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Abstract

We consider general stochastic systems of interactingceaiwith noise which
are relevant as models for the collective behavior of arsireahd rigorously prove
that in the mean-field limit the system is close to the sofutid a kinetic PDE.
Our aim is to include models widely studied in the literatsteh as the Cucker-
Smale model, adding noise to the behavior of individual® dificulty, as compared
to the classical case of globally Lipschitz potentials,hattin several models the
interaction potential between patrticles is only locallp4ghitz, the local Lipschitz
constant growing to infinity with the size of the region calesied. With this in mind,
we present an extension of the classical theory for glolalhgchitz interactions,
which works for only locally Lipschitz ones.

Keywords. Mean-field limit, diffusion, Cucker-Smale, collective tzstor

1 Introduction

The formation of large-scale structures (patterns) witttba need of leadership (self-
organization) is one of the most interesting and not corefylatnderstood aspect in the
collective behavior of certain animals, such as birds, fisimgects. This phenomena has
attracted lots of attention in the scientific community, [844,33[3¥] and the references
therein.
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Most of the proposed models in the literature are based ditlealike description of
a set of large individuals; these models are called Indafid@ased Models (IBM). IBMs
typically include several interactions between individudepending on the species, the
precise mechanism of interaction of the animals and thetiqoudar biological environ-
ment. However, most of these IBMs include at least threecheffects: a short-range re-
pulsion, a long-range attraction and a “mimicking” behav¥ar individuals encountered
in certain spatial regions. This so-called three-zone mhads first used for describing
fish schools in[[2, 25] becoming a cornerstone of swarmingetiog), seel[3[24].

The behavior of a large system of individuals can be studmredugh mesoscopic
descriptions of the system based on the evolution of theglnitity density of finding
individuals in phase space. These descriptions are usegtisessed in terms of space-
inhomogeneous kinetic PDEs and the scaling limit of theradng particle system to
analyze is usually called thmean-field limit These kinetic equations are useful in bridg-
ing the gap between a microscopic description in terms of $B¥d macroscopic or hy-
drodynamic descriptions for the particle probability dendiVe refer to the review [12]
for the different connections between these models andlogar set of references.

The mean-field limit of deterministic interacting partisisstems is a classical question
in kinetic theory, and was treated in |6, 18] 32] in the caséhefVlasov equation. In
these papers, the particle pairwise interaction is givem lgyobally bounded Lipschitz
force field. Some of the recent models of swarming introduecefd9, [16,[22] do not
belong to this class due to their growth at infinity leadingtointeraction kernel which
is only locally Lipschitz. These IBMs are kinetic models ssence since the interactions
between individuals are at the level of the velocity vargibl “align” their movements for
instance or to impose a limiting “cruising speed”. The méald limit for deterministic
particle systems for some models of collective behavion\aitally Lipschitz interactions
was recently analysed inl[9] showing that they follow the entpd Vlasov-like kinetic
equations.

On the other hand, noise at the level of the IBMs is an impoitsnie since we cannot
expect animals to react in a completely deterministic wayeréfore, including noise
in these IBMs and thus, at the level of the kinetic equatioanismportant modelling
ingredient. This stochastic mean-field limit formally lsao kinetic Fokker-Planck like
equations for second order models as already pointed ofdtlin The rigorous proof of
this stochastic mean-field limit has been carried out fobglly Lipschitz interactions in
[34,130], see also [29].

This work is devoted to the rigorous analysis of the stoécbasean-field limit of lo-
cally Lipschitz interactions that include relevant swarghmodels in the literature such
as those in[[19, 16]. We will be concerned with searching #te of convergence, as
the number of particled’ — oo, of the distribution of each of the particles and of the



empirical measure of the particle system to the solutiohmekinetic equation. This con-
vergence will also establish the propagation of chao¥ as oo for the particle system
and will be measured in terms of distances between probabikasures. Here, we will
not deal with uniform in time estimates since no stabilizn@dpaviour can be expected in
this generality, such estimates were obtained only in aiipatstance of Vlasov-Fokker-
Planck equation, se&l[5]. The main price to pay to includesiptes growth at infinity of
the Lipschitz constants of the interaction fields will bela tevel of moment control es-
timates. Then, there will be a trade-off between the requargs on the interaction and
the decay at infinity of the laws of the processes at the Iritree.

