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Abstract

We consider a class of disordered mean-field spin systems that generalize
the Hopfield model with many patterns in two ways: (i) General multi-spin
interactions are permitted and (ii) the disorder variables have arbitrary distri-
butions with finite exponential moments. We prove that for all models in this
class the high temperature normalized partition function fluctuates according
to (essentially) the same log-normal distribution. We also give an analogue
statement concerning the fluctuations of the joint distribution of the overlaps
of any number of replicas. The key ingredient in the proof of these results is
an asymptotic expansion of the Laplace’s integral that we perform up to the
1/N-term.
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1 Introduction and results

The mathematical study of spin glass models is by now more than 20 years old and
still a flourishing subject. These models were first introduced in the field of theo-
retical physics in an attempt to understand the singular low temperature behavior
of disordered magnetic materials. Historically, the first model developed to this end
was a random interactions version of the classical nearest neighbor Ising model called
Edwards-Anderson model [12]. Soon after a mean-field version of the EA model was
introduced by Sherrington and Kirkpatrick [23]: Tt played and continues to play a
central role in the development of the subject. Although it was announced as being
“solvable” the SK model happened to be the source of many very difficult problems
and it is only recently that its thermodynamic limit was proved to exist for all values
of the temperature and the external field [14] and its free energy computed [27].

In parallel to the activity around the SK model and with the same objective
in mind, physicists and mathematicians started considering what can be regarded



as a disordered version of the Curie-Weiss model, namely the Hopfield model (see
[19, 20, 21] for seminal works). In this paper we will be concerned with this model
and some of its generalizations. It can be introduced as follows: Let Xy = {—1,1}¥
be the state space of spin configurations o = (071, ...,0y). The set Xy is furnished
with the a-priori measure P, = [1/2(6; + 6_1)]®" and expectation w.r.t. P, is
denoted by E,. The configurations ¢ € Xy are weighted according to a random
Gibbs measure at inverse temperature 5 > 0

1 Hopfield
— 5HN,]M [w](a) P .
a0 = (0) W
with
Znmplw] = B, PHNG (o). (2)

where the randomness is brought to the Hamiltonian

; N & /o hlw]\2

e = 5 30 (T R) )
by a family of independent and identically distributed fair Bernoulli random variables
(ff)}g?]]\y called disorder variables and defined on some probability space (€2, .4, P).
We denote by E expectation w.r.t. P, by - the usual scalar product on RY and for
every k, 1 < k < M, we denote by £* the vector (&F,...,&%) € By. The way the
disorder enters into play is easily seen by keeping track of the w's in the formulas
(1,2,3). A distinctive feature of this model is that its definition involves two size
parameters N and M. However, as it is customary, we will take M = M (). The
&5 are traditionally called patterns while the random maps m* o€ XYy —
mF(o) = N~ S°N ¢k, are called overlaps. This vocabulary is reminiscent of the
field of neural networks where the Hamiltonian (3) became popular as a model of
associative memories [15]. From the point of view of statistical physics, the partition
function Zx a7, that turns to be a random variable, conveys important information
on the system. One of the main issues is the computation of the free energy

1

fNmp = N log Zn v (4)

in the thermodynamic limit N — oco. It is known (see e.g. [3]) that this quantity is
actually self-averaging

]\}I_Igo ‘fN,M,ﬁ — EfN,M,ﬁ’ =0 a.s. (5)

a fact that makes the existence and computation of limy_.. Efnx a3 an important
question. It crucially depends on the value of the ratio limy_.., M/N = « and it is
known [2] that

1 1
lim NElog Znmp = A}linoo N log EZN a1 5 (6)

N—oo

in the closure of the set 5(1++/a) < 1 (Note that the relation < in (6) holds true for
any 3 > 0 and « > 0 due to Jensen’s inequality). The system is then said to be in its



high temperature phase and behaves in a simple way. For instance its free energy is
easy to compute as a direct consequence of (5) and (6). The situation is completely
different in the low temperature phase, i.e. outside the closure of 5(1 4+ /a) < 1,
where two different phenomenon which are refereed to as ferromagnetic and spin
glass behaviors can be observed. For instance a rigorous proof for the expression of
the free energy of the Hopfield model on large parts of the low temperature phase
is still missing.

In view of the difficulties presented by the study of the SK and Hopfield models
it appeared more rewarding to consider their variants. Indeed, some are at the same
time amenable to a rigorous analysis and already exhibit part of the rich behavior
expected from the original models. In particular the study of p—bodies interaction
versions have played an important role in the progresses made during the last years
in this field (see, among many others, [5] for the p—spins SK model and its formal
limit as p — oo the so-called Random Energy Model, [3, 6] for the p—spins Hopfield
model and finally [26] for a broad survey of the topic).

Advances in the understanding of variants of the original models naturally led
to the study of families of models. The interest in considering families rather than
particular cases obviously lies on the fact that only an upper level of abstraction can
reveal what are the mechanisms that really enter into play. In the case of generalized
Hopfield models, Bovier and Gayrard [4] gave a construction of the extremal Gibbs
states of systems which Hamiltonians write

HYG1(0) = N Eys ((m*(0))1cucm ) ()

with E,; smooth convex functions defined on RM. Actually their framework is more
abstract and far more general than what (7) means. But, when restricted to the
family of Hopfield-type models, it reduces to Hamiltonians like (7). In particular,
the assumption that E); is convex is a crucial ingredient of their study.

Comets and Dembo [7], through a Large Deviations analysis of conditional prob-
abilities, reached a rather complete understanding of the thermodynamics of a family
of models which Hamiltonians defined on [—1, 1] (continuous spins) have the form

M
SR (o) = No( S {7 (m*0)) = £(0) = m*(0) ()} ). (8)

k=1
They assume that the disorder variables are bounded, that the maps f and ¢ are

continuous and that f is C? in a neighborhood of 0. However, their LD analysis is
restricted to the M = o(NN) regime.

This paper’s aim is to investigate the high temperature properties of a class of models
related to those already analyzed in [4, 7]. The class is defined as follows:

1) The disorder variables (51’“)%25\\,4 are independent, identically distributed and
defined on a probability space (2, A, P). They satisfy

Y(y) = log E exp(&Fy) < oo (9)



for every y € R. Thus, unlike [7], we do not assume the disorder variables to be
bounded. We even allow their tail distribution to be significantly larger than e.g.
Gaussian tails. We further assume that the distribution of £F is symmetric and that
E(¢F)? = 1. We denote by I the Cramér’s transform of the distribution of the s

I(z) = sup{yz —y(y)}. (10)

yER

2) Let f be an even, smooth function defined on R such that f(0) = 0 and f”(0) = 1.
By smooth we mean that f is continuous on R and at least C% in a neighborhood
of 0. In the class of models we consider the Hamiltonians write

Hya(o) = Ny f(m*(0)). (11)

Thus, unlike [4], we do not assume the Hamiltonians to be convex functions of the
overlaps (m"*(c))1<k<ar. Moreover, unlike [3], we do not restrict the choice of f to
power functions. This is not only for the sake of generality but also (and mainly)
because, as it is showed in [13], Curie-Weiss models with general f already exhibit
a rich behavior of multiple phase transitions.

3) Finally we consider models such that the critical inverse temperature

Be =sup{f>0:x+ [f(x) — I(z) has its unique global maximum at z = 0}
is well-defined. Due to the properties of f and I around 0 we have 8. < 1.

With all these elements in hand we can define the Gibbs measure, the partition func-
tion and the free energy as in (1,2,4). Let D be the following domain of parameters

(8, a):

B < Be
D= { ﬁ(f—l— Vva) < 1. (12)

For any fixed (3, a) € D we prove a weak Law of Large Numbers for fy 3 and the
corresponding Central Limit Theorem in the scale N. These results are obtained as a
consequence of the convergence in distribution of the normalized partition function
Znyvpg = Zvmp/EZnmp. In proving the convergence of Zy s we follow the
martingale approach first introduced by Comets and Neveu in the study of the SK
model [9]. It showed to be powerful in many related situations (see [29, 5, 8, 28]).
More precisely, following [8], we take advantage of the linear relation between M
and N when N — oo and “replace” a by a dynamical parameter ¢t > 0:

[Nt]

Hy(t,o) =N ) f(m"(0). (13)
k=1

For every integer N and every o € Xy, Hy(+,0) can be viewed as a random walk.
Let us denote by ¢n(5,0) = log Eexp {ﬁNf(”Tgl)} Due to the symmetry of the



&P s it is clear that pn(8,0) = ¢on(3) does not depend on o. For every fixed 3,0
and N the process

br(t,0) = exp {BHN(t,0) — [Ntlpn(B)}
is a positive mean one martingale w.r.t. the filtration generated by the sequence of
patterns:

FN =01 <i,1 <k <[tN]). (14)
We notice that Zy i3 can then be represented by

Zy(t) = Es by (t. o)
which is a positive mean one martingale w.r.t. (F¥);>o as well. Hence, investigating
the convergence in distribution of Zy g is reduced to the study of the convergence
in distribution of the sequence of martingales Z]%(t) for which we prove

Theorem 1 Let 3y € [0,8.) and ty > 0 be such that (12) holds. Then the process
Z%(t) converges in distribution as N — oo on the Skorohod space D([0,t), R™) to
the process

Z20(t) = exp { (1) — ST (50,1} (15)

where M (t) is an independent increments Gaussian process on [0,to) with contin-
uous paths, mean zero and variance (o, t) given by

F(ﬁo,t):—%ln <1—t(1f050)2>+2)\t(1foﬁ0)2 (16)

with A = $[E(¢F)* —3].

