TANAKA THEOREM FOR INELASTIC MAXWELL MODELS

FRANCOIS BOLLEY AND JOSE A. CARRILLO

ABSTRACT. We show that the Euclidean Wasserstein distance is contractive for inelastic
homogeneous Boltzmann kinetic equations in the Maxwellian approximation and its asso-
ciated Kac-like caricature. This property is as a generalization of the Tanaka theorem to
inelastic interactions. Even in the elastic classical Boltzmann equation, we give a simpler
proof of the Tanaka theorem than the ones in [29, 31]. Consequences are drawn on the
asymptotic behavior of solutions in terms only of the Euclidean Wasserstein distance.

1. INTRODUCTION

This work is devoted to contraction and asymptotic properties of the homogeneous
Boltzmann-type equations for inelastic interactions in the Maxwellian approximation in-
troduced in [5] and further analyzed in [16, 6, 7, 10, 1, 11, 2, 8]. We are basically concerned
with the Boltzmann equation

W — OIS §) (L)

considered in [5] and its variants. Here, f(¢,v) is the density for the velocity v € R3
distribution of the molecules at time ¢, and Q(f, f) is the inelastic Boltzmann collision
operator defined by

1
war =g [, [ [ roswlew) el 2
for any test function ¢, where
, 1 1—e 1+e
v —§(v+w)+ 1 (v—w)+ 1 v —wl|o

is the postcollisional velocity, ¢ € S%, v,w € R? and 0 < e < 1 is the constant restitution
coefficient. Equation (1.1) preserves mass and momentum, but makes the kinetic energy
2

(or temperature)
H(f(t)):%/RB v—/Ravf(t,v)dv F(t, ) dv

decrease towards 0. In particular, solutions to (1.1) tend to the Dirac mass at the mean
velocity of the particles [5]. We refer to [5, 7, 32| for the discussion about the relation of
this model to the inelastic hard-sphere Boltzmann equation and different ways of writing
the operator. Let us just point out that the factor B 1/60(f(t)) in front of the operator in
(1.1) is chosen for having the same temperature decay law as its hard-sphere counterpart
[5] known as the Haff’s law.
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The convergence towards the monokinetic distribution has been made more precise in
[7, 10, 2] by means of homogeneous cooling states. They are self-similar solutions of the ho-
mogeneous Boltzmann equation (1.1) describing the long-time asymptotics and presenting
power-like tail behavior whose relevance was previously discussed in the physics literature
(19, 20].

To avoid the collapse of the solution to the Dirac mass, the authors in [16] suggested the
introduction of a stochastic thermostat which, at the kinetic level, is modelled by a linear
diffusion term in velocity. In this framework, the density f in the velocity space obeys

g—{ = BVOF)) Qf, f) + AOP(F(1) Aof  with 0<p< g (1.3)

Existence and uniqueness for given mean velocity of a steady state to (1.3) have been shown
in [18, 6, 1]. The convergence of solutions towards this steady state in all Sobolev norms
has also been investigated and quantified by means of Fourier-based distances between
probability measures [1].

Fourier techniques are a good toolbox and have been extremely fruitful for studying
Maxwellian models in kinetic theory since Bobylev observed [3, 4] that such equations
have closed forms in Fourier variables. Fourier distances are not only suitable technical
tools to study the long-time asymptotics of models (1.1) and (1.3), but also they represent
the first Liapunov functionals known for inelastic Boltzmann-type equations [1, 2|. In
the case of the classical elastic Boltzmann equation for Maxwellian molecules, there is
another known Liapunov functional, namely, the Tanaka functional [29], apart from the
H-functional for which no counterpart is known in inelastic models. See also [12] for a
discussion of Liapunov functionals for the classical Boltzmann equation and another proof
of the Tanaka functional in the elastic case.

The Tanaka functional is the Euclidean (or quadratic) Wasserstein distance between
measures in the modern jargon of optimal mass transport theory. It is defined on the set
P,(R3) of Borel probability measures on R? with finite second moment or kinetic energy
as

1/2
Walf.g) — inf { I - w|2dw<v,w>} — nf [E[V - W]}
™ ]R3><R3 (V7W)

where 7 runs over the set of joint probability measures on R3 x R® with marginals f
and g and (V, W) are all possible couples of random variables with f and g as respective
laws. This functional was proven by Tanaka [29] to be non-increasing for the flow of the
homogeneous Boltzmann equation in the Maxwellian case, see also [12] for a simplified
proof. In fact, the Tanaka functional and Fourier-based distances are related to each
other [21, 15, 30|, and were used to study the trend to equilibrium for Maxwellian gases.
On the other hand, related simplified granular models [17] have been shown to be strict
contractions for the Wasserstein distance W5. Other applications of Wasserstein distances
to granular models have been shown in [14, 23].

With this situation, a natural question arose as an open problem in [2, Remark 3.3]
and [32, Section 2.8]: is the Euclidean Wasserstein distance a contraction for the flow of
inelastic Maxwell models? The main results of this work answer this question affirmatively.
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Moreover, we shall not need to introduce Bobylev’s Fourier representation of the inelastic
Maxwell models working only in the physical space.

We shall show in Section 3 the key idea behind the proof of all results concerning
contractions in Ws distance for inelastic Maxwell models, namely, the gain part Q™ (f, f)
of the collision operator verifies

3+ e2
4

W2(Q+(f7f)7Q+(gug)) < W2(fug>

for any f, g in Py(R3) with equal mean velocity and any restitution coefficient 0 < e < 1.
Based on this property, we shall derive contraction and asymptotic properties both for
(1.1) and (1.3) in Subsections 4.1 and 4.3; for instance we shall prove that the flow for the
diffusive equation (1.3) is a strict contraction for Ws.

Moreover, Subsection 4.2 is devoted to the self-similar scaled equation associated to
(1.1): in particular we shall show that solutions converge in W5 to a corresponding ho-
mogeneous cooling state, without rate but only assuming that initial data have bounded
second moment. More precisely, in original variables, let f(¢) be a solution to (1.1) with
initial datum in Py(R?) with zero mean velocity. If g, is the unique stationary solution of
the scaled problem with zero mean velocity and unit temperature, and

Fue(v,t) = 073 (f(1)) goolv 072 (f(1)))

is the corresponding homogeneous cooling state, then we prove that
lim 0(F(1)" Wl (1), fue(t)) = 0.

This improves the Ernst-Brito conjecture [19, 20, 7, 10, 2] since it shows that the basin of
attraction of the homogenous cooling state is larger - on fy we require bounded moments
of order 2 only and not 2 + ¢ as in previous works - if we do not ask for a rate better than
the one dictated by Haff’s cooling law.

Moreover, a generalization for non constant cross sections, including Tanaka’s theorem
as a particular case, will be proven in Subsection 4.4.

Finally, we shall also show this generic property for the inelastic Kac model introduced
in [27] as a dissipative version of Kac’s caricature of Maxwellian gases [22, 24].

2. BASIC PROPERTIES OF THE DISTANCE W5 AND INELASTIC MAXWELL MODELS

We start by summarizing the main properties of the Euclidean Wasserstein distance W,
that we shall make use of in the rest, referring to [13, 31] for the proofs.

