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The KR theorem issue - stationary problem

e framework: a positive semigroup S; = S;(t) = e** with generator £ on a
Banach lattice X with positive cone X, in duality with another Banach lattice Y
(Y=X or X=Y'").

> Concrete situations are X = Gy, X = LP,, X = M}, here for KFP: X := [2,

e (CS1) existence of a solution (A1, fi,¢1) € R x X X Y to the first eigentriplet

problem :
i >0, LA=MfA, ¢1>0, L1 =\

e suitable geometric properties as

(CS2) A1 € X (L) algebraically simple, f; > 0 unique positive eigenvector
for L, ¢1 > 0 unique positive eigenvector for L*, (f;,¢1) :==1

(CS31) T (L)NXp(L) — Ay is a (discrete) additive subgroup of iR
(CS3,) T.(£) NTp(L) = (M)
(CS33) (L) N A, = {1}, k < A1 (spectral gap)

where

Y (L) :=s(L) + iR boundary spectrum, s(£) := {supRe\; X € X(L)} spectral
bound, X p(L) point spectrum (set of eigenvalues), A, ;= {z € C, Rez < k}
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The KR theorem issue - asymptotic problem

e asymptotic attractivity/stability. The functions t — fie’® and t +— ¢iet are
particular solutions (with maximal growth) to the primal and the dual evolution
problem. Is this first function attractive

e — (61, f) = o(eM)?

Introducing S := S,(t)e 1t and assuming (1, fo) = 0, we wonder if

e (CE1) mean ergodicity when
1 (7=
= fodt ;
T /0 Sifodt — 0;
e (CE2) ergodicity when
e (CE3) quantitative asymptotical stability when

I15¢%ollo < ©(®)Ifoll1,  ©(t) 0,

with non constructive rate or constructive rate with X; = X C Xy, © exponential
(geometric, dissipative) or sub-exponential (subgeometric, weak dissipative)
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Discussion about KR - dissipative case

Spectral analysis
e Perron-Frobenius 1907-09 (dim < co), Phillips 60’ (positive semigroup)
e Krein-Rutman 1948 (exist+geo when intX, # () +» X = C(E), E compact)

e Greiner 1984, Webb 1984, Blirger 1988 (intX, = (), not constructive)
— Schaefer (and German school), Voigt, Gearhart, Priiss, Nagel, Arendt, ...
— more readable book by Batkai, Kramar FijavZ and Rhandi

Scher-M 2016 (~ German school, a bit more constructive)

e Lions’ college de France course 2020, (existence, weak compactness argument)

Ergodicity, probabilistic and coupling method approach (conservative case)
e von Neumann, Birkhoff, Markov, Kakutani (existence) ~ 30’
e Doblin 40, Harris 50', Meyn-Tweedie 90’, Hairer-Matingly 2011 (convergence)

Probabilistic and coupling method approach (non conservative)
e Collet-Martinez-Méléart-San Martin 2011-13, Champagnat-Villemonais 2016
Bensaye, Cloez, Gabriel, Marguet (abstract KR via coupling) 2019-22
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Discussion about KR - weak dissipative case (but conservative)

Spectral analysis and functional inequalities

e Toscani-Villani 2000, Rochner-Wang 2001 (Fokker-Planck operator)
e Kavian-M.-Ndao 2021 (idem)

Entropy, probabilistic and coupling method approach (non conservative)
e M.-Michel-Perthame 2005 (GRE)
e Douc, Fort, Guillin 2009 (weak Lypunov condition)

Cafiizo-M. 2023 (idem but constructive rate)
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Two goals

First goal: to revisit Krein-Rutman theory

e more general than the initial Krein-Rutmann theorem (intX; = () is possible)
/ less abstract than usual semigroup school approach

e more intuitive = series of a priori estimates / the necessary assumptions are
made clearer at each step

What is new?

e KR in the weak dissipative case (no spectral gap!!)

e only weak compactness arguments are needed

e (towards) constructive rate

Proof based on
e simple Banach lattice tools (no ideal, no quasi interior point, no Calkin algebra)

e simple spectral analysis tools (no essential spectrum/growth bound), ergodicity
and probabilistic (coupling method) tools

e additional strong positivity assumptions

Second goal: apply / illustrate on KFP model
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Kinetic Fokker-Planck equation in a domain

We consider the KFP equation

of = LFf, (0,00) x O,

W*f:’ﬁfy+f:alpfy+f+/6r7+fa (07OO)><Z*7
where @ := Q x R, Q ¢ R? bounded domain, ¥_ incoming boundary C ¥ = 9Q x R,
with general Kinetic Fokker-Planck operator