Remarks

1) The variance of the limiting process Z2 is defined only when 3(1 + /) < 1.

2) If 8 > B. and a > 0 the annealed free energy is not even defined: N~'log EZy 1 5
is divergent.

3) Theorem 1 in [§] is a particular case of Theorem 1 here: The domain of validity
of the result we give is optimal for the particular choice of the Hopfield model.

Actually, Theorem 1 is not proved for Z?v directly but for an approximating process
Z]BV. Beyond the fact that we deal with a family of models, the main difficulty we
have to face in the present paper is due to the distribution of the disorder variables.
Indeed, as we shall use the logarithm martingale of 7 f,, we need to have it controlled
from below. This is achieved in [8] for the Hopfield model through an appeal to a
concentration result established by Talagrand in [25]. This is no longer the case
here, as it seems impossible to adapt the proof of Talagrand’s result to heavily
tailed disorder variables like those considered in the present paper.

Let us denote by Sy the sum of N independent and identically distributed random
variables £F. The following asymptotic expansion of the Laplace’s integral is a key
result in our paper.



Theorem 2 1. For every 8 < 1 we have

2
BN IS _ A8 r_ B 1
log Be™ W sy 1 =B+ (1 — 5) TNT-pp Tolzp) (D)
with
1 @0
oB) = —3log1-8) and p=1"10 (18)
2. For every B < 1 there exists a dy > 0 such that
lim ——logEXN 1 | o <0, (19)
N—oo \/N N11/4S)TN‘<dO
3. For every # < B. and every d > 0 we have
lim — log Ee”N/ (31 0 20
S asify < (20)
4. As a consequence of (17), (19) and (20), for every B < B. we have
A BN w B 1
en(8) = ¢(B) + ¥ (m) + N{=p) + O(N)' (21)

Remark
Combining Theorem 1 and Theorem 2 leads to

P«
Inyp — ) log(1 — )
and the corresponding Central Limit Theorem for every (5, «) € D.

Theorem 2 is related to Theorem 3 in [18]. It is, in some sense, an improvement
on the latter reference. Indeed, we perform the asymptotic expansion up to the
1/N-term. To our knowledge such statement has not been published before. Some
computations in this direction are already present in [30], but under the restrictive
assumption that f(x) < ¢pz?/2 and () < ¢12?/2, for some positive constants ¢
and c;. While these conditions include the classical Hopfield model as a particular
case, they are not satisfactory for applications in statistical mechanics, since they do
not give insights on the competition between the energy Hy (defined on the ground
of f) and the entropy I.

Finally, Theorem 2 is also a key ingredient in the study of the fluctuations of the
joint distribution of any number of replicas:



Theorem 3 Let 5y € [0, 8.) and a > 0 be such that (12) holds. For any fized n > 2
and any real bounded continuous functions F; j(x) with 1 <i < j < n the following
convergence holds in probability:

> 1 RS "])QN,Mﬂo(aw---gN,M,%(a”)

on 1<i<j<n

-----

QB(Z) )xz
- H (1 BO / ’L] 2 (1_ﬁ0)2 dl’ (22)

1<i<j<n

In order to keep the paper’s size within reasonable limits, we will not give a proof
of Theorem 3. It is already established for the Hopfield model in [17]. Actually, the
proof of Theorem 3 is to the proof given in [17] what the proof of Theorem 1 here
is to the proof of Theorem 1 in [8].

The paper is organized as follows: In section 2 we introduce the process Z; 5 and prove
that it approximates Z provided Theorem 2 holds. We also detail our strategy in
proving the convergence of Z f, In Section 3 we prove Theorem 2. Section 4 is (thus)
devoted to the proof of Theorem 1 (with Z5 instead of Z7).

2 An auxiliary process

Theorem 2 is assumed to hold all through this Section. Moreover 0 < [y < (.
and to > 0 will be fixed values satisfying (12) and we shall drop the corresponding
superscripts when no confusion can occur. It is known from the theory of Large
Deviations that for every fixed M > 0 the distribution of (m*(c))1<g<as is concen-
trated around (0,...,0) up to exponentially in N unlikely events. This suggests to
consider the process

Zn(t) =Esen(t, o) (23)
where
(VY] o
en(t,o) = H { (eﬁoNf(1\1)1’“]3,6)<11 + 1‘@‘2 ) ) €¢N(ﬂo)} (24)
i) N1/4 N |=N1/4
and
on(B) =1logR {eﬁNﬂva% sylo_1 A Lsyls_ } (25)
‘T <N1/4 ‘T‘—Nl/4

It is a consequence of Theorem 2 that for every # < 3. we have ¢n(5) = pn(5) +
o(1/N). For every fixed N € N, the process Zy(t) is a positive, mean one martingale
w.r.t. the filtration (F}Y);>o. Its relevance comes from the

Lemma 1 Let 5 € [0,3.) and ty > 0 be such that (12) holds. If Zn(t) converges in
distribution as N — oo on the Skorohod space D([0,t), RT) then Zy(t) converges
as well and admaits the same limit distribution.



Proof The process Z\/(\t) = E, efHn(to)=INton(Bo) = 7, (#)e°™ with o(1) uniform
on 0 <t < ¢, converges on the Skorohod space D([0,ty), R") if and only if Zy(t)
converges too. It is therefore sufficient to prove that there exist Ny, K, h > 0 such
that for all N > N, we have

P ( sup
0<t<to

To this end we first notice that for every ¢t > 0

Zn(t) — m‘ > e ) < [Nto]PKe™ %™

Z6(0) = Zn()] < Eexp {BoH(t o) ~ INAON (o)} L ooy +
=1 N1
(V]
E, ﬁoNfT‘clA 1 AICORN I
B I (P ey e ) 0 P g
N
< Y E,exp{ByHx(t,0) — [Nt]on ()} 1 EXIR +
=1 N4
[Nt] [Nt]

BN S (55) —on(6o)
+ZZIE H{< 0 1‘0‘56‘<N11/4+1)U'k2N11/4)6 ’ 0}1‘$‘2N11/4.

Combining Chernoff’s bound (see e.g. Section IV.5.2 in [24]) and Theorem 2, we
obtain that for every By < 3. there exist Ny, K, h > 0 such that for every N > Ny

—

E|Zn(t) = Zn()| < [NIEE, exp {oHx(([N] — 1)/N,0) — ((N] = Diéw(6u)}

S
xEexp § N f(57) = ox(B0) ¢ 1 4 sy |+
N Nl/ —‘ N‘
[N{]—1 .
+[NtEE, H ePONF(T)1 vkl AL o |eeno by
k=1 ‘T‘<N1/4 ) N ‘ZN1/4
1 SN
xIP(Nl/4 < N )

< [Nt|Ke "N,
Hence for every N > Ny and t < tg
P <‘ZN(t) - Z@‘ > e VY < [Nt e V2

due to Chebichev’s inequality. Now, let us recall that both Zy(t) and m take at
most [Nty different values on [0, ¢y], whence

[Nto —
o i

]P( sup ZN(t) — ZN(t)‘ > eh\/ﬁ/?) S E P ZN ZN( ) > efh\/N/Q
0<t<tg N

IN

[Nto] Keih\/i/z.



Our strategy in the proof of Theorem 1 is to prove the convergence in distribution of
Zn on the Skorohod space D([0,ty), R") rather than working out a direct proof on
Zy. In order to prove the convergence of Zxn we introduce its logarithm martingale

defined by

[Nt]—1
v = Y auy(B) - S840 (26)

where we denote by A the difference operator
Af(t) = flt+1/N) — f(t). (27)

Notice that for every N,k € N

k
AMN(N)
— E GN(%,U) - eN(%7O-)
Zn(%)
ooghH1 _ en(w o)
= E, PN 5k+1 Lo+ 1, 5k+1> e~ on(Bo) _q N;g
= l<wtm =S 2 Zn(E)
which is the reason why we introduce the notation
k oghtl
RQN(—,U) = (6ﬂ0Nf( N ) §k+1 1 +1 05k+1 ) €_¢N(ﬁ0) — 1,
N ’ N1/4 ’ N1/4
that allows us to write
k k k k
AMN(N)ZN(N) = EO— RQN(N, O')eN(N, 0').