Proposition 1. The space (P2(R3), Ws) is a complete metric space. Moreover, the fol-
lowing properties of the distance Wy hold:

i) Convergence of measures: Given {f,}n,>1 and f in Po(R?), the following three
assertions are equivalent:
a) Wo(fn, f) tends to 0 as n goes to infinity.
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b) f,. tends to f weakly-* as measures as n goes to infinity and

n>1

sup/ [v]? fu(v)dv — 0 as R — +o0.
[v|>R
¢) fn tends to f weakly-* as measures and

/ v fr(v) dv — / [v]? f(v) dv as n — +o0.
R3 R3
ii) Relation to Temperature: If f belongs to Po(R3) and d, is the Dirac mass at a
in R3, then
W6 = [ o= aPdso).
R3
iii) Scaling: Given f in Py(R?) and 6 > 0, let us define
Solf] = 6°/2f(6'/%v)

for absolutely continuous measures with respect to Lebesque measure or its corres-
ponding definition by duality for general measures; then for any f and g in Py(R3),
we have

W2(39[f]a S@[g]) = 9_1/2 W2(f7 g)
iv) Convexity: Given f1, f2, g1 and go in P2(R?) and « in [0, 1], then

Wi(afi + (1 — ) fa,agi + (1 — a)g) < aW3(fi,q1) + (1 — @)W5(f2, ga).
As a simple consequence, given f,g and h in Py(R3), then
Wa(hx f,hxg) < Wa(f,9)

where * stands for the convolution in R3.

Here the convolution of the two measures h and f is defined by duality by

whef) = [[  platndna )

for any test function ¢ on R3. If f is a Borel probability measure on R? we shall let

<f>= /Rgvdf(v) = /Rgvf(v) dv

denote its mean velocity. We shall use the same notation for densities and measures
expecting that the reader will not get confused.

It is also interesting to note the following control of averages implied by W5. As a
consequence, the convergence with rate in W5 implies the convergence with rate for all
these averages.

Proposition 2. Given a Lipschitz map ¢ on R3 with Lipschitz constant L, then we have

[ o)) = glo)de] < LWalf.0).
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Proof.- Let m be a joint measure on R x R? with marginals f and g. Then

[ et —gtondo= [ (o) = tw) dnfo,w)

R3 xR3
Using that ¢ is Lipschitz with constant L and estimating by Holder’s inequality, we get

oo =gtonde] < [ o) = gtw)ldnto,)

1/2
SL/ |v—w\d7r(v,w)§L</ \v—w|2d7r(v,w)> :
R3xR3 R3xR3

Minimizing over 7 concludes the argument. 0O

Now, let us start by revising the main asymptotic properties of the solutions of (1.1).
First of all the mean velocity of the solution is preserved, i.e.,

/Rgvf(t,v)dv:/Rgvfo(v)dv:U

if foin Py(IR?) is the initial datum. By the translational invariance we may assume without
loss of generality that U = 0. Then the evolution of the temperature for all solutions of
(1.1) is given by Haff’s law of cooling:

df 1—¢? a/o
e L0 21

as proven in [5]. Solving explicitly the ODE (2.1) and using the second property in Propo-
sition 1 ensure the following convergence result towards the Dirac mass at 0:

Corollary 3. Given a solution f(t,v) to (1.1) with zero mean velocity and initial kinetic
energy Oy corresponding to an initial datum in Po(R3), then

126
W2(f(1),d0) = 0 .
5 (f(t),d0) (%B\/%t+2)2

By Proposition 2, this implies the convergence as ¢! for the averages with Lipschitz
functions. More generally it shows the convergence towards total cooling in infinite time.
Then, the question is how this cooling is done and what is the typical cooling profile for
the equation (1.1). In [19, 20] it was conjectured the existence of a self-similar solution
with power-like tails (first part of the Ernst-Brito conjecture) and which should be asymp-
totically stable for a large class of initial data (second part of the Ernst-Brito conjecture).
The first part of the Ernst-Brito conjecture was answered in [7]: they proved the existence
and uniqueness with given initial temperature of self-similar solutions, called homogeneous
cooling states (HCS), of the form

Fre(v,t) = 073(t) goo (072 (1) 0)

where g, is solution to V - (gv) = EQ(g,g) with E = 8/(1 — €?) and 6(t) is any solution
to the evolution (2.1) of the temperature. The results were actually stated in Fourier

(2.2)
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variables but they can be rewritten in this way. Later, the convergence towards these HCS
was obtained in [10, 2]: solutions of the self-similar scaled equation
9y

EJFV'(QU) =EQ(g,9)

converge exponentially fast towards the stationary solution g., under the assumption that
the initial datum has bounded moments of order 2+ ¢. Let us remark that in those results
the speed of convergence goes to 0 as ¢ — 0. Also, let us point out that the convergence
towards HCS eventually gives the information we are looking for: at times goes on, the
solutions to (1.1) cool down towards the Dirac mass at 0 with the corresponding profile
f hC(Uv t)'

To conclude this introduction to the Inelastic Maxwell Models, we should mention that
more general models allowing non-constant differential cross sections can be considered,
as in [8]. Although these models can be written in any dimension, we will stick to the
3-dimensional setting for physical reasons. In any case, the results will generalize equally
well to those cases. The operator (), with variable differential cross section b is defined by

1 , V=W
= — — b -0 )dodvd 2.
@ =3 [ [ [ 10 i) - ewl(f= o) doavie - @3)
where again the post-collisional velocity v’ is given by
1 1— 1
v’:§(v+w)+ 6(v—w)+ +e|v—w|a

and the cross section b satisfies the normalized cut-off assumption

2T s
/ b(k-o)do = / / b(cos @) sin@df dp = 1 (2.4)
S2 o Jo
for any k in S2.
3. CONTRACTION IN W5 OF THE GAIN OPERATORS

The plan of this section is to obtain contraction properties in the Euclidean Wasserstein
distance W, of the gain operators Q™ and Q; respectively associated to @ and Q. Since
it will be important for later discussions to clarify the cases of equality, and in order to
divide difficulties in the proof, we start by deriving this contraction estimate in the case
of constant differential cross section QT; then we rather quickly generalize the result to
general differential cross sections b with the cut-off assumption (2.4).

3.1. Contraction for Q. Let us write the collision operator @) given in (1.3) as

QUELN =Q"(f,.f)—f (3.1)
where QT (f, f) is defined by

0@ =5 [ [ [ s ew)ddoa 3:2)



TANAKA THEOREM FOR INELASTIC MAXWELL MODELS 7

for any test function ¢, where we recall that

v’zl(v+w)+ 1_6(v—w)+ Lte

2 4
In this section we derive a contraction property in W5, distance of the gain operator
Q7. For that purpose, let us note that the previous definition of the gain operator can be
regarded as follows: given a probability measure f on R, the probability measure Q™ (f, f)

is defined by

lv —w|o.

