ (z)| <

IS (1—cos G(2))dz+a(K/x*)(1—cos G(K /z)) < [;° G2 (2)dz+(K/x)G?(K/x), which is uniformly
bounded by (1.10)). Consequently, for all X,Y € R3,

X0 (|X]) = YO (Y]] <CIX = Y[(IX]" + [Y]7) + C(IX[ + Y DIIX]T = [Y]7].
Using again that |27 — y?| < 2|z — y|/(2!77 + y'1=7), we easily conclude that
(3.2) (X Ok (|X]) = Yo (Y)| <CIX = Y[(|X]" + [Y]).

Now we write

[
[
(3.3) =—
(

By (3.2) and the Young inequality, we deduce that

AK <CO(Jv = 8] + o — ) os — (o = 07 + o — 27)
+Clz = (o = 8] + o — ) (Jo — 2]+ 5 — 8.]7)
<O[(Jv = 8] + o = B])? + o = 2 2(|0 = 0] + o — 2]
Ol — 0l (o = 3] + o — 0] 4 o = B ([0 = 2]+ (0 = 3] + o — o] + [0 = B])).
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The first term is clearly bounded by C(|v — |? + [ve — 0x]? + s — 242(1 + 0] + |vi| + |2:))?)
which fits the statement, since 2y < 2v/(1 — ). We next bound the second term by

Clax — vl (Jv — 2] + v — va])"

+ Clax = v (Jv = 8] + [vs = Bu])

+ Clae = vul(Jo = 0]+ v = Oul)(Jo = 2] + [0 = 0u])?

+Claw — v (Jo = 0] + v, — B ).

Using that z2y7 < 2%/(2=7) 4 42 (for the second line), that zyz" < (zz7)? +y? (for the third line)
and that zy'tY < 22/(0=7) 4 42 we obtain the upper-bound

Clze = ouP(1+ 0] + |2a] + [va])?
O =8l + o = ) + |z — v/
+ O = 0]+ |vxe = 0:)? + |20 = a2l = 2] + [0 — 0 )?
+ C(Jv = 0] 4 |va — 0a])? + |20 — 0,7,
which is bounded by
Ofo = 5% + [ou = Buf2) + Clew = v A{ (L4 fol 4 [z + 0]} + [z — /772
(o = 2] + o = 02 [ — 0 /OTD2L,

One easily concludes, using that max{v,4/(2 —v) — 2,2v,2/(1 —v) — 2} = 2v/(1 — 7).

We finally check point (iii). Using (1.10)), we deduce that 1 — cos(G(z/27)) < G?*(z/27) <
C(z/x7)~%/V, whence U (z) < Ca®/V I 272Vdy = C2®V/VK'=2/Y. Thus

(3.4) A (0,0,,0,0,) <C(|v = va]? + [0 = 0] [0 — u]) |0 — 0,2V K2,
from which we easily conclude, using that [0 — @, ||v — v,|"T27/Y < |6 — 0,2 + [v — v, |>T*/Y. O
We conclude with the hard spheres case.

Lemma 3.4. Assume (1.3]), (L.5) with v =1, (1.6) and adopt the notation of Lemma ,
(i) For all ¢ > 0, there is Cy > 0 such that for all M > 1, all K € [1,00), all v,v., 7,7, € R?,

A (0,04, 0,0,) <M (Jv =02 4 |vs — 0.|2) + CuK (|0] 4 |])e™ M Callol+loalD),
(ii) For all ¢ > 0, there is Cy > 0 such that for all M > 1, all K € [1,00), all v,v,,?, 7, € R?,
AF (0, 0,,0,0,) — AX (0, 20,0, 0,) KM (Jv = 32 + |04 — 04]?) + Clvw — 2 2(1 + |0] + |04 + |2:])?
+ Cy(1+ |9 + |1~]*‘)Ke—M‘Zqu(IquJrlm|"+|z*|‘*)
(iii) For all ¢ > 0, there is Cy > 0 such that for all K € [1,00), all v, v, 0, 0x € R3,
AK(v,v,,0,9,) <C,(1+ ‘@De—K‘Zqu(Iv\qu*|"+|z*|").
Proof. On the one hand, implies

(v = va| = |9 — 0.])
o= val + [5 = 5]
<dey(Jv — v A = Bu]) ([ = D) + |04 — D4]?).

AR (v, 0,,0,0,) <2c4|v — v, || — s
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On the other hand, since G takes values in (0,7/2), we obviously have

2
o~ 77 ~ -
AR (v, v,,0,0,) §7K|U—U*HU — Dy

Consequently, we may write

2
JO - - ™ . .
A{((’U,U*,U,’U*) < M(jv— U|2 + v — U*|2) + ?K|’U —v,||o — v*|]1{4C4(|’U7’U*|/\"5717*|)2M}'
Point (i) easily follows, using that [v — vi|l{se,(jv—o,|Ajo—5.)>M} < [V = V| Lfscy v, > my <
v — U*|6—qu(404|v—v*\)q < qu—M"€2(4C4\v—v*|)q < qu—Mq62q+1(404)q(|v\‘7+|v*|‘1).

Using all the computations of the proof of Lemma(ii) except the one that makes appear the
power 2/(1 — ), we see that for AL := AL (v, v,,9,0.) — AX (v, 24,9, D)

AK <Olo = 8 + [0 = 52 4 o — 22 2(1+ [o] 4 o] 4 [22)) + 22 = v (Jo — 32 + [0 — 5[]
SC(L+ |20 = vi)(Jv = B + v = 0]?) + Clow — 22 (1 + [v] + Jvu] + [24])?.
On the other hand, starting from and using that ¢ (z) < 7K, we realize that
A <CK1+ (0] 4 |0.]) (1 + |v]* 4 |va > + 2:]?).
Hence we can write, for any M > 1,
Ay <M (v =0 + v = 0.]?) + Clos — 2 2(L+ [v] + [ve] + |2])?
+ CK (14 5] + [3:) (1 + [0 + Jva* + |2 ) Do 41z, —0 201y

But (1 + [0 + [val® + [2:) Loz —vpzmy < (14 (0] + [vi] + [2:)* Lot o/ 4o 422y <
(14 [v] + [vs] + |2 ])2e™ MO At IFIOH2 D < O =M eCallol* v "+121")  Poing (ii) is checked.

