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ABSTRACT. In this paper, we investigate the spectral analysis and long
time asymptotic convergence of semigroups associated to discrete, frac-
tional and classical Fokker-Planck equations in some regime where the
corresponding operators are close. We successively deal with the discrete
and the classical Fokker-Planck model, the fractional and the classical
Fokker-Planck model and finally the fractional and the classical Fokker-
Planck model. In each case, we prove uniform spectral estimates using
perturbation and/or enlargement arguments.
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1. INTRODUCTION
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44

1.1. Models and main result. In this paper, we are interested in the spec-
tral analysis and the long time asymptotic convergence of semigroups as-
sociated to some discrete, fractional and classical Fokker-Planck equations.
They are simple models for describing the time evolution of a density func-
tion f = f(t,z), t > 0, x € R?, of particles undergoing both diffusion and

(harmonic) confinement mechanisms and write
(1.1) Of =ANf =Df +div(zf), f(0)= fo.
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The diffusion term may either be a discrete diffusion

Df = Anf i=rx f =[]l f,

for a convenient (at least nonnegative and symmetric) kernel x. It can also be
a fractional diffusion

(12) @HE) = ~(-8)%f(@)
- o[ DS Ay VG,
R4

- |z — yld+e ’

with « € (0,2), x € D(R?) radially symmetric satisfying the inequality
1po,1) < x < 1p2): and a convenient normalization constant c, > 0. It
can finally be the classical diffusion

d
Df=Af:=> 07,1
i=1
The main features of these equations are (expected to be) the same: they are
mass preserving, namely

(f@&))={fo), Vt=0, (f):=[ [fduz,

Rd
positivity preserving, have a unique positive stationary state with unit mass
and that stationary state is exponentially stable, in particular

(1.3) f(t) >0 as t— oo,

for any solution associated to an initial datum fy with vanishing mass. Such
results can be obtained using different tools as the spectral analysis of self-
adjoint operators, some (generalization of) Poincaré inequalities or logarithmic
Sobolev inequalities as well as the Krein-Rutman theory for positive semi-
group.

The aim of this paper is to initiate a kind of unified treatment of the above
generalized Fokker-Planck equations and more importantly to establish that
the convergence (1.3) is exponentially fast uniformly with respect to the dif-
fusion term for a large class of initial data which are taken in a fixed weighted
Lebesgue or weighted Sobolev space X.

We investigate three regimes where these diffusion operators are close and
for which such a uniform convergence can be established. In Section 2, we first
consider the case when the diffusion operator is discrete

1
Df=D:f :=Ax.f, kKe:= ?kév
where k is a nonnegative, symmetric, normalized, smooth and decaying fast
enough kernel and where we use the notation k.(z) = k(z/e)/e%, e > 0. In

the limit € — 0, one then recovers the classical diffusion operator Dy = A.

In Section 3, we next consider the case when the diffusion operator is frac-
tional

Df =Def = —(—A)F92f =€(0,2),
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so that in the limit ¢ — 0 we also recover the classical diffusion operator
Dy = A.

In Section 4, we finally consider the case when the diffusion operator is a
discrete version of the fractional diffusion, namely

Df =D.f = Ax.f,

where (k) is a family of convenient bounded kernels which converges towards
the kernel of the fractional diffusion operator kg := ¢ |- |74~ for some fixed
a € (0,2), in particular, in the limit ¢ — 0, one may recover the fractional
diffusion operator Dy = —(—A)*/2.

In order to write a rough version of our main result, we introduce some
notation. We define the weighted Lebesgue space L., r > 0, as the space of
measurable functions f such that f(z)" € L', where () := 1+ |z|?>. For
any fo € L}, we denote as f(t) the solution to the generalized Fokker-Planck
equation (1.1) with initial datum f(0) = fp and then we define the semigroup

Sp on X by setting Sp(t) fo := f(¢).

Theorem 1.1 (rough version). There exist ¢ > 0 and gg € (0,2) such that for
any € € [0,e0], the semigroup Sa_ is well-defined on X := L. and there exists
a unique positive and normalized stationary solution Ge to (1.1). Moreover,
there exist a < 0 and C > 1 such that for any fo € X, there holds

(1.4) 1S4, (t) fo = Ge(fo)llx < Ce™ |l fo = Gelfo)llx, Vt=0.

Our approach is a semigroup approach in the spirit of the semigroup decom-
position framework introduced by Mouhot in [10] and developed subsequently
in [7, 4, 12, 6, 5]. Theorem 1.1 generalizes to the discrete diffusion Fokker-
Planck equation and to the discrete fractional diffusion Fokker-Planck equa-
tion similar results obtained for the classical Fokker-Planck equation in [4, 6]
(Section 2) and for the fractional one in [12] (Section 4). It also makes uni-
form with respect to the fractional diffusion parameter the convergence results
obtained for the fractional diffusion equation in [12] (Section 3). It is worth
mentioning that there exists a huge literature on the long-time behaviour for
the Fokker-Planck equation as well as (to a lesser extend) for the fractional
Fokker-Planck equation. We refer to the references quoted in [4, 6, 12] for
details. There also probably exist many papers on the discrete diffusion equa-
tion since it is strongly related to a standard random walk in R, but we were
not able to find any precise reference in this PDE context.

1.2. Method of proof. Let us explain our approach. First, we may associate
a semigroup Sy, to the evolution equation (1.1) in many Sobolev spaces, and
that semigroup is mass preserving and positive. In other words, Sy, is a
Markov semigroup and it is then expected that there exists a unique positive
and unit mass steady state G. to the equation (1.1). Next, we are able to
establish that the semigroup Sy, splits as

(1.5) Sy, = S+ 82,

Sl ~ e’z T. finite dimensional, 5% = O(e™), a <0,
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in these many weighted Sobolev spaces. The above decomposition of the semi-
group is the main technical issue of the paper. It is obtained by introducing a
convenient splitting

(1.6) A=A +B.

where B. enjoys suitable dissipativity property and A. enjoys some suitable
B.-power regularity (a property that we introduce in Section 2.4 (see also [5])
and that we name in that way by analogy with the B.-power compactness
notion introduced by Voigt [13]). It is worth emphasizing that we are able
to exhibit such a splitting with uniform (dissipativity, regularity) estimates
with respect to the diffusion parameter ¢ € [0,e¢] in several weighted Sobolev
spaces.

As a consequence of (1.5), we may indeed apply the Krein-Rutman theory
developed in [9, 5] and exhibit such a unique positive and unit mass steady
state G.. Of course for the classical and fractional Fokker-Planck equations
the steady state is trivially given through an explicit formula (the Krein-
Rutman theory is useless in that cases). A next direct consequence of the
above spectral and semigroup decomposition (1.5) is that there is a spectral
gap in the spectral set 3(A;) of the generator A, namely

(1.7) e :=sup{Re € 3(A;)\{0}} <0,

and next that an exponential trend to the equilibrium can be established,
namely

(1.8) 1Sa. () follx < Cee™||follx Vt>0, Ve €l0,e0], Va> A,

for any initial datum fy € X with vanishing mass.

Our final step consists in proving that the spectral gap (1.7) and the estimate
(1.8) are uniform with respect to e, more precisely, there exists \* < 0 such
that A\. < A* for any € € [0, £9] and C; can be chosen independent to € € [0, g¢].

A first way to get such uniform bounds is just to have in at least one Hilbert
space E. C L'(R?) the estimate

VfeDRY), (£ =0, (Aef. fe. < X|fll%.,

and then (1.8) essentially follows from the fact that the splitting (1.6) holds
with operators which are uniformly bounded with respect to £ € [0,¢¢]. It is
the strategy we use in the case of the fractional diffusion (Section 3) and the
work has already been made in [12] except for the simple but fundamental
observation that the fractional diffusion operator is uniformly bounded (and
converges to the classical diffusion operator) when it is suitable (re)scaled.

A second way to get the desired uniform estimate is to use a perturbation
argument. Observing that, in the discrete cases (Sections 2 and 4),

Ve e€[0,e0], Ac—Ag=0(e),
for a suitable operator norm, we are able to deduce that € — )\ is a contin-
uous function at € = 0, from which we readily conclude. We use here again

that the considered models converge to the classical or the fractional Fokker-
Planck equation. In other words, the discrete models can be seen as (singular)
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perturbations of the limit equations and our analyze takes advantage of such a
property in order to capture the asymptotic behaviour of the related spectral
objects (spectrum, spectral projector) and to conclude to the above uniform
spectral decomposition. This kind of perturbative method has been introduced
in [7] and improved in [11]. In Section 4, we give a new and improved version
of the abstract perturbation argument where some dissipativity assumptions
are relaxed with respect to [11] and only required to be satisfied on the limit
operator (¢ = 0).

1.3. Comments and possible extensions.

Motivations. The main motivation of the present work is rather theoretical
and methodological. Spectral gap and semigroup estimates in large Lebesgue
spaces have been established both for Boltzmann like equations and Fokker-
Planck like equations in a series of recent papers [10, 7, 4, 9, 2, 1, 12, 6, 8|.
The proofs are based on a splitting of the generator method as here and
previously explained, but the appropriate splitting are rather different for the
two kinds of models. The operator A, is a multiplication (0-order) operator
for a Fokker-Planck equation while it is an integral (—1-order) operator for
a Boltzmann equation. More importantly, the fundamental and necessary
regularizing effect is given by the action of the semigroup Sp. for the Fokker-
Planck equation while it is given by the action of the operator A, for the
Boltzmann equation. Let us underline here that in Section 4, we exhibit a
new splitting for fractional diffusion Fokker-Planck operators (different from
the one introduced in [12]) in the spirit of Boltzmann like operators (the
operator A. is an integral operator whereas it was a multiplication operator
in [12] and in Section 3). Our purpose is precisely to show that all these
equations can be handled in the same framework, by exhibiting a suitable
and compatible splitting (1.6) which does not blow up and such that the time
indexed family of operators A.Sp. (or some iterated convolution products of
that one) have a good regularizing property which is uniform in the singular
limit € — 0.

Probability interpretation. The discrete and fractional Fokker-Planck equa-
tions are the evolution equations satisfied by the law of the stochastic process
which is solution to the SDE

(1.9) dX, = —X,dt — d.ZF,

where .Zf is the Levy (jump) process associated to k./e? or c./|z|9T2¢. For
two trajectories X; and Y; to the above SDE associated to some initial data
Xo and Yj, and p € [1,2), we have

d| Xy — Y|P = —p| X — Y|Pdt,
from which we deduce
E(|X; - Yi]P) < e P'E(|Xo — Yo|P), Vt>0.