Due to the presence of truncations in the “modified” Boltzmann weight (24) the
relative increment Rey (& %»0) has the following property: There exists a constant
K > 0 such that for every k, N and every o € ¥y we have

k
Ren(—,0)| < KeVV. (28)

N

Our proof of the convergence of Zy is organized as follows. First we shall prove that

Lemma A For every a > 0

[Nto]—1
P

Z IP<|AMN(%)|ZN(%) > a ] fg) 0. (29)



Lemma B For every 0 <t < t; and every n > 0

[Nt]—1

= >

k=0

B( [(AMy(3) - AT, )]

k

P
X(Zn () Lanin (b zx (%)< — 0.(30)

)

Lemma C For every 0 <t < ty and every n > 0

[Nt]-1
ko ok .
N — _ N
my — % ‘E(AMN(N)ZN(N)lzN(%)AMN(%)M ch%)’ 0. @

Lemma D For every u > 0 there exists a § > 0 such that for every N > N(u) we
have

P(min Zy(t) > ) >1—e " (32)

0<t<tg

The proof of these four lemmas is carried out in Sections 4.2-4.5. From (29, 30, 31,
32) we deduce that

(i) For every 0 <t <ty

[Nt]-1 L 12
P
k=0
(ii) For every oo > 0
[Nt()]—l ]{j
S IP’<|AMN(—)| > a ‘ fﬁ) 0. (34)
N N
k=0
(iii) For every 0 <t < tg
[Nt]—1 i
P

This is achieved in Section 4.6. Altogether (i,ii,iii) are sufficient conditions for the
convergence of Zy(t) to Z(t), see [8]. Combined with Lemma 1 it leads to Theorem
1.

Concluding this section, we recall that we are left to prove Theorem 2 and for-
mulas (29)-(35). This is worked out respectively in Section 3 and Section 4.

10



3 Proof of Theorem 2

We start this section with a brief account on the basic properties of v and I that
will be needed in the sequel. Then we prove that for every 8 < 3. the sequence
(ePNT (STN)) ~en is uniformly bounded in L*(P) for some x > 1. This allows us to
use Large Deviations results, in particular Varadhan’s Lemma. Finally, we start the
proper analysis of ¢ () in Section 3.3.

3.1 Basic properties of v and [

Since (9) holds +"(y) > 0 for every y € R hence 7 is strictly convex. Thus 7/
is strictly increasing and defines a 1-1 mapping from R onto an open interval Dy:
Every y € R is associated to « € Dy by x = 7/(y). One can prove that [ is infinitely
differentiable on D; and that for every x € D; and y € R such that © = +/(y) we
have

I(z) =yx —~(y), I'(x)=y, and I"(z)=1/9"(y).

Thus [ is strictly convex on D;. Furthermore, [ is even, non-negative, I(0) = 0 and
lim|g o0 I(2)/]2| = 00 since (9) holds, see Lemma 2.2.20 in [11].

3.2 A uniform bound

Lemma 2 For every 3 < . there exists a k > 1 such that

S
sup BN (F) < . (36)
NeN

Proof We consider two different cases
First case: There exists a d € R such that (d) = co.

Then, due to the symmetry of I, we have I(z) = oo for every |z| > d. Thus, accord-
ing to Cramér’s Theorem (see both Theorem 2.2.3 and Remark ¢ page 27 in [11]), we
get P (‘STN‘ > d) < 2e " Ninflaizal(@) — () for every N € N. Hence it suffices to prove

SN

that for every 8 < 3. there exists a k > 1 such that sup ¢y Ee N1 s < 00,

|5 1<d
but this is a consequence of Theorem 3 in [18].

Second case: For every x € R we have I(z) < oco.

Then [ is strictly increasing on R, with I(0) = 0 and lim|; . /() = co. Hence we
can define a sequence (a;);en such that ag = 0 and I(a;+1) = I(a;)+1 for every [ € N.
This sequence is strictly increasing and unbounded, thus divergent. Moreover, since
B < Be, there exists a p < 1 such that 5f(z) < pl(z) for every x € R. Let k be
such that k > 1 but px < 1 and k3 < B, and let @ < 1 be such that px < a. There
exists an [p € N such that for every [ > [,

Pk
a— pK

I(CLZ) >

11



As a consequence, we have prl(a;1) < al(a;) whenever [ > ;. Now we write

R8N — FerBNf(H)q L RN,

e ¢ s
Once again, the first term in the latter sum is uniformly bounded in N € N as a
consequence of Theorem 3 in [18]. For the second term, let us proceed as follows:

First notice that

ﬁf@Nf( ) — ; BrN f(Z)
v SN 1>aig41 A/lllinoo Z " 17€(al:a1+1]
I=lp+1
M s
< ; pENI(=F)
= ]\/lllinoo Z € Y 1STN€(al,az+ﬂ a.8
I=lp+1

Thus, combining Beppo-Lévi’s Theorem (see Propriété 3.2.15 in [10]) and Cramér’s
Theorem we obtain

M
Ee<NI(F)] 5 < E lim PN SUPze (o) 1@ o
| =5 N |>al0+1 - M—o0 We[al,alﬂ]
I=lp+1
M
< hm Z ePHN Supxe(al,al+1] I(z)e_NinfxE[al,al+l] I(l?)
- M-
I=lp+1
M
< lim g e~ NU—a)l(a) -
- M-
I=lp+1
The announced result follows. [ |

3.3 Asymptotic expansion of ¢y

First of all let us notice that since f(z) = % + o(z?) as * — 0, for any § > 0 there
exists a dp > 0 small enough such that for every x € [—dy, dy] we have

2

x? x
1=-0)5 = fl@) < (1+9)5 (37)
Let § <1 and § > 0 be such that

B(l1+6) <1 (38)
and denote by dy the quantity associated to 6 by (37).

We are interested in AY = Eexp { BN f( WN } that we split in the sum of three terms

12



N _ m.BNfEN . AN
AY = Ee (N)1|Szfrv|<ﬁ (:=AY)
BN f(=") — AN
+ Ee SN 1N11/4<‘TN|<d0 (—AQ)

PN
+ BN, sy (:= AN,

We will obtain estimates on each of these quantities separately. As we already
noticed in the introduction, 8 < B3, implies § < 1. Hence it is sufficient, in order
to prove both (17), (19) and (21), to find a control of AY and A% under this latter
condition. We will prove that AY decays exponentially fast to 0 whatever the value
of dy > 0 is. This proves (20) and is obtained under the stronger condition that

B < Be.

3.3.1 Asymptotic expansion of AY

We have
BN (S
AV = Bez FV1s,
‘T|<N1/4
. EeS (7 (NI - 1) 15
BN (2N )2 N ISNi/a
+ Ee=z ' 1ISTN|< 11/4 M(SA2
N Ee=z %" /'1 sy, 1
|T|<N1/4
N N
- A1,1+A1,2

2

where f(z) = f(z) — =

Asymptotic expansion of A]l\fl

To deal with A{\f ; we use the well known Gaussian trick

"’/ :/euxgl(du) (39)
R

where g,2 stands for the density w.r.t. the Lebesgue measure of the centered Gaus-
sian probability measure on R with variance o2, and write

AN = E/ e\/%(SN)“gl(du)llle )

’ R N ISyI/A
Next we follow Martin-Lof [18], and associate to the interval [— 7, +177] an interval
J = [—J, J] with accurate properties. Indeed, v/ maps every y € R into x such that

I'(x) = y. Thus, let us fix J such that 7’(j:\/%<]) = +~1. Note that J is

well-defined provided N is large enough. Then for every u € J there exists an

T € [~ 47, w17) such that
\/gu —I'(z) =0. (40)

TN1/40 N1/4
13



We remark that since +/(z) = =+ o(x) when z — 0 we get J = N\;g +o(N'/*). Now
we write
7
AYy = E [, eVREg,(du) (== AY,)
B [, VRO (du) sy (= A )
e N1/4 7
+ E i eV/FE0g, (du)1 (== AN, )
It is a well known result that
su éu:vf T su ﬁuzf xT
]E@\/%(SN)U S ‘> 1 < eN pQCZN11/4 (\/E I) -+ eN pﬁg_ﬁ(ﬁ @)
I ZNi/Z

see e.g., Lemma 1 in [18]. Because of (40) and the convexity of I the sup’s in the
last display are attained for # = £ . Since we have I(x) = 2?/2 + o(z?) when
x — 0 we obtain

WN /4 \ﬁ
AN, < /j (VBN =)0 g ()

+ [ 00 )
J

< 2o VNIHEHOW,

By the same kind of arguments we can prove that A{\fm decays exponentially fast
to 0 as well. Next we consider A{\f 11- We have

Ay, = E / VRN g, (u)du
J

= / eNV(\/g“)gl (u)du
J

_ w2(1— w2(1—
_ \/1 _w20-p) a)e a B)eNV(\/g“)e*Tdu
\/1 — J 7T

) [1 +/ (e‘”;wv(\/?u) — 1) gll(u)du} :
; .