Lf:=—v -V f+Af+b-V,f+cf,
and general reflection operator # associated to the specular reflection operator
Fx(g(x,))(v) = g(x, Vxv),  Vav =v —2n(x)(n(x) - v),
and the diffusive operator
Du(g(x, (V) = cutt (v)E(x), &(x) = / g(x, w) n(x) - wdw,
p

for a normalized Maxwellian .# and some accomodation coefficients «, 8 € [0, 1],
a+ B < (¢ <1= leak is possible.
Theorem - KR for the KFP equation

The conclusions (CS1), (CS2), (CS33) and (CE3) with exponential rate but non construc-
tive constants hold
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Discussion about KFP

Existence in RY and in a domain (with additional NL terms)

e Degond 1986, Dreseler 1987, Bouchut 1993, Carrillo-Soler 1993-97

e Carrillo 1998,

Regularity

e Golse-Lions-Perthame-Sentis 1988, , M.-Weng 2017
e Hormander 1967, Bouchut 1995, Hérau 2007, Hwang-Ju-Veldzquez 2014
e De Giorgi 1956, DiBenedetto-Gianazza-Vespri 1986-2012

e Hérau+Pravda-Starov 2011, , Zhu 2021
Longtime behaviour and Hypocoercivity

e Bonilla-Carrillo-Soler-Vasquez 1995-98

o Nier-Helfer-Hérau 2004-05, Neuman-Mouhot 2006, Villani 2009

KR for the KFP operator with zero inflow boundary condition

What is new?

e reflection at the boundary condition for a non conservative model
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Existence part in the KR theorem

We assume that £ enjoys the following properties
(H1) Re(a) = (a— L)t € B(X) N B(X,) for any a > k1
We may define
IT={keR, Va>«k, Re(a) e BX)NB(X)} # 0.

(H2) drg € R, kg ¢ 7.
We may define
A1 = infZ € [ko, k1]

(H3) If (An) in R, (gn) in X4 and (g,,) in Xy satisfy
An N\ AL, HgnH =1,e,—0, \ogn— Lgn = €p,
then (for a subsequence) g, — f1, f; # 0.

Theorem (~Lions)

Under conditions (H1)-(H2)-(H3) there exists a solution (A1, f;) to the first eigen-
value problem
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Proof of the existence part in the KR theorem

e Because A\, \, A1 we must have [|Rz ()|l zx) — oo.

On the contrary A\; ¢ X(L).
That implies that there exists 7 > 0 such that B(A1,1) N X (L) =0 and

M) D (M — @) R(M)* >0,
k=0

forany \1 —n < a < A,
J]A\1 — 1, A1] € Z and that is in contradiction with definition of ;.

e That means there exists €, — 0 and ||g,|| = 1 such that g, = R.(An)en

Because Rz (A,) € Z(X;) we may assume g, > 0, €, > 0.
e We just apply (H3) and conclude
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The Krein Rutman theorem under splitting structure

(H1") S = S. is a positive semigroup with growth bound w(S¢) < k1

(H2") 3 ko < k1, Tho = 0 such that L*hg > koo or Ify = 0 such that Lfy > kofy

(H3') £ = A+ Bwith A€ B(X), Ik5 < ko, Re(a) € B(X) uniformly in a > kg and
I N > 1 such that W(a) := (Rs(a)A)" satisfies

W(a) : Xy — X1 is positive and uniformly bounded in « > ko
with X1 C X C A and assuming that for any R1 > Ry > 0 the set (ring)
C:={ge X llgllx = Ro, llglla < R}

is relatively sequentially compact for the weak topology o(X, Y) and 0 ¢ C.
(H3") same condition on the (almost) dual operator W#(a) := (Rg~(a)A*)Y

Theorem

Under conditions (H1')-(H2')-(H3’)-(H3") there exists a solution (A1, fi, ¢1) to the first
eigentriplet problem

- (H3’) and (H3") are automatically verified when W(a) € % (X)
- (H3’) holds if W : L?, — L3 weakly compact in L?,
H . 1 1 . 1
- (H3') holds if W : M, — M, weakly * compact in My,
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Proof of the existence part in the KR theorem

e (H1) = (H1) 0 < S; = O(e"*), VK > K1, is equivalent to the Kato inequality
(signf)Lf < L|f| and k — L € B(X)NRB(XL), VE > k1.
o (H2') = (H2)
e (H3') = (H3) For a sequence of approximation solutions
8n Z 07 ||gn|| = 1a )\ngn - Bgn - -Agn - )\ngn - Lgn =€&p — 0;
we write

&n = Ri(An)en + Ri(An)Agn

and iterating

g = {Re(\n)+-+ (Re(M\)AIRs(Nn)}en + W(An)gn
= Vp+ w,.