We fix now Y; as a stable process for the SDE (1.9). Denoting by f-(¢) the
law of X; and G. the law of Y;, we classically deduce the Wasserstein distance
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estimate
(1.10) W, (f-(),Ge) < e " Wy(fo,Ge), Vit >0.

In particular, for p = 1, the Kantorovich-Rubinstein Theorem says that (1.10)
is equivalent to the estimate

(1.11) 1£=(t) = Gellwroomayy < e | fo = Gellwroorayy, V>0

Estimates (1.10) and (1.11) have to be compared with (1.8). Proceeding in
a similar way as in [9, 6] it is likely that the spectral gap estimate (1.11)
can be extended (by “shrinkage of the space”) to a weighted Lebesgue space
framework and then to get the estimate in Theorem 1.1 for any a € (—1,0).

Singular kernel and other confinement term. We also believe that a similar
analysis can be handle with more singular kernels than the ones considered
here, the typical example should be k(z) = (6_1 + 01)/2 in dimension d = 1,
and for confinement term different from the harmonic confinement considered
here, including other forces or discrete confinement term. In order to perform
such an analysis one could use some trick developed in [9] in order to handle
the equal mitosis (which uses one more iteration of the convolution product
of the time indexed family of operators A.Sg.).

Linearized and nonlinear equations. We also believe that a similar analysis can
be adapted to nonlinear equations. The typical example we have in mind is the
Landau grazing collision limit of the Boltzmann equation. One can expect to
get an exponential trend of solutions to its associated Maxwellian equilibrium
which is uniform with respect to the considered model (Boltzmann equation
with and without Grad’s cutoff and Landau equation).

Kinetic like models. A more challenging issue would be to extend the uni-
form asymptotic analysis to the Langevin SDE or the kinetic Fokker-Planck
equation by using some idea developed in [1] which make possible to connect
(from a spectral analysis point of view) the parabolic-parabolic Keller-Segel
equation to the parabolic-elliptic Keller-Segel equation. The next step should
be to apply the theory to the Navier-Stokes diffusion limit of the (in)elastic
Boltzmann equation. These more technical problems will be investigated in
next works.

1.4. Outline of the paper. Let us describe the plan of the paper. In each
section, we treat a family of equations in a uniform framework, from a spectral
analysis viewpoint with a semigroup approach. In Section 2, we deal with
the discrete and classical Fokker-Planck equations. Section 3 is dedicated to
the analysis of the fractional and classical Fokker-Planck equations. Finally,
Section 4 is devoted to the study of the discrete and fractional Fokker-Planck
equations.
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1.5. Notations. For a (measurable) moment function m : RY — R, we
define the norms

!
1A Lomy == I1f mllorays 1 gk = > 10 f 1y B =1,
=0

and the associated weighted Lebesgue and Sobolev spaces LP(m) and WP (m),
we denote H¥(m) = W"2(m) for k > 1. We also use the shorthand L7
and W' for the Lebesgue and Sobolev spaces LP(v) and W?(v) when the
weight v is defined as v(z) = (z)", (z) := (1 + |=|>)"/2.

We denote by m a polynomial weight m(z) := (x)? with ¢ > 0, the range
of admissible ¢ will be specified throughout the paper.

In what follows, we will use the same notation C' for positive constants that
may change from line to line. Moreover, the notation A ~ B shall mean that
there exist two positive constants Cy, Cy such that C1 A < B < CLA.

Acknowledgments. The research leading to this paper was (partially) funded
by the French “ANR blanche” project Stab: ANR-12-BS01-0019. The second
author has been partially supported by the fellowship 1’Oréal-UNESCO For
Women in Science.

2. FROM DISCRETE TO CLASSICAL FOKKER-PLANCK EQUATION

In this section, we consider a kernel k € W2(R?) N L(R?) which is sym-
metric, i.e. k(—xz) = k() for any z € RY, satisfies the normalization condition

1 1
(2.1) / k(x) x de=1| 0 |,
R4 TR 21,

as well as the positivity condition: there exist kg, p > 0 such that

(2.2) k= kolp,)-

We define k.(x) := 1/e%%(x/e), x € R? for ¢ > 0, and we consider the
discrete and classical Fokker-Planck equations

Ouf = E%(ka*f—f)eriv(xf) —Af, £>0,
Of =Af+div(zf) =: Aof.

(2.3)

The main result of the section reads as follows.

Theorem 2.1. Assume r > d/2 and consider a symmetric kernel k belonging
to W2H(R) N L3, 3 where ro > max(r + d/2,5 + d/2) which satisfies (2.1)
and (2.2).

(1) For any € > 0, there exists a positive and unit mass normalized steady
state G € LL(RY) to the discrete Fokker-Planck equation (2.3).
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(2) There exist explicit constants ag < 0 and g9 > 0 such that for any
e € [0,e0], the semigroup Sa_(t) associated to the discrete Fokker-Planck equa-
tion (2.3) satisfies: for any f € L} and any a > ag,

I1Sa. (6).f = Ge(f)lrs < Cae™ |If = G(f)llrr, V=0,

for some explicit constant C, > 1. In particular, the spectrum X(A:) of Ag
satisfies the separation property S(A:) N Dy, = {0} in L, where we have
denoted D, := {¢€ € RY; Re & > a}.

The method of the proof consists in introducing a suitable splitting of the
operator A as A = A + B, in establishing some dissipativity and regularity
properties on B, and A.Sp. and finally in applying the version [9, 5] of the
Krein-Rutman theorem as well as the perturbation theory developed in [7, 11,
5].

2.1. Splitting of A.. Let us fix y € D(R?) radially symmetric and satisfying
150,1) < X < 1) We define xg by xr(7) := x(z/R) for R > 0 and we
denote x4 :=1 — XR.

For & > 0, we define the splitting A. = A. + B. with
Acf = M xg (ke * f),

Bofim (G = M) (ke f = )4 MGy (he v £ = )+ div(ef) = M xa .

for some constants M, R to be chosen later. Similarly, we define the splitting
Ay = Ao + By with Agf := M xrf and thus Byf := Aof — M xrf for some
constants M, R to be chosen later.

2.2. Uniform boundedness of A..

Lemma 2.2. For any p € [1,00], s > 0 and any weight function v > 1, the
operator A is bounded from W*P into W*P(v) with norm independent of .

Proof. For any f € LP(v), we have
[Af ) < Cllke * fllze < Clfllze-

thanks to the Young inequality and because ||k:||;1 = ||k||;1 = 1. We conclude
that A is bounded from L? into LP(v). The proof for the case s > 0 is similar
and it is thus skipped. [l

2.3. Uniform dissipativity properties of B..

Lemma 2.3. Consider p € [1,2] and ¢ > d(p — 1)/p. Let us suppose that
k€ L}?q_ﬂ. For any a > d(1 — 1/p) — q, there exist e9 > 0, M >0 and R >0
such that for any € € [0,e0], B: — a is dissipative in LP(m), or equivalently

(2.4) (Be = a)f, ' (/) poemy <0, VfeDRY, &(f) =|f[/p.
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Proof. We split the operator in several pieces

Bof = (2= M) (o d = 1)+ M Xl - 1)
+div(zf) = M xg f=:B +..+ B
and we estimate each term
Tyim (B (irny = [ (BL) (signf) |7 " da

separately. From now on, we consider a > d(1 — 1/p) — ¢, we fix £; > 0 such
that M < 1/(2¢?) and we consider ¢ € (0,e1]. We first deal with T;. We

observe that
(2.5)  (f(y) = f(x))sign(f(2) |f[P~}(z) <

using the convexity of ®. We then compute

1 / P
T ( - M) / k=) ()~ @) (@) (@) dy

(1P (y) = 1P (=),

S

L1 Ply) — | fIP(z x—y)mP(x x
<o (Z-M) [ AP~ 1P ke = ) (o) dy

p \ &

—(G-w) [ 00 - e) bl =) 7o) dy

p \ &

where we have performed a change of variables to get the last equality. From
a Taylor expansion, we have

m(y) —mP(z) = (y —x) - VinP(z) + O(z,y),
where
1
Ow)| <5 [ ID*mP(a+ 0y =)y~ 2.5 — )] db

< Clo —yf* (x)P172 (z — y)Pi~2,

for some constant C' € (0,00). The term involving the gradient of m? gives no
contribution because of (2.1) and we thus obtain
(2.6)

_ 2
nso(-u2) [ - I gy et
RdxR4 £

<c [ 1) @ da.

We now treat the second term T5. Proceeding as above and thanks to (2.5)
again, we have

T = / M xg(2) ke(z —y) (f(y) — f(2) @' (f(2)) mP(z) dy dx
R4 x R4

M

< =

k(z) {xg(x + e2) mP(z + £2) — xR (x) mP(2)} dz | f(x)[" dy
P JRixRrd
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Using the mean value theorem
XG(z+ez) = xR (2)+e 2 VG (a+0e2), mP(x+ez) = mP(x)+ez-VmP(z+6'cz),
for some 6,0" € (0,1), and the estimates
VxGl < Cr and [VmP(y+0ez)| < C (Pt (apY,
we conclude that
2.7) Ty < M Cpe /Rd P P

As far as T3 is concerned, we just perform an integration by parts:

T =d / |f|pmp—; / 1P div(z m?)

- [ (o(1-3) - 45 ) oo

The estimates (2.6), (2.7) and (2.8) together give

2
B.f ®'(f)mP < /Rd | F[PmP (c (z)"2 + 5/ _ ‘1<| >‘

(2.8)

+MCRE—MXR>
Rd

= [ 1P (0~ M),

where p' = p/(p — 1) and we have denoted

(2.9) Vipla) = Cla) 4 5 = ‘@j;‘ M Ce.

Because 9% ,(¥) — d/p’ — ¢ when ¢ — 0 and [2| — oo, we can thus choose
M >0, R >0 and gp < &1 such that for any ¢ € (0, gg],

Vz € RY, Yrp(r) <a

As a conclusion, for such a choice of constants, we obtain (2.4). We refer
to [4, 6] for the proof in the case € = 0. O

Lemma 2.4. Let s € N and g > d/2 + s. Assume that k € L2q+1 Then, for
any a > d/2 — q + s, there exist eg > 0, M >0 and R > 0 such that for any
e € [0,e0], B — a is hypodissipative in H*(m).

Proof. The case s = 0 is nothing but Lemma 2.3 applied with p = 2. We now
deal with the case s = 1. We consider f; a solution to

Oft = Be fi.

From the previous lemma, we already know that

3l < [ 52 (Ve = Mce).
We now want to compute the evolution of the derivative of f;:

ataxft = B(axft) + Max(X?%) (ks * ft - ft) =+ axfta

(2.10)
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which in turn implies that

35510 = /R (0uf) 1(0ufi) m®
:/ (amft)B(axft)m2—|—/ M 9,(x%) (ke * f1) (0 f1) m?
Rd .