Due to the definition of J we get

2 (4)
/7<6&5+N7(ﬁU) _1) gﬁ(u)du = %/R <’74 (?l)!ﬁzuél.) gll(u)du-l-o(%)a

whence




Since both AJI\,]IQ and Afjm decay exponentially fast to 0 we obtain

1+ % (%)2 + 0(%)] . (41)

Ajl\,fl — 2B)

Asymptotic control of A{YQ

To deal with A{’, we need to introduce the sequence (hy)yen of real valued functions
defined on R by

A () = N (MR - 1)

and the sequence (vy)yen of probability measures on R which are the distribution

of 5—% under the probability Qy defined by

N /S
'BT(TN)21|SN‘< )
N 1/4

N AP

1
N1/4

e

dQy =
N EegTN

S
()21
S
|25 <

Notice that for every N € N we have NAY, = Ay, - [, hydvy. We prove that
(g hadvy)nen is convergent:

Lemma 3 1. The sequence (hy)nen converges uniformly on compact subsets of
R to

2. The sequence (Vn)nen converges weakly to the Gaussian probability measure

on R with mean 0 and variance ﬁ

3. There exists an o > 1 such that

sup/ |hn|*dvy < 0. (42)
R

NeN

4. As a consequence of 1), 2) and 3) we have [, hydvy — [, h(u)gliﬁ (u)du.

Proof

1. There is no loss of generality in considering compact sets of the form [—a, a]
for some a > 0. Then for N large enough

~ U

(4)
Nof(-y = 210

\/N)—N 4!

where o(+) is uniform in u € [—a, a]. Hence we get

1
4 —_—
u —i—o(N).
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() = )] = [ [T

] Bu a(l )’

= o(1),

where o(1) is uniform in u € [—a,a]. The announced result follows.

2. We compute the limit as N — oo of the characteristic function of vy given by

We already have an estimate of the denominator, so we can concentrate on
the numerator. Using the Gaussian trick (39) once again we obtain

iv S
Ee' Ve (3’1 Sy 1 = \/_(SN u+w\f1 e (u)du
‘TKW | <
:t/fMWme
—E \/_SN u+w\f1 L g1 (u)du
52—
—I—E/ \/_SN)quwfl ENp g1(u)du

= B'(v) + By (v) + B (v).

For every v € R we have | By (v)| < Ay, and |Bf'(v)| < Ay, 5. We can thus
concentrate on B} (v). We have

.S
BY(v) = ELeﬁ(sN)“HUV%gl(u)du

X

J

= / 2 (VB g () du + o(1)
J

1 v?
= e 2=/ + o(1).
Jiop

\/ﬁ)gl (u)du

,U2
Thus BY(v) — e 20-/ which is the characteristic function of the centered

Gaussian probability measure on R with variance ﬁ

3. We will see that any o > 1 such that actually a8 < 1 works. Let us recall
that
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EN© Nﬁf(WN) -1 aeNTﬂ(SWNFl'sN‘ 1
N /
/‘hN’adVN = NB (SN2 e
I~ <%i7a

Since the denominator is nothing but A1 1, we are only concerned with the
numerator. In order to keep notations as hght as possible, we will denote by
K a finite quantity that only depends on a and (3 and that may vary from line

to line. We start with

i)

(43)

CN = ENe [NOTEE) |7 P E
IF <3
< EN© [N _ ST
B 1 <<tz
< KE (N“ IR R NN R
+KE | N® 5Nf(S_N) veespe|” .
N 1 <7
= N+ ol
It is a consequence of the Taylor-Lagrange formula that for every x,y € R we
have
et —e¥ — (x — y)ey’ < 2|x _ y’(ey + ez).
Thus
eNﬁf(STN)_eNTQTN /BN](‘( ) STN)Q <
TS
whence
oV < KEINFES[ B
N |T|<1\71/4
+KE ‘N?f(%w)‘ NI o L (=
N ISy1/4

According to Hoélder’s inequality, for conjugates p and ¢ with p small enough

to ensure that af8p < 1 we have

qo 1/q
1y, o Ee™ 521 o,
|T|<N1/4 ‘

oY, < (E ‘NQf(SWN)

17
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and

1/q
N ) 1 ) <E€Nﬁapf( N )1

)1/10

First notice that it results from the asymptotic expansion of A{V’I that for p
and « satisfying af8p < 1 we have

SupEeNgap( )21‘37N| . < oo. (44)
NeN N ISy

On the other hand we know that if 3, « and p are such that afp < 1 then

2

Bapf (@) = I(z) = (Bap — 1)+ oa?)

as x — 0. Hence, for N large enough, Sapf(x) — I(x) achieves its unique
global maximum on [— N} 71 W1 ~—i77) at 0. Thus, according to Theorem 3 in [18]
we obtain

sup EeNﬁapf(sTN)l sy 1 < 0Q.
NEN |T‘<N1/4

Next we need to show that

SN

N) 1 < 0. (45)

=|per

Due to the presence of the truncation we have

fO0) Sy, fO90) Sy 1
Fi<ztz = 4!( >(W) * 6!( )(W) TO)
VN

e

N2( 4!(> N )6+O<1))

Since the distribution of the £¥’s satisfies (9) for every fixed m € N we have

m

(see for instance Theorem 2.9 in [22]) and (45) follows. Now we are left to deal
with C3¥ which is nothing but C{"} up to a multiplicative constant. This ends
the proof of 3).
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4. Now we have the tools needed to prove that

/ hN dVN — /

Indeed, for any a > 0 we have

m\

/R h (w)dyy (u) — /R h(u)g 1 (u)du| < DY + DY + D3 + D, (46)

1-38
with
DY = hN(u)lmgadVN(u)—/h(u)lmléadVN(u) :
R R
DY = / ()L <adry (1) — / M) uicag - (w)du
R R

Dév = ’/ Aoy () 1jysqdvn ()
R

, and Dy = ‘/h(u)1u|>ag1ﬁ(u)du :
R -

First of all let us notice that since h € L'(g . (u)du) we can make Dy, as

small as we want by an appropriate choice of a. Next, according to Holder’s
inequality, we have for @ > 1 given by Lemma 3 that

= (f |hN<u>raduN<u>)l/a ((~00,0] U [a, 00)).

We already know that supycy [p |hn|*dry < co while

J(J)
El‘ ‘> T sy v
VN((—OO, —CL] U [CL, OO)) - ~
]Ee P (R )21 1
|12 el N1/Z
(]EeNQB (STN)21|57N|< 1 ® SN
N 1/4
< 5 = IP( > a)
Eez (7)1 s , VN
|F <5172

due to Hélder’s inequality with s > 1 such that Sk < 1. Since the £F’s satisfy

(9) the distribution of \S/—% converges weakly to that of a Gaussian random

variable. We can thus make ]P’(|5—%| > a) as small as we want for N large
enough by an appropriate choice of a while the numerator and denominator of
the fraction in the last display are already known to be uniformly bounded in
N. Finally D} and DY can be made small for N large enough for any choice
of a because of 1) and 2) in Lemma 3.
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We conclude that

AJlYQ — 28)

e (%) ; d%)] {%ﬁ + o(%)}

Collecting the latter display and (41) leads to

AN = #O®

A BN w
1+ = — —_— —)-
N <1—ﬁ> +N(1—6)2+0<N)]
This ends the proof of 1) in Theorem 2.

3.3.2 Asymptotic control of AY

First of all let us notice that due to the choice of dy we made we have

S
Ee/N/(F1 L7 <I % I<do < Ee 5N
N
We know from [1] that for every sequence (by = N%)yen such that o € (1/2,1) the
sequence (Sx/by)nen satisfies a Large Deviations Principle in the scale b3, /N and

with good rate function J(z) = 2?/2. Let us bound the right hand side of (47) by

1 (47)

N .
N/ §|T|<do

We know from (38) that z — Mﬁ — sx? attains its unique global maximum at
0. Thus, we can adapt the proof of Lemma 2 to show that there exists an n > 1
such that

nB(1+4) i(sizv)z
sup Ee 2
NeN

< 0. (48)

Hence, we can apply Varadhan’s Lemma as stated in Theorem 4.3.1 in [11] for the
particular choice by = N3* and we obtain

BULD) /(SN )2 B Bl+0) 5, 1,
L T
< 0. (49)
Combining (47) and (49) we get
i BNf(Z)
zx}l_rgo\/ﬁlogEe " —<| )<do 0.

