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The KR theorem issue

For a positive semigroup S; = S (t) = et with generator £ on a Banach lattice

X with positive cone X, we ask for

e existence of a first eigenvalue triplet solution (A, f;,¢1) € R x X x X' :

h >0, LA =MhA, ¢120, L7%1 = Aoy

e suitable geometric properties as

(1) i > 0 unique positive eigenvector for £, N(£ — A\;)* = vectf
and ¢; > 0 unique positive eigenvector for £*, N(L* — \1)* = vect¢;

(1) Z4(L£) — A1 is a (discrete) subgroup of iR,
with £ (L) :={\, A € Zp(L), Red = A1}

(2) T4 (£) = {A}
e asymptotic attractivity/stability of the principale eigenfunction

e fy — e, o) = o(eM?),

with constructive rate.
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Framework

e X =(X,]|-|l,>) Banach lattice with positive cone X, := {f > 0}
Typically X = LP, X = Gy or X = M" or a weighted such spaces

e 5 =(5;) a positive semigroup on X (of linear operators):
- St S B(X), St15t2 - St1+t2y SO - I,
- strongly or weakly * continuous trajectories,
- [[Sellx—x < Me™,
-5>0: 5f>0iff>0,
- the generator L splits as
L=A+B, A=<DB, SB(t)Z O(enst), Kk < K1
with associated Duhamel and iterated Duhamel formulas
S, = Sg+SgAxS,
= Sp+---+ (SB.A)*N_l *x Sp + (SB.A)*N xSy

e Examples
Lf = div(aVf)+b-Vf +cf
- —a.Vf-— Kf+/kf*dy*
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Framework

e X =(X,]|-|l,>) Banach lattice with positive cone X, := {f > 0}
Typically X = LP, X = Gy or X = M" or a weighted such spaces

e 5 =(5;) a positive semigroup on X (of linear operators):
- St S B(X), St15t2 - 5t1+t21 SO - I,
- strongly or weakly * continuous trajectories,
- [[Sellx—x < Me™,
-5>0: 5f>0iff>0,
- the generator L splits as
L=A+B, A=<DB, Sg(t) = O(eRBt), Kk < K1
with associated Duhamel and iterated Duhamel formulas
S, = Sg+SgAxS,
= Sp+---+ (SB.A)*N_l *x Sp + (SB.A)*N xSy

e Examples
Lf = div(aVf)+ b VF+cf — Mxgf + Mxgrf
= fa~Vf—Kf+/kf?f*dy*+/ka*dy*
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Existence part in the KR theorem

Assumptions:

(1) S is a positive semigroup

(2) Fro € R Fhp € XEN{0} Lo > Koo

(3) (dissipative case) splitting structure with kg < Ko

(3') (weakly dissipative case) ro =0, 30 € L}(R,) such that

t
Il < MIG]+ [ Ol - s)Elods
0

with [f] = [f]o := (Yo, []).
Conclusion: 3 a solution (), fi, ¢1) to the first eigenvalue triplet problem

Example:
Lf = Af + div(bf) + cf,

b:=VIx|"/y,v>0, c € C(R?)
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Dissipativity / Lyapunov / weak dissipativity / weak Lyapunov

Dissipativity da € R
Ve Jp, (F5,Bf) < alfI? = [ISs(t)f| < e™|f],
with Jr := || f||(signf) if X = L}, Jr:=fif X = L2
Lyapunov 3a € R (or R_), 3¢, Fo < ¢ (suppyo compact)
L5 < ap + 1o
Examples
e [ satisfies Lyapunov with ¢ =1 = B := L — My is dissipative / L satsfies (3)
o Lf := Af +div(x771f) satisfies Lyapunov with 1 = 1 + |x|?> when y > 2
Weak dissipativity with a =0, Xo C X;
Ve Jp, (P Bf)x, < Il = [1S8(8)fllx, < O()|Ifllx,
Weak Lyapunov with a =0, 3v;, ¥ < 91 < o

Ly < —1p1 + 1o

Examples

e weak Lyapunov for £ = weak dissipativity for B := £ — vy / L satsfies (3')

o Lf := Af +div(x?1f) satisfies weak Lyapunov with same ¢ when v € (0,1)
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First Geometry part in the KR theorem

Assumptions:

(C1) conclusions of the existence part

The consequences of the semigroup positivity assumption

(1") the weak maximum principle: (A= L)f >0, A> X = >0

(1") Kato's inequalities : L|f| > (signf)Lf, Lfy > (sign f)Lf,

(4) the strong maximum principle: (A—L)f >0,f >0, f#0=f >0
Conclusions:

e f; > 0 unique positive eigenvector for £, N(L — A1) = vectf;
and the same for ¢1, X (L) — A1 is a subgroup of /R

e > (L) — A\ is a disscrete subgroup of iR if kg < kg in the dissipative
splitting structure hypothesis (3)
e mean ergodicity