- / M 0,(x50) fo (0ufi) m? + / (Do fi)? m?
Rd R4
=T+ 1o+ 15+ T}

Concerning 77, using the proof of Lemma 2.3, we obtain

(2.11) Ty < /Rd(axft)Z m? (Vo — M XR) -

Then, to deal with T5, we first notice that using Jensen inequality and (2.1),

we have
2
e Vo = [ ([ b= ) sy} o)
Rd \JR4
< [, e yymia) e ) dy
RdxR4
= [, KEmiy ) ds ) dy
R xR
<C k(z)m?(z) dz f2m?
R R
We thus obtain using that k € L%q:

ke * fllz2(my < C I fl2(m)-

The term 75 is then treated using Cauchy-Schwarz inequality, Young inequality
and the fact that [0;(x%)| is bounded by a constant depending only on R:

Ty < M CR||ke *2 fill 2(m)l|Ox fell £2(m)
(2.12) < M Cr || fell z2(m) |02 fell L2(m)
< M CrE Q) fill2my + M Cr €192 fill2(my

for any ¢ > 0 as small as we want.

The term T3 is handled using an integration by parts and with the fact that
|02(x%)| is bounded with a constant which only depends on R:
(2.13)

M
/ R(x) f2m? +/ Do) F2 0p(m?) < M Cr |1 fo)22m)

Comblmng estimates (2.11), (2.12) and (2.13), we easily deduce

L 0u il <CRM</ f2m
(2.14) 2‘”

+/Rd(6mft) m (¢§—]’,,2+MCRC+1_MXR)-
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To conclude the proof in the case s = 1, we introduce the norm
F W72y 2= 1 F T2y + 11102 f 72 (mys 1> 0.

Combining (2.10) and (2.14), we get

1d 9

3 Ml gy < ft ? (Va2 +nCrae — Mxr)

-l—n/d(@xft)QmZ (Vgo+MCRC+1—Mxg).
R
Using the same strategy as in the proof of Lemma 2.3, if a > d/2 — ¢+ 1,

we can choose M, R large enough and (, g, 77 small enough such that we have
on R?¢

Yot NCruc— Mxr<a and ¢Yro+MCr(+1-Mxr<a

for any € € (0, g9], which implies that

|||ft!HH1 ) < allfellz gy

2 dt
The higher order derivatives are treated with the same method introducing
a similar modified H*(m) norm. O

2.4. Uniform B.-power regularity of 4.. In this section we prove that
A:Sp. and its iterated convolution products fulfill nice regularization and
growth estimates.

We introduce the notation

1
252 Rd x R4

(2.15) I(f) = f@) = f())? ke(z — y) da dy.

Lemma 2.5. There exists a constant K > 0 such that for any € > 0, the
following estimate holds:

(2.16) IV (ke % P72 < K L(f).

Proof. Step 1. We prove that the assumptions made on &k imply
- 1—k

(217) RoP <Kk m veers

for some constant K > 0. On the one hand, we have E(O) =1, E(f) eR

because k is symmetric and ke Co(RY) because k € L'(R?). Moreover,
performing a Taylor expansion, using the normalization condition (2.1) and
the fact that k € Li(R?), we have

EE) =1— €2 +0(g?), veeRr™
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We then deduce that (2.17) holds with K =1 in a small ball £ € B(0,). On
the other hand, for any & # 0, we have

k(&) = /E k(x) cos(§ - x) dx + /C k(x) cos(§ - x) dx
¢ 3

< k(z)dx + k(z)dx =1,

Ee Eg
where E; == {x € R% 2+ £ € (0,7), |z| <} so that k(z) cos(¢ - z) < k(z) for
any x € E¢ from (2.2). Together with the fact that ke Co(R?), we deduce
that 1 — /k\(ﬁ) >n > 0 for any € € B(0,6)°. Last, because k € WH1(R?), we
also have [¢[2[k(€)|2 = |§\k(£)|2 < C for any & € R%. We then deduce that
(2.17) holds with K = C/n in the set B(0,0)°.

Step 2. From the normalization condition (2.1), we have

1 1
LD =g [, P@RG-pdedy+ o5 [ P ble =y dedy
1 F@)F () kel — ) dady
€% JRAxR4

-5 ([ [ )

As a consequence, using Plancherel formula and the identity k.(¢) = k(e €),
Ve e RY, we get

L=z ([ 7P [ EP) - [P

Then, we use again Plancherel formula to obtain

o+ P = |F st DI = | 6P Re? P
We conclude to (2.16) by using (2.17). O

We now introduce the following notation A := 1/(2K) > 0 and go into the
analysis of regularization properties of the semigroup A.Sg. (t).

Lemma 2.6. Consider s1 < sy € N and q > d/2 + sy. We suppose that

kelLl g+1- Let M, R and ey so that the conclusion of Lemma 2.4 holds in

both spaces H*'(m) and H*2(m). Then, for any a € (max{d/2—q+s2, —A},0),

there exists n € N such that for any € € [0,e¢], we have the following estimate
(A5 )™ ()l 51 0my 1152 my < Ca e

for some constant C, > 0.

Proof. We first give the proof for the case (si,s2) = (0,1). We consider

a € (max{d/2—q+1,—)\},0), ap and a3 such that a > ap > a; > max{d/2—
g+ 1,2} and f; := Sg_(t)f with f € L?(m), i.e. that satisfies

Ocfe =Befe, fo=1T.
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From the proof of Lemma 2.4, there exists ¢ such that for any ¢ € (0, &g, we
have

1d
5 7 el 2y
1/1 2 2 2
=73 < - M) / (f(y) = f@))" kel — y) m*(z) dy dz + o || fill T2 ()
= —riz / (F(y) = F(@)? kel — ) dy dz + ao || fil| 32y

IN

1
_5 Ia(ft) +ap ||ft||%2(m)

where we have used that M < 1/(2¢?) for any € € (0,50]. Using Lemma 2.5,
we obtain

d
e el T2y < =2k 5 fillfa + 200 [ fellZ2m)

< 2ap ||ke *5 ft”?’{l +2a9 Hft”%z(m)'

—2aqt

Multiplying this inequality by e , it implies that

d _ _
= (12l 2y €720") < 200 [k % folyy 72"
and thus, integrating in time
t
I fellZ2 gy €7 = 200 / ke %o foll e ds < |11 72
0
In particular, we obtain
> 2 -2 1 2
(2.18) | ke e 20 s < o 1
We now want to estimate
o
| 1S (5) 1By 200 s
0
> 2 2 > 2 2
= | Ay e s [ 10, (o) g s

= /0 HAEfSH%Q(m) 6_2a08 ds + /0 HMa:Jc(XR) ks *g fs“%,?(m) €_2a08 ds

o0
b [ IR B £ By 20 ds
0
=0+ 1+ Is.

Using dissipativity properties of B, and boundedness of A, we get

I < /0 21362008 g || F12, < C £ 22(0my
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We deal with Iy using the fact that M0, (xg) is compactly supported, Young
inequality and dissipativity properties of B.:

o0

o0
Ib<C / ke 0 foll72 €72 ds < C / sl 72e™ 20 ds
0 0

S C /O 6204186—20608 ds HfH%Q(m) S C Hf”%?(m)
Finally, for I3, we use (2.18) to obtain
> 2 2 2
Iy < /0 e % folZ €720% ds < C 1 f122m)
All together, we have proved
| 1A sy 720 s < C

Consequently, using Cauchy-Schwarz inequality, we have

[e'e) 2
( /O 14255, ()7l oy ds)

S / ||A€SBg (S)fH%{l(m) 6_2a08 ds/ 6_2(11—040)8 ds
0 0
< C 11 Z2my-

Fom the dissipativity of B. in H'(m) proved in Lemma 2.4 and the fact that
A. is bounded in H'(m), we also have

[ ASB. ()|l 51 (m)ys 1y e < C, Vs >0.

(2.19)

Using the two last estimates together, we deduce that for any ¢t > 0
1(A=S5.) "2 () £l 11 (m)

t
S/O A= SB. (t = 8) || 51 (m)— H1 (m) 1ASB. (8) Fll 71 (m) ds

<Cett [ e A (6) s s
0
< Ce™ | fllzz(m)-
We have thus proved

1(AS5.) "2 ()| 2 (m)y— 111 (my < Ce™,

which corresponds to the case (s1,s2) = (0,1).
Using the same strategy, we can easily obtain that

/0 A5, () FI2 oy €2 ds < C | F 201y

for any s > 2, and then conclude the proof of the lemma in the case € > 0.
We refer to [4, 6] for the proof in the case ¢ = 0. O
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Lemma 2.7. Consider ¢ > d/2, k € L%qﬂ and M, R, €y so that the conclu-
sions of Lemma 2.3 hold. Then, for any a € (—q,0), there exists n € N such
that the following estimate holds for any € € [0, o]:

Vt>0, [I(AS8) "™ Ol s m),12(m)) < Cae™,

for some constant C, > 0.

Proof. We first introduce the formal dual operators of A, and B.:

A= b (Mxrd), Bi = (ke v 6= 0) = V6 — ke x (M xno),

We use the same computation as the one used to deal with T} is the proof of
Lemma 2.3 and Cauchy-Schwarz inequality:

L Eoes—gs [ k- ) - o@) dydo

1
T o2 Rded(éf)Q(y) — ¢*(2)) ke(z — ) dy dx

d
s /R ¢ + [lke (M xR 0) | 22 ]l 2.

We then notice that the second term equals 0 and we use Young inequality
and the fact that ||kc||;1 = 1 to get

* _L _ _ 2
[moros—oh [ ko= (o) - o) dyds
d 1 1
+5 [0+ ZIM xw ol + 10l

<-L@)+C [ &

where I, is defined in (2.15). We also have the following inequality:

Lond) < 5 [ helo=9)6*(@) (xaly) = xnle)* dy da
b [ ke =) xBO) (60) — 6(0)? dyd
R4 xRd

<Vl [ 8+ 21.(0)

If we denote ¢; := Sp:(t)¢, we thus have

1d
5@”@”% < =Mlke * (xr @)1 31 + bllil72, b > 0.

bt

Multiplying this inequality by e™"*, we obtain

d _ _
= (g2 ™) < =22k % (xr o)l e, V20,
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and integrating in time, we get

t
@20) foula e+ 27 [ o (vl ¢ ds < [0l ¥t 20

We now estimate
t t
/ | AZ Sp:(s) |13 e 2bs gg — / 1A 4|21 025 g
0 0

t t
= [ (0ol e s+ [ = (M xr 6 e s

Using Young inequality and (2.20), we conclude that

|14 S50 0l € s < € ol
As in the proof of Lemma 2.6, for any s > 1, we can then establish that
(A2 S2) 2 (t)[| 2y s < C €', WE >0, Ve € (0,2),
for some &' > 0, and by duality
1(S5.4) ) ()| -+ p2 < C e, Vi >0, Ve € (0,20].