This proves 2) in Theorem 2.
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3.3.3 Asymptotic control of AY

According to Lemma 2 there exists a £ > 1 such that (36) holds. Thus, according
to Varadhan’s Lemma we have

1 SN
. BN f —
lim N log Ee (W )1‘515)251 sup {Bf(z) — I(x)}

N—oo |z|>d
< 0

whenever d > 0 and 3 < B.. This proves 3) in Theorem 2.

4 Proof of Theorem 1

We start this Section by giving the technical results needed to prove Lemmas A,B,C
and D (Section 4.1). Next we proceed to the proper proof of these lemmas (Sections
4.2-4.5) which is related to the proof of Conditions (i-iii) in [8]. However what we
want to prove is different from the results in [8]. As a consequence we need new
arguments, which is the reason why (29)-(31) are proved in full details. Finally
we prove Conditions (i,ii,iii) (Section 4.6). In order to keep the paper’s size within
reasonable limits we give the proof of only one of the technical results (Lemma 5)
at the very end of the section.

4.1 Some technical results

For every o', 07 € X we denote by 0%/ = N~1(o%- 7). The following proposition is
a generalization of 1) in Theorem 2 that we will not prove.

Proposition 1 a) For every (3; € (0,1) and o',0?, 03 € Xy let us denote by

<+/4 } ) (50)
N

<1} . (51)
N1/4

ot.¢
N

i=1

2 .
_ ) ot€
(B, Ba, 0", 0%) = log E { [T

and

o'iwf
N )1 oig
N

3
An(Bi, B2, B3, 0", 0%, 0%) = log E {H PN (
i=1

These functions depend on the o’s only through the 6% s.
b) Furthermore, if 51,32 < 1 and By, B2 and 0%? satisfy

(1= 501 = B2) = (8)°B135 > 0 (52)
then
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Un(B1, B0 6) = 0B+ 5 [P B
N\M1, P2, - 1, M2, N (1_51)2 (1_52)2
Q B152 e B B2
TNO=p0-B) N l<1 S ERNG —w} "
91:2)2 1
o0y (1) 2
where

DB, 52,0'%) = 3 log (1= B)(1 = ) = (62)75,) (54)

and o(1/N) is uniform in 042 belonging to compact subsets of (52). If the 3;’s and
the 0%97s, 0,5 =1,2,3 satisfy 3; < 1, (52) and

(1= 1) (L= Ba)(1 — B3) — (1= B1)3233(60%°)* — (1 — ) 51 B5(6"°)?
—(1 = 33) 51 32(0"2)% — 26, 5233620130 > 0, (55)

then the expansion

AN (/617 627 537 91’27 01737 9273) = A(ﬁh 527 537 01727 61737 6273)

AN B s &5
+N [(1 — [(1)? " (1—B2)? * (1- 53)2}
2A [ 5152 n 5153 L P23 }
N [(1=61)(1=5)  (1=51)A—=0Fs)  (1=052)(1—0s)
b1 B2 3
+% {(1 — B)? - (1 - (2)? " (1— 53)2]
3 o) +oly) 56)

holds uniformly on compacts, where

(B, Bz, 0, 077,072, 6%%) = —% log (1= B1) (1= B2) (1= Bs) — (1—B1) a6
—(1=32)B185(0™°)* — (1= 3) 1 B2(0%)* — zﬁl@ﬁgemelv?’e%) . (57)

c) Finally, for every 3 <1 and every o' € Xn,i=1,...,4, let

N1/4

4 )
kn(B,0',0% 0% o) = logE {He‘“fml ‘} : (58)
i=1 N

This function depends on the o®’s only through the 0%°s, 4,5 = 1,...,4. Furthermore

.....

and (55) with B; = B are satisfied and
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kv (0, 01,02,03,04) = li(ﬁ,dl,()' O ,04) + —

A o0 fd)

with o(1/N) uniform in the 6% ’s and

R(3,0) = —tlog [(1- )" = (1 - B)%|6]}
—2B3(1— ) (91’391’292’3 1 glaglg24 4 pligl3pdd 62’492’393’4>
+54(<91’2)2(93’4)2 X (61’3)2(82’4)2 X (91,4)2(02,3)2)

—2ﬁ4(01’291’402730374 + 017291,302,40374 + 01’392’462’301’4)] (60)

.....

The point in Proposition 1 is that the asymptotic expansions hold true for values of
the ;’s up to 1. This is required by the truncation method of Talagrand [25] that
we will use in the sequel. It can only be obtained in presence of truncations on the
value of the |o?-£|’s. On the basis of Proposition 1, the proof of the following lemma
is obtained following the proof of Lemma 1 in [8].

Lemma 4 There exists an g9, with 0 < ey < 7(0y), such that for any three € ;
i,j =1,2,3 satisfying 0 < €, ; < €o < 7(Fy) we have

lim sup N2E,i 20 [( I1 1‘9i,j‘<5i7j)E(ReN(t,al)ReN(t,a2)—AI‘(t))

N—oo 0<t<to =123
1 3 3 i
E(ReN(t,a )Ren(t,o%) — AF(t))E(HiZl en(t,o ))} —0, (61)

and for every 0 < € < gq there exists a C' < oo such that

. 2
lim sup N7Eji 52 58 54 Linax 677 |<e
N—oo g<t<ty

E f[ Ren(t,o") E[ﬁe]v(t, ai)] <.

The main difficulty to overcome in the proof of Theorem 1, apart from the above
mentioned control of the small values of Zy, is the explosion of its second moment.
This requires to truncate the Boltzmann weights. However, in contrast with [8], we
need more sophisticated truncations to deal with the special form of the Boltzmann
weights (24) considered here. For that purpose we fix E small enough to ensure that
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Bito E
< 1, 0< —— < 1. 62
(1—=00)(1—05y— E) 1-0y—F (62)
Note that this choice of E > 0 is possible only under condition (12). Let us now
introduce a first event truncating the Hamiltonian:

[to V]
BN,t,U,E {HN(t,O') < 2(1—50—E)} (63)
For every fixed integer N and ¢ > 0 and every integer m such that 0 < m < [N{]
let us denote by T, the set of {—1,1}—valued [N t]— tuples with exactly m 1’s.
To any k= {ki,. . kvg} € Tvem we associate k:< (resp. k>) which is the set of
indices ¢ such that k =1 (resp. k; = —1). We now define new events truncating
the “relevant” part of the Hamiltonian:

g fk [toN]
Byimior=93N f( ) < — 5, 64
Nk, k%} N 2(1—fo— E) (64)
<
and
- o ¢ [toV]
Byimior =N D_ [ ( ) > . 65
e VI () e s @
Finally, we shall write
BoN F(ZE5) —mén (Bo)
(t g TB’NtcrE Z Z e Y 1‘%‘<ﬁ13N,t,m,E,a,E € A

M=0EecTy ;m \k€kc

11 Logt)s e~ (IN=m)bn (Bo)

and

en(t,o)T Brios — Z Z H ﬁoNng Tgk‘< ) ]_m e~men (Bo)

M=0keTy ¢m \k€k<

H ]_‘U,Ek‘z 1 6_([Nt}_m)¢1v(/30)‘

By convention the products above are set to be 1 whenever they run over the empty
set. One notice that for every E, N,t > 0 and ¢ € ¥y we have

eN(t, (T) = GN(t, O')Tm + 6N(ta U)TBN,t,a,E‘

In words, “multiplicating” by Tp,, , , amounts to perform a truncation only on the
“relevant” factors of the Boltzmann weights. We obtain
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Lemma 5 Let E be fized according to (62). For every € > 0 there exist constants
K >0 and hy = hy(g, E) > 0 such that for all N > Ny = Ny(€, F)

sup EE, en(t,0)Tg - < Ke MmN (66)
0<t<to b
and
sup EEy 2 en(t,0)Tp,, | en(t,0”)Tp,  , Lpepe < Ke ™, (67)

0<t<tg

Define now the event
_hN
AN,t,h,s,E = {Eg eN(t7O_>T73N,t,o,E <e 2 }

_hN
ﬂ {E01702 GN(t, O'I)TBN,tJl’EGN(t, OQ)TBN,t,JQ,E1|91’2|>5 <e 2 } .
Lemma 5 implies immediately, via Chebichev’s inequality, the following corollary

Corollary 1 Let E be fized by (62). For all e >0 and all N > Ny(¢, E)

[Nto]-1

]P( U AN,k/N,hl,e,E> < 2[Nto] K exp(—hiN/2) (68)

k=0
where hy and Ny are from Lemma 5.