Finally, we observe that Wk (z) < m [ G*(z/x)dz. But here, G(z) = (m/2 — z);+ whence

Ui (z) < (7*/24) 2l {p>ox/ny < 521 (> 2. Thus for any ¢ > 0, Uk (z) < bre K"e'®" 5o that
A (000,85, 52) <O+ )1+ Jof? + [ P)e™ " o — v Je? =1
<C,(1+ |5])e K" eCallvl+lva]?)

as desired. O

4. CONVERGENCE OF THE PARTICLE SYSTEM WITH CUTOFF

To build a suitable coupling between the particle system and the solution to , we need
to introduce the (stochastic) paths associated to . To do so, we follow the ideas of Tanaka
[38, 39] and make use of two probability spaces. The main one is an abstract (2, F, Pr), on which
the random objects are defined when nothing is precised. But we will also need an auxiliary
one, [0,1] endowed with its Borel o-field and its Lebesgue measure. In order to avoid confusion,
a random variable defined on this latter probability space will be called an a-random variable,
expectation on [0, 1] will be denoted by E,, etc.

4.1. A SDE for the Boltzmann equation. First, we recall the classical probabilistic interpre-
tation of the Boltzmann equation initiated by Tanaka [38] 89] in the Maxwell molecules case.

Proposition 4.1. Assume (L.3)), (L.5), or and let fo € Po(R3). If v € (0,1], assume
additionally and that fo satisfies (1.12)). Let (fi)i>0 be the corresponding unique weak solution
to . Consider any fo-distributed random variable Wy and any independent Poisson measure
M(ds,do,dz,dp) on [0,00) x [0,1] x [0,00) X [0,27) with intensity measure dsdadzdyp. Consider
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also, for each t > 0, a fi-distributed a-random variable W, in such a way that (t, ) — Wi () is
measurable. Then there is a unique (cadlag adapted) strong solution to

t 2
(4.1) Wy =W, +/ / / c(Ws_, Wi (a), z,90)M(ds,da, dz, dp).
R3
Furthermore, Wy is fi-distributed for each t > 0.

We will note (W;);>0 such a Boltzmann process. It can be viewed as the time-evolution of the
velocity of a typical particle in the gas.

Proof. The proof is very similar to that of [I7, Proposition 5.1], see also [19, Section 4] and
is omitted. In [I7, Proposition 5.1], the same Boltzmann equation is studied, with much less
assumptions on fy (so that uniqueness is not known for (L.1))). But the formulation of the SDE
is different (it is equivalent in law). The same proof as in [I7, Proposition 5.1] works here, with
several difficulties avoided due to the facts that fy has exponential moments and that uniqueness
is known to hold for . O

4.2. A SDE for the particle system. Here we write down a Poisson stochastic differential
equation corresponding to Nanbu'’s particle system and we prove Proposition (1).

Proposition 4.2. Assume (L.3), (L.5), (L.6) or and let fo € P2(R3), N > 1 and K €

[1,00). Consider a family (Voi)l_ly__, of 1.4 d fo dzstmbuted random variables and an independent
family (ON(ds,dj,dz,dp))i=1,...n of Poisson measures on [0,00) x {1,...,N} x [0,00) x [0,27)

with intensity measures ds (N_l Zgzl 6k(dj)> dzdy. There exists a unique (cadlag and adapted)

strong solution to
2m
(4.2) VvNE = /// / Kk (VENE yIENE o 0)ON (ds, dj, dz,dg), i=1,...,N.

Furthermore, (‘/f’N’K)i:17___7N7t20 is Markov with generator Ly k. We have E [\th’N’Kﬂ —
f]RB |v|? fo(dv) and, if fRS [v|P fo(dv) for some p > 2, Sup[o 77 E [|th’N’K\p} < Cpr,f0. 5

Proof. First of all, observe that we actually deal with finite Poisson measures, since cx vanishes for
z > K. Thus, strong existence and uniqueness for is trivial: it suffices to work recursively on
the instants of jumps (which are discrete) of the family (O (ds, dj, dz,dp))i=1,.. n. Consequently,
Viv K (V;1 N, K, ey VtN’N’K) is a Markov process, since it solves a well-posed time-homogeneous
SDE. Its infinitesimal generator is classically defined by (2.7)), with actually a sum over all cou-
ples (i,7) € {1,...,N}2, but this changes nothing since the terms with i = j vanish because
cr (v,v,2,0) =0 for all v € R?. Next, a simple computation shows that

27
]EHVINK|] _‘r_iZ// / VINK+C (VlNKVJNKZ, )|

— [VINE ) dpdzds

27
_E[l / / / VlNK VQNK Z,(,O)‘Q

+ VI NE (Y INE yRNK @))dgodzds
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by exchangeability. But, as seen in the proof of Lemma [3.1}
2w
[ (vl 4 20 clo,ve,0) )dpds = o = 0. = 20+ (0 = )] (0 = v,
o Jo
whence, using again exchangeability,
N-1 [t
EHVl N, K|2] E[[Vi[?] + - / E(DVSLN,K _ VSQ,N,K|2 _ 2V81,N,K ) (VSLN,K _ VSZ,N,K)}
0
Oy (|VINE V52’N7K|))ds
:]E[|V1|2] . N -1 /t E([WLN,K _ VQ,N,K|2 _YLNEK (Vl,N,K _ Vz,N,K)
0 N 0 s s s s s
_ VSQ,N,K ) (VS2,N,K . Vsl,N,K) (I)K(|V81,N,K _ Vf,N,K'))d&
In this last expression, the integrand is zero, so that, as claimed, E[JV,"V"" 2] = E[|V}[}] =
Jas [v]2fo(dv). Recalling finally (2.1) and (2.5)), we see that |c(v, vy, 2,¢)| < |v — v,|. Thus for

P22,

2T
/ / (o + (0, 0., 2, Q) — [o])dpdz < CoE (fu] + [va]?).
0 0

Consequently, we obtain as previously

N t
BV P < BN+ 3 BV vl

and conclude, using again exchangeability, that E[|V,""""|P] < E[|V{}[?]e2%» K" as desired. O

This allows us to deduce

Proof of Proposition ( i). The strong existence and uniqueness for the SDE (4.2)) classically
implies the existence and uniqueness of a Markov process with generator Ly . g

4.3. The coupling. Here we explain how we couple our particle system with a family of i.i.d.
Boltzmann processes. For example, we want to couple V;l K ith a Boltzmann process W, The
main difficulty is that at each collision, W} is collided by an independent particle (using W;*) while
V1 NE s collided by some V/ "N-KWe thus have to choose j in such a way that V}/ NKCis as close
as possible to W/, but j has to remain uniformly chosen.

A technical problem obliges us to introduce the set (R?)Y :={w € (RN : w; # w; Vi # j}.