Taking ¢ > d/2, so that we can use the continuous Sobolev embedding L' (R¢) C
HY(R?), we obtain

1(SB.a) "2 () 152 < C
Noticing next that
(ASp ) D) = AL (Sp. A) ) & S

and using the fact that A is compactly supported combined with Lemma 2.3,
we get

(A5 DO 1y £20m)
< N Aellzes r2ny {1058 A) D Ol e 4 195, (2 ry— 21} ()
Sceb//t’

for some " > 0. To conclude the proof, we use [4, Lemma 2.17]. Indeed,
up to take more convolutions, we are able to recover a good rate in the last
estimate. We refer to [4, 6] for the proof in the case ¢ = 0. O

2.5. Convergences A. — Ay and B. — By.

Lemma 2.8. Consider s € N, ¢ > 0 and k € L%q+3. The following conver-
gences hold:

1A = Aollzzrs+1(my.1rs(my) —5» 0 and || Be = Boll sas+3 (my. 15 (my) ——5 0-
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Proof. Step 1. We first deal with A. in the case s = 0. Using that y € D(R?)
and k € Li(RY), we have
[Aef = AofllLzgmy = IMxg (ke x f—f)mlp2 < Cllke* f = fllr2
= Cll(ke = D) fllz < Cellfllm-
Concerning the first derivative, writing that
O (Acf — Aof) = M (OxXRr) (ke % f — f) + M xR (ke % O f — 0xf)

and using that 0, x g is uniformly bounded as well as xr, we obtain the result.
We omit the details of the proof for higher order derivatives.

Step 2. In order to prove the second part of the result, we just have to prove
1Ae = Nollgzazs+s (m). s (my) ——5 O-

Using (2.1), we have

Aef(@) = Mof(a) = 5 [ elo = )(f0) ~ F@)) dy — Af(a).

A Taylor expansion of f gives

Fly) — F(x) = (v 2)- V(@) + 3 D @)y — .y — )

1

1
+2/0 (1—5)>2D3f(z+sly—2)(y—z,y —z,y — ) ds.

We then observe that, because of (2.1), the integral in the y variable of the
gradient term cancels and the contribution of the second term is precisely
Af(z). We deduce that

- 1
Af(x) — Ao f(z) = 5 /]Rd k:(z)/o (1 —8)2D3f(x + se2)(2, 2, 2) ds dz.

Consequently, using Jensen inequality and the fact that k € L%q 13, We get

1A = AollZ2

1
SC’&Q/ / k(z)\z\?’/ |D3 f(x + sez) | m?(x + se2) m*(sez) ds dz dx
R? JRd 0
2 £12
< O fllarsgmy —=57 0-

This concludes the proof of the second part in the case s = 0. The proof for
s > 0 follows from the fact that the operator 0, commutes with A, — Ag. O

2.6. Spectral analysis.

Lemma 2.9. For any € > 0, A. satisfies Kato’s inequalities:

VfeD:), A (B(f)=B(f)(Aef), B(s)=Isl.

It follows that for any € > 0, the semigroup associated to M. is positive in the
sense that Sy_(t)f >0 for any t >0 if f € L*(m) and f > 0.
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Proof. First, we have

signf(z) A f(x)
_] /kuw—mcﬂw—fm»@$g¢@>
R4

2
+df )signf(z) +x -V f(x)signf(x)

/k z—y) (IfI(y) = |FI(x) dy + d|f|(z) + 2 - V[f[(z) = Ac[f] (),

which ends the proof of the Kato inequality.
We consider f < 0 and denote f(t) := Sa_(t)f. We define the function
B(s) = sy = (|s| + s)/2. Using Kato’s inequality, we have 0;5(f1) < A:B(ft),

and then
o< [ < [ sn=0 vizo
R4 R4
from which we deduce f; < 0 for any ¢ > 0. O

The operator — A, satisfies the following form of the strong maximum prin-
ciple.

Lemma 2.10. Any nonnegative eigenfunction associated to the eigenvalue 0
is positive. In other words, we have

feDA), A.f=0, f>0, f#0 implies f>0.

Proof. We define
1 1
Cf = Sherf, Df=a-Vof +Af. Ai=d=
and the semigroup
Sp(t)g = g(e'z) e

with generator D. Thanks to the Duhamel formula

S, (t) = Sp(t) + /Ot Sp(s) CSA(t — s)ds,

the eigenfunction f satisfies
t
;o= SAE(t)f:SD(t)f+/ Sp(s)CSa, (t — 5)f ds
0

t
> /SD(S)Cde Vit > 0.
0

By assumption, there exists zo € RY such that f # 0 on B(xg, p/2). As a

consequence, denoting ¥ := || f|| 11 (B(z,,p/2)) > 0, we have

H019
Cf > —5 ]lB(mO,p/Q)a

and then

t
0
[f>— sup/0 e LB(e-sag,e-tp/2) 8 2 K1lB(ag,p/a), K1 > 0.
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Using that lower bound, we obtain

Ko Ri—1
Cf >0, 621 ]lB(xo,uip)a and then f > Ki]lB(aco,vip)v

with i = 2, ug = 1, kg > 0, v2 = 3/4. Repeating once more the argument, we
get the same lower estimate with ¢ = 3, ug = 7/4, k3 > 0 and v3 = 3/2. By
an induction argument, we finally get f > 0 on R (]

We are now able to prove Theorem 2.1. We suppose that the assumptions
of Theorem 2.1 hold in what follows and thus consider r > d/2 and also
ro > max(r + d/2,5 4+ d/2).

Proof of part (1) in Theorem 2.1. Using Lemmas 2.2-2.4-2.3, 2.9, 2.10 and the
fact that A1 = 0, we can apply Krein-Rutman theorem which implies that
for any € > 0, there exists a unique G, > 0 such that ||G¢||;1 = 1, A.G- =0
and II. f = (f)Ge. Tt also implies that for any € > 0, there exists a. < 0 such
that in X = L} or X = Hj for any s € N, there holds

E(AE) N D(ls = {0}
and

(221)  V¢20, [[Sa.(t)f = (f) Gellx < e”|If = (f) Gellx, Va>a..

Proof of part (2) in Theorem 2.1. We now have to establish that esti-
mate (2.21) can be obtained uniformly in ¢ € [0,e0]. In order to do so, we
use a perturbation argument in the same line as in [7, 11] to prove that our
operator A. has a spectral gap in Hfo which does not depend on e.

First, we introduce the following spaces:

Xy:=H} CXo:=H) CX_1:=1L;

T ro?

notice that 79 > d/2 + 5 implies that the conclusion of Lemma 2.4 is satisfied
in the three spaces X;, ¢t = —1,0, 1.
One can notice that we also have the following embedding

X1 CH.,, C Dyz (M) = Dz (B:) € Dy (A:) C Xo.

We now summarize the necessary results to apply a perturbative argument
(obtained thanks to Lemmas 2.8, 2.2, 2.3, 2.4 and 2.6 and from [4, 6]).
There exist ag < 0 and €9 > 0 such that for any € € [0, £¢]:

(i) For any i = —1,0,1, A, € #(X;) uniformly in e.
(ii) For any a > ag and £ > 0, there exists Cy, > 0 such that

Vi=—1,0,1, Vt>0, ||Ss. *(AS5.)"#)]x,5x; < Crae.
(iii) For any a > ag, there exist n > 1 and C,, , > 0 such that
Vi=-1,0, H(AESBs>(*n) (t)HXi—)Xi-kl < Cn,a e,

(iv) There exists a function n(e) — 0 such that
e—

Vi=—1,0, [A—Aollx,ox, <n(Ee) and B — Bollx,ox., < n(e).
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(v) 3(Ao) N Dy, = {0} in spaces X;, i = —1,0,1, where 0 is a one dimen-
sional eigenvalue.

Using a perturbative argument as in [11], from the facts (i)—(v), we can
deduce the following proposition:

Proposition 2.11. There exist ag < 0 and g9 > 0 such that for any € € [0, gg],
the following properties hold in Xog = HE’O:

(1) X(Ac) N Doy = {0};

(2) for any f € Xo and any a > ag,

182, () f = Ge(Hllxy < Cae™ |If = Ge(f)llxo, VYt >0
for some explicit constant C, > 0.

To end the proof of Theorem 2.1, we have to enlarge the space in which the
conclusions of the previous Proposition hold. To do that, we use an extension
argument (see [4] or [7, Theorem 1.1]) and Lemmas 2.2, 2.3-2.4 and 2.6-2.7.
Our “small” space is H} and our “large” space is L; (notice that ro > r+d/2
implies the embedding H C L}).

3. FROM FRACTIONAL TO CLASSICAL FOKKER-PLANCK EQUATION
In this part, we denote o := 2 — ¢ € (0, 2] and we deal with the equations
(322) { Of = —(=2)f +div(zf) = Ar-af =t Laf, a€(0,2)
Of = Af +div(af) = Aof =: Laf.

We here recall that the fractional Laplacian A®/2f is defined for a Schwartz
function f through the integral formula (1.2). Moreover, the constant c,

in (1.2) is chosen such that
Ca / 22 _q
2 Jig<a 24

which implies that ¢, ~ (2 — «). By duality, we can extend the definition of
the fractional Laplacian to the following class of functions:

{retham, [ 17w i< o).

In particular, one can define (—A)O‘/ 2m when ¢ < a.

We recall that the equation 0;f = L, f admits a unique equilibrium of mass
1 that we denote G, (see [3] for the case a < 2). Moreover, if o < 2, one
can prove that G, () ~ (z)~9% (see [12]) and for o = 2, we have an explicit
formula Gy () = (27)~%2e~17*/2. The main result of this section reads:

Theorem 3.12. Assume ag € (0,2) and q < «g. There exists an explicit
constant ag < 0 such that for any o € [, 2], the semigroup Sr, (t) associated
to the fractional Fokker-Planck equation (3.22) satisfies: for any f € Lé, any
a > ag and any « € [ap, 2],

HSLa (t)f - Ga<f>”L}] < CaeatHf - Gvoz<f>||L}z
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for some explicit constant C, > 1. In particular, the spectrum X(Ly) of Lq
satisfies the separation property 3(Lqy) N Dy, = {0} in L<11 for any « € [ayp, 2].