The work is organized as follows: in the next two subsectmaswill make a pre-
cise descriptions of the main results of this work, given edrem$_1]1 arld1.2 below,
together with a small overview of preliminary classical lWalown facts and a list of
examples, variants and particular cases of applicatiosgvarming models. The second
section includes the proof of the stochastic mean-fieldtlohiocally Lipschitz interact-
ing particle systems under certain moment control assumgtithus proving Theorem
). Finally, the third section will be devoted to the pradfTheorenLR: a result of
existence and uniqueness of the nonlinear partial diftexeaquation and its associated
nonlinear stochastic differential equation, for which ghechastic mean-field limit result
can be applied. The argument will be performed in the nagpate of probability mea-
sures by an extension to our diffusion setting of classibakacteristics arguments for
transport equations.

1.1 Main results

We will start by introducing the two instances of IBMs thaggyered this research. The
IBM proposed in[[18] includes an effective pairwise potehti : R? — R modeling
the short-range repulsion and long-range attraction. Tt “animicking” interaction in
this model is encoded in a relaxation term for the velocityiag as the equilibrium speed
from the competing effects of self-propulsion and frictafrthe individuals. We will refer
to it as the D’Orsogna et al model in the rest. More precighlg, IBM for N-particles in
the mean-field limit scaling reads as:

axi .
a =V
dvi_ 112\1/1% 1 i g
o = =BV =L VU(XT - X)),

JFi

wherea > 0 measures the self-propulsion strength of individuals,re&g the term cor-
responding t@ > 0 is the friction assumed to follow Rayleigh’s law. A typicdlaice for
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U is a smooth radial potential given by
Uz) = —Cae™1#7/% 4 Crelol/te.

whereCy, Cr and/ 4, (r are the strengths and the typical lengths of attraction epdl¥
sion, respectively.

The other motivating example introduced inl[16] only inadgdan “alignment” or re-
orientation interaction effect and we will refer to it as tGecker-Smale model. Each
individual in the group adjust their relative velocity byemaging with all the others. This
averaging is weighted in such a way that closer individualselmore influence than fur-
ther ones. For a system witN individuals the Cucker-Smale model in the mean-field
scaling reads as '

ax’
dt
N
=3 o (v =7,
7j=1

with thecommunication ratenatrix given by:

=V,

1

wyy = w(| X' = X7|) = (14 |Xi— X7]2)

for somey > 0. We refer tol[16 22, 11, 1.2] and references therein for frtliscussion
about this model and qualitative properties. Let us remhaak both can be considered
particular instances of a general IBM of the form

Xt

-V
dt N (1.1)
dv’ o 1 . o . :
= -F(X" VY - — H(X'"—- X2, V' —=V)Hdt 1< <N
o = —FXL V) = S ST H , Jdt,  1<i<

J=1

whereF, H : R** — R are suitable functions: the D’Orsogna et al model witlx, v) =
(B|v]* — a)v and H(z,v) = V,U(x) and the Cucker-Smale model with = 0 and
H(z,v) = w(z)v. Let us emphasize thdt in the D’Orsogna et al model and in the
Cucker-Smale model are not globally Lipschitz function&?.

Our aim is to deal with a general system of interacting pkesiof the typel(111) with
added noise and suitable hypothesesroand H including our motivating examples.
More precisely, we will work then with a general large systenV interactingR??-valued
processesX;, V,');>o with 1 < ¢ < N solution of

dX} = Vidt,

N
_ 4 o 1 o 1.2
AV = V2dB; - F(X, Vi)dt — — Y H(X] - X{, Vi =V, -2

i=1



with independent and commonly distributed initial dag, V') with 1 < i < N. Here,
and throughout this paper, tHé}),~, are N independent standard Brownian motions
in R?. More general diffusion coefficients will be consideredhe hext subsection. The
asymptotic behavior of the Cucker-Smale system with addexkrhas been recently con-
sidered in[[15], and eq[C(d.2) includes as a particular chsecontinuous-time models
discussed there. Our main objective will be to study thedagrgrticle number limit in
their mean-field limit scaling. It is sometimes usual to e(i&;", V") to track NV in-
dividuals, but to avoid a cumbersome notation we will drog skiperscripfV unless the
dependence on it needs to be emphasized.