1 (7.
7/ Fdt = filfy,dn) as T — oo,
0

under the weakly dissipative splitting structure hypothesis (3'),
with Sy 1= e M!S, f, := S;f.
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Second Geometry part in the KR theorem

Assumptions:
(C2) conclusions of the existence and first geometric part
(5) reverse Kato's inequality (for eigenvectors)

(signf)Lf = L|f| = f=ulf|, uc S*

(5") eventual strong positivity
Ve X\{0}, o€ X{\{0}, 3T, V2T, (£,4) >0
or in other words when E = UEj, E, compact
Vk, 3T, Vt>T, f; >0o0n Eif fy #0 on E

(5”) reverse strong positivity (for eigenvectors)

|Sef| = Self| = Fue € SY, fo = welfy|
(5"") splitting structure and (A\; + iy — B)"NA = O(|y|~1~*)

Conclusions:
o ={M}
e ergodicity f; — f1{fo, 1) as t — oo (without rate)
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Constructive rate part in the KR theorem
Assumptions:
(C1) conclusions of the existence part

(3) (dissipative case) splitting structure with kg < ko which implies

ISTFI < ellFll + KTFlu,

with v, =~(T) < 1 for any T > 0 and for some g > 0
(6) strong Doblin-Harris irreducibility condition and regularity

3T >0, g0 >0, VF >0, S7f > go(to, f)
IRy >0, ¢1 < Rotpp  (or a weaker estimate)

Conclusion: There exists some constructive constants C > 1, a < 0 such that

|S:f|| < Ce®||f]|, ¥t >0,
for any f € X such that (f,¢;) = 0.

e Similar (but weaker) result in the weak dissipative case
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Discussion - dissipative case

Spectral analysis and KR result
e Perron-Frobenius (dim < 00), Phillips (positive semigroup)
e Krein-Rutman (existence+geo when intX; # (), ok X = C(E), E compact)

e German school (intX; = () ok, but not constructive nor weakly dissipative)
— Schaefer, Nagel, Greiner, Arendt, ...and many others since ~ 1980
— more readable book by Batkai, Kramar FijavZ and Rhandi

e Scher-M (~ German school, a bit more constructive)
e P-L. Lions college de France course (existence, weak compactness argument)
e Alfaro-Gabriel-Kavian and many others ... (KR with more or less explicit rate)

Ergodicity, probabilistic and coupling method approach (conservative case)
e von Neumann, Birkhoff, Markov, Kakutani (existence)

e Doblin, Harris, Meyn, Tweedie (exponential convergence)

e Hairer-Matingly (the same but constructive and simple proof)

Probabilistic and coupling method approach (non conservative)
e Bensaye, Cloez, Gabriel, Marguet (abstract KR via coupling)

e Cafiizo-Gabriel-Yoldas and many others ... (KR with more or less explicit rate)
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Discussion - weak dissipative case (but conservative)

Spectral analysis and functional inequalities
e Toscani-Villani, Rochner-Wang (Fokker-Planck operator)
e Kavian-M.-Ndao (idem)

Probabilistic and coupling method approach (non conservative)
e Douc, Fort, Guillin (weak Lypunov condition)

e Cafiizo-M. (idem but constructive rate)

What is new?

e KR in the weak dissipative case with possibly no control on strong compactness
nor graph norm

e constructive rate

e the necessary assumptions are made clearer at each step
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Existence - first proof (dynamical approach)
~ Del Moral-Miclos? Collet-Martinez-Méléard-San Martin?

We assume (case N = 1 and X = M*) with k5 < ko
[f] > et 9IL], Ve >s, f :=Sf
t
A< el G [ e ds
0

Step 1. We define

C={f>0, [f]=1, If| <M}, &)= [Z]

For fy € C and a := kg — kg < 0, we compute for any for t < tp,

1@+ (o)

IN

t
el + G [ e~ as
0

14+ at/2M+ Gt < M
to > 0 small and M > 0 large. That implies ¢, : C — C.
From Brouwer-Schauder-Tykonov theorem:

& eC, Du(&e) =&
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Existence - first proof (continuation)
Step 1. We reformulate
3f, € C, AN, € [Ro, k1], Sife = eMF.
Step 2. We reformulate again by choising t = 27"
If, € C, AN, € [ko, k1], Stfa= eMtf, VteD,, m<n,

with
Dy :={t =277} =27"N = part of dyadic real numbers
By compactness, 31 € [k, k1], 3 fi € C such that

Sffnk - e)\/nk fnk7 )\nk — Al) fnk - ﬂ

We deduce
Sih=eMfy, VteD,, Ym
and then
Sy =eMtfy, Vit>0.
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Existence - second proof (dynamical approach) ~ Cafiizo-M