3.1. Exponential decay in LZ(G;UQ). We recall a result from [3] which
establishes an exponential decay to equilibrium for the semigroup Sg,(t) in

the small space LQ(G;1/2).
Theorem 3.13. There exists a constant ag < 0 such that for any a € (0,2),

(1) in L2(Ga'?), there holds £(La) N Dy, = {0};
(2) the following estimate holds: for any a > ag,

”Sﬁa (t)f - GOA<f>HL2(GEU2) < e ”f - Ga<f>HL2(G;1/2)7 Vi >0.

3.2. Splitting of £, and uniform estimates. The proof is based on the
splitting of the operator L, as L, = A+ B, where A is the multiplier operator
Af = M xrf, for some M, R > 0 to be chosen later, and an extension argu-

ment taking advantage of the already known exponential decay in L?(Gy Y 2).

As a straightforward consequence of the definition of A, we get the following
estimates.

Lemma 3.14. Consider s € N and p > 1. The operator is uniformly bounded
in « from WP(v) to WP with v =m or v = G2

We next establish that B, enjoys uniform dissipativity properties.

Lemma 3.15. For any a > —q, there exist M > 0 and R > 0 such that for
any a € |ag, 2], Ba — a is dissipative in L'(m).

Proof. We just have to adapt the proof of Lemma 5.1 from [12] taking into
account the constant c,. Indeed, we have

[ capysinm< [ iflm <I“(m) - Vm) .

m m

We can then show that thanks to the rescaling constant co, Io(m)/m goes
to 0 at infinity uniformly in a € [ag,2). As a consequence, if a > —g, since
(z-Vm)/m goes to —q at infinity, one may choose M and R such that for any
a € [ao,2),
La(m) fx.vmeXRSa, on R?,
m m
which gives the result. (I

Lemma 3.16. For any a > ag where ag is defined in Theorem 3.18, B, — a
is dissipative in L2(G;1/2).
Proof. The proof also comes from [12, Lemma 5.1]. O

We finally establish that 4Sg, enjoys some uniform regularization proper-
ties.



DISCRETE, FRACTIONAL & CLASSICAL FOKKER-PLANCK EQUATIONS 23

Lemma 3.17. There exist some constants b € R and C' > 0 such that for any
a € [ag, 2], the following estimates hold:

ebt

Vi >0, |[Sg.()law ey <C 75— 1200
As a consequence, we can prove that for any a > max(—q,ap), o € [, 2],

(3.23) Vt>0, |(ASg,)"™ Ol g 11 (my L2172y < C €™

Proof. We do not write the proof for the case o = 2, for which we refer to [4, 6].
Step 1. The key argument to prove this regularization property of Sg, (t) is
the Nash inequality. For « € [ag,2), from the proof of [12, Lemma 5.3|, we
obtain that there exist b > 0 and C' > 0 such that for any a € [ag, 2),

obt
Vt=0, S8, (0)fle < Ctd/ @agy Il

Step 2. Using that A is compactly supported, we can write

ebt
[ ASB, (8) fllL2(m) < C 11584 () fllz2 < Ctd/ 2a0y 11z

Using the same method as in [4], we can first deduce that there exists ¢y € N,
v €10,1) and K € R such that for any a € |ay, 2],

1(ASE) O (@0 1l o 172y < C HfHL1

We next conclude that (3.23) holds using [4, Lemma 2.17] together with Lem-
mas 3.15 and 3.14. O

3.3. Spectral analysis. Before going into the proof of Theorem 3.12, let us
notice that we can make explicit the projection II,, onto the null space N(L,)
through the following formula: II,f = (f)G,. Moreover, since the mass is
preserved by the equation 0;f = L, f, we can deduce that I1,(S¢, (¢)f) = I, f
for any t > 0.

Proof of Theorem 3.12. We apply [4, Theorem 2.13] for each o € [ap, 2] be-
cause combining Theorem 3.13 with Lemmas 3.14, 3.15, 3.16 and 3.17, we can
check the assumptions of the theorem are satisfied. (Il

4. FROM DISCRETE TO FRACTIONAL FOKKER-PLANCK EQUATION
Let us fix o € (0,2). We consider the equations
(424) {8tf = ke x f— ||kl f + diva(af) =t Acf, >0,
Of = —(=D)*2f + diva(af) = Ao,
where

ke () = Locizi<1/e ko(2) + Ljgec ko(e),  ko(z) := |z~
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Notice that
(4.25) Ve R\ {0}, ko(z) Mho(z) as e— 0.

We here recall that for v € (0,2), the fractional Laplacian on Schwartz
functions is defined through the formula (1.2). Since « is fixed in this part,
we can get rid of the constant ¢, and consider that it equals 1. The main
theorem of this section reads:

Theorem 4.18. Assume 0 <1 < a/2.
(1) For any € > 0, there exists a positive and unit mass normalized steady
state G- € LE(RY) to the discrete fractional Fokker-Planck equation (4.24).
(2) There exist an explicit constant agp < 0 and a constant g > 0 such
that for any € € [0,e0], the semigroup Sp_(t) associated to the discrete and
fractional Fokker-Planck equations (4.24) satisfies: for any f € L} and any
a > aop,

1SA. () f = Ge()llps < Cae™ If = Ge(f)llzn Vit >0,

for some explicit constant Cyq > 1. In particular, the spectrum 3(Ac) of A
satisfies the separation property Y(A:) N Dy, = {0} in LL.

The method of the proof is similar to the one of Section 2. We introduce
a suitable splitting A, = A, + B., establish some dissipativity and regularity
properties on B, and A.Sp. and apply the Krein-Rutman theory revisited
in [9, 5]. However, let us emphasize that we introduce a new splitting for the
fractional operator (a different one from Section 3 and from [12]) and we also
develop a new perturbative argument in the same line as [7, 11, 5] but with
some less restrictive assumptions on the operators A. and B., requiring that
they are fulfilled only on the limit operator (i.e. for ¢ = 0).

4.1. Splittings of A.. For any 0 < 8 < ', as previously, we introduce
xs(z) == x(x/B), x§ := 1 — xp; we also define x5 g := xg — x5 and introduce
the function 5 defined on R? x R? by &5(z,y) := x5(x) + x5(y) — x5(2)x5(y)
and &§ := 1—&z. We denote Io(f) = —(=A)2f and I(f) == kox f— || ke|| 12 f
for € > 0. We split these operators into several parts: for any € > 0,

(4.26)

I.(f)(z) = /R e(x — ) Xz — ) (f(0) — F(&) — x(& — 9)(y — x) - V() dy

+ | ke(r—y)xL(z —y) (f(y) — f(z)) dy

d

_|_

%\%\%\%\&

ke(z —y) xn.L(x —y) (f(y) — f(z)) Er(z, y) dy

d

ke(z —y) xn.o( — y) Er(z,y) dy f()

d

+ | ke(r —y) xnL(r —y) Er(z,y) f(y) dy

= Blf+B2f+BXf +Bif + A f.
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where the constants 7 € [¢,1], R > 0 and 0 < L < 1/¢ will be chosen later.
One can notice that given the facts that n > ¢ and L < 1/e, we have for any
>0, A. = Ag =: A. Finally, we denote for any € > 0,

Bif =div(zf) and B.f =Blf +B:f +B3f+Bif + B2f.

4.2. Convergence B. — By.

Lemma 4.19. Consider p € (1,00) and q € (0,«/p). The following conver-
gence holds:

1B = Boll gws+2 (m) wew (m)) < m(€) % s=-20
Proof. Let us notice that B, — By = A, — Ag.
Step 1. We first consider the case s = 0 and we introduce the notation
koe := ko — k.. We compute

1Aef = Aof I,

_ / / Koe(2) (Flo + 2) — F(x) — ()2 - V() dz
Rd |JRd

p
mP () dx

<o [ [ bttt )~ £@) X2z VI@) || mi@)da
R4 |J|z|<1
+C / koe(2) (f(z+2) — f(2) — x(2)z - Vf(2))dz| mP(z)dz
Rd |J|z|>1
=Ti+1>

To deal with 77, we perform a Taylor expansion of f of order 2 and we use
that x(z) = 1if |z] < 1, in order to get

1 p
T, <C (/ ko.e(2) |z|2/ (1 —8)|D*f(x + s2)| ds dz) mP(x) dx.
R4 |z|<1 0

From Hélder inequality applied with the measure pic (dz) := 1< koe(2) |2|* dz,
we have

n<e (/] u€<dz>)p/pl L/ D% f(e + 52) d5>pus(d2) mP(z) de

where p’ = p/(p—1) is the Holder conjugate exponent of p. Using now Jensen
inequality, we get

p/p’ 1
2 p p
T, <C (/Rd ug(d2)> /Rded/o |D* f(x + s2)|P ds pe(dz) mP(z) dx

<o ([ @) [ 10w an

with
/ pe(dz) = / koe(2) |2 dz — 0
Rd |Z|S1 e—0
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by Lebesgue dominated convergence theorem. To treat T, we first notice
that the term involving V f(x) gives no contribution, because ko.x = 0 for
e € (0,1/2), so that performing similar computations as for 77, we have

p

T, <C mP(x) dx

R4

p/p
<C (/ koe(2) dz)
|z[>1

/ / ko (2)(FP( + 2) + | FP(2)) demP (z) da
Rd J|z|>1

= </z|>1k0’€<z) e dz) /Rd [P (x) mP () da,

/ sl (e ) — (@)

with

e—0

/ koe(z) mP(z)dz — 0
|z[>1

by the Lebesgue dominated convergence theorem again. As a consequence, we
obtain

1A = 80 (F)llvmy < S lwomy 1(E) —0.

Step 2. We now consider the case s = —2, and we recall that by definition

[Acf — Aofllw-2p(m) =  sup f(Ae —Ag)*(pm)
16112, <1 /R
sup [ (Ae —Ao)(pm)

18l 2,0 <1 /RS

where p' = p/(p — 1) and because (A: — Ag)* = A: — Ap (where A* stands
for the formal dual operator of A). For sake of simplicity, we introduce the
notation

(4.27) To(x,y) == v(y) —v(z) = Vr(z) - (y —z)x(z —y).
We then estimate the integral in the right hand side of the previous equality:

/f(Aa—Ao)(¢m):/ e Z2o)m)
R4 R4 m
< [1(Ae = Ao)(Sm) /mll oo | £l 2o o)

Moreover,
(Ae = Ao} m) (@) = (I — Io) (6m) @)
hay T WEO@m@ + [ e o+ ) Talaa+ 2 s

4 [ b x(2) 2+ Vm(a) (9 + 2) — 9(a) d
]Rd
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We deduce that

I(Ac = Ao)(¢m)/mll?, < C <|r<f€ ~ I)@)I7,

/

P
dzx

/]Rd koe(2)p(x + 2) Tm(x, 2 + 2) dz

1

" /R m? ()
1

" /R m? () /R ko.e(2) x(2) 2+ Vm(z) (¢ + 2) — ¢(x)) dz

=:C (Jl + Jo + Jg).

pl
dx

To deal with J;, we use the step 1 of the proof which gives us
1 = 1)) < 0By, () —0.