Lemma 4.3. Let f; € C([0,00), P2(R?)) be such that f; has a density for allt > 0. Let also N >
1 be fired. For v = (v1,...,vn) € (R®)N, we denote by plY := N~1 Zf[ 0y, the empirical measure
associated to v. There exists a measurable map (t,w,v,a) — (Wi (a), Z; (w,a), V¥ (v,w,a)) from
(0,00) x (R} x (R*)N x [0,1] into R? x R* x R? enjoying the following properties

(a) for allt > 0, the a-law of W}* is fi,

(b) for allt >0, w € (R®)Y, the a-law of Z} (w,.) is uX,

(c) for allt >0, w € (R®)Y, v e (R®)N, the a-law of Vi*(v,w,.) is plY,

(d) for allt >0, w € (R, v € (R®)V, the a-law of (Z} (w,.), V;*(v,w,.)) is N~1 Ziv O, v5)s

(e) for allt >0, all w € (R3], fol (Wi (a) — ZF (w, a)|2da = W2 (fy, ud).
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Proof. We first consider, for each ¢t > 0, W;* such that point (a) holds true and such that (¢, ) —
W (a) is measurable.

Next, we recall that by Brenier’s theorem (see e.g. Villani [42] Theorem 2.12 p 66]) for each
t > 0 and each w € (R®)", since f; does does not charge small sets (because it has a density
by [17]), there exists a unique map F;  : R® — R3 such that, setting Z;(w, @) := F; w (W} (),
points (b) and (e) hold true. In other words, (W;(.), Z;(w,.)) is an optimal coupling for f; and
u. Furthermore, Fontbona-Guérin-Méléard [16] have shown that F; () is a measurable function
of (t,w,z). Consequently, Z;(w, a) is a measurable function of (¢, w, ).

Finally, we define, for any w € (R?))Y and any v € (R®)V, the map Gy, : {w1,...,wy} —
{v1,...,un} by Gwv(w;) = v; (here we need that w € (R*))). We then we put V*(v,w,a) =
Gwv(Z}(w,a)), which is clearly measurable (in all its variables). Point (d) follows from (b) and
the definition of Gy v and finally (c) follows from (d). O

Here is the coupling we propose.

Lemma 4.4. Assume (L3), (L.5), or (L7). Let fo € P2(R?). Assume additionally
and if v € (0,1]. Let (fi)i>0 be the unique weak solution to and assume that f; has a
density for all t > 0 (see Theorem . Consider N > 1 and K € [1,00) fized. Let (V§)iz1.. N
be i.i.d. with common law fy and let (M;(ds,da,dz,dp))i=1,.. .~ be an i.i.d. family of Poisson
measures on [0,00) x [0,1] x [0,00) x [0,27) with intensity measures dsdadzdy, independent of
(V§)i=1,.N-

(i) The following SDE’s, fori =1,..., N, define N independent copies of the Boltzmann process:

t 1 o] 2m
Wi =Vg +/ / / / c(WE_ W), z,0)M;(ds, da, dz, dp).
o Jo Jo Jo

In particular, for each t > 0, (Wti)izl,...,N are i.i.d. with common law f;. Consequently, since f;
has a density for allt >0, (W})i=1... .~ € (R®)Y a.s.
(ii) Next, we consider the system of SDE’s, fori=1,...,N,

. ) t 1 [e'e] 27 .
ViNE iy / / / / e (VENK Vo (VK W a), 200 + 010 Mi(ds, da, dz, dp),
0 0 0 0

where we used the notation VN = (VENVE Ly NNEY e (RN W, = (Wl ... W) e
(RN and where we have set @; o5 = @o(Wi_ — Wi(s,a), VEVE —vx(vEE W, ) for
simplicity. This system of SDFEs has a unique solution, and this solution is a Markov process with
generator Ly i and initial condition (V§)i=1.. -

(iii) The family (W}, V;"N Y50, ., (WN, VNNEY S 0) s exchangeable.

Proof. Point (i) is a direct consequence of Proposition and point (iii) follows from the exchange-
ability of the family (V, M;);=1, .~ and from uniqueness (in law). In point (ii), the existence and
uniqueness result is also immediate, since the Poisson measures under consideration are finite (or
rather, are finite when z is restricted to [0, K], which is the case since cx = cll;.<k}). Finally
(VK .7VtN’N’K)t20 is a Markov process with generator Ly x due to the fact that for all
ve (RN, all w € (R®)Y, all s > 0, all ¢;; € [0,27), for all bounded measurable function
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¢: (RN =R,
N 1 poo p27
Z/o /0 /0 (¢(v +cr (v, Vi (v, w,a), 2,0 + ij).€;) — ¢(v)>dcpdzda
z;l S
:ZNZA /0 (¢(V+CK(UianaZv<P+€Oij)-ei)_d’(v))d@d'z
=N Z/ /Zﬂ O(v + ek (vi,v5,2,0).€;) — qﬁ(v))dapdz,

i#]
which is nothing but Ly x¢(v), see [2.7). We used Lemma [4.3}(c) for the first equality and the
2m-periodicity of cx (in ¢) and the fact that cx (vi,vs, 2, ) = 0 for the second one. O
4.4. Estimate of the Wasserstein distance. We can now prove our main result in the case

with cutoff. We first study hard potentials.

Proof of Theorem[1.J-(ii) when K € [1,00). We thus assume (L.3), with v € (0,1) and (L.7).
We consider fy € Po(R3) satisfying for some p € (v,2) and fix ¢ € (v, p) for the rest of the
proof. We also assume that fy is not a Dirac mass, so that f; has a density for all ¢ > 0. We fix
N >1and K € [1,00) and consider the processes introduced in Lemma

Step 1. A direct application of the It6 calculus for jump processes shows that

W = VR

E[|
27
/ / / / |VV1 VENE L Al(s, a,2,90) ]2 — [WE — VSLN’KF}dgodzdads,
where
Al(s, 0, 2,0) = (W, Wi (s,0),2,0) — cx (VIR VAV Wi, a), 2,0 4 @ias)-

Using Lemma (3.1} we thus obtain

B! - v < B (s) + BE(s) + BE (s)lds,

where, for i = 1,2, 3,
1
BI(s) = [ B[AKOVLWI (@), VIV (VI W, ) da.
0

Step 2. Using Lemma [3.3} (i), we see that for all M > 1 (recall that g € (v,p) is fixed).

1
Bi(s) <M | E[[W; = VINER W (a) = VI(VEE, Wy, a))f] da
0

1
+ Ce‘Mm/ E [exp(C(IW, |7 + W] (a)|"))] dey
0

1
gM/ E [[W) — VINKER LW (a) — VE(VYE W, )] da + Ce .
0
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To get the last inequality, we used that W} and W7(.) are independent and satisfy W} ~ f, and
Wx(.) ~ fs, whence

eC|w\qu(dw))2 <0

3

| Elescqwi+ wi@mae = ([
by .