Moreover, we will need the following

Lemma 6 Let E be fized again according to (62). For every v > 0 small enough
there exist constants K > 0 and hy = ha(y, E) > 0 and &1 = £1(y) > 0 such that for
every € < g1 and all N > Ny = Ny(€,7, E)

3
) 1 —haN
]EE0'170'270'3 [(H eN(t,U )) 1‘91,2|<€y|91,3‘<57|92,3|<7€N(t,O’ )TBthlE] < Ke ™™
1=2

and

3

i —ha N

EE01’027U3 [(H eN(t,a )TBN,t,oi,E> 1|91’2<57|91’3|<6792’3>’Y] < Ke ™,
i=1

In contrast with [8], we do not need to truncate the increment of the Hamiltonian
due to the presence of truncations in our Boltzmann weights (24). From now on, we
fix v < g9 where gy is given by Lemma 4 and we fix ¢ < min(gg,e;1(7y)) with e1(7)
given by Lemma 6.
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4.2 Proof of Lemma A

We bound IV by the sum of two terms IV < IV +1 where the factors e (£, 0) € .7: N

are truncated:

[Nto]—1

k k «
N _ N
IV = ; P( & Ren(g.0)en (5700 5| > 5 | FY). (69)
and
R k k o
= > (€ Ren(50)en(5 )5, , ,[>5 ]—"%). (70)
k=0
Combining Chebichev’s inequality and (28) we obtain
02 23 B(E e (E ofen(E o )
1 = £ o EN N’g EN N’U BN,%,CF,E %
2 [Nt()}—l k
VN
< o 2 Ke EU(eN(N’O->TBN,%,G,E>. (71)

According to Lemma 5 the latter quantity converges to 0 in L'(P) exponentially

fast, hence I .
Let us turn to IY. By Chebichev’s inequality with the fourth moment, the
problem is reduced to the convergence in probability of

k

E( E01702103’U4 N(N

k=0 %

R€N

1

)TB “/T]%\'I)_Iévl>e+121<e

(72)

where Ié\f 1 <¢ 18 the preceding term when the summation E,1 2 ;3 ;4 runs over the set

[Nto]—1 4
N, E ot B

L.= {(01,02,03,04) €Yy Vi,j |67 < 8}

and 1), . when the summation runs over L.. The absolute value 13, <] is not
greater than the sum of 6 terms like the left-hand side of (72) with |Rey(£,0?)| and
where the expectation E,i 2 ;3 4 is taken over o', i = 1,...,4, with [§“7| > € for one
among the six possible pairs of 7,j. The term with e.g. [#*?| > € is bounded by

[Nto]—1 I 2 e
; K4€4\/NZN(N)2 Ea1’g2 <1|91,2|25}_[1€N(N,0'3)TBN oi E). (73)

In view of Corollary 1, it suffices to show the convergence to zero in probability

of (73) where each term in the sums over £ is multiplied by 14 -, .- Actually,
SN 1€

the terms in round bracket E,i,2(-) are not greater than e ""/2 on these events.
Moreover, due to Doob’s inequality (see e.g. VIL3.3 in [24]), Zy(%) is uniformly
bounded above on a set that can be made arbitrarily large. Combining these facts

we conclude that Iy, . 0.
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Next, let us proceed with I%KE. Contrary to IQ{LX, here “truncations” by

By « i p are obstacles to overcome: to get rid of the Tg , . ’s we show the
YN I N’W’UZ’E
convergence in probability to zero of

[Nto] -1

4
Z E010203a41LE H‘RGN_O'

j=1 k=0 =1 i=1

.’:1%
o
2

(74)

N & ,Uj,E

4

By Proposition 1 the expectation E[[] |Ren(£, 0°)|] with [#*/] < € is bounded. Then
i=1

(74) is not greater than

4 [Nto]-1

k.
CZI Z E010203041L6H w5 z)Tm (75)
] :

for some constant C' > 0. Again, it is sufficient to consider the latter sum over k with
each term multiplied by 15 , . It is bounded by 4Ce~MN/2 Ejii;”‘l Zn(£)3.

NohLe N
Since Zy (%) is uniformly bounded above on a set that can be made arbitrarily large
(75) converges to 0 in probability.
Finally, it remains to show the convergence in probability of I[é\f 5 <c Without trun-
cations. The L'(P)-norm under consideration is equal to

[Nto]—1

E‘ Z E(Eo'l o2,08,04 11, HRBN % g)eN ‘fN)‘

k=0
Nto] 1

4
< Z Eo.l 02,03 04 ]-L ‘E HR@N - O' EH@N(%,O’Z') (76)

By (62) of Lemma 4 each term of the sum (76) is bounded by CN~2 with some
constant C' > 0. Then the sum (76) is of the order O(N~'). This completes the
proof of Lemma A.

4.3 Proof of Lemma B

We have to show that for every 0 <t <ty and every g

[Nt]-1 1 1 i
N — Z ’]E(EUl’JQ {ReN(N,al)ReN(N,ﬁ) — AF(N)}
k=0
koo koo P
XeN(Naa )eN(NaU )1AMN(%)ZN(%)<17 %)‘ — O.(77)

Let us bound IV < ¥ + I} where in the first term the Boltzmann factors e N(%, o)
are truncated by T By k ip and in the second we include the remaining terms.
TN

~N
First, we show the convergence to zero of 1. Once again it suffice to analyze I,

which is I}’ with each term in the sum over k multiplied by 1 Ay i, . p- Weobtain
TN 1-€,
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. [Nt]—1

k k
0, < 3 K22V 49 FtZ—EU( L o)T )1
3 Z (2™ 2 sup D] Zn(5)Er (x5 ) Tr ) a0
[Nt]—1 i
< 3eTMN2 N IR2YN 42 sup P(6)] Zn(5)-
k=0 0<t<to

(78)
The bound (78) converges to zero in L*(P) exponentially fast, thus I}’ 5 0. So,
we are lead to study I that we split in its turn: I} < Hffl + ]Ii\j2 where
[N]—1

-3

k k ko k
E EOI’UZ[ReN(N7O'l)R@N(N7O'2) —AF(N)]eN(N,OI)TB .
k=0
XeN(N’UQ)TBN,%,UQ,E fg) y
[Nt]—-1
k k ko k
Iy, = ; E( B o2[Ren (50" Ren(50%) — AD(5plen (47 0') T,
k
><€N(N,O'2

)TBN,%,UQ,E 1AMN(%)ZN(%)>77

FY)
N
Let us show that I}, converges to zero in probability. We bound it by [I}| <
]Ijl\fz1 + 2 SUPg<s<y, F(t)]ljl\fz,2 where

[Nt]—1

]152,1 = Z ’]E<EUlJQ[ReN(N’UI)RGN(N’UQ)]GN(N,UI)TBN,%Y&’E
k=0
x eN(N’0-2)TBN7%,02,E1AMN(%)ZN(%)>7] _;—g) ‘ _
and

[Nt]—1

k k k
> Zn( P (IAMN ()1 20( ) > 0 | 7). (79)
Since Z N(%) is uniformly bounded above on a set that can be made arbitrarily
large, Lemma A implies ]Iffm 2,0, On the other hand, applying Cauchy-Schwarz
inequality twice yields

[Nt]—1

4
k
2 < > E(EUI,(,Q,(,P),&H[ReN(
k=0

i k

11 N )eN(Nuai>TB k

|7
N, & .,0lE N
[Nt]—1 I
x> P(1aMx()1Zn() > 0 | FY)
k=0
< (Ié\,fl >5+Iévl <5) XIN

(80)
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thus 1111\52 0.

Now let us consider ]Iffl that we bound ]Iff1 < IIf{L>€ + ]Iffl’<6 where in the first
term the expectation E,1 .2 is taken over o',0c* with |62 > € and in the second
— over o' 0% with |#'?| < e. Let us benefit from truncations in the analysis of
the first term. As usual, by Corollary 1 instead of H]l\f 1> We show the convergence

~N
in probability only of T, ; .. where each term in the sum over k is multiplied by
1a . By definition of the Ay & ,, . p’s
7N’ )

N, K heE

~N
I, .| < [EN][K2eYN 42 sup D(t)]e N2,
0<t<to

hence ]Ijl\’/ I>e 0. Thus, we have to investigate ]I]l\’[ 1< Which convergence in prob-
ability follows from the L!(P) convergence of

[Nt]—1 L L k
Iy = kz_o (E(an Hoaied Rew(5 01 Ren (55, 0%) = AT(5)] %
k
xen(50 )T, L en(50)Ts, L |FY))
(N -1 I i
- Z ‘ Eo102 1|91’2|<6XN(91’2>€N<N’ UI)TBN,%,ULEGN(N’ UZ)TBN ko2 E

k=0
with the notation

xn(0'?) = JE(ReN(%, al)ReN(%, o) — Ar(%)).