The term Js is split into two parts:

=: Jo1 + Joo.

/

p
dx

/ koe(z)p(x + 2) T (x, x + 2) dz
|2<1

/

p
dx)

/I | koec(2)p(x + 2) T (z, 2 + 2) dz
z|>1

We first notice that for |z| <1,

1
Tz, 2+ 2) :/0 (1 —0)D*m(zx + 02)(2, 2) db,

which implies that

1 ! 2| 2 ’
< _ D .
Jyn <C P @) (/0 /z|§1 koe(2)|2]7|D*m(z + 02)||¢|(x + z)d&dz) dx

Since 0 < ¢ < 2, |D?m| < C and 1/m? < C in R%, we thus deduce using
Holder inequality and a change of variable,

/

p
I < C / Koe(2) |2dz ) [6ll?, with / koo (2) |2]2 dz — 0.
l2]<1 L l2]<1 e=0

Concerning Jag, we use |zx(z)| < C for any |z| > 1 and |Vm| < Cm in R?,
and we obtain that Jyo is bounded from above by
1 4
c/ L / koo ()]0l (x + 2) (m(z + 2) + m(z) + [Vm(z)) dz | da
rd MP () \ J)z1>1

/

< C/Rd </|Z|21 ko (2) |6l (x + 2) m(2) dz) dz,
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which implies, using Holder inequality and a change of variable,

/

p
Jog < C (/ koe(2) mP(z) dZ) ||¢||’2,,/
|21>1
with / koe(z) mP(z)dz — 0.
|Z‘21 e—0

Finally, we handle J3 performing a Taylor expansion of ¢:
1
oz +2) —o(x) = / (1—-35)Vop(x+ sz) - zds
0

which implies, using that |Vm[?' /m? e L°(R%), Holder inequality and a
change of variable,

/ 1/p’
v 1 P
J3 < / M / koya(z)\z|2/ IVo|(x + sz)dsdz | dx
re  mP () 2| <2 0

<C [ he@PdVol with [

koe(2)|2[* dz — 0.
|z]<2 |z|<2 e—0

As a consequence, we obtain that

1(Ae = Ao)(@m)/mll o < 0l Pllyy2rs  1(e) —22 O,

which concludes the proof. O

4.3. Regularization properties of A..
Lemma 4.20. For any p € (1,00), (s,t) = (=2,0) or (0,2), the operator
A. = Ap = A defined in (4.26) by

Af = | tole =) xnsle =) éal ) s ) dy

is bounded from WP to WP (v) for any weight function v.
Proof. First, one can notice that

Er(z,y) xno(z —y) < (Xr() + XrY)) XgL(2 —Y)
(4.29) < (Ljgj<2r + <o) Ly<jo—yi<or

< 21ygjo—yi<ar Lpj<a(rer) Ly<2(r+ 1)
the proof is hence immediate in the case s = ¢t = 0 using Young inequality:
[Af ey < ClASflLe < (1Ko Ly<pi<orll [1F]lze-
We now deal with the case (s,t) = (0,2). First, we have for £ = 1,2

AN = Y /

0L (ko(z — ) DL (xy,L(x — y)) Ok (Er(z,y)) f(y) dy,
i+j+h=t 7R



DISCRETE, FRACTIONAL & CLASSICAL FOKKER-PLANCK EQUATIONS

and for any (i, 7, k) such that i + j + k = ¢,
|04 (Ko (2 — ) & (xn..(x — v)) 05 (r(x, )|

< C 0% (ko(z — )| Ly<joyi<ar, Lizj<2(rrL)-

As a consequence, for £ = 0,1, 2,

2
1O AN o) < D 105ko Ly<pi<arlles 1 fllze,
i=0
which concludes the proof in the case (s,t) = (0, 2).
Finally, arguing by duality, we have

[AfllLeey) < C  sup (Af)p=C sup (Ag) f

ol <1 Jre ol <1 Jre
<C Wi I llw-22 [ ADlly2pr < Cllfllw-2,
Lp/gl

which proves the estimate in the case (s,t) = (—2,0).

4.4. Dissipativity properties of B. and Bj.

29

Lemma 4.21. Considerp € [1,2] and g € (0,a/p). For anya > d(1—1/p)—q,
there exist 1 > 0, 7> 0, L > 0 and R > 0 such that for any ¢ € [0,e1], B: —a

is dissipative in LP(m).

Proof. We consider a > d(1 — 1/p) — ¢ and we estimate for ¢ = 1,...,5 the

integral [pq (BLS) (signf)|f[P~tmP.

We first deal with B! in both cases € > 0 and ¢ = 0 simultaneously noticing

that for any & > 0,
BLf(e) = [ (xa)(e =) (F0) = 1) = (v =) Vf(a) .
Then, using (2.5), we have
[ BL5) i) gt

1

p
1

p
Using a Taylor expansion of order 2 and that pg < a < 2, we get

/Rd(mp(y) —mP(x) — (y — x) - VmP(x)) (k= xy) (x — y) dy
1
- /Rd /0 (1= 0) D*mP(x + 02)) (2, 2) (ke xn) (2) dO dz

<o Pk dz,
|z]<2n

< - / (LfIPy) = [f1P(2) = (y — @) - VIfP(2)) (ke xn) (x — y)dy mP (z) da
R4 xRd

== /Rded(mp(y) —mP(z) — (y — z) - VmP(z)) (ke xp)(x —y) dy | f|P(x) da.
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and thus
/ (BLf) (signf) [f[P~!mP < Fcn/ | f|P m?P
Rd R

with  k, ~ / ko(2) |z|> dz — 0.
|z1<2n =0

Concerning B2, we also treat the case ¢ > 0 and € = 0 in a same time
using (2.5):
L 80) Gieng) 57 e

< [ kela =) (4P6) = P @) i =) @) dy do

= ;/uxded ke(x —y) (mP(y) — mP(2)) x%(z — ) |f]P(z) dy dz.

We now use the fact that the function s — sP%/2 is pq/2-Holder continuous
since pg/2 < a/2 <1 to obtain
(4.30)

[mP () = mP ()] < C la] = [yl P72 (|| + |y[}"*/?

< C o =y min (|| + 2 =yl + 2P/, (ly] + o = o] + [y))"?)
< C (min (Jo = yP/2lal??’, o~y lylP2?) + o - )
< C {w = )™ min ((2)79/2, (y)?)

We deduce that

/ (Bgf) (signf) ’f\p_l mP < C ko(z)mP(z)dz / |fIP () <x>pq/2 dx
Rd R

|z|>L
<KL / |fIPmP,  with k=~ / ko(z) mP(z) dz — 0.
R4 |z|>L L—+o00

We now handle the third term B2 first using inequality (2.5) again:

[, 825) i) L5 me
ke(x —y) xoo(z —y) Ep(z,y) (1f1P(y) — [f1P(2)) m"(x) dy dz
/Rded ke(2) xn,2(2) Ep(y + 2,9) [FIP(y) (MP(y + 2) — mP(y)) dy dz.

We then use the Taylor-Lagrange formula which gives us the existence of
8 € (0,1) such that

mP(y + z) = mP(y) + z - VmP(y + 6z).
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Notice that there exists Cp, > 0 depending on L such that |[VmP(y 4 0z)| <
Cr, (y)Pa~! for any y € R?, |z| < 2L. We hence obtain

[, (829) Gigns) 57 e

=L /Rd i ke(2) 2] X2 (2) €6y + 2,9) | FIP () (y)P? L dy d=

<Cr /]RdXRd ks(z) |Z| Xn,L(Z) XcR(y) |f|p(y) Tn:y()y) dy dz

ooy MP(Y)
<o /,7§|Z§2L’“°<Z>'Z’dz /ylmm ) oy

which leads to

| @0 s aptnr < e [ 10w ™ b

As a consequence, we obtain
1
/ (Bg’f) (signf) | fP~'mP < krCp 1 / |flm with kg~ = — 0.
Rd R R R—+c
We estimate the term involving B2 using that &r(x,y) > xr(x), and we get
[0 Eaplrto <= [ ke [ (e
R4 m<|z|<L |z|[<R

Finally, using integration by parts, we have

[ (820) Gigp) e

= [Lr@me (a(1-2) - D) i

Gathering all the previous estimates and denoting

Un.L,r(®) = kn+ EL + KR Cy L — / ke(2) dz 1<
<2<

(05) )
we obtain

/ (B-f) (signf) | P~  m? < / 05 1 (@) | P () mP(z) do.
R4 R4

First, since ¢, @ @ — d(1 — 1/p) — - VmP(z)/pmP(x) is a continuous
function, we can bound it by above by a constant Cr depending on R on
{]z| < R} for any R > 0. We denote ¢ := d(1 — 1/p) — ¢ which is the limit of
¢m as |z| = co. One can also notice that A ; := f2n§\Z|§L k-(z)dz — oo as
e — 0 and n — 0. We first choose 1 > 0,7 > e1, L < 1/e; and R > 0, so
that we have

a+/t a—1V

|z] > R = pm(z) < B and Ky + KL+ KRCyL < 9
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Up to make decrease the value of 7, we can then choose €9 < €1 such that for
any ¢ € [0,¢eq],
Ky + KL+ "fRCn,L + Cr — A;,L < a.

As a conclusion, for this choice of constants, for any € R? and ¢ € [0, g¢], we
have ¢ | p(z) < a, which yields the result. O

Lemma 4.22. Consider q € (0,«/2). There exists b € R such that for any
s € N, By — b is hypodissipative in H*(m).

Proof. Step 1. We first treat the case s = 0. We write By = Ag — Ag and we
compute

[ any s = [ Gofysmt = [ (o) fm
= [ o)+ [ divten) gt = [ (o) fo

=T+ T+ T5s.
Concerning 17, we have
T =
L oo =) (F0) = £(0) = xa =) (= ) - V@) ) (o) dy do
=5 [, e =) (1) = f@)P dymi @y o+ 5 [ 72 ).

Since one can prove that Io(m?)/m? goes to 0 at infinity (cf Lemma 5.1 from
[12]) and is thus bounded in R?, we can deduce that there exists C € R such
that

<3 [ k- () - SRyt e+ C [
R xR

R
We observe that
- % /mded ko(z —y) (f(y) — f(2))* dym?(x) da
< —i /]Rded ko(z —y) ((fm)(y) — (fm)(x))? dy dz

+ ;/wad ko(x —y) (m(y) — m(z))? dz f2(y) dy.