Step 3. Roughly speaking, BX should not be far to be zero for symmetry reasons. We claim
that BX would be zero if W7 («) was replaced by Z*(W,, ). More precisely, we check here that

1
BE (s) ;:/O E [AX (W}, Z: (W, ), VEVE VE(VIE W, )] da = 0.

By Lemma, (d), we simply have

N-1

N B [AS (W, W VR V)]

B (s) =E [le i A (W2 W VI N
by exchangeability and since AX (v,v,%,?) = 0. Finally, we write, using again exchangeability,
N-1

2N
This is zero by symmetry of AX: it holds that AX (v, v., 9, 0.) + AX(D, 0, v,vs) = 0.
Step 4. By Step 3, we thus have

B (s) =B [AK (W2 W2, VINK V2NE) 4 g (72 W VENE yINE]

B3 (s) = /O 1 E[AF (WL W2 (@), VENE VA (VI W)
— AF (WL ZH (W, 0), VIRV (VK W a)) | da
Consequently, Lemma [3.3} (ii) implies
BE() < [ E[W2 - VNN W) V(I W
+[Wia) = ZE (W, o) P(L+ W |+ WS ()] + IZ;k(Ws»a)l)Q”/(l_”)}da-
Step 5. Finally, we use Lemma [3.3}(iii) to obtain
BE (s) <CK'=2/ /OlE{l WA | (o) | [N |V;*(V£V’K,Ws,a))|2}da.

Since W} ~ f,, we deduce from that E[|W2[4/v+2] = [0, [o|*/**2f(dv) < C. By Lemma
(a), we also have W (.) ~ fs, whence fol (W ()| 2" 2da = [oq [0/ 42 f,(dv) < C. Propo-
sition shows that E[[V;ENX[?] = [0, v[*fo(dv). We next infer from Lemma (c) that
[3VE(VVE W, a))Pda = N7V Y [VENK 2. Consequently, E[f [V (VNE, W, a))[2da] =
E[|VEN-E2] = [og |v]? fo(dv). As a conclusion,

BE(s) <CK'2/.
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Step 6. We set ul "™ := E[|W} — V,"*""5|2]. Using the previous steps, we see that for all M > 1,
t 1
u i <Ote™ M 4 OtV 4 (M +C) / [u" + / E[[W; (a) = VI (VYK W, a)*)da]ds
0 0
t 1
4 [ (W) - ZH(Wa P4 W+ W @]+ 125 (Was )27/ | dads,
0 0

We now write, using Minkowski’s inequality and Lemma (d) and (e),

43) [ [ E[wi) - v v W ao] "

1/2 1/2

<[ [ B[ - zwewPfaa] [ [ E[lzWea) - vV W

N 1/2
1 , ,
“EDV(fo i 12 + | SOEIWE - v:MKﬂ]

1
=EDV3 (fs, i, )12 + (u )12

by exchangeability. We deduce that
1
(4.4) /0 E[[W; (o) = VSV, W, a)Plda < 2BV (fs, pawy, )] + 20"

Next, a simple computation shows that for all € € (0,1),
1
@) [ E[Wia) - ZH WP (L4 W2+ W @) + |2 (W) 5 da
0

1
< [ E[IWi(@) - Zi(Wa @)1 W2 W (@)] 4125 (W) )75+ da
0

<(/ B[ ) - Z:<ws,a>|2}da);

1 " 5
([ Bl W @+ 12 W) T aa
0
<Ce (EVE (fomw)]) 7
For the last inequality, we used Lemma [4.3}(e), the fact that by (L.13),
1)z +2 ' ) 42
B[] = [ i) 5 = [ ) <.
0 R3

and that, by Lemma [4.3}(b)

1 N
1 X
) ElZe e et o B[ ST i ] < B [ <
0 1
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We end up with: for all ¢ € (0,1), all M > 1,

t
ulM <Cte ™" 4 CtK"¥ +3(M + C)/O (W5 + EW; (fs, 1wy )] ds

el / (EDWVE(f,, 1y )])' 5/ 2ds.

Now we observe that E[W3(fs, uiy. )] = en(fi), recall ([1.14), because W, ..., W}N are i.i.d. and
fe-distributed. Since en(fi) < 2 [gs [v]2fi(dv) =2 [gs [0]* fo(dv), since M > 1 and K € [1,00), we
get

t
uiv’K SCE (te_Mq/Fy—‘th(s]lV_’[E(/’tz"'_M/ UéV’KdS> )
0

where we have set

ON Kt = K'=2/v 4 supen (fs)-
[0,t]

Hence by Gronwall’s lemma,

sup uV K <C.T (equ/v + M(S]lv—le{/;) C=MT
[0.7] o

this holding for any value of M > 1. We easily conclude that

N,K 1—¢
sup uy " <Cerly g 7
[0,7]

by choosing M =1if o5 k7 > 1/e and M = |log 5N7K7T|’Y/q otherwise, which gives

N,K 1—¢/2 C.llog § v/ap 1—
sup u; " <Cg (TfsN,K,T + 0y, 7l10g 5N,K,T|7/q) eCellosonser "™ < O 163 1,
[0,T]

the last inequality following from the fact that v/q < 1.

Final step. We now recall that uiv’K = pﬁN,K and write
EW3 (", f0] < 2EIW3 (ngn e i, )] + 2EDVS (i, f2)].

But E[Wg(ugiv,;(w%t)] <E[N-! Zi\’ ViNE w2 = BV E w2 = oK by exchange-

ability, and we have already seen that E[W3 (usy,, fi)] = en(f¢). Consequently, for all € € (0,1),
all t € [0, 7],

1—¢
EW3 (ur, fo)l < Cexdy ser +2en(ft) < Cor (K“’”” +sup m(ﬁ))
0,T

and this proves ([1.18)). Using finally (1.13)) and applying finally Theorem (with any choice of
k> 2), (1.19) easily follows. O

We next study the case of Maxwell molecules.

Proof of Theorem [1.4}(i) when K € [1,00). We thus assume (L.3), with v = 0 and (L.7).
We consider fo € P2(R3) not being a Dirac mass. We also assume that fo € P4(R®) or that
fR3 fo(v)log fo(v)dv < oo, so that f; has a density for all ¢ > 0. We fix N > 1 and K € [1,00) and
consider the processes introduced in Lemma 4.4



RATE OF CONVERGENCE OF THE NANBU PARTICLE SYSTEM 23
Step 1. Exactly as in the case of hard potentials, we find that
B!~ VN < [ 1B+ BE )+ BE G
where BX(s) := fol E[AZK(Wsl, Wi(a), VENE v (VNE W a))] da fori=1,2,3.