(@ ) = [ [ F0) ) (M) dvd

where 11, ,, is the uniform probability distribution on the sphere S, ,, with center
1—e

1
cv,wzi(v+w)+ (v—w)
and radius
1+e| |
Tow = v — w|.
’ 4

F1GURE 1. Geometry of inelastic collisions

In probabilistic terms, the gain operator is defined as an expectation:

Q" (f.f) =E[Myw]

where V' and W are independent random variables with law f.
Then the convexity of W3 in Proposition 1 implies

W3 (Q*(f. f).@%(g.9)) = W3(E [Ilyw],E[[xy]) (3.3)
<E [sz(ﬂv,w, Ixy)] (3.4)

where X and Y are independent random variables with law g. This observation leads us to
consider the Wy distance between uniform distributions on spheres. To this aim, we have
the following general lemma:
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Lemma 4. The squared Wasserstein distance W3 between the uniform distributions on

the sphere with center O and radius r and the sphere with center O' and radius v’ in R3 is
bounded by |O" — O* + (r' — r)2.

Proof.- We define a map T : R® — R? transporting the sphere of center O and radius
r > 0 onto the sphere with center O" and radius ' > r in the following way:

e If » = ¢/, then we just let T" be the translation map with vector O — O, i.e.,
Tw)=v+0 —0.

e If O = O, then we just let T" be the dilation with factor 7’7/ centered at O, i.e.,

T(v) = ’%v.
e If r # r', then we consider the only point € R? verifying that

1 1
-(0-9Q)=—=(0"-9Q
0-0)=0 -0

that is,

r
Q= "—0).
0+ T (O"—=0)

Then we let T" be the dilation with factor ’"7, centered at ), that is, we let T'(v) =

Q4+ %/(v — 2). Such a construction of the point §2 and the map 7" is sketched in
Figure 2 in the case of non interior spheres.

FIGURE 2. Sketch of the computation of the Euclidean cost of transporting
spheres to spheres. Transport lines are just rays from the point €.

Let Up,» and Upr ,» denote the uniform distributions on the corresponding spheres. Then
the transport plan 7 given by

/ /RR (v, w) dr(v, w) = / n(v, T(v)) dUp ,(v)

RS

for all test functions 7(v,w) has Uy, and Up,» as marginals by construction of 7. Using

this transference plan in the definition of the Euclidean Wasserstein distance, we finally
conclude

P —r\?
Wity hory) < [ 0= TP dho,(0)=("=2) [ o= 0 o, 0
R3 R3
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that can be computed explicitly, giving
W3 Uo,r,Uor ) < 10" =OF + (' —1)?
and finishing the proof. O
Remark 5. The map T being the gradient of a convex function, Brenier’s Theorem (see

[31] for instance) ensures that the transport plan 7w defined above is optimal in the sense
that the squared distance between the two distributions is equal to |0’ — O* + (r' — r)2.

This lemma, using the notation a = v — x and b = w — y, for fixed values v, w, z,y in
R3, implies that

W22(Hv,w> Hx,y) S |Cv,w - C:c,y|2 + |Tv,w - T:c,y|2
3—e 1+e |2 14 e\2
< b‘ ( ) —bJ?
< ‘ 1 a+ 1 + 1 la — b
5—2e+e* o, (14+e)? , 1-—¢
S T e —"
o+ S
here a - b denotes the scalar product between a and b in R? and the bound in

1+e\2 2
o =Tl = () [l = w] = |z = gl

< () lo-w - - = (55) -0

follows from the Cauchy-Schwarz inequality

(v—w)-(z—y) <|v—wllr—y| (3.5)

Therefore, by (3.3),

. 2
WHQT(. 1), Q@ (g.0)) < T

1 — e?

E[|lV-X]] + %E (W — Y]

+

E[(V-X)- (W-=Y)].

Let moreover (V, X) and (W,Y’) be two independent optimal couples in the sense that
W3(f,9) =E[IV - X! =E[[W - Y]]
Then
2
E[(V-X)-(W-Y)=E[V-X)]-E[W-Y)]=[<f>-<g>|

by independence. Collecting all terms leads to the following key estimate and contraction
property:
Proposition 6. If f and g belong to Po(R3), then

3+ e? 1 — e?

4

WHQY(f, 1), Q% (9,9)) < W3(f.9) + | <f>-<g>]|
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for any restitution coefficient 0 < e < 1. As a consequence, given f and g in Py(R3?) with
equal mean velocity, then

3+e2

Wo(QF(f, f), Q" (9, 9) < Wa(f, ).

The case of equality is addressed in the following statement:

Proposition 7. Let f and g belong to Po(R3) with equal mean velocity and temperature,
where g is absolutely continuous with respect to Lebesque measure with positive density. If
3+ €2

WZ(Q+(f7f)aQ+(g>g)): 4

for some restitution coefficient 0 < e <1, then f =g.

W2(f7 g)

Proof.- 1t is necessary that the equality holds at each step of the arguments in Proposi-
tion 6. In particular, (3.5) holds as an equality, that is,
V-Ww X-Y
V-W| |X-Y]|
almost surely in the above notation. Then, since ¢ is absolutely continuous with respect
to Lebesgue measure with positive density, one can proceed as in [29, Lemma 9.1] to show
that f = g. We sketch the proof for the sake of the reader. Since g is absolutely continuous
with respect to Lebesgue measure, there exists [31] a Borel map u : R* — R? such that
f be the image measure of g by u, and in probabilistic terms V = u(X) and W = u(Y)
almost surely. Hence

w(z) —uly) _ x—y

u(z) —u(y)l |z -yl
almost everywhere for Lebesgue measure since X and Y are independent and since their
law ¢ has positive density. We leave the reader to check [31, Exercise 7.25] that this implies
the existence of constants w; and wsy such that u(z) = wy + woz. First of all w% = 1 since
f and g have same temperature. Then identity (3.6) forces wy = 1, implying w; = 0 since
< f>=<g>,and finally f =¢. D

(3.6)

3.2. Contraction for @; . In this subsection, we consider the more general case of the
operator ), defined in its weak form in (2.3). We define the gain term Q; by

(0, Qy (f, ) /RS/RS s2f (w) p(v )b(u-a>dadvdw (3.7)

v —wl

so that again Qy(f, f) = Qb (f, f)—f. We shall prove the following extension of Proposition
6 for non constant cross sections b.

Theorem 8. If f and g in P2(R?) have equal mean velocity, then

62 —62 T
WHQE( 0. Qo) < (P55 + 15w [beost) cost singao) W £.0).
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In the elastic case when e = 1, one recovers Tanaka’s non-strict contraction result [29]
for the solutions to the homogeneous elastic Boltzmann equation for Maxwellian molecules,
at least under the cut-off assumption, but with a somehow simpler argument than those
given in [29, 31].

Proof.- By definition
_ " o do .
(0, Qf (f. f) = 27T/0 /RS/RS{/O <p(v)%}f(v)f(w)dvdwb(cosﬁ) sin 0 d6

= 27r/ E [(¢,Uy,wy)] b(cos ) sin§ df
0

where V and W are independent random variables distributed according to f and, given
v,w in R3, Uy w0 1s the uniform probability measure on the circle C, ., o with center

1 1-— 1
Cv,wﬂ:ﬁ(v‘i‘w)‘i‘( 46+ ZeCOSQ)(U—w),
radius
1+e i
Tow, = |v —w|sinf
4
and axis
YW
v — w|
s

F1GURE 3. Definition of circles to be transported

Let also ¢ be a Borel probability measure on R* and X,Y be independent random
variables with law ¢g. Then, by the normalization assumption (2.4), the convexity of the
squared Wasserstein distance with respect to both arguments ensures that

W22(Q+(f7 f)’ Q+(g7g)) < 27T/OWE [WQQ(L{V7W,9,L{X7Y,9)} b(COS 9) sin 0 d6. (38)
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We now let v, w,z,y and 6 be fixed in R* and [0, 7] respectively, and give an upper
bound to W3 (Upw,0,Usy0). This consists in estimating the transport cost of a circle in R?
onto another one, for which we have the following general bound:

Lemma 9. [31] The squared Wasserstein distance between the uniform distributions on
the circles with centers ¢ and ¢, radii v and v' and azes k and k' is bounded by

lc—cP+r? 40 —r'(1+ |k-K)).