We split the last term into two pieces, that we estimate in the following way:

/ _ ol =) (m(y) = m()?de 1) dy
z—y|<

1
< / / ko — ) | — 2 [Vm(z + 6(y — 2))|? dz 2(y) dydd
0 Jiz—y|<1

< C f2 m2
Rd
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and

[ ol =) () (e de £ dy

<C ot ko(z —y) (mQ(y)+m2(y) m2(m—y))dmf2(y) dy

<C ko(z)mp(z)dz/ f*m? SC/ f2m?.
|z|>1 R4 Rd

We recall that the homogeneous Sobolev space H* for s € R is the set of
tempered distributions u such that @ belongs to L}, . and

Jully = [ 16 i) de < oc,
Rd
and that for s € (0, 1), there exists a constant ¢y > 0 such that

o 2
RixRd |7 — yliT2s

from which we deduce the following identity:
@30 el = [ (@) - ue) ki - dody Yae©.2)
Rd xR4

As a consequence, up to change the value of C, we have proved
€o 2 2. 2
T < =2l +C [ Pt
Next, we compute
d x-Vm? d
T = oo )<= Zm?2.
2 Rdf (2 2m2 >—2 Rdf

Concerning T3, we use Lemma 4.20 and Cauchy-Schwarz inequality:

Ts < [ Aof Nl 2y 1 ll20my < C U IZ2my-

As a consequence, gathering the three previous inequalities, we have

C
/<Bof>fm2s—jr\fmnza/ﬁbo/ Pm? b e R
R4 Rd

Step 2. We now consider b > by and we prove that for any s € N, By — b is
hypodissipative in H%(m). For s € N*, we introduce the norm

(4.32) ey = S0 102 2y 1> 0,
7=0

which is equivalent to the classical H*(m) norm. We use again the fact that
By = Ag—Ap and we only deal with the case s = 1, the higher order derivatives
being treated in the same way. First, we have

8x(80f) — Ao(azf) + axf - ax(-AOf)
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Then, we can notice that

Aof(z) = /Rd ko(2) xn,0(2) Er(x, x4+ 2) f(z + 2) dz
so that

0x(Aof)(x) = Ao(0uf)(x) + Aof(x), with || Aofllz2(m) < C I fllz2,

where the last inequality is obtained thanks to inequality (4.29) as in the proof
of Lemma 4.20. We deduce that

8:(Bof) = Bo(0xf) + 0 f — Aof.

Then, doing the same computations as in the case s = 0, we obtain

[, 0x(Bor) @21
Rd
— [ Bo@.n @+ [ @t~ [ Jof@.)m
Rd Rd Rd
= J1+ J2+ Js.
with
Co
B < =L@l + b0 [ (007
Co Co
< =Dl raa S el b0 [ (0o
C
< =N mlsase + C (1 12y + 1 milZ )
and also

1
I < 5 (1132 + 1m0l ) -
Finally, using Cauchy-Schwarz inequality, we have
I3 < 1Al z2omy 100 z2my < C (112 + 1F 1% )
As a consequence, we have

/ 0u(Bo f) (D) m?
Rd

Co
< = U mllprase + b1 (I gy + Il ) . b1 € R

We now introduce f; the solution to the evolution equation

atft:BOft7 fDZfa

and we compute
1d
il = [ (Bofo) fom 0 [ 00Bofo) @rfiym?

Co Co
< =il = 0N frmlsas

+ 1 fell72 my (b0 + 1 01) 4+ 0 b || frm[ %,
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We now use the following interpolation inequality
2 1-a/2
Il < WAl 11550
which implies

(4.33) 1A% < KO 10l Fase + CIPIFaes € >0,
We obtain
1d
5%”‘ft|”12111(m)
C C
< (= Hn0K©Q) IfemlBye +n (=5 +Cb) 1FimlZes

1| fell 72y (b0 + 17 b1).

Choosing ¢ small enough so that —cp/8+ (b1 < 0 and then 7 small enough so
that —co/4 +nb1 K(¢) < 0 and by + nby < b, we get

1d
§£|”ft|”§]1(m) < b 1fell s oy
which concludes the proof in the case s = 1. (Il

We now introduce the operator By ,, defined by
(4.34) Bom (k) = mBo(m™'h).

Corollary 4.23. Consider q such that 2qg < a. There exists b € R such that
for any s € N, By, — b is hypodissipative in H®.

Proof. The proof comes from Lemma 4.22 and is immediate noticing that the
norms defined on H*(m) by

S
IFIF =D 102 F 112y and  If13 = (1S mF
=0
are equivalent. O
Lemma 4.24. Consider q such that 2q < «. There exists b € R such that

for any s € N, By, — b is hypodissipative in H=*, (or equivalently, By — b is
hypodissipative in H~*(m)).

Proof. We introduce the dual operator of By ,, defined by:
Bym¢ =wlo(me) —x- Ve — ¢ —wAg(m o)

where w := m~!. We now want to prove that Bj ., 1s hypodissipative in H*.
Step 1. We consider first the case s = 0 and we compute

[ Bno)o

_ _ ‘ _ r-Vm o
— [ tmeyws— [ oo oo [ T [ o ama)s
=T+ -+ 1Ty

z-Vm

m
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We have

_d
2
Next, using (4.29), we have || Ag(m ¢)||z2 < C || Ao(|¢])|| 12 and thus

Ty < C ([ Ao(I8DI1 + 18]32) < C 18]|7-

from Lemma 4.20. Let us now estimate 717.
Case o < 1. We write

T = / Kol — ) (o) (y) — (o) (2)) () B(w) dy da
R4 x R4

Ty #* and T3 <O0.
Rd

= [, Foler =) (6) — 6(2) o(x) dy s
[ e =) () - m(e) o) 9(0) o(2) dy d
lz—y|<1

+ / Kol — ) (m(y) — m(x)) w(z) 3(y) &) dy da
|z—y|>1

=:Tn + T2 + T1s.
Let us point out here that from (4.31), we have

T = /Rd Io(¢) ¢
-2 - - 2 1 2
= 2/Rd><]Rd ko(z —y) (¢(y) — é(x)) dydm+2/Rd]0(¢)
= =61

Next, using a Taylor expansion, there exists § € (0, 1) such that
(4.35)

T = [ kol =) (mly) = m(e) wl(o) 9(0) 9(2) dy do
z—y|<

<C - lko(:c—y) lz —y| [Vm(z + 0(y — z))|w(@) (¢*(y) + ¢*(x)) dy dx.
z—y|<

Using that |Vm(z + 0(y — z))|w(x) < C for any z, y € RY, |z —y| < 1, we
deduce

Tis <C o
Rd
Concerning T13, we have from (4.30)
m(y) = m(@)] < C (& = y)? min ()72, (1)9/?),
from which we deduce
T3 <C | ¢
Rd
All together, we have thus proved

€01 4112 2
Ty < =Pl +C [ 0
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Case a € [1,2). We write

T — /R kol = ) Toug(o.) (z) 6(x) dy da
_ / Io(9) 6 + / Ko(@ — ) T, y) () 6(y) S(w) dy da
R4 lz—y|<1
n / o — ) Ton (2 ) () 6(y) B(x) dy d
lz—y[>1

+ /Rd i ko(z — 1) (6(y) — d(2)) p(z) w(z) Vm(z) - (y — z) x(y — x) dy dz
X
=:T1 +Tio +Ti3 + Ty
where we recall that 7, is defined in (4.27). We have again
Co
T = = 26l

Arguing similarly as for T} in (4.35), but using a Taylor expansion at order 2
instead of order 1, we obtain

Ty, <C | ¢
R4
Next, we split T3 into two parts:
T3 <C ) ko(z — y) [m(y) — m(x)|w(@)(¢*(z) + ¢°(y)) da dy
z—y|>1

+C / ko(z —y) |z — y| [Vm(2)|w(z) (¢*(x) + ¢*(y)) dz dy
1<|z—y|<2

<C ‘ | 1k0($*y) (I—y>‘1 <x>—Q/2 (¢2(»’U)+¢2(y)) dz dy
z—y|>

+C ko(x — y) (6°(z) + ¢*(y)) dz dy,
1<|z—y|<2

where we have used (4.30), we thus obtain:

Ti3<C ¢°.
Rd
Concerning T14, we use Young inequality which implies that for any ¢ > 0,
Ty <¢ ko(z —y) (6(y) — ¢(x))* dy da

RaxRd

mix 2
PR [ hale =) 6@ g e - ) dydo

k(z)|z|2dz/ P2
Rd
Consequently, taking ¢ > 0 small enough, we have

co
Ty < =2olfy +C [ 6

< Ceolldl3ae + K(Q) /

|lz|<2

4
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We hence conclude that
* Co
[ )6 < =D1outto [ 2 wer
R4 Rd

Step 2. We now consider b > by and we prove that for any s € N, Bj,, — b is
hypodissipative in H%. As in (4.32), for s € N*, we introduce the norm

S
ol1Z- = >’ 18]l720 >0,
j=0

which is equivalent to the classical H® norm. We only deal with the case
s = 1, the higher order derivatives are treated in the same way. First, using
the identity (4.28) (with ko instead of ko), we notice that

z-Vm

B = 10(6) +wCp(9) +wC(@) =2+ Vo = —— = —w Ao(m ¢)
where
Cr(9)(2) = /Rd ko(x —y) ¢(y) (m(y) —m(z) — (y —x) - Vm(z) x(z — y)) dy
= [ Bo(:) 6o +2) ma +2) = m(o) = =+ V(o) x(2) =
and

C(0)(@) = [ Fole =) (9(9) = 6(a)) Vin(a) - (s = ) x(a =) dy
= [ Bo) 6l +2) = 0(a) Vim(o) - 2x(2)
Before going into the computation of 0,(Bj ,,,#), we also notice that

By (W Ao(m ) = w Ag(m 8z6) + Agm(0)

—_— .
where Ay ,,, satisfies

1 Aom ()2 < C 6]l 12

thanks to (4.29). Consequently, we have

O (B 1 ®) = B (020) + w Chp(9) + w3 () + Batw Cpry(¢) + Opw Coy ()
— 0y — Oy <x.vm>¢_@(¢>
m
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aln

d
/ 0 (B3 ) Da)
Rd
- / B (020) (00) + / WCh(6) (90) + / wCn(6) (020
]Rd

R4

+ [ 0000+ [ 00020 @)~ [ (0107
/Rdaz <x Vm) Du) — / Aom (0z0)

We have from the step 1 of the proof

€o 2 2
J1 < _Z||¢||H1+a/2 + bo /Rd(axd)) :

Moreover, we easily obtain that

Jo+Jr+Jg < C </Rd¢2+/Rd(az¢)2>.