Step 2. By Lemma (i), we have B¥(s) = 0.
Steps 3 and 4. By Lemma (ii), it holds that for (x = ﬂfOK(l —cosG(z))dz,

1
BE(s) = Gie [ B[ W2 = VIV 4 W (@) = Vi (VI W) da
0
Step 5. By Lemma [3.2} (iii)
1
Bf(s) < OKH/V/ EDW;F + W ()] + \V;’N~K|2} da < CK' 72/,
0

since, as usual, E[|[W}|?] = fol Wi (a)Pda = E[|[VENE1P] = [os [v]? fo(dv).
Step 6. Setting ul ' = E[|[W} — VYV |2)) we thus have

t 1
ul SC’KlfQ/”t—FCK/O <—ui\”K —|—/0 E“W:(a) - V;,*(Vi,V’K,WS,a)ﬂda) ds

gCKH/”HgK/O (2\/u£”K\/E W2 (f, 1%.)] +E[W§(fs,u§vvs)]>d3

by ([.3). Next we recall that en (fr) = E[W3 (fs, iy, )], we set en,r = sup(o,7 € (ft) and we recall
that (x < [~ (1 — cos G(z))dz < co. We thus may write, for all ¢ € [0, 7],

t
ui\ﬂK SC(KI_Q/U+€N,TT)T+05}\/<2T/O (ué\/,K)l/2dS = UiV’K.

Then we have (v)"%)" < 05%72T(véV’K)1/2, so that (v F)1/2 < (C(Kl‘Q/"+sN7TT)T)1/2+Ce}\{72Tt.
We conclude that

sup u;N’K < C’(Kl_Q/” +enT)T + C’ngN)T < COK“72vp 4 C(T+ T2)5N)T.
(0,7

Final step. Exactly as in the case of hard potentials, for ¢ € [0, 7],

EDVS (", £)) < 2en(f) + 20" < CK'72MT 4+ C(1+ 1) sup en(fi)
[0,T]
whence (L.16). If finally fo € Pp(R?) for all k > 2, then we know that sup(y ) [ps [v|* fi(dv) < oo,
so that (1.17) follows by application of Theorem O

We conclude with hard spheres.

Proof of Theorem (m) We thus assume , with v = 1 and . We consider
fo € P2(R3) satisfying for some p € (v,2) and fix g € (v, p) for the rest of the proof. We also
assume that fo has a density, so that f; has a density for all ¢ > 0. We fix N > 1 and K € [1,00)
and consider the processes introduced in Lemma
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Step 1. Exactly as in the case of hard potentials, we find that

t
W BW - VENE P < / (BX(s) + BE(s) + BE (s)]ds,

where BE (s) := [\ E [AK (WL, W (a), VslvaK,VS*(Vﬁv’K,Ws,a))]da fori—=1,2,3.

Steps 2, 3, 4, 5, 6. Following the case of hard potentials, using Lemma [3.4] instead of Lemma
we deduce that for all M > 1,

3 1
S BI(s) <2M [ BWE - VEVER 4 W (@) - Vi (VI W) da
1 0
q q !
F O oK) B[ VYK [V (VIR W)
0
y ecuw:|q+\W:(a>|Q+|Z:<ws,a>\q>}da

1
+ c/ E(|Wi(a) = Z: (VI W, a)1?
0
X (1 (W + Wi ()| + 122 (VYR W, 0))2]da

Proceeding as in (4.5), we deduce that the last line is bounded, for all € € (0, 1), by

2—¢
Ce (E WS (formw,)]) ©
and using (4.4)), the first term is bounded by
AME WA (oo iy )] + 6Mu

Using finally the Cauchy-Schwarz inequality, that, thanks to Lemma( ) and by exchangeability,
E[f, V2 (VYK W, )%da] = EIN-1 SN VMK = BVINKE] = [, Joffo(dv) < oo and
(L13), we casily bound the second line by C(Ke™ " 4e=K") (recall that Wi~ f, that W*(.) ~ fs
and that, by Lemma [L4}(b), [} eC1Z: (Wee)l"dq — N=1 57N CIWI),

Recalling that E [W3(fs, u{y.)] = en(fs) and setting eny = supo, €N (fs), we thus have, for
any M > 1, any ¢ € (0,1),

K§6M/Otuiv’de+Ct(Ke_Mq+ )—I—Ctsl 6/2.
Thus by Gronwall’s Lemma,
K <Oa(e™" +e K" e\ 7/%)eM,
Choosing M = 2K and using that Ke~?K)" < Ce X" we deduce that

sup u) N <CT(e™" + ey 1/%)eKT = C.T(e™ + (sup en(f.)) /%) KT
[0,7] [0,7]

Final step. We conclude as usual, using that E[W2(ur ™, f)] < 2en(fi) + 2ul™ to obtain

(1.20) and then (|1.13) and Theorem [1.3|to deduce (1.21)). O
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5. EXTENSION TO THE PARTICLE SYSTEM WITHOUT CUTOFF

It remains to check that the particle system without cutoff is well-posed and that we can pass
to the limit as K — oo in the convergence estimates ([1.16])-(1.17)-(1.18)-(1.19). We will need the
following rough computations.

Lemma 5.1. Assume (1.3), (1.5) and (1.6) or (1.7). Adopt the notation of Lemma|3.1 There
are C >0, k>0 and § > 0 (depending on v,v) such that for all K € [1,00), all v,vs, 0,0, € R3,

3
D AF (0,00,5,5.) < C(L+ [o] + o] + 8] + [8.)"(Jv = 8* + |v. — 8> + E9).
=1

Proof. Concerning AKX, we start from (this is valid for all v € [0, 1]) and we deduce that
A (0, 04,9, 04) <8ea(|v — B A |vw — T|) (| — 0| + |vs — Ba])?
<C(1+ [v| + [vi| + 8] + [0:])7 (Jv = B + v — 0:[?).
We then make use of (also valid for all v € [0, 1]) to write
AZ (0, 04,0,0,) SO(Jo = 8] + [ox = 0:))*(Jv = ve|" + [0 — 5.])
SC(L+ Jv] + Jos] + [8] + [8:]) (Jo = T + |vs — 0 ]?).
For Ag{ , we separate two cases. Under hypothesis , we immediately deduce from that
AR (v, 04,9, 0,) SO(L+ o] + [vg| + 8] + [0,])2 T2V K172/,

Under hypothesis (1.6)), we have seen (when v = 1, at the end of the proof of Lemma that
Ui () < 527N {v> K2}, Whence g (z) < 102*7 /K and thus

AE (0,00,8,8.) SC(Iv = 0] V |5 = 82K < O+ o] 4 o + [6] 4 [8.)* 2K

The conclusion follows, choosing kK = 2 4 2y/v and 6 = 2/v — 1 under (1.7) and x = 2 + 2 and
0 = 1 under (1.6)). O

Now we can give the

Proof of Proposition ( it). We only sketch the proof, since it is quite standard. In the whole
proof, N > 2 is fixed, as well as fy € Po(R?) and a family of i.i.d. fo-distributed random variables

(VoM )izt,...n-

Step 1. Recall ([2.8)). Classically, (Vti’N’OO)Z-:LwN,tZO is a Markov process with generator Ly
starting from (VS’N)Z-:LMN if it solves

t e’} 2
(5.1) VZ’N"”=V&+/ // / c(VEN N L SYON (ds, dj, dz, dp), i=1,...,N
0o JjJ0 0

for some i.i.d. Poisson measures O} (ds, dj,dz,dp))i=1, . n on [0,00) x {1,..., N} x [0, 00) x [0, 27)
with intensity measures ds (N_l Zgzl 6k(dj)) dzdp.