Hence, using the notations a =v —x, b=w —y, a =v —w and b = x — y in our case we
get

W2 Uy Us ) < ‘(3 —+ 116 cos0)a + 1%(1 —cos0)b|
+(116)1m%{mﬁ+ﬁﬁ—VMM@+W%-£Q]
S{(3;e+1Zeam®2+(£§EY$ﬁﬁhﬂz
( Z ) [<1+€—l—cos@)(l—cos@)—sinzﬁ}a-b
+( Ze)n1—aﬁw 1 sin® 6] b2 (3.9)
where we have used the bound
al* + b — lallpl —a-b < la* + b —2a-b = |a— b = |a— b

Assume now that (V, X) and (W)Y') are two independent couples of random variables,
optimal in the sense that

W3(f,9) =E[|[V - XP] =E[[W -Y]*].
Note that
E[(V-X)-W-=Y)|=E[V-X]-E[W-Y]=0

since (V, X) and (W,Y") are independent and since f and g have same mean velocity. Then
from (3.9):

E [W3(Uvwe,Uxyve)] < 7(0) W5(f,q)

where

v(0) = (326 + 1zecos9>2+ (116)2[(1 — cosf)? + 2sin” 4]
B 3+62+1—€2 0
= 1 7 cost.

One concludes after averaging over # as in (3.8). [
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4. CONTRACTIVE ESTIMATES FOR INELASTIC MAXWELL MODELS

In this section, we shall derive contractive estimates in the Euclidean Wasserstein dis-
tance for solutions to the inelastic Maxwell models both in the non-diffusive and the dif-
fusive cases and with constant and variable differential cross sections.

4.1. The non-diffusive case I: Original Variables. We are first concerned with solu-
tions f(t) to the Boltzmann equation (1.1) with 0 < e < 1. After time scaling defined
by

B t
r=2 / VO (@) duw

with £ = T2 88 in [2], we get a function denoted again f(7) for simplicity, solution to
—e
of
—~ = F . 4.1
L =pa. (11)

Theorem 10. If f; and fo are two solutions to (4.1) with respective initial data fY and
1 in Po(R3), then

W2(fi(7), fo(r) S T WEL )+ (1 —e ) | < f0> — < fI> ]’ (4.2)
for all 7 > 0.

Proof.- Decomposition (3.1) of the collision operator ) as

QULN=Q (.- f
allows us to represent the solutions to (4.1) by Duhamel’s formula as
o) =T R E [ BIQUS ) s, =12
0

Then the convexity of the squared Wasserstein distance in Proposition 1 and Proposition 6
imply
W3 (fi(1), faT))

<e FTWI(f) f9) + E/o e Elr=s) W;(QJr(fl(S)a f1(5)), QF (fa(s), fz(s))) ds

< o BT W;(ff, fS) n E/OTe_E(T_s) (3 Zez sz(fl(s)’ fz(S)) + X) ds;

here . )
_46 | <fils)> — <fals)> |

does not depend on time since the mean velocity is preserved by equation (4.1). In other
words, the function y(7) = 7 WZ(f1(7), f2(7)) satisfies the inequality

v <o)+ [ (20

X =

y(s) + XeES) ds
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and then

y(1) < y(0) ™7+ ———(e"7 — &™)

L=y
by Gronwall’s lemma with v = (3+¢?)/4. This concludes the argument since (1—v) E = 2.
0
Remark 11.

(1)

Without further assumptions on the initial data f{ and f9, this result is optimal in
the following sense. If f? is chosen as the Dirac mass at the mean velocity of f?,
then inequality (4.2) is actually an equality for all 7; indeed

W3 (hi(7), fa7)) = /3 v = <fi(r)>]* fi(r,v) dv = 30(fi(7))

R
=37 O(f)) = T W (S f2)

do
since pria 260 by equation (4.1).

In terms of the original time variable ¢ in (1.1), if f2 and f9 are two initial data
with the same initial temperature 6y, then the temperatures of the corresponding
solutions f! and f? to (1.1) follow the law

g 1-¢
dt 4
and hence are both equal to

1/2 1—¢? -
e(t):(eg/ +TBt) .

Then estimate (4.2) reads as

Bo? (4.3)

Ot 0t
WEA. L) < G WR A + (1- 52 ) <t =< 9> |
for all ¢ > 0, and in the particular case of equal mean velocity we can write it as
ot
WA (0, £(0) < 52 WP, 3) (1.4

that gives the typical decay towards the delta distribution of all solutions.

4.2. The non-diffusive case II: Self-Similar Variables. The convergence of the solu-
tions to (1.1) towards the Dirac measure at their mean velocity [5] has been made much
more precise in [10, 2] by the introduction of self-similar variables and homogeneous cooling

states.

There the authors prove that the rescaled solutions g defined by
g(r,0) = 2(f(7)) f(r.02(f(7)) ) (4.5)

satisfy the strict contraction property

da+o(91(7), 0a(7)) < € “OTdyic(gl, g3),  C(e) >0
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for initial data ¢? and g9 in Py(R3) with equal mean velocity and pressure tensor, where
€ > 0 and dy. is a Fourier-based distance between probability measures. Moreover, for
e = 0 one has C(e) = 0 giving a non-strict contraction in ds distance. In fact, by the
scaling property in Proposition 1, (4.2) reads as

Wag1(7), 92(7)) < Walgy, g3) (4.6)

in the scaled variables. This is consistent with the fact that the distances dy and W3 are
“of the same order” [21, 30, 2] up to moment bounds. In itself this non-strict contraction
does not give any information about the convergence towards typical cooling profiles of the
system.

A measure g(7,v) defined by (4.5) from a solution f(v,7) to (4.1) with initial zero mean
velocity has zero mean velocity and unit kinetic energy for all 7, and is solution to

% V. (gv)= EQ(.g). (4.7)

or

Moreover, it is proven in [10, 2] that (4.7) has a unique stationary solution g, with zero
mean velocity and unit kinetic energy; all measure solutions g(7,v) to (4.7) with zero
mean velocity, unit kinetic energy and bounded moment of order 2 + ¢ converge to this
stationary state g., as 7 goes to infinity in the ds sense, that is, in the W5 sense since ds
and Wy metrize the same topology on probability measures [30] up to moment conditions.
Moreover, the convergence has exponential rate in the dy sense, and in the W5 sense if the
initial datum has finite fourth order moment as proven in [2].

In turn, this ensures existence and uniqueness of homogeneous cooling states to (1.1) for
zero mean velocity and given kinetic energy, by going back to original variables, i.e.,

3

Fre(v.t) = 073(t) goo(v 072 (2))

with (¢) any solution to the temperature equation (2.1). Moreover, an algebraic conver-
gence of the solutions f(¢) with the same initial kinetic energy towards them in the original
variables is obtained in [10, 2.