Let us apply the Cauchy-Schwarz inequality:

[Nt]—1 1
17\ 1/2
EJy < Z EE (GN(N,O' ))
k=0
X [e (ﬁ O'I)T ]1/2‘ E,2 1012 (01’2)6 (ﬁ 02)'1[‘
N By g ole o2 Ljo1.2|<e XN NN By k o2k
[Nt]—1
< <]E E01,02,03 [1\013\<e,|9|1’3<eXN(0172)XN(01’3)
k=0
3 ko 1/2
< [Tlen( 0T, 1)) (81)

i=1

where we used the fact that EE,:1 ex(£,0') = 1. The expectation in (81) equals
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)+ LY (k) — Ly (&) with

k
LJlV(N) = [E E01702703 ]-\9172|<6,|91’3|<e,\9273|>7XN(9172)XN(91’3)
i k
X H[eN(N7 UZ)TBN,%,U’L,E]
=1
k
Lé\f(N) = E E01,02,U3 ]-\91*2|<E,|01’3|<e,\62*3|<’yXN(9172)XN(91’3)

3

X HeN(%,Ui)

=1

k
’Lév(ﬁ)‘ < 3EE01702703 1|91,2|<67‘91,3‘<E7|92,3|<7XN(91’2))(1\7(9173)

2
ko
< [Tlew % 0T
i=1 ’
Since [0%2| < ¢, |§%3| < ¢, the expansions of Proposition 1 are valid for yy(0*?) and
xn(0%?). In particular |xn(0%?)xn(0"?)| < C for some constant C' all N > 1 and
all %2, 912 with |0'?| < € and |6'3| < €. Then by Lemma 6

k

sup |L]1V(N)| < Qe 2N
0<k<[Nto]—1
k
sup |Lév(ﬁ)| < 3Ce N
0<k<[Nto]—1

Finally, recall that v and € were chosen smaller than €, of Lemma (4). From the
estimate (61) of Lemma 4 it follows that

k
lim sup  N2LY(=)=0,
N—00 0<k<[Nto]—1 2 (N)

and Lemma B is proved.

4.4 Proof of Lemma C

We split I = MY + M where in the first term I the Boltzmann factors e N(%, o)

are truncated by ’]I‘BN ‘g and in the second I} by Tg——— Proceeding along
SN N,W,O',E

the line of (71) we get Y 0. Now, to complete the proof, we need to show the
convergence in probability of ]]I{V . We apply Holder inequality twice to obtain
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[Nt]—1 4 I . i 1/4
< [E(Eglﬁz,gwHReN(N,al)eN(N )Ty, ., FY)
k=0
k 3/4
xP(\AMN( )]ZN(N > 7))

Nt]—1

. o 1/4
[ E( 01,0203 U4HR€N N en(go )TBN%,UZ%EV@]
k=

IN
O

[Nt]-1

I3 By o 7))

1/4 3/4
= |:Iévl >e€ + 12 1 <e] X |:1Ni| i} O

Lemma C is proved.

4.5 Proof of Lemma D

Let us introduce some new processes

Z E<AMN I LAz ()1 %> (82)
(N1 )
Niv(®) = 3 E(AMy() Lanybrzntrer | FE ) (33)
k=0
and
N (N1 )
Zn(t) = H (1+AMN<N)1AMN(’“)ZN(’“)<1> (84)
k=0

The proof of Lemma D is worked out in two steps. First we prove that Zy is
bounded below by a functionnal of My and Ny on a set which probability can be
made arbitrarily large. In a second step we prove that this latter process converges
uniformly in probability to a deterministic path, a fact that leads to Lemma D.

First step: There exists a b (0 < b < 1) such that AMy > b—1> —1. Let us recall

that Zy(t) = [Nﬂ (1 + AMy (£ )> Since Zy > 0 we see that Zy(t) < Zy(t) for
every t > 0. We prove that

Lemma 7 For every N,a,e > 0 we have

]P(Vt >0 : ZN<t) > e—a—lzjb’(2+5>MN(t)+NN(t)) > 1 — e~
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Proof It follows from the Taylor-Lagrange formula that for all positive A and all
u > b — 1 we have

A1+ /\)b (A+2),2
2
As a consequence, for every integers N, k we get

(14+u)™<1—du+

k

1 .Y
E((l + AMN(N)IAMN( Y Zn (L )<1> ’ f%) =
< 1- )\]E(AMN(N)IAMN(k)ZN = ‘ ]:N>

AL+, s k N
L — 9 b~ F E([AMN(N)] 1AMN(%)ZN(%)<1 JT%)
k
S eXp{_AE(AMN<N)1AMN(]I\€])ZN(]I\€])<1 fg>+
A1+A), )R ko N
+ Tb +2) ([AMN(N)] Lany(5yzy(2)<1 JT%) :

Thus for every N, A > 0 the process
—~ A1+ A
YNJ\(t) = ZN(t) )‘eXp {)\NN(t) — %b A+2)MN(7§)}

is a positive supermartingale w.r.t. the filtration (F});>0. Now, for every a,e > 0,
let us define the optional time T by

1
e

T = inf {t >0: Zy(t) < exp [—a — ~E My (t) +NN(t):| }

and let s € (0,00). From the Optional Sampling Theorem (see e.g. Chapter 1,
Theorem 3.22 in [16]) we obtain

1 = EYya(0) > EYNA(T As) > EYya(T)1r<,
AL+ )b — (14 Ao 2+A]MN(T)})

> ]E<1T§s exp {)\a + 5
according to the definition of 7. Taking now A\ = ¢ we obtain P(T" > s) > 1 —
exp(—ae). Since Zy < Zy we obtain the desired result by letting s — co. [

Second step: We now proceed to the proper proof of Lemma D. To this end let
us introduce the function Fi(x) = <=t with ¢. = (1 + ¢)b~**9). Due to the
particular form of F. for every real valued map (x;)s>0 we have that |AF.(x,)| =
|F!(zs)||F-(Axs)|. Moreover, if (z4)s>0 is bounded below there exists a K. such that

|F.(zs)| < Kc|zg|. Let us introduce the process
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X2 = Ma(s) = Nas) = T, )

and recall that according to Lemma 7 the event

«4(]1\{5 = {Vt >0 : ZN(t)*Z < 62a+CaMN(t)*2NN(t)}

has probability at least 1 — e~ for every a,e > 0. We have

max |FL(X)|1 40

0<s<tg
[Nt()] 1
< (X AR 1y,
k=0 N
[Nt 1
ol k k -2 v N,e
< K D AN L 2 ) PR ) 1.
< Ke2“+cf (Boto)1 4 x
[Nl =1 ko k ko N
<3 E( [(AMy(5)) = AT(Fo, 1) (Zn () Lanycbrzn syt | FL)
+2K€€2a+ch(ﬁo,to)1AN %
C& a,e
Nto] 1 k‘ k’
< Zn () [E(AMy () 2 (o) sty 5w 1 | 7Y
+K. 62a+CsF(ﬁo to)lAN %
[Nto]-1 N k' k' N
x Z AT (B, 20) Zn (e PBIA M ()| Z () > 1 | 7). (85)

Once again, due to Doob’s inequality, Zy is uniformly bounded above on a set that
can be made arbitrarily large. Combining (85) with Lemmas A,B and C yields

maxo<s<t, | Fo(XV¥)| —= 0 hence maxg <y, | XV¥| — 0 for every fixed £ > 0 when
N — oo. Combined with Lemma 7 it yields that for every u > 0 there exists a 6 > 0
such that for every N > N(u) we have P(ming<i<y, Zn(t) > 9) > 1 —e ™

4.6 Proof of Conditions (i,ii,iii)
Condition (ii) Combining Lemma A with Lemma D clearly leads to Condition (ii).

Condition (iii) Due to the fact that AMy > —1, Condition (iii) is equivalent to

(N{]—1
E(AMN JEINTRISS ‘pv) 0.

k=

]

According to Lemma D, we can always find a 6 > 0 to make the following
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k
; E(AMN(N)lAM (2)>1 Fg) =
[Nt]-1
1 k k
< 3 E(AMN(N)ZN(N)lAMN(%)ZN( ¥)>0 FN)
k=0

hold true on a set of probability as large as we want. Condition (iii) follows.