Step 2. The existence of a solution (in law) to (5.1]) is easily checked, using martingale problems
methods (tightness and consistency), by passing to the limit in (4.2]). The main estimates to be
used are that, uniformly in K € [1,00) (and in N > 1 but this is not the point here),
<Cr

BV NP = [ ol fo(d) and B
R3

sup |‘/vtl,N,K|
(0,77
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for all T" > 0. This second estimate is immediately deduced from the first one and the fact that
I Ozﬂ le(v, vy, 2, 0)| < Clv — v, " < O(1 + |v] + |vi|)?. The tightness is easily checked by using
Aldous’s criterion [IJ.

Step 3. Uniqueness (in law) for is more difficult. Consider a (cadlag and adapted) solution
(V) ) Naso to . For K € [1 00), consider the solution to

27
ViR —yi g /// / xk (VIR VINE o o4 0o )ON (ds, dj, dz,de), i=1,...,N

where g = @o(VoN 2 — yINee N E i NoEY S Guch a solution obviously exists and is
unique, because the involved Poisson measures are finite (recall that cx (v, vi, z,¢) = 0 for z > K).
Furthermore, this solution (Vti’N’K)Z—:LM N,+>0 is a Markov process with generator Ly i starting
from (V()i’N)i:L,,,,N (because the only difference with is the presence of ¢, ; ; which does not
change the law of the particle system, see Lemma [4.4}(ii) for a similar claim). Hence Proposition
(i) implies that the law of (Vf’N’K)i:LwN’tZO is uniquely determined.

We next introduce 7y .4 = inf{t >0 : Jie {1,...,N}, [V;"V°| + V"] > A}. Using, on
the one hand, the fact that (Vf’N’OO)i:L,,,)MtZO is a.s. cadlag (and thus locally bounded) and, on
the other hand, the (uniform in K) estimate established in Step 2, one easily gets convinced that
(5.2) VT >0, lim supPrlryxa<T]=0.

A—oo g>1

Next, a simple computation shows that

1,N,00 LVK 2 1 & PATN A o0 1,N,00 LN, K 1,,N,K 2
EH‘/I‘//\TN,K,A ‘/;f/\TNKA ] SN ZE[ (’V _‘/s— +As— (Z7(p)| -
o 0 o Jo

‘Vl N0 V1,N,K’2)d@d4

s—

where

Al,j,N,K( (V1,N,oo Vl,N,oo (Vl,N,K V1,N,K

yp) = zp) —ex (Vi oL AP E Psig)-
Using Lemmas [3.1] and [5.T) and the fact that all the velocities are bounded by A until 7y & 4, we
easily deduce that

EHVI ,Ny0o Vl,N,K |2]

tATN, K, A tATN K, A

C(1+ A" IATN, K, A ‘ '
§+ ZE[/ (|V517N’OO — VSl’N’K|2 + |VSJ’N’°° _ VS]’N’K‘Q + K—&)ds
= 0

SCT(1+A)RK76+O(1+A)H/ H 1Noc _Vsl,N,K |2]d8

/\TN K,A ATN, K, A

by exchangeability. We now use the Gronwall lemma and then deduce that for any A > 0,
(5.3) lim sup E[[Vee v E 12 <.

tATN, K, A tATN K, A

Gathering (5.2) and (5.3), we easily conclude that for all £ > 0, V;"™"® tends in probability to
th’N"m as K — oo. Thus for any finite family 0 < ¢; < --- < #y, (Vtz,’N’K)i:l,__.’N,j:L___71 goes
in probability to (V’JN °Yi=1,....N,j=1,..1, of which the law is thus uniquely determined. This is

classically sufficient to characterize the whole law of the process (‘Qi’N’Oo)i:L,__,N’tZO.
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Conclusion. We thus have the existence of a unique Markov process (VZ’N’OO)izL___,N,tZO
with generator Ly starting from (VOZ’N)Z-:L”_,N, and it holds that for each ¢ > 0, each N > 2,

i,N,K)

(VEN20),Zy v is the limit in law, as K — oo, of (V i=1,...,N- -

To conclude, we will need the following lemma.

Lemma 5.2. Let N > 2 be fized. Let (X"’N*K)i=17.._,N be a sequence of (R®)N -valued random
variable going in law, as K — oo, to some (R*)N -valued random variable (XZVN),;:L.__?N. Consider
the associated empirical measures v™N% = N1 Zi\;l dxink and vV = N1 Zfil Oxin. Then
for any g € Po(R3),

2( N < imi 2 (. N.K .
E[W; (", 9)] <liminfE [W; (V™" g)]

Proof. First observe that the map (71,...,25) — Wa(N! Ziv z,,9) is continuous on (R3)V.
Indeed, it suffices to use the triangular inequality for W, and the easy estimate
T, 1 1 &
2 2
i (4 200308, ) < 4 Dl

N, K
9

Consequently, W3 (V ) goes in law to W3 (Z/N , g). Thus for any A > 1, we have

E (W3 vV Al = lim EWs (VK A] <liminfE W2 (vV5 g)].
vz (v%.9) A A] = lim B (W5 (v, g) A A] < Timinf E [V (v™F, g)]
It then suffices to let A increase to infinity and to use the monotonic convergence theorem. O

This allows us to conclude the proof of our main results.

Proof of Theorem [1.}-(i)-(ii) when K = oo. Recall that (L.16)-(L.17)-(T.18)-(1.19) have already
been established when K € [1,00). Since (Vti’N’oo)i:l,__”N is the limit (in law) of (Vti’N’K)i:L,__,
as K — oo for each t > 0 and each N > 2 (see the conclusion of the proof of Proposition [I.2}(ii)
we can let K — oo in (L.16)-(L.17)-(L.18)-(1.19) using Lemma [5.2]

O>—=

APPENDIX A. QUANTITATIVE EMPIRICAL LAW OF LARGE NUMBER

We conclude the paper with the

Proof of Theorem . We thus assume that f € Py (R?) for some k > 2, with d = 3. We denote
by VN the empirical measure associated to N i.i.d. f-distributed random variables. We denote by
Mp(f) := [ga |v[*f(dv) and observe that E(M(u™)) = My(f).