We conclude this section by proving this convergence result using only the W5 distance,
and moreover for initial data which have bounded moments of order 2 only and not 2+¢ as
above. This in turn shows that the Euclidean Wasserstein distance W5 between solutions
of (4.7) converges to zero as t goes to infinity, improving over (4.6) that does not a priori
yield any information on the long-time behavior of the solutions g. As a trade of not
assuming more than moments of order two, this argument does not provide any rate of
convergence as does the Fourier-based argument in [10, 2].

Theorem 12. Let ¢? and g9 be two Borel probability measures on R® with zero mean
velocity and unit kinetic energy, and let ¢,(7) and go(T) be the solutions to (4.7) with
respective initial data g0 and ¢3. Then the map T — Wa(g1(7), g2(T)) is non-increasing
and tends to 0 as T goes to infinity.
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By taking as one solution, in this theorem, the homogeneous cooling state in scaled
variables, i.e., the stationary solution g, of (4.7), we improve over the stability part of the
Ernst-Brito conjecture shown in [10] and re-addressed in [2].

In terms of the original variables, the scaling properties of W5 given in Proposition 1
and the convergence result

Th_)rgo W2(g(7_)> goo) =0
have the following direct consequence, which improves over the decay towards the Dirac
mass estimate given in (2.2) and (4.4).

Corollary 13. Let fO € Po(R?) with zero mean velocity and let f(t) be the solution to
(1.1) with initial datum f°, then

lim 0((5)" Wl (1), fue(t)) = 0
where the homogeneous cooling state fn. is given by

Fre(t) = 072 (£(1)) goo(0 072 (f(1)))-

Proof of Theorem 12.- It is based on the argument in [31] to Tanaka’s theorem. The
first statement is a simple consequence of (4.6). Then we turn to the second part of the
theorem which by triangular inequality for the W, distance is enough to prove when g9,
and hence go(7), is the unique stationary state g, to (4.7) with zero mean velocity and
unit kinetic energy.

Step 1.- Let us first assume that the fourth moment of the initial datum is bounded,
ie.,

/ lv[* ¢¥(v) dv < 0.
R3

The second step will be devoted to avoid this assumption. Then Proposition 19 in the
appendix ensures that
sup [ |v]*gi(7,v) dv < o0,
7>0 JR3
so that
sup [ o gu(rie) do
720 Jv|>R
tends to 0 as R goes to infinity. Prohorov’s compactness theorem and Proposition 1 imply
the existence of a sequence 7, — 00 as k — oo and a probability measure " on R? with
zero mean velocity and unit kinetic energy such that Wy(gy(7%), u°) — 0 as k — oco. We
want to prove that p° = ga.

Without loss of generality, we can assume that the diverging time sequence satisfies
T +1 < 7341 for all k. Now, since g, is a stationary solution, it follows from the first part
of the theorem that

Wa(g1(Tht1)s goo) < Walg1(7h + 1), goo) < Wa(91(7k), goo)- (4.8)
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On one hand, both W5(g1(7k), goo) and Wa(g1(Tas1), goo) tend to Wo(°, goo) as k goes to
infinity by triangular inequality. Then, if x(7) denotes the solution to (4.7) with initial
datum p°, the first point again ensures that

Wa(gr (7 + 1), (1)) < Wa(gr (i), ")

which tends to 0. Hence Wa(g1(7%+ 1), goo) tends to Wa(u(1), goo) by triangular inequality,
and finally

Wa(1(1), goo) = Wa(pt’, goo)

by passing to the limit in & in (4.8). By the non-increasing character of W5 along the flow,
we deduce that

Wapu(1), goo) = Wala(7), goo) = Wa(p’, goo)
for all 7 € [0, 1].

Consequently u(7) and g, are two solutions to (4.7) with zero mean velocity and unit
temperature, whose W distance is constant on the time interval [0, 1]. This is possible only
if equality holds at each step in the proof of Theorem 10 in the original space variables; in
particular

W@ (u(r), 1)), @ (90 900) = | - Wi (1(7), )

for all 7, and especially for 7 = 0. But z° and g., have same mean velocity and temperature,
and, according to [7, Theorem 5.3], g, is absolutely continuous with respect to Lebesgue
measure, with positive density. Hence Proposition 7 ensures that u° = g...

In particular W5(g1(7%), goo) — 0 as k — oo, and then Ws(g1(7),goo) — 0 as 7 — o0
since it is a non increasing function.

Step 2.- Let us now remove the hypothesis on the boundedness of the initial fourth
order moment. Let (¢°"), be a sequence in Py(R3) with zero mean velocity, unit kinetic
energy, finite fourth order moment and converging to ¢{ in the weak sense of probability
measures; in particular it converges to g9 in the W, distance sense by Proposition 1. Such
a g° can be obtained by successive truncation of ¢ to a ball of radius n in R3, translation
to keep the mean property, and dilation centered at 0 to keep the kinetic energy equal to
1.

Then, if g"(7) is the solution to (4.7) with initial datum ¢°", the triangular inequality
for W5 and (4.6) ensure that

Wa(g1(7), goo) < Walga(7), 9" (7)) + Walg™(7), 9oo)
< Walgy, g°") + Walg™(7), goo)-
Given € > 0, the first term in the right hand side is bounded by ¢ for some n large enough,
and for this now fixed n, the second term is bounded by e for all 7 larger than some

constant by the first step. This ensures that W5(g1(7), g=) tends to 0 as 7 goes to infinity.
0
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Let us finally point out that a natural question related to the fact that equation (4.7)
is a strict contraction with respect to doi. is whether a Wassertein distance with larger
index, for instance Wy, could be strictly contractive for (4.7). Of course, a similar scheme
as above can be performed to verify it, but there is one term we cannot control in the
transport of spheres argument and we cannot conclude. It is an open problem to prove or
disprove this claim, even for a non-strict contraction in the elastic case.

4.3. The diffusive case. We now turn to the diffusive version (1.3) of (1.1). Again by
the change of time

B t
r=2 / VO @) du

with £ = — we are brought to studying the equation
X BQUL) + O A (1.9
her
where 2 Iy -
O°(f(r)) = - [B(/(7)]

As in the nonviscous case of (4.1) we shall prove

Theorem 14. If f; and f, are two solutions to (4.9) for the respective initial data f2 and
1Y in Py(R3) with same kinetic energy, then

W2(fu(), f2(7)) < e WE(L D) + (A=) | < f0> — < f2>| (4.10)
for all 7 > 0.

Proof.- We again start by giving a Duhamel’s representation of the solutions. To this
aim we write (4.9) as

g_f —EF—Ef+0*f(r)Af

where F'= Q% (f, f), that is,

g—f + (E + |k|*©%(f(1))) f=EF.