By assumptions v, — 0 so that w, € C =Cy o, Ao = X, &1 C X.
As a consequence, w,, — fi #0, v, — 0, so that g,, — f; and f; > 0.
Passing to the limit in the first equation, we also get \1; — Lf; = 0.
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Geometry part in the KR theorem

e (CS2) is a consequence of the weak maximum principle (H1) (or (H1”) +

(H1)) and the strong maximum principle (H4), where :
- (H1") weak maximum principle: (A—L)f >0, A> X\ = f >0
- (H1"") Kato's inequalities : L|f| > (signf)Lf, Lfy > (sign f)Lf

- strong maximum principle: (A\—£)f >0,f>0,f£20=1f >0

e (CS3;) is a consequence of (CS2), (H4) (and (H3') for the additional discrete

property)
e (CS3,) is a consequence of (CS2), (H4) and (H5;)i—1 2 with
- inverse Kato's inequalities : L|f| = (signf)Lf implies f = u|f]|
- (H52) aperiodicity condition :
VEe X \{0},Voe Yi\{0}, IT>0,¥r>T (S.f,¢)>0.
e (CS33) is a consequence of (CS2), (H4) and (H53) with
- Voigt's quasi-compactness :

St=Vr+ K, Vt:O(eK'Bt), KTEf%/(X)
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Stability part in the KR theorem

e (CE1) (weak convergence) is a consequence of (CS1) and (CS2) when X C L}

loc

e (CE2) is a consequence of (CS1), (CS2), (CS3,) and the trajectories (gtf)tz()
are relatively compact

is a consequence
of (CS2), (H4) and (H53) thanks to Voigt-Greiner-Webb-Biirger theorem

o (CE3) (exponential or sub-exponential rate with constructive constants) is
consequence of (CS1) together with a Lyapunov condition and a Doblin-Harris
condition. Typically :

ISTFIN < AellFll + K(IF], o)
with 7, =, (T) < 1 for any T > 0 and for some 9 > 0 and

3T >0, 3g0 >0, Vf >0, Stf > go(to, )
IRy >0, ¢1 < Rotho
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Assumptions on the Kinetic Fokker-Planck operator

We consider the Kinetic Fokker-Planck operator
Lf=—v -V f+Af+b-V,f+cf in O,
{ vy_f =aDyf 4+ plyf on X_,
with X4 := {(x,v) € 9Q x R, £v - n(x) > 0}. We assume furthermore
c,divy b, b/(v) € L*(O), limsup b-¥ >0,

(x,v)—o0

with notations ¢ := v/(v), (v)?2 = 1+ |v|?. For simplicity, we assume here

- Iv[]? +d 1. .
wi=c+ > —2d|vvb—b Vv — —00
and we denote
Am? Vm
o= e A davs 5. I
kY = H(C—dinb)+HLw7 m:=.#"?

We finaly assume that

n(x) = —=Vi(x) € Wh(Q), 4(x) := dist(x, Q).
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Constructive condition (H1) for the Kinetic Fokker-Planck operator

Consider a solution f to (A — L)f = F in O, v_f = Zy4+f + on X_.
e Multiplying by f m?, we get

/(/\fw)f2m2+/\v\,f|2m2+/(’yf)2n(x)-vm2 :/ffm2,
>
so that

/(Afw)fzm%/wvffmz <1 Iz,

with inf(A — @) > 0 when A > k}. = existence
e Multiplying by f n(x) - ¥/(v) and using Cauchy-Schwarz, we get

2
(L 1fln)-vI)" 5 [ P - 00 < 1F1 + 121,

= trace condition is meaningful
e Multiplying by S'(f), S(f) = |f| or S(f) = f;, when % = 0, we get

02/ S(f)(/\—c+divb)+/5(’yf)1/-vnp.
o b

with inf(A — ¢ + divb) > 0 when A > x7. = uniqueness and positivity
e The three estimates together = R (\) € Z(X)NB(Xy) when X > k1 = max(ki, k)
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Additional a priori estimates

e Multiplying by f1, with 1) = 6§(x)*/2n(x) - v Lions-Perthame type multiplicator,

we get

/Wf2 SIFIE + 12113 -

e Together with the first estimate, we get

2
n(x 4
[t + C Ly 9 < |7

for A > K, my := m(w_)Y/2 >> m.
e Defining
U. .= {(x,v) € 0; 5(x) > ¢, |v] <e},

there exists A(¢) — oo when e — 0, such that

A@Lﬁm<wm+um

€
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Condition (H3) witth N =1 for the Kinetic Fokker-Planck operator

We define
Af = Mxf, 1g, <x(v)<1p, B:=L-A

e For any k € R, we may fix M, R > 0 large enough such that

sup [|R5(2) w2, < o0,

zEA,

what comes from the very first a priori estimate.

e Moreover in that situation Rs(A) € #(L2,) for any fixed A > k. We consider
(A= B)gr =G [Gollg, = 1.
From the previous a priori estimates, we have