Step 1: k > 20. Consider the Sobolev norm defined, for f,g € P(R%), by
I =gl i= [ (162717 - @) de,

where f and § denote the Fourier transform of f and g. We have (see [31, Lemma 4.2))
1 s 5 Cas .
B - F-) = [ A+ 1670 = FOP)E < S it s> a2
Rd

as well as the classical inequality (see e.g. [25, Lemma 2.1])

. k2
Wa(f.0) < Cas(My(f + ) 7555 f — gl =" if 5> d/2.
In dimension d = 3 with the choice s = 3/2 (which is forbidden), this gives

k—2

Wal(f,9) < C(My(f + )T ||f — gl|375, if s > d/2.



28 NICOLAS FOURNIER AND STEPHANE MISCHLER

Consequently, by Holder’s inequality,

E (W2(u~, ) <CE <<Mk<f+uN>>f+1||u€ - f||§,"3§/2>

k—2

3 k¥l

<CE (Mi(f + 1) " E (i =l -o0)

3 =
<CMi(f)TE (g — fll3=s2) "
2

SCMk(f) T N~ Skk+3

Since the choice s = d/2 is forbidden, we only get an estimate in N=2" for any r < (k—2)/(6k+6).

Step 2: k € (7,20]. We sketch the proof of Rachev-Ruschendorf result [35, Theorem 10.2.1] to
which we refer for details and that we will slightly modify in the next step. Let

_ _ 12
pVe =N w gt f= gt gf(a) =T g(afe), gla) = (2m) TR e,
Using a standard L!-upperbound of W7 and the Cauchy-Schwarz inequality,

W2 (N, f) <2W3 (N, 1Ne) + 23 () S, £°)
§2de2+2|||x| (w5 (2) = £ ()| 2
<2de? + 2||(1 + ) 2HE+/2(1 4 |g|) =2 NE (1) — £ (2))| 1
<2de? + Cu|(1 + [a) 4+ (1N () — £2())?]}/?

for any « > 0. By Jensen’s inequality, we get, for any € > 0, any o > 0,

BV, 1) < 20+ CoB (I(1+ ) 450 () = )P

But this last quadratic quantity can be easily computed and one gets
1
E (|14 )™ (e (@) = f2(2)?0) = /Rd(l +[a) (g2 + f) () da

Since d = 3 and since f € P(R?) with k¥ > 7 = 4 + d, we may choose @ = k — 7 and we easily
deduce that for all € € (0,1), [pa(1 + [@])* T4 (g2 * f)(z)dx < Ce™3(1 + Mi(f)). We thus have

(1+ M (f))'/?
N1/2:3/2

for all € € (0,1). Choosing ¢ = N=V/7 we find EW3(u, f)) < CN~2/7 as desired.
Step 3: k € (2,7). We start as in the previous step and write
Wi (s f) <2de” + 2| |2 (02 () = f2(2)) |

<2de”® + 2||(1 + [2])* Lo <ry (1™ (@) = (@)l 22 + 2

EW3 (1™, f)) < 6* +C

My (f¢ + p)
RF—2

<2de® 4 2{|(1 + |2])* 2 Lo <my (1+ [2)M2 (05 (@) = f2(2) ][0 +2

Mk(f‘S + pVe)
RE—2 '

M (fe + pe)
RE—2

<2de? + CRUFTI/2|| (1 4 |2k (™= (2) — f£2(2))2] 307 +



Proceeding as in Step 2 for the middle term and noting that for e € (0,1), E[M(f¢ + p™)] <

c(

Ch

=)
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(11]

(12]

[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]
[22]
23]

[24]
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1+ My(f)), we obtain, with d = 3,
R(T—R)/2 1+ My(f)
EOW3 (1N, f)) < 6% + CW(I + Mi(f))'? + CW'
oosing e = N~(k=2)/5k and R = N2/%% we get a bound in N~(2F=4/5% a5 desired.
Step 4: k = 7. It suffices to use the bounds we proved for any k& < 7. g
REFERENCES

ALDOUS, D. Stopping times and tightness. Ann. Probab. 6, 2 (1978), 335-340.

ALEXANDRE, R. A review of Boltzmann equation with singular kernels. Kinet. Relat. Models 2, 4 (2009),
551-646.

ALEXANDRE, R., DESVILLETTES, L., VILLANI, C., AND WENNBERG, B. Entropy dissipation and long-range
interactions. Arch. Ration. Mech. Anal. 152, 4 (2000), 327-355.

ARKERYD, L. On the Boltzmann equation. I. Existence. Arch. Rational Mech. Anal. 45 (1972), 1-16.
ARKERYD, L. On the Boltzmann equation. II. The full initial value problem. Arch. Rational Mech. Anal. 45
(1972), 17-34.

BARTHE, F., AND BORDENAVE, C. Combinatorial optimization over two random point sets. arXiv:1103.2734v2.
BoBYLEV, A. V. Moment inequalities for the Boltzmann equation and applications to spatially homogeneous
problems. J. Statist. Phys. 88, 5-6 (1997), 1183-1214.

BoissarD, E., AND LE Goulc, T. On the mean speed of convergence of empirical and occupation measures in
wassserstein distance. arXiv:1105.5263v1.

BoLLEY, F., CANIZO, J.A., AND CARRILLO, J.A. Stochastic mean-field limit: non-Lipschitz forces and swarming.
Math. Models Methods Appl. Sci. 21, 11 (2011), 2179-2210.

CARRAPATOSO, K. Quantitative and qualitative Kac’s chaos on the Boltzmann’s sphere. arXiv:1205.1241.
CERCIGNANI, C. The Boltzmann equation and its applications, vol. 67 of Applied Mathematical Sciences.
Springer-Verlag, New York, 1988.

DESVILLETTES, L. Boltzmann’s kernel and the spatially homogeneous Boltzmann equation. Riv. Mat. Univ.
Parma (6) 4* (2001), 1-22. Fluid dynamic processes with inelastic interactions at the molecular scale (Torino,
2000).

DESVILLETTES, L., GRAHAM, C., AND MELEARD, S. Probabilistic interpretation and numerical approximation
of a Kac equation without cutoff. Stochastic Process. Appl. 84, 1 (1999), 115-135.

DESVILLETTES, L., AND MOUHOT, C. Stability and uniqueness for the spatially homogeneous Boltzmann equa-
tion with long-range interactions. Arch. Ration. Mech. Anal. 193, 2 (2009), 227-253.

EscoBEDO, M., AND MISCHLER, S. Scalings for a ballistic aggregation equation. J. Stat. Phys. 141, 3 (2010),
422-458.