Here, we are using the convention
i) = [ e duta)
R3

for the Fourier transform of the measure p on R3. Hence the solutions satisfy

f(T7 ]{j) = e_ET fo(k> e_z(fv‘r) Ik‘z _'_ E /T e_E(T_S) F(S, k) e_(z(fv‘r)_z(fvs))‘klz ds
0
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where 3( f / @2 )) ds, and thus

frv) =e P (2% Tossr)(v) + E /0 e P (F(s) % Tos(gm)—s(r.e) ) (v) ds

= e BT f(r,0) + E/ e P9 (7,5, 0) ds.
0

Here

1 2
_ —|v|?/2c
Fa(v) - (271'0[)3/2 S

is the centered Maxwellian with temperature «/3 > 0. Moreover f; and fy have same
temperature at all times, so that 3(f;,7) = 3(f2, 7). Then the convexity of the squared
Wasserstein distance and its non-increasing character by convolution with a given measure,
see Proposition 1, imply that

W2(Fi(r). folr)) < FWE(Fu(r), o)+ E / e EEIWR(E (7, 5), Folr, 5))ds

ETWE(SO, ) + E / B W2(Fy (s), Fy(s)) ds.

In other words the squared distance W3 (f1(7), f2(7)) satisfies the same bound as in the
nonviscous case of Theorem 10, and we can conclude analogously. O

Remark 15.
(1) As pointed out to us by C. Villani the result can also be obtained by a splitting
argument between the collision term and the diffusion term.
(2) As proven in [1], the temperature §(f(¢)) of the solution f in the original time
variable t converges towards
0 — ( 8A >32zp
*\B(1 —e?)
as t goes to infinity, and satisfies 6(f(¢)) > min(6(f(0)), 0 ). In particular

B [t 4
T:E/O \/G(f(s))dszft

if ¢, = B min(0(f(0)),0)"/2. Writing (4.10) in the original variable ¢ for initial
data with equal mean velocity and temperature, we recover the contraction property

Wa(fi(2), folt)) < Wa(f7, f3) e -7,

that coincides with (3.1) in [1] for the Fourier-based ds distance exactly with the
same rate. For p = 1 one can exactly compute 7 and also recover (3.2) in [1] but
for the distance Wj.

(3) The existence of unique diffusive equilibria for each given value of the initial mean
velocity can be obtained from this contraction property of the Wy distance analo-
gously to the arguments done in [1] with the Fourier-based distance ds.
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4.4. General cross section. Let f; = fi(7,v) and fo, = fo(7,v) be two solutions to the
Boltzmann equation
f

=Q(f. 1) =Qy(f.f)—f

with respective initial data f? and f2 in Py(R?), where Q; is defined in (3.7). Then, as in
Subsection 4.1, Duhamel’s representation formula

fr)=e 04 / e QH(f(s), £(5)) ds

of the solutions and the convexity of W2 ensure the contraction property

Wa(fi(r), fo(r)) < e U2 WL (f7, f) (4.11)
for all 7, where
2 1 — 2 ™
Mo = 3—26 + 26 7r/ b(cos @) cosd sinf db
0

is bounded by 1 by (2.4).

5. INELASTIC KAC MODEL

In this last section we consider a simple one-dimensional model introduced in [27] which
can be seen as a dissipative version of the Kac caricature of a Maxwellian gas [22, 24].
Let us remark that the definition and properties of the Euclidean Wasserstein distance W5
discussed above generalize equally well to any dimension. Tanaka himself [28] showed that
the Euclidean Wasserstein distance is a non strict contraction for the elastic classical Kac
model. In the inelastic Kac model, the evolution of the density function f is governed by
the equation

(9f

=Q(f, [) (5.1)
in which the collision term Q(f, f) is deﬁned by

(. ///f o) = o0)] 2 o

for any test function ¢, where
v' =v cosf|cosfF —w sinf|sinb|?

is the postcollisional velocity and p > 0 measures the inelasticity. Equation (5.1) preserves
mass but makes the momentum and kinetic energy decrease to 0 at an exponential rate,
O(f(t)) = e 2P0(f°) + (e72% — e 2) < fO> with 8 > 0 given below. In particular,
solutions to (5.1) tend to the Dirac mass at 0. The asymptotic behavior of the inelastic
Kac model was analyzed in [27] by means of Fourier-based distances in interesting cases
where the initial data has infinite kinetic energy, i.e., for Fourier distances d, with index
1 < s < 2. The existence of self-similar solutions with only moments of order 1 is obtained,
characterizing long time asymptotics of the scaled solutions for solutions with certain
number of moments bounded. Here, we show that for finite kinetic energy solutions the
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distance W verifies a strict contraction property. This property may be used in particular
cases of the Kac equation with self-similar solutions of finite kinetic energy to discuss its
stability in the spirit of Theorem 12.

As in the inelastic Maxwell model discussed above, we start by deriving a contraction
property for the gain operator Q" defined by

et = [ [ [ o) g

Proposition 16. If f and g belong to Py(R), then

WS(QJF(f, £),0%(g,9)) < {/0% (| COSH‘2(p+1) + |sin9|2(p+1)) d_@

5| Wa(fs9).

In terms of solutions f(¢) and g(¢) to the modified Kac equation (5.1) with finite initial
energy only, the above proposition yields, as in previous sections, the bound

Wa(f(t), g(t)) < e Wa(f°, ")

where

2
db
25=1 —/ (1 cos 2P+ 4| sin9|2(p+1)) o 0.
0 T

This bound is optimal without further assumptions on the initial data f° and ¢° since
equality holds in the case when < f° >= 0 and ¢° = §, analogously to previous cases.

Proof.- Given a vector (v,w) in R? let C,,, denote the curve
{(v'(0),w'(9)),0 € [0,2]}
where
v'(0) = wvcosO|cosf|P —w sinf |sin P
w'(0) = wvsinf|sinf|P + w cosf |cosb|P.
Let also U, ,, be the uniform probability distribution on C,, ,,.
Given V and W two independent random variables distributed according to f, we note
that QT (f, f) is the first marginal on R of E[L{V,W}, but also its second marginal by

symmetry. Then, we have the following result, which is the analogous of Lemmas 4 and 9
for this model:

(5.2)

Lemma 17. Given two vectors (v,w) and (z,y) in R?, the squared Wasserstein distance
between the distributions U, ., and Uy, is bounded by

(1=28) (Jv —a* + [w —yI*).

Proof.- One can transport the curve C,,, onto C,, by the linear map
,r,/
(a,b) — T(a,b) = —(a cosw — b sinw, a sinw + b cosw)
r

where r = Vo2 +w?, ' = y/22 +y? and w is the angle between the vectors (v, w) and
(x,y) in case they do not vanish. We leave the reader discuss the case when either (z,y)
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or (v,w) are zero. Then, analogously to the proof of Lemma 4, one can define a transport
plan associated to the transport map 7" to get

W3 Uy, Uny) < / |T(a,b) — (a,b)|* dU, ., (a,b).
RZ

Furthermore, for all (a,b) in R?,
/ 2
T(a,b) — (a,b)]* = T—(a cosw — b sinw) — a} +

" —(a sinw+bcosw)—b

r }2
,

!/

= ((T—>2 — 2;/ cosw + 1) (a2 +b2)

,
v—zP+lw—yl> 4,
= 0 (a —|—b).

Hence, we deduce

v — 2 + |w -y’

W3 (U Usy)

IN

/]Rz(a2 + b*) dUh, ., (a, b)

v? 4+ w?
_ |v—93|2+|w—y|2/2” 2 o2y 49
- e [ wer s wer)

But
v'(0)? +w'(0)* = (| cos 0PV + | sin 2P FD) (v? + w?)

by (5.2), so that

i

2m
Wg(uv,waux,y) < |:/0 (| Ccos ‘9‘2(174-1) + ‘ sin9|2(p+1)) o

| (o=l + =)

which is the bound given by the lemma. O

We now continue the proof of Proposition 16. First of all, let (V, X)) and (WY) be two
independent couples of random variables, with V' and X distributed according to f, W
and Y according to g, optimal in the sense that

W2(7,9) = E[[V - W] = E[J - Y.