The term Js is first separated into two parts:

Jo = / ko(z) o(y) To,m(x,  + 2) w(x) Opp(x) dz dx
2|<1

+ / ko(2)0(y) Tom (@, 2 + 2) w(x)Bu() dz dt
|z|>1
=: Jo1 + Joo

where we recall that 7p,,, is defined in (4.27). The term Jy; is treated as 112
is the step 1 of the proof. Concerning Js2, as for T13, we split it into two parts:

Jog <

/ @)+ 2) = (0] )60+ 2) + (0,007 (0)
+ / ko(2) 2| [V (0em)(z)| w(z) (¢ (z + 2) + (0:0)*(z + 2)) dx dz
1<)z|<2

<C ko(2) (¢*(x + 2) + (0,0)2(z)) dz dz

|z|>1
e | 2) (2 +2) + (0:0)2(a + 2)) durdz,
<|z\<2
where the second inequality comes from the fact that

[(0,m)(y) — (8xm)(2)|w(z) < C and |V(9ym)(z)|w(x) <C Yz, yecR?
because ¢ < a/2 < 1. We hence deduce that

sse (Lo fosr)
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Concerning J3, we perform a Taylor expansion of ¢ and use the fact that
|V (9,m)|w € L®°(RY):

1
= [ k=) [(0-0Vet+te =) -
V() @) (g — ) x(& — ) () 0.0(e) dy da

1
<c ko(z)\z\z/ V(@ + t2)|? dt dz da
2] <2 0

(4.36)

+ / ko(2) |2I? |9.0(x) 2 d= d,
|z|<2

where we have used Jensen inequality and Young inequality. We use a change
of variable for the first term of the RHS of (4.36), which implies that

J3 < Clg) 3

We deal with J4 splitting it into two parts (Jz —y| <1 and |z —y| > 1) and
using the same method as for 112 and T13 in the step 1 of the proof, we obtain

Ji<C </Rd¢2+/Rd<ax¢>2>.

To deal with J5, we proceed exactly as for J3 and we obtain
Js < C |9l

Summarizing the previous inequalities and using (4.33), we obtain that for
any ¢ > 0,

N c
| 058 ) 926 < =01+ (161 + ol )

Co
< = + b1 (18132 + KNGz + Nl 51na) b1 € R
This implies that if ¢; is the solution of

e = Bym®t, o =9
then
saillodlin < (=5 + 00 K(©) o1l s

Co
1 (=24 CB) Nl + G o)l

Taking ¢ and 7 small enough, we deduce that

1d

Qalllcét!\@p < bl gellF

this concludes the proof in the case s = 1. O
We now fix 0 < 7 < /2 as in the assumptions of Theorem 4.18. We also

introduce rg € (r,«/2) and mg(z) := (z)™. From Lemma 4.21 applied with

p = 1, there exists a < 0 such that B. — a is dissipative in L'(my) for any

e € [0,21] (or equivalently, B: ,,,, — a is dissipative in L! where B, is defined

as By, in (4.34)). From Lemma 4.21 applied with p = 2, Corollary 4.23 and
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Lemma 4.24, there exists b € R such that B. — b is dissipative in L?(mq) for
any € € [0,&1] (or equivalently, B ,,, — b is dissipative in L?) and By, — b is
hypodissipative in H® and H~° for any s € N*.

We introduce pg := 2/(1 + 6) and its Holder conjugate pj, := 2/(1 — ) for
6 € (0,1). We then choose 6 € (0, 1) such that ag := af +b(1 —6) <0, p, € N
and py(ro — ) > d. We denote

X1 = WP (mg) C Xg := LP (mg) C X_1 1= W 2P (my).

Lemma 4.25. The operator By — ag is hypodissipative in X;, i = —1,0,1 and
the operator B: — ag is dissipative in Xq for any € € (0,e1].

Proof. We prove that By, — ag is hypodissipative in W—2Po [P0 and W?2Pe
by interpolation. To conclude for Xy, we just have to interpolate the results
coming from Lemma 4.21 with p = 1 and Lemma 4.22 with s = 0 and use the
fact that [L', L?], = L with 1/pg = 6+ (1 —0)/2 i.e. py = 2/(1+6). Then,
for X7 and X_;, we first choose sg large enough so that so(1 — 0) = 2. We
then have [Ll, HSO]H = W?2Ppo, [Ll, H‘SO}Q = W27 and we conclude thanks
to Lemma 4.21 with p = 1 and Lemma 4.22 with s = sg.

We prove that B. — ay is dissipative in Xy exactly in the same way as we
proved that By — ag is dissipative in Xj. O

4.5. Spectral analysis. We here divide the proof of Theorem 4.18 into two
parts, using Krein Rutman theory for the first part and using both perturba-
tive and enlargement arguments for the second part.

Proof of part (1) of Theorem 4.18. First, we notice that as in Section 2
(Lemmas 2.9 and 2.10), we can prove that the operator A. satisfies Kato’s
inequalities, S, is a positive semigroup and (—A;) satisfies a strong maximum
principle. Using Krein-Rutman theory, this gives the first part of Theorem 4.18
i.e. that there exists a unique G. > 0 such that ||G.|[;1 = 1, Ac.Ge = 0.
Moreover, it also implies that II. f = (f)G..

Proof of part (2) of Theorem 4.18. We first develop a perturbative argument
which is detailed in what follows, improving a bit similar results presented
in [6, 11]. We then ends the proof using an enlargement argument.

Lemma 4.26. For any z € Q := D,,\{0} we define the family of operators
Ke(2) := —(Ae = No) R (2) (ARp.(2)).-

There exists a function n2(g) 7 0 such that
E—

(4.37) HKS(Z)H%‘(XO) <mle) VzeQe:=A\B,, B (0,m2(¢))-

=B
Moreover, there exists €2 € (0,e1) such that for any € € (0,e2) the operators
I+ K.(z) and A; — z are invertible for any z € Q. and

Vze Qe Ra(z)=U(z) I+ Kg(z))_1
with
Us :=Rp. — Rao(ARB.).
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As an immediate consequence, there holds
Y(A:)N Dy, C Be.

Proof. We know that the operators ARp_(2z) : Xo — X (from Lemmas 4.20
and 4.25) and Rp,(2) : X1 — Xi (previous works from [4, 6]) are bounded
for any z € 2 and that the operators A, — Ay : X1 — X are small as ¢ — 0
uniformly in z € Q (Lemma 4.19). Because 0 is a simple eigenvalue, we have

R Ao ()| z(x1) < C 2|7} Vzeq.

for some C' > 0. We introduce the constant C,, > 0 (coming from Lem-
mas 4.20 and 4.25) such that

I ASB. (1) 2(x0,x1) < Cag et

Defining 72 (¢) := (C Cy, 1 (£))*/2, we deduce that for any z € Q.,

C

(4.38) 1K= (2) L x0) < me) (e

Cae = 772(5)'

We choose €2 > 0 such that 7(g) < 1 for any € € (0,e2), we thus obtain that
|Kz(2)|| < 1 for any € € (0,e2) and z € ., which implies that I + K.(z) is
invertible.

We compute

(Ae —2)U. = (Be— 2+ ARp. — (Ae — Ao+ Ao — 2)Ra, AR,

For z € Q., € € (0,22), we denote J-(z) := U(z) (I + K-(2))~!, so that
(A — 2) T=(2) = 1d,

which implies that A, — z has a right-inverse J.(z).

Since A — z is invertible for Re z large enough and 7.(z) is uniformly locally
bounded in €., we deduce that A, — z is invertible in 2., and its inverse is its
right-inverse J(z). O

Lemma 4.27. Let us denote
7
. = 2/ Ra(2)dz, T.i={z€C:|z| = ()}
T I,

the spectral projector onto eigenspaces associated to eigenvalues contained in B, .
There exists n3(e) such that

ITTe — ol z(xy) < n3(e) — 0.
e—0
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Proof. First, we have
=5 [ 1Re.) ~ Rag()ARs (DU + Kel)
/ Rp.(2) {I — K.(2)(I + K-(2))""} dz

/RAO J(ARB.(2)) {I — Ke(2)(I + K.(2)) 7'} dz

_ QL R (2)K(2)(I + K.(2)) " dz
in Jr.

~ 9 RAO( VAR, (2)) {1 — Ke(2)(I + Ko(2) 7'} dz

1
= 27'['/1"5 'R,AO(Z)CZZ

_ i / (R (2) = Raro (2) (AR, (2))} dz

and similarly,

= iz [ Roule) (AR (2))

Consequently,

Ty — I, = i / R (2) {ARE, (=) — ARp.(2)} d=

~gir L (R(6) = Ry () AR, (1) K )T+ ()
=T + 1.
Concerning 17, we use the identity
ARp,(2) — ARp.(2) = ARB,(2)(Be — Bo)Rp.(2)
with Lemmas 4.19, 4.20 and 4.25 which imply that
Rp.(z) € B(X0), |Be—Bollxe—x_, < mile) — 0, ARp,(z) € B(X_1,X0).
To treat Th, we use estimate (4.37) on K.(z), the facts that Rp_(z) € A(Xo)

and that we also have Ry, (2)ARB.(2) € #(Xp). That concludes the proof.
]

Proposition 4.28. There exists g € (0,e2) such that for any € € (0,ep), the
following properties hold in Xq:

(1) B(Ac) N Dqy = {0}
(2) for any f € Xy and any a > ay,
18a.(0)f = G={F)lIxo < Cae®||f = Ge(f)llxo, V=0

for some explicit constant Cy > 1.
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Proof. We know that if P and @Q are two projectors s.t. ||P — Q| z(x,) < 1,
then their ranges are isomorphic. Lemma 4.27 thus implies that there exists
g0 € (0,e1) such that for any ¢ € (0,e9),

dim R(Il;) = dim R(Ilp) = 1.

We also know that 0 is an eigenvalue for A. (cf. part (1) of Theorem 4.18).
This concludes the proof of the first part of the proposition.

To get the estimate on the semigroup, we use a spectral mapping theorem
coming from [9, Theorem 2.1]. The hypothesis of the theorem are satisfied
because B — a is hypodissipative in Xo (and thus in D(A¢, ) = D(B )

and A € B(Xo, Wi?’(m)) (and thus A € B(Xo, D(Az . ))- O

To conclude the proof of part (2) of Theorem 4.18, we use the previous
Proposition 4.28 combined with an enlargement argument (see [4] or [6, The-
orem 1.1]): our “small space” is E = LF? and our “large” space is £ = L.
We then use Lemmas 4.20 and 4.21-4.25, and the fact that we clearly have
Aec BEE).
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