FoNTBONA, J., GUERIN, H., AND MELEARD, S. Measurability of optimal transportation and convergence rate
for Landau type interacting particle systems. Probab. Theory Related Fields 143, 3-4 (2009), 329-351.
FOURNIER, N. Finiteness of entropy for the homogeneous Boltzmann equation with measure initial condition.
arXiv:1203.0130.

FOURNIER, N., AND GODINHO, D. Asymptotic of Grazing Collisions and Particle Approximation for the Kac
Equation without Cutoff. Comm. Math. Phys. 316, 2 (2012), 307—-344.

FOURNIER, N., AND GUERIN, H. On the uniqueness for the spatially homogeneous Boltzmann equation with a
strong angular singularity. J. Stat. Phys. 131, 4 (2008), 749-781.

FOURNIER, N., AND MELEARD, S. A stochastic particle numerical method for 3d Boltzmann equation without
cutoff. Math. Comp. 71 (2002), 583-604.

FOURNIER, N., AND MELEARD, S. A weak criterion of absolute continuity for jump processes: application to
the Boltzmann equation. Bernoulli 8, 4 (2002), 537-558.

FOURNIER, N., AND MouHOT, C. On the well-posedness of the spatially homogeneous boltzmann equation with
a moderate angular singularity. Comm. Math. Phys. 283, 3 (2009), 803—-824.

GRAHAM, C., AND MELEARD, S. Stochastic particle approximations for generalized Boltzmann models and
convergence estimates. Ann. Probab. 25 (1997), 115-132.

GRUNBAUM, F. A. Propagation of chaos for the Boltzmann equation. Arch. Rational Mech. Anal. 42 (1971),
323-345.



30

NICOLAS FOURNIER AND STEPHANE MISCHLER

[25] HAURAY, M., AND MISCHLER, S. On Kac’s chaos and related problems. http://hal.archives-ouvertes.fr/hal-

00682782.

[26] Kac, M. Foundations of kinetic theory. In Proceedings of the Third Berkeley Symposium on Mathematical

Statistics and Probability, 1954-1955, wvol. III (Berkeley and Los Angeles, 1956), University of California
Press, pp. 171-197.

[27] Lu, X. Conservation of energy, entropy identity, and local stability for the spatially homogeneous Boltzmann

equation. J. Statist. Phys. 96, 3-4 (1999), 765-796.

[28] Lu, X., AND MouHOT, C. On measure solutions of the Boltzmann equation, part I: moment production and

stability estimates. J. Differential Equations 252, 4 (2012), 3305-3363.

[29] McKEAN, H. P. Fluctuations in the kinetic theory of gases. Comm. Pure Appl. Math. 28, 4 (1975), 435-455.
[30] McKEAN, JRr., H. P. An exponential formula for solving Boltmann’s equation for a Maxwellian gas. J. Com-

(31]
(32]
(33]
(34]
(35]
(36]
(37]

(38]

(39]
(40]
[41]

42]

DU

binatorial Theory 2 (1967), 358-382.

MISCHLER, S., AND MouHOT, C. Kac’s Program in Kinetic Theory. To appear in Inventiones Mathematicae,
hal-00608971.

MISCHLER, S., MouHOT, C., AND WENNBERG, B. A new approach to quantitative chaos propagation for drift,
diffusion and jump processes. http://hal.archives-ouvertes.fr/ccsd-00559132.

MISCHLER, S., AND WENNBERG, B. On the spatially homogeneous Boltzmann equation. Ann. Inst. H. Poincaré
Anal. Non Linéaire 16, 4 (1999), 467-501.

NanBU, K. Interrelations between various direct simulation methods for solving the Boltzmann equation. J.
Phys. Soc. Japan 52 (1983), 3382-3388.

RacHEv, S.T., AND RUSCHENDORF, L. Mass transportation problems, vol. I and II, Springer-Verlag, Berlin,
1998.

SzZNITMAN, A.-S. Equations de type de Boltzmann, spatialement homogénes. Z. Wahrsch. Verw. Gebiete 66, 4
(1984), 559-592.

SZNITMAN, A.-S. Topics in propagation of chaos. In Ecole d’Eté de Probabilités de Saint-Flour XIX—1989,
vol. 1464 of Lecture Notes in Math. Springer, Berlin, 1991, pp. 165-251.

TANAKA, H. On the uniqueness of Markov process associated with the Boltzmann equation of Maxwellian
molecules. In Proceedings of the International Symposium on Stochastic Differential Equations (Res. Inst.
Math. Sci., Kyoto Univ., Kyoto, 1976) (New York, 1978), Wiley, pp. 409-425.

TANAKA, H. Probabilistic treatment of the Boltzmann equation of Maxwellian molecules. Z. Wahrsch. Verw.
Gebiete 46, 1 (1978/79), 67-105.

ToscANI, G., AND VILLANI, C. Probability metrics and uniqueness of the solution to the Boltzmann equation
for a Maxwell gas. J. Statist. Phys. 94, 3-4 (1999), 619-637.

VILLANI, C. A review of mathematical topics in collisional kinetic theory. In Handbook of mathematical fluid
dynamics, Vol. I. North-Holland, Amsterdam, 2002, pp. 71-305.

VILLANI, C. Topics in Optimal Transportation, vol. 58 of Graduate Studies in Mathematics series. American
Mathematical Society, 2003.

N. FOUuRNIER: LAMA UMR 8050, UNIVERSITE PARIS EST, FACULTE DE SCIENCES ET TECHNOLOGIES, 61, AVENUE
GENERAL DE GAULLE, 94010 CRETEIL CEDEX, FRANCE.
E-mail address: nicolas.fournier@univ-parisi2.fr

S. MiscHLER: CEREMADE UMR 7534, UNIVERSITE PARIS-DAUPHINE, 4 PLACE DU MARECHAL DE LATTRE DE

TASSIGNY F-75775, PARIS CEDEX 16, FRANCE.

E-mail address: mischler@ceremade.dauphine.fr



	1. Introduction and main results
	1.1. The Boltzmann equation
	1.2. Stochastic particle systems
	1.3. Aims
	1.4. Assumptions
	1.5. Notation
	1.6. Well-posedness
	1.7. Wasserstein distance
	1.8. Empirical law of large numbers
	1.9. Main result
	1.10. Comments
	1.11. Known results
	1.12. Plan of the paper

	2. Preliminaries
	2.1. Rewriting equations
	2.2. Accurate version of Tanaka's trick

	3. Main computations of the paper
	4. Convergence of the particle system with cutoff
	4.1. A SDE for the Boltzmann equation
	4.2. A SDE for the particle system
	4.3. The coupling
	4.4. Estimate of the Wasserstein distance

	5. Extension to the particle system without cutoff
	Appendix A. Quantitative empirical law of large number
	References