HgnHLgnl + IVvgnlliz, +sup Ae)llgnll 2y S 1
e>0

Using the averaging lemma for the kinetic equation

V-Vign=Go+ Avgn+b-Vigs+ (c — A — Mx)g, bdd L2 cH,

v,locy

we deduce
& = &n *v Pa + (81 — &n *v pa) € compact L,20C.
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Additional local regularity and local positivity estimates

Consider the KFP equation
Og+v-Vig—Ag+(v)’g =G in IxU,
with I =0, | CRy, U=RY xR, U CC O.
e From Hormander, Hérau & Pravda-Starov, we have
103 gll.2 + 1D7e 2 S 116112 + llgll -
e From De Girogi, ..., DiBenedetto, ..., Golse-Imbert-Mouhot-Vasseur, we have
gl (ay) < llgllz(ay) + 19112(as)
Igllziaq,) S lgllziey) + 191y, 1<i<k—1
lgllie(@,) < 1gllz(ay) + 191 (Qy)
lgllce(a,) < llgllizqy,) + 1911=(@y,)

with @, := cone ..., but also Q, :=U,, n > ry > 0.

e From Harnack inequality in GIMV or using the energy estimates + regularity
estimates in GIMV + barrier function (Villani), for any &4 CC O, we have

g>eyu>0 on U,
when G =0, g >0, [lgflz, = 1.
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Constructive condition (H2) for the Kinetic Fokker-Planck operator

For 0 < hg € Cc2(

ll2, = 1, we define fo € L2, N [?H* the solution to

(ki —L)Yh=hoon O, ~y_f=%RvyfonX_.

o [[foll2, > 1/C1 > 0 because

1 = /hgm2:/(m—£)fohom2

< [ fla - £)hor) < Gl
e From the additional estimate

[1foll 2y, + ||fo e < G,

51/4

we deduce
/ 2m? > (2C1)_1, suppho C U,
u

e From Harnack inequality, we deduce fy > ey 1y > 1/ Coho for some ey, Co > 0 and
next
Lfy = kify — ho > k1fy — || hol|ee 1 > (k1 — || ho|| L Co) o,

S.Mischler (CEREMADE) Krein-Rutman & KFP March 2, 2023 25/29



Geometry of the boundary spectrum and ergodicity

e (H1)-(H2)-(H3) implies 3 (A, f1, ¢1) solution to the eigentriplet problem (CS1)

e Harnack inequality implies strong maximum principle (H4), which in turn
implies uniqueness, strict positivity and algebraic simplicity (CS2)

e Reverse Kato inequality condition (H51) implies triviality of eigenvalues in the
boundary spectrum X (£)NXp(L) = {A\1} (CS3,)

e For free, ergodicity holds for the L' weak convergence and, working slightly
more, for the L! strong convergence (using GRE techniques)
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Convenient splitting/representation formula for the semigroup

We introduce the splitting
Ag:=MT.g, T.g:=x.8, B:=L-A
with xe € C2(0), 1u,. < xe < 1y, (truncation in both x and v).
We write the Duhamel and iterated Duhamel formulas (with N := k + 2)
Sc = Sp+SsAxSc
S+ + (S5A)™ xS+ (S5 A) N x Se
U+ W xS,
For T > 0 large and 0 < 7 < T small, we next define a modified convolution operator
(2%, b)(t) = /H a(t — s)b(s)ds if te[r T —1]
(a*-b)(t):=0 if te[r, T -],
(with these notations xo = *) and the new splitting
Sc=U+K +K +K,
with
K=T,W, % Sz, Ki:=WxS,—W, % S:, K;:= W, %, S¢

where W, := (Sg.A)*".
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Exponential rate without constructive constants

Let us fix K < kg < Ko < A1 and choose A in such a way that Sp(t) = O(e"5").
e We choose T large, 7 > 0 small and v > 0 small such that

IVl < 3€"7, IIKE] < 37T, |IKs]| < g€

) )

For the third estimate we must first observe that
L2
W, x SI;.Lm—>L’,2p1

with mp, := MYP=1 5o that (u2) is weakly compact in L if (u,) is a bounded
sequence of L’,”,,lp1 as a consequence of the first De Giorgi-GIMV estimate.

e From the series of De Giorgi-GIMV estimates, we have
K="T,W,« Sq:12 = C*U,), U, ccO,

so that K € 7 (L2).

e We conclude to the exponential rate but without constructive constants (CE3)
thanks to Voigt-Greiner-Webb-Biirger theorem

S.Mischler (CEREMADE) Krein-Rutman & KFP March 2, 2023 28/29



Perspectives (work in progress)

e The same for a variable wall temperature 0 < 9 € WH°(9Q), 9~ € L>(9Q)
e Constructive constants for the exponential rate of convergence

e [P convergence for any 1 < p < oo

e The same for a relaxation type equation (a kernel term instead of the A, term)
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