Then, by convexity of the squared Wasserstein distance again, it follows from Lemma 17
that

W3 (E[Uvw], ElUxy]) < E[WS (Uvw, Uxy)]
(1=26)(E[|V - WP] +E[|X = Y]
=2(1-28)W3(f,9). (5.3)

Next, we remark that the measure Uy on R? has first and second marginals equal
by symmetry of the curve Cyy by a /2 rotation. This implies that the first and second
marginals of E[vaw} on R? are equal to Q1 (f, f), and likewise for the measure E[ny}
with marginals Q*(g,g). We shall conclude the argument of Proposition 16 by using the
following general result:

<
<
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Lemma 18. If the Borel probability measures ,u§ on R are the successive one-dimensional
marginals of the measure ' on RY, fori=1,2 andj =1,...,N, then

W3 (5, 13) < W3 (uh, 1)

IIMZ

Proof.- Let 7 be any joint measure on RY x RY with marginals p' and 2. Then its
marginal 7; on R, x R, has itself marginals i and 3, so

W3 (g, p3) < // v; — wj|* dm; (v, w;).
RxR
N

The identity Z lv; — w;|* = |v — w|? implies the bound
=1

N
Swid < [[ - wPdn(o.w),
=1 RN xRN

One concludes the argument by minimizing over 7. 0O

In our particular case, Lemma 18 ensures that

2W(@Q7(f.£).Q"(9.9) < Wy (E[Uvw]. EUxy])
which concludes the proof of Proposition 16 taking (5.3) into account. 0O

APPENDIX: UNIFORM IN TIME PROPAGATION OF FOURTH ORDER MOMENTS

In this appendix we derive a uniform propagation of fourth order moments / lv* g(7,v) dv
R3

of solutions g to

dg
8_+V (9v) =EQ(g,9) (5.4)
where the operator Q(g, g) is defined as in (1.2) for 0 < e <1 and F = %
—e

This result has been used in the proof of Theorem 12.

Proposition 19. If ¢° is a Borel probability measure on R?® such that
/ lv[* ¢°(v) dv < oo,
R3
then the solution g to (5.4) with initial datum ¢° verifies

sup [ |v]*g(r,v)dv < 0.
7>0 JR3
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Proof.- Without loss of generality we can assume that ¢°, and hence g(7) for all 7 > 0,
has zero mean velocity. We let

my(T) = /RS lv|* g(7,v) dv

denote the fourth order moment of g(7). Then, using the weak formulation of the inelastic
Boltzmann equation, we have:

D [ Vol vatm o+ E [ Q) (55)

While the first term in the right hand side is simply 4 my(7), the second term is computed
by

Lemma 20. There exist some constants j; and ps, depending only on e, such that

[ giwdo == [ ol gwydosm( [ joPate) )
i [ 0w g gtw) oo

for any probability measure g on R® with finite moment of order 4 and zero mean velocity,
where

1 1—
A=3(+4e-T2 4482 and e = — <.
With this lemma in hand, (5.5) reads
d
mal7) _ (4 —E A) ma(r) +m(r) (5.6)
dr

where m(7) is a combination of second order moments, which are bounded in time since the
kinetic energy is preserved by equation (5.4). Moreover one can check from the expression
of £ and A in terms of € = (1 — ¢)/2 that

2
4—EXx=—F——[-1+2e+&*—4e>+2¢"
3e(l—¢)
which is negative for any 0 < ¢ < 1/2, that is, for any 0 < e < 1. By Gronwall’s lemma
this ensures that my4(7) is bounded uniformly in time if initially finite, and concludes the
argument to Proposition 19. O

Let us remark that identity (5.6) is also useful to understand that moments are not
created by this equation in contrast to the hard-spheres case [25, 26]. In fact, if initially
moments are infinite, they will remain so. Thus, this is another reason why homogeneous
cooling states have only certain number of moments bounded, see [7].

We now turn to the proof of Lemma 20, whose result is given in [5] and [6, Section 4]
only in the radial isotropic case, i.e., whenever g(v) depends only on |v|. By symmetry we
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start by writing

/|U| Q(g,9)( / / / |U 12+ |t = |v|* = |w|*) do dv dw
R3 JR3 J 52

where
1 1-— 1
Vo= §(U+w)+ 46(v—w)—|— +e\v—w|a
1 1— 1
w o= §(U+w)— 4€(U—w)— Ze|v—w\a.
Then we introduce the notation
v+w v —w 1—e 1+e
= o U= ’ == ) /:1— =
Ty 9 ST g ¢ T
in which

V=u+eU+e|Ulo, vV=u—eU—-¢€|Ulo, v=u+U w=u—-U.
Then
= [P+ @+ P)UP+2e|U(U-0)+2e(u-U)+2|U|(u-0)
|w'|? = |uf+ (2 +AUP +2e |UU-0) —2e(u-U) -2 |U| (u-0)
o]* = Juf + U +2(
> = Jul* +[U]* - 2(
and eventually

1
SV + [ = Jof* = el ]

:[(52 +£?)? - }|U|4 +2(e2 + % = DU 4+ 4(e* — 1) (u-U)?
+ 422 |UP (U -0)? + 4% |UP (u-0)?
+4ee|U| Uu\2 + (2 +6’2)\U\2] (U-o0)+8ce|U|(u-U)(u-o).
Integrating with respect to o in S? and taking the identities

do do do  |k|?
=1 k- k- _
/ 47 /Sz ko) 47 =0, /Sz (k- o)° 4r 3

into account, we obtain

u-U)
u-U)

1 , do
g1 1 = o = [l 52 = a1 + BLPIUE + 5 (- U

where
4 2
=+ -1+ 5526'2, B=2[+" -1+ §6l2}’ v =4(e - 1).
Then, by definition of v and U in terms of v and w, the identities

1 -
J[ witsw) gtw) dvdu = Sm -+ + 273,
R3xR3

25
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J[ WP IUP o) gtw) doduw = Sl +md — 273
R3xR3 8
and .
/ / (u- U)? g(v) g(w) dvdw = ~[my — md)

R3xR3 8

hold with
= / o] g(v) dv, s = / of? g(v) dv, 78 = / / (0 w)? g(v) glw) dvduw
R3 R3 R3xR3

since g has zero mean velocity. Collecting all terms, we obtain

/‘WVQ@yﬂwdvz—Amm+mnﬁ+uﬂ%
RS

where 1 1
\ = _g(a+ﬁ+7) = §(1+45—7€2+463—264),
1 1
m=gla+tf=9) and pz=2(a—p)

depend only on ¢, that is, only on e. This concludes the proof of Lemma 20. D

Acknowledgements.- The authors are grateful to Laurent Desvillettes, Giuseppe Toscani
and Cédric Villani for stimulating discussions and fruitful comments. They thank the
referees for their relevant comments which helped improve the presentation of the pa-
per. JAC acknowledges the support from DGI-MEC (Spain) project MTM2005-08024 and
2005SGR00611. We acknowledge partial support of the Acc. Integ. program HF2006-0198.