By symmetry of the initial configuration and of the evolutjall particles have the
same distribution ofR?? at timet, which will be denotedft(l). For any givent > 0 the
particles get correlated due to the nonlocal term

N
5 S HX - XV W)
j=1
in the evolution, though they are independent at initiaktiBut, since the pairwise action
of two particlesi andj is of order1/N, it seems reasonable that two of these interacting
particles (or a fixed numbér of them) become less and less correlatedvagets large:
this is what is called propagation of chaos. The statisticantities of the system are
given by the empirical measure

N
JEN_ iz5 o
t TN (X5Ve)
i=1

It is a general fact, see Sznitman|[34], that propagatiorhabs for a symmetric system
of interacting particles is equivalent to the convergemc#’iof their empirical measure.
Following [34] we shall prove quantitative versions of tegjuivalent results.

We shall show that ou®V interacting processesX;, V;');>o respectively behave as
N — oo like the processe@Yi,Vﬁ)tZO, solutions of the kinetic McKean-Vlasov type
equation orkR?

dX, =V, dt
AV, = V2dBi — F(X,, V)dt — H * f,(X., V.)dt, (1.3)
(Ko, Vo) = (X6, V0), e = law(X, V7)),
Here the Brownian motionsB; )~ are those governing the evolution of th€;, V}');o.
Note that the above set of equations involves the conditianf; is the distribution of

(X, V,), thus making it nonlinear. The proces$ag,, V7, );»o with ¢ > 1 are independent
since the initial conditions and driving Brownian motiome andependent. Moreover they
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are identically distributed and, by the 1td formula, the@mmon lawf; at timet should
evolve according to

atft+v'vxft:Avft+vv'((F+H*ft)ft)> t>0,l’,U€|Rd. (14)

Herea - b denotes the scalar product of two vectarandb in R? and x stands for the
convolution with respect tar, v) € R?%:

Hx f(x) = /[R2d H(zx —y,v—w) f(y,w) dydw.

Moreover,V, stands for the gradient with respect to the position vagiatd R whereas
V., V.- and A, respectively stand for the gradient, divergence and Laptgerators
with respect to the velocity variablec R?.

Assuming the well-posedness of the stochastic differkatistem [I.R) and of the
nonlinear equation{1.3) together with some uniform monteninds, we will obtain
our main result on the stochastic mean-field limit. Exiseeand uniqueness of solutions
to (T.2), [1.B) and(T14) verifying the assumptions of theotlem will also be studied but
with more restrictive assumptions éghand H that we will comment on below.

Theorem 1.1. Let f, be a Borel probability measure arick}, V) for1 < i < N be N
independent variables with layy. Assume that the drift’ and the antisymmetric kernel

H, with H(—z, —v) = —H (z,v), satisfy that there exist constams L, p > 0 such that

—(v—w) - (Flz,v) = Flr,w)) < A —wf? (1.5)

|[F(z,v) = Fy,v)| < Lmin{|z — y|, 1}(1 + [o]?) (L.6)

for all z,y,v,w in R?, and analogously fo#f instead ofF. TakeT > 0. Furthermore,

assume that the particle systgfid) and the processel.3) have global solutions on
0, 7] with initial data (X, V) such that

sup { |H (z—y, v—w)|*df(x, U)dft(y>w)+/R2(\x|2+6a“)dft($>U)} < +o0, (1.7)

0<t<T\.JRad d

with £, = law(X,, V). Then there exists a constafit> 0 such that

E[1X] = X, + V) = V"] < Ne o (1.8)
forall0 <t <TandN > 1.
Moreover, if additionally there exisig > p such that
sup / eelol” dfi(z,v) < 00, (1.9)
0<t<T JR24d
then for all0 < € < 1 there exists a constant such that
E[IX] - X+ V) - Vo] < 57 (1.10)

forall0 <¢<TandN > 1.