We assume (general dissipative case for N and X) with k5 < Ko
(] > e™9IL], Ve >, f =S

t
C A< Gl + G [ eIt ds, G0
0
Step 1. With the same notations

C
@7 ()] < CleaT°M+|72§M,

al

for To and M > 0 large enough. That implies &, : C — C.
From Brouwer-Schauder-Tykonov theorem:

Ifr, € X4, [fr]l =1, Srfr, = ehiTo 1,

We cannot make To — 0 !!
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Existence - second proof (continuation)

Step 2. We denote S, := S;e~*t. We have built a periodic solution
§ff7—0 = S_.tfkTg ngv k= [f/ To], Vt>0.
For any t > 0, we deduce
[Sifr,] > elmoME=kTo)[f ] > glro=A)To —. >

ISefrll < Coel WUTKT||fr || < Crel2 || || =2 R* < o0

The mean ur satisfies the same estimates:

1 (7.
uri= 7 [ SfndteGim(geXei e 2 gl <R).
0

By compactness, there exists f; € G and (T) such that ur, — f.
The von Neumann, Birkhoff mean ergodicity trick leads to

Tk Ty

_ 1 _
$:Sfryds — = g%$}

_ 1
S.h—f = nm{
k Jo k Jo

k— 00

) 1 Ti+t _ 1 t
_'ﬂﬁ{nL1 &%¢—7iégﬁ¢}_a

because (§sf7—0) is uniformly bounded. We deduce Lf = M\ fi.
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Existence - fourth proof (dynamical approach)

We assume (including weakly dissipative case)
[fe] > [fs], Yt >, Ko:=0,

[fell < M|l +/0t@(t—s)[fs] ds, M >1
For some gy € X such that [gy] = 1, we set
C={f20,[f1=1, [fl <R}, R:=max(2[O],sol)
and we define the increasing function
A(t) = }EE[SJ].

We have the alternative
e (case 1) sup A <2M
o (case 2) sup A > 2M
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Existence - fourth proof (case 1)

By compactness, there exists fy € C such that

sup[S:fo] < 2M.
t>0

We remind the iterated Duhamel formula
S=v+(SgA)M xS
and the associated mean equation
Ur=Vr+ Wr
with

Ur = l/TSdt = l/T dt, Wr = 1/T(5 AN s St
T-_TO t 7VT'_T 0 vidt, T-_TO B .

Thanks to Fubini and positivity, we have

-
WTS/ (SBA)(*N)dtUT
0

which implies
[Wrfoll < [©][[Urf]
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Existence - fourth proof (case 1 - continuation)

In a simpler way
[Vrhl < M|f.

All together, we have °
|Urfoll < M|Ifoll + |2 [Urf] and 1 < [Sthh] < 2M.

From the first inequality, we deduce that ||U7f|| is uniformly bounded on T € R;.
By compactness, there exists Ty — 400 and f; € X such that Ur, f — fi.
Thanks to the second inequality, we have [f;] > 1.

From the same and usual mean ergodic trick, for any fixed s > 0, we have

Tk

. 1 1 T
S~ = Jim {o [ SE)S@hdt— | S(e)fdtf
0 0

. 1 Tk+s 1 s
- k'Lmoo{ﬁ/T S(t)fodtfﬁ/o S(t)f dt} = 0.

k

That implies that f; is a stationary solution, and thus A\; = 0.
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Existence - fourth proof (case 2 - step 1)
Step 1 From the assumption
3T, VFEC, [Sif] > [Srfl > 2M +¢, Vi > T;

and thus
ATy, VFEC, VT > Ty, [Urf] > 2M.

For f € C, we define

By the estimate on Uyt established when dealing with case 1, we have
1
Wrfl < SIfl+ 19w < R,

sothat V+:C — C.
From Brouwer-Schauder-Tykonov theorem: for any n > Ty

I, €[0,k1],3F, €C, Upnf, = eM"f,,.

And ?
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Existence - resolvent approach

We assume
(A=L)f > 0= f >0 (weak maximum principle)

Lo > Kotho
splitting structure £ = A+ B, ||eP!|| = O(e"5?), kp < ko

We define
A1 o= infAeR (k—L): X=X, (k—L): Xy = X4, VE> A}
inf{A € R; [[(k — £) sy < 00, V& > A} > Ko

That implies [|(Ay — £)7*||5(x) — 0o when X, /' A1 and in particular

Hﬁhgn € X4, ||f/-;7|| =1, HEHH — 0, ()\n - £)_15n = fn

Equivalently (at rank N =1)
o= (A= B)"*Af, + (A — B)"le, € compact

We deduce R R
fo— fi, |l =1, i =(\—B) *Ah.
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Existence - mixing dynamical and resolvent approach

We assume
S, positive semigroup
L% >0
splitting structure L1y < —1p1 + 1o
Step 1
A o= inf{AeR; (k=L): X=X, (k—L): Xy = Xy, V&> A}
inf{A € R; [|[(k — £) lspe,x) < 00, VE > A}

Step 2 Repeat the previous "resolvent approach”
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