REFERENCES

[1] M. Bisi, J.A. Carrillo, G. Toscani, “Contractive Metrics for a Boltzmann equation for granular gases:
Diffusive equilibria”, J. Statist. Phys. 118 (2005), 301-331.

[2] M. Bisi, J.A. Carrillo, G. Toscani, “Decay rates in probability metrics towards homogeneous cooling
states for the inelastic Maxwell model”, J. Statist. Phys. 124 (2006), 625—653.

[3] A.V. Bobylev, “The method of the Fourier transform in the theory of the Boltzmann equation for
Maxwell molecules”, Doklady Akad. Nauk SSSR 225 (1975), 1041-1044.

[4] A.V. Bobylev, “The theory of the nonlinear spatially uniform Boltzmann equation for Maxwell
molecules”, Sov. Sci. Rev. C. Math. Phys. 7 (1988), 111-233.

[5] A.V. Bobylev, J.A. Carrillo, I. Gamba, “On some properties of kinetic and hydrodynamic equations
for inelastic interactions”, J. Statist. Phys. 98 (2000), 743-773.

[6] A.V. Bobylev, C. Cercignani, “Moment equations for a Granular Material in a Thermal Bath”, J.
Statist. Phys. 106 (2002), 547-567.

[7] A.V. Bobylev, C. Cercignani, “Self-similar asymptotics for the Boltzmann equation with inelastic and
elastic interactions”, J. Statist. Phys. 110 (2003), 333-375.

[8] A.V. Bobylev, C. Cercignani, I. M. Gamba, “Generalized kinetic Maxwell models of granular gases”,
In Mathematical models of granular matter, Lecture Notes in Maths, Springer, G. Capriz, P. Giovine
and P. M. Mariano Edts, in print (2006).

[9] A.V. Bobylev, C. Cercignani, I. M. Gamba, “On the self-similar asymptotics for generalized non-linear
kinetic Maxwell models,” submitted for publication (2006).



[10]
[11]
[12]
[13]
[14]

[15]

[16]
[17]
[18]
[19]
[20]
[21]
22]
23]
[24]
[25]
[26]
[27]
28]
[29]
[30]
[31]

[32]

TANAKA THEOREM FOR INELASTIC MAXWELL MODELS 27

A.V. Bobylev, C. Cercignani, G. Toscani, “Proof of an asymptotic property of self-similar solutions
of the Boltzmann equation for granular materials”, J. Statist. Phys. 111 (2003), 403-417.

A.V. Bobylev, I. Gamba, “Boltzmann equations for mixtures of Maxwell gases: exact solutions and
power-like tails”, J. Statist. Phys. 124 (2006), 497-516.

A.V. Bobylev, G. Toscani, “On the generalization of the Boltzmann H-theorem for a spatially homo-
geneous Maxwell gas”, J. Math. Phys. 33 (1992), 2578-2586.

F. Bolley, “Separability and completeness for the Wasserstein distance”, to appear in Séminaire de
probabilités. Lecture Notes in Math. (2007).

E. Caglioti, C. Villani, “Homogeneous cooling states are not always good approximations to granular
flows”, Arch. Ration. Mech. Anal. 163 (2002), 329-343.

E.A. Carlen, E. Gabetta, G. Toscani, “Propagation of smoothness and the rate of exponential con-
vergence to equilibrium for a spatially homogeneous Maxwellian gas”, Commun. Math. Phys. 305
(1999), 521-546.

J. A. Carrillo, C. Cercignani, I. Gamba, “Steady states of a Boltzmann equation for driven granular
media”, Phys. Rev. E. 62 (2000), 7700-7707.

J. A. Carrillo, R. J. McCann, C. Villani, “Contractions in the 2-Wasserstein length space and ther-
malization of granular media”, Arch. Rat. Mech. Anal. 179 (2006), 217-263.

C. Cercignani, R. Illner, C. Stoica, “On Diffusive Equilibria in Generalized Kinetic Theory”, J. Statist.
Phys. 105 (2001), 337-352.

M.H. Ernst, R. Brito, “High energy tails for inelastic Maxwell models”, Furophys. Lett. 58 (2002),
182-187.

M.H. Ernst, R. Brito, “Scaling solutions of inelastic Boltzmann equation with over-populated high
energy tails”, J. Statist. Phys. 109 (2002), 407-432.

E. Gabetta, G. Toscani, B. Wennberg, “Metrics for Probability Distributions and the Trend to Equi-
librium for Solutions of the Boltzmann Equation”, J. Statist. Phys. 81 (1995), 901-934.

M. Kac, Probability and Related Topics in the Physical Sciences, Interscience, London-New York,
1959.

H. Li, G. Toscani, “Long-time asymptotics of kinetic models of granular flows”, Arch. Ration. Mech.
Anal. 172 (2004), 407-428.

H. P. McKean, Jr., “Speed of approach to equilibrium for Kac’s caricature of a maxwellian gas”, Arch.
Rat. Mech. Anal. 21 (1966), 343-367.

S. Mischler, C. Mouhot, “Cooling process for inelastic Boltzmann equations for hard spheres, Part I:
The Cauchy problem”, J. Statist. Phys. 124 (2006), 655-702.

S. Mischler, C. Mouhot, M. Rodriguez-Ricard, “Cooling process for inelasic Boltzmann equations for
hard spheres, Part II: Self-similar solutions and tail behavior”, J. Statist. Phys. 124 (2006), 703-746.
A. Pulvirenti, G. Toscani, “Asymptotic properties of the inelastic Kac model”, J. Statist. Phys. 114
(2004), 1453-1480.

H. Tanaka, “An inequality for a functional of probability distributions and its applications to Kac’s
one-dimensional model of a Maxwellian gas”, Z. Wahrsch. Verw. Gebiete 27 (1973), 47-52.

H. Tanaka, “Probabilistic treatment of the Boltzmann equation of Maxwellian molecules”, Z.
Wahrsch. Verw. Gebiete 46, 1 (1978/79), 67-105.

G. Toscani, C. Villani, “Probability Metrics and Uniqueness of the Solution to the Boltzmann Equation
for a Maxwell Gas”, J. Statist. Phys. 94 (1999), 619-637.

C. Villani, Topics in optimal transportation, Graduate Studies in Mathematics, vol. 58, American
Mathematical Society, Providence, RI, 2003.

C. Villani, “Mathematics of granular materials”, J. Statist. Phys. 124 (2006), 781-822.



28 FRANCOIS BOLLEY AND JOSE A. CARRILLO

INSTITUT DE MATHEMATIQUES, UNIVERSITE PAUL SABATIER, ROUTE DE NARBONNE, F-31062
TOULOUSE CEDEX 9. CURRENT ADDRESS: UNIVERSITE PARIS-DAUPHINE, CEREMADE, PLACE DU
MARECHAL DE LATTRE DE TASSIGNY, 75775 PARIS CEDEX 16

E-mail address: bolley@ceremade.dauphine.fr

ICREA (INsTITUCIO CATALANA DE RECERCA 1 ESTUDIS AVANGATS) AND DEPARTAMENT DE MATE-
MATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, E-08193 BELLATERRA, SPAIN
E-mail address: carrillo@mat.uab.es



