Preserving hypocoercivity when enlarging the space

setting for linear PDE and applications

Classical and Quantum Mechanical Models
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The “functional space enlarging” issue

Consider
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The “functional space enlarging” issue

Consider

Spectral analysis of L

Main question:
larger
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Aim of the talk

Consider

Spectral analysis of L

positive answer:
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(Hypo)dissipative and (hypo)coercive operators

A — a dissipative in X = (X, ||.||x) if

EN

N — a hypodissipative in X if
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(Hypo)dissipative and (hypo)coercive operators

A — a dissipative in X = (X, ||.||x) if

EN

N — a hypodissipative in X if

A (hypo)coercive in X if A, N X(A) = discrete for some a € R
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L is coercive

Localization of the spectrum/discrete spectrum

discrete
finite dimensional

growth estimate on the semigroup e
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A positive answer (rough version)

Consider
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= L inherits the spectral properties of L
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A positive answer (rough version)

Consider

= L inherits the spectral properties of L

t

= et~ inherits the growth estimate of et

L is hypocoercive ~ partial spectral mapping theorem
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Main difficulties / ideas

Difficulties

Ideas
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List 1 of related works

[1)
[2)
3)
[4)
[5)

[6)
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LlSt 2 Of related Works to be complemented!
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Conditionally (up to time uniform strong estimate) exponential H-Theorem
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Conditionally (up to time uniform strong estimate) exponential H-Theore

Theorem
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Elastic and inelastic inhomogeneous Boltzmann equation

for hard spheres interactions in the torus:
global existence for weakly inhomogeneous initial data

Theorem
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Motivation 1: Linear evolution equation

Drastically increase the class of initial data such that the

holds
Starting point:
. =
. =
. =
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Operators and their decomposition

General rule 1 for FP/Boltzmann type operator

General rule 2 for non space homogeneous operator
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Our favorite example: Fokker-Planck operator

Operator L:

spectral properties

Larger space:

Decomposition:
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The key estimate for our favorite example

N | —
7 N
0 | -
~__

N
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Conclusion for our favorite example

Theorem
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Example 2: space homogeneous linear like Boltzmann equation

Operator L:

Decomposition of L:
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Motivation 2: Nonlinear evolution equation

Difficulty:

Idea:
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Example 3: space homogeneous Boltzmann equation cf. C. Mouhot (CMP 2006)

Linearized Boltzmann operator L

Decomposition of £
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Motivation 3: Perturbation argument

We prove in [2], [3], [5]:
“detailed balance condition”
“trivial stationary solution”

My personal favorite example:

e steady state:
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Step 1 : uniqueness of the steady state G ...

o G, — G; when e — 1 with
PN,
= Gl(v) = (271’0) e 20

e (E) x |v|? implies

and in the limit e — 1:

I
Q.
¢
>
I
et

De(G1)

e We prove more: 3!@1
V Ge solution ||Ge — Gy|| < Cn(l —e€) — 0
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Step 1 : ... by a “implicit function argument”

o ®(e, Go) = 0 when we define

e We define A: £ - R x & ,E=E D&, by

e For two given solutions G, and H. of (E) :

|Ge — G1]| =0 if [|A7Yn(l—e) <1 e
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Step 2 : linear and nonlinear stability of G,

e Define the inelastic linearized operator

e Introduce a decomposition L =A+ B, B({) =B - ¢, Li(§) = L1 - &,
and U(&) :== B(€)™t — L1(&) T AB(€)7!, we get

Q

e We conclude with
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€ Abstract theorem for space homogeneous equation
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Statement of the theorem

Hypothesis.

(HO)
(H1)

(H2)

(if)
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Proof of the theorem

Step 1: right inverse of £ — &

o U(&) is the right inverse of £ —¢&.
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Step 2: L — £ is one-to-one on €

e [ generates a semigroup

e Neumann series:

=
=

e A priori bound on U(§)

e Conclusion by a continuation argument:

Re(z) =Rp(z) —Ri(z) ARp(z) on A,
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Step 3: discrete spectrum

e On A, spectrum of £ = = {0}

e eigenspace and eigenprojector:
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Step 4: representation formula
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Step 4: representation formula

proof :
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Step 5: control of the reminder term

Thanks to Cauchy-Schwarz inequality
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Thanks to Cauchy-Schwarz inequality
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First term

Hilbert space E = E*
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Second term

Introduce
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# Abstract theorem for space inhomogeneous equation
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What about space inhomogeneous equation?

Consider the linear Boltzmann equation

but >

first idea

but not
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Statement of the theorem (which applies to space inhomogeneous equations)

Hypothesis.

(HO)
(H1)

(H2)
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About the statement and proof

Definition of the convolution:

Remark 1:
Remark 2:

Cornerstone of the proof
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5 Miscellaneous
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Extensions / Open problems

extensions
[

open problems

° free cooling

° non cut-off
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