This result classically ensures quantitative estimateghermean field limit and the
propagation of chaos. First of all, it ensures that the comitaos ft(l) of any (by ex-
changeability) of the particleX’ at timet¢ converges tqf; as N goes to infinity, as we
have

W3V, 1) S E[X] =X P + Vi = Vil < (V) (1.12)

Here IV, stands for the Wasserstein distance between two meaguaed v in the set
P,(R*) of Borel probability measures di?? with finite moment of orde2 defined by
Wa(p,v) = inf {E[|Z - Z]2]}"?,
() = inf {E]] °1}

where the infimum runs over all couples of random variabes?) in R?¢ x R* with
Z having lawy andZ having lawv (see [36] for instance). Moreove(N) denotes the
quantity in the right hand side di{1.8) &r{1110), dependingvhich part of Theoreim1.1
we are using.

Moreover, it proves a quantitative version of propagatibal@os: for all fixedk, the

law f*) of any (by exchangeability) particles(X;, V;') converges to the tensor product
“k as N goes to infinity, according to

1 1 ~k w5k\ |2
W22( t(k)v t®k) <t D(Xt17‘/t17"' 7Xf7‘/tk) - (vat?”' 7Xt7vt)‘ }
SKE|IX! = X124 V! = V2] < ke(N).

It finally gives the following quantitative result on the e@ngence of the empirical
measureftN of the particle system to the distributigh: if ¢ is a Lipschitz map ofk??,
then

2

£

N
1 o
—Ej XV — d
)Nizl‘p( ) /[de‘pft

2

N
S ~i i 1 i i
<2F [w(Xz, V)= oLV + |5 eV - [ edif | <en+
i=1 R

by Theoreni_1l1 and argument on the independent vari@igsl_/i) based on the law of
large numbers, see [34].

The argument of Theorem.1 is classical for globally Lipectrifts [34,[30]. For
space-homogeneous kinetic models it was extended to musehitz drifts by means of
convexity arguments, first in one dimensionlin [4], then ngeaerally in any dimension
in [13,[21]. Here, in our space inhomogeneous setting, soleaxity arguments are hope-
less, and we will replace them by moment arguments usingthgss [117). We also refer
to [31,[7] for related problems and biological discussianspace-homogeneous kinetic
models with globally Lipschitz drifts but nonlinear diffioss.
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Our proof will be written forp > 0, but one can simplify it withp = 0, by only
assuming finite moments of ordgin position and velocity. In this case our proof is the
classical Sznitman’s proof for existence, uniqueness,aadn-field limit for globally
Lipschitz drifts, written in our kinetic setting and givirige classical decay rate ih_(lL.8)
as1/N, compared to[{(Z118)-(1.10). We will discuss further exarapbdated to swarming
models and extensions in subsecfiod 1.2.

SectiorB will be devoted to the proof of existence, unigesnand moment propaga-
tion properties[(1]7) and{1.9) for solutions o {1.E). Jla8d [IT.4). This well-posedness
results and moment control for solutions will be obtainedemmore restrictive assump-
tions that those used in the proof of Theofem 1.1.

Theorem 1.2. Assume that the driff’ and the kernel are locally Lipschitz functions
satisfying that there exist, L > 0 and0 < p < 2 such that

—v - F(z,v) < C(1+ |v]?) (1.12)

—(v—w) - (F(z,v) — F(z,w)) < Llv — w]*(1 + [v|” + |w[?), (1.13)
|F(z,v) = F(y,v)| < Llz — y|(1+ [v]"), (1.14)

|H (z,v)| < C(1+ [v)), (1.15)

[H (z,v) = H(y, w)| < L(|z = y[ + [v —w[)(1 + o]’ + w]"),  (1.16)

for all z,v,y,w € R Let f, be a Borel probability measure dt?¢ such that
/ (=2 + ea\v\Pl) dfo(x,v) < 4o0.
[R2d

for somep’ > p. Finally, let (X}, V7) for 1 < i < N be N independent variables with
law fy. Then,

i) There exists a pathwise unique global solution to the DE) with initial data
(X6, V5).

ii) There exists a pathwise unique global solution to thelim@ar SDE (L.3) with
initial datum (X}, Vy).

iii) There exists a unique global solution to the nonline®@®P(T.4)with initial datumf,.