Condition (i) Due to Lemma D and Doob’s inequality we can choose d; and d, such
that for every N,k we have §; < Z N( ) < d3 with probability as close to 1 as we
want. Thus 1 Laniy(Eyzn(Ey<s S LanmyE)<r S Lanmy(E)zy(L)<s and Condition
(ii) is proved once both

[Nt]—1

k P
Z E((AMN(N))QlAMN(%)ZN(%)«h Fg) — (5o, 1) (86)
k=0

and
[N{—1 "
P

Z E((AMN(N))QlAMN(%)ZN(£ <5 JTN) — I'(Bo, 1) (87)
k=0

are showed to hold. We only prove (86). According to Lemma A, it is equivalent to
prove that

[Nt]—1

>

k=0

k

k
= A0 )| L omncren | 72)

]E( {(AMN(

converges in probability to 0. But this quantity is bounded by

[Nt]—1

72

which converges to 0 in probability. Condition (i) follows.

! k b
) = AT(By, N>] In(5) Larnhrznthy<n

FY)

([AMN

4.7 Proof of Lemma 5
Due to the fact that the £¥’s are independent and identically distributed we have

VY m
[V] BoHn (™ 0) —mén (Bo)
EeN(t’O-)TBN,t,J,E:% [( m Eelo NN ]Hlojsk‘<Nll/4 e N (Do 1BN,%,0,E
[Nt]—m
p(lo8] s 1 o—(INt]=m)én (50)
N |~ N1/4 ’
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adopting the convention that the product above is equal to 1 if m = 0. On the one
hand, according to Theorem 2, there exists a constant K > 0 such that for every

EePotn (5:0) (

—
=
q

N1/4 N

—meén (Bo)
T‘< 1 > ]-BN,m,a,Ee

IEefE'HN(m o) (ﬁoJrE)HN(m o)—me¢n(Bo)

1
BNmU, <H ng‘< ~Ni/4

< e 2(1[ ﬁo 1) _m¢N(ﬂO)Ee(ﬁo+E)HN %,0) H 1 ng

- ) N1/4
k=1

< Ke—ul[_oﬁiol_};)—m¢N(ﬂo)e—%log(l—ﬁo— )

< Kem [Nt20]E ( liﬂ?)iE—log(l—l-iliﬁ]giE)) .

This procedure is borrowed to Talagrand [25]. Since 0 < 1B—E < 1and x—log(1+
x) > 0 for every 0 < < 1 we can write that for some constant K > 0

N1/4

BoHn (57,0)—men (Bo) —Nhi(E)
EeBoHN ~ (Bo (’Hl‘ﬁck L >1BN,TN'1,G,E < Ke (88)

where hi(E) = % <1B—E log(1 + 1= E)) > 0. On the other hand, due to
Chernoff’s bound there exists a constant K > 0 such that P(|Sy/N| > ﬁ) <
2¢~N(ire) < 2Ke VN Together with (88) it leads to

EE,en(t,0)T Ke Nh(®)

BN,t,a',E -

for some constant K > 0, which proves (66). Next we turn to the proof of (67).
According to the definition of ex(t,0)Tp,,  , and due to the fact that the £s are
independent and identically distributed we have
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Een(t,0")Ts en(t,0®)Tp

N,t,ol E

[Nt]

(Y, T Hﬁof( >1‘

M=0EeTy ;. m b€k

N,t,02 E

e~men (Po)

1

B —
- ’< ~i7a NtmkolE

I s, e (IN=m)on (50)

~1/A
keks
(V]
P
E E B ) —lén(Bo)
H € 1‘”2“‘ 1 1BNtlf)’<72 &€
N NU4 (A

=0 peT N+, PEP<

H 1, gp ) e~ (INt]=D)¢n (Bo)

N/

PED>

< Z > b
k< < k<»p>Pk>7p<Pk’>,P>

m,l=0 g KETN t.m
PETN 1,1

where

&)

PE<75< = E H

‘ N ’ 1 BNﬁJmE<ﬁﬁ<,ULE

Ni/7
kek<ﬂp<
1 2. L 1p ) 6—2|E<ﬁﬁ<\¢N(ﬂo)
“’]\f ‘ SA7a O NbLR<ic 0B
k< Np<| &
- E H eﬁoNf 2 L BN (S )10 §k< 1BNt o
NU4 LM, R NP0,
1o 5 o~ 2lF<nP<|én (Bo)
“’ g ‘<N11/4 Nt LE<Npc,02,E

kenp. Eenp PP
_ EeﬂoHN(L;pd701)+ﬁ0HN(%»02)—2\k<ﬁp<|¢N(ﬁo)

lk<Np<|
IT 1.2 1,26k 1 1
€ 1 £ 1 B |z . B
- ‘GN )<N1/4 ‘UN ‘<N1/4 N IE<OP<] 1y Ty k<Pl o g
PE . - E H 1.¢k 1 ]_ o2.¢k 1 *2|k’<ﬂp>‘¢]\](ﬁo),
<P> S ‘ N ’ 174 ‘ N ‘>N1/4
k6k<ﬂp>
a2'€k) —2|k>Np<|én(Bo)
PE - = K H 10§k> 1 N 102,§k . € s
>,P< > / ‘ N )<N1/4
k6k>ﬁp<
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and

PE L, = K H 1,1k TPy ) e 2lk>Np>|dn (Bo)
>P> 3 N ‘2N1/4 N ‘ZN1/4
k€k~Np>

We shall study these four terms separetely:
P. . We prove that for any o!,02 € Xy, any N,t > 0, any m,[ such that 1 <

k<.,p<
m,l < [Nt] and finally any k € Ty m,D € Ty we have

[toN] 5g0*

e e < e 2 U=-B)U-B-F) (89)

Let us denote by A(6) the lowest solution of the equation

(1—2)*—0%%=(1- ), (90)

i.e. the lowest root of the polynomial function

QQ(ZL‘) = ZE2<1 — 02) — 2z + 50(2 — ﬁo)

Since for every 6 € [—1,1] we have Qy(3y) < 0 we necessarily have A(f) < (. Let
us also notice that due to (90) the condition (52) with 1 = (2 = A(6) that here
reduces to

(1= X)) —=0*X\(0)*>>0

is necessarily fulfilled. Thus, applying Talagrand’s idea once again we write

|k enpe] [E<np<|
E . S EGA(G)(HN( <N < 10'1)+HN(%702))
<HP<

e(Po=A(0))(Hn ( UZ<1QH< L o) +BoH ( |k<2ﬂ<‘ 702))6—2|E<ﬂﬁ< |én (Bo)

|k<np<]
| T A B
1 N§ ’<N1/4 1\1g ‘< N1/4 N, ‘k<; <l 515 N,%,JQ,E
toN - -
< B0 MO TG g JIF<riclin (M) A(6).0) ,~2IF << (5o) (91)

According to Proposition 1 we get

(B0 — A(9))
m%\r()\(@)a A(9),86)

(Bo—=AB) k<]

[toN]

= 1WA AP g1 — x(0)? — A@)6%) + O(1/ )
~ VA2 B BP fog1 - ) + 011/ )

where O(1/N) is uniform in . Meanwhile, due to the fact that A(#) solves (90) we
have
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O 202 292
- Bo ~ 2(1 = Bo)
This, together with (91) yield (89).
P: _ Let u> 1 be small enough that Syu < 3. and v be its Holder conjugate. Due

k<,p>
to Theorem 2 there exists a constant K > 0 such that

E H ePoNF(= )1 1§k

k€k< ﬂp>

(92)

]_ 2§k

- k<np
e 2lk<np>[on (Bo) < (K@\/vﬁ) <Ol

[<sir |5

Naturally, the same holds true for P;
Pk< 5. Due to Cauchy-Schwarz 1nequahty, we obtain in the same way that there

exists a constant K > 0 such that
_yw F>ns |
Py < (Kem%) .
Conclusion Because of (12) we have
Bito
(1= 0o)?

Thus, according to (89) there exists a ¢, 0 < ¢ < 1 such that

<1

en(t,0®)Tp < eN3?,

N,t,0c2,E —

E€N<t, O'I)TB

N,t,ol E

ol.o?

Let us denote by I the rate function governing the large deviations of § = =
under the uniform measure on ¥3. We know that I(u) > ju®. Thus according to
Varadhan’s Lemma

1
ligl SUp logEE,1 2 en(t, JI)TBN,t’leEeN(t, 02)TBNJ’027E1|9|>5 <
c 1
< sup {—u2 — —uQ}
uj>e 2 2
= —hii(e)

where h;; is obviously a positive function. Defining hi(e, ) = min(h;(E), h;(¢))
ends the proof.
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