Moreover, for allT’ > 0 there exist$ > 0 such that

sup / (J=* + bl ) dfi(z,v) < +oo.
R2d

0<t<T

Concerning the hypotheses @n let us remark that we could also askto satisfy

similar properties a#/ in (L.18)-{1.16), bul{12)E(1114) are slightly weaker.



1.2 Examples, extensions and variants

As discussed above the drift models exterior or local effects, such as self propulsion,
friction and confinement. In our motivating examplegr, v) = 0 in the Cucker-Smale
model andF(x,v) = (B|v|*> — a)v in the D’Orsogna et al model. On the other hahd,
models the interaction between individualgatv) and(y, w) in the phase space being
H(z,v) = a(x)v with a(z) = (1 + |2]*)™, v > 0 in the Cucker-Smale model and
H(z,v) = —VU(x) in the D’Orsogna et al model. It is straightforward to chebk t
assumptions of Theorerhs1l.1 1.2 in these two cases.

Of course, more general relaxation terms towards fixed Sangispeed” are allowed
in the assumptions of Theoredm11.1, for instangér,v) = (B(z)v|° — a(z))v with
«, 3 globally Lipschitz bounded away from zero and infinity fuoos ands > 0. Also,
concerning the interaction kernel we may alléifz, v) = a(x)|v|?2v with ¢ > 1 for
a bounded and Lipschitzin Cucker Smale as introduced in_[23]. This has the effect of
changing the equilibration rate towards flocking, dee [13l,f@r details. However, the
assumptions on existence and moment control in Thebrédmrd @y verified forg = 2.
Other more general mechanisms can be included such as tlieesobed in[26].

1.2.1 Variants on the assumptions

We first remark two simple extensions of the results in Thedtel by trading off growth
control onF" and H by moment control of the solutions 0 (1L.2):

V1. TheoreniZIIl holds while weakening assumptionl (1.5F'and H to
(v —w) - (F(z,0) = F(z,w)) > —Alv — w[*(1 + [o]? + [w]?)
both for " and H. Solutions in this case need to satisfy

sup sup E [ebml‘p] < +o00
N>10<t<T
on the particle system or equivalent conditiongbfor the second estimate(1110).
Observe by lower continuity and weak convergenc&/iof the law of( X}, V}!) to
the law f; of (Ytl, th) that this is a stronger assumption than part of the assumptio
(L4) made in Theorein1.1, more precisely
sup E [eb‘vtl‘p] < +00.
0<t<T
Observe also that we may not have global existence in thes siase for instance
F(x,v) = —v® on R?, which leads to blow up in finite time, satisfies this new
condition withp = 2.
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One can remove the antisymmetry assumptiortfoin Theoren_LIl by imposing
|H (z,v) = H(z,w)| < Alv—w|

instead of[(1b) forf. The reader can check that very little modifications are eded
at the only pointin the proof below where the symmetryiois used, namely, when
bounding terml,;. Actually, one can directly carry out the estimates insteid
symmetrizing the term first. From the modeling point of viévis important to in-
clude the non-antisymmetric case since some more refinaarsmgalBMs include
the so-called “cone of vision” or “interaction region”. lnése models, individuals
cannot interact with all the others but rather to a restiicet of individuals they
actually see or feel, se2 126,112, 1]. From the mathematiaiait pf view this im-
plies that the interaction terf « f; need not always be a convolution but must be
replaced by

H[ft](x7v) = H(x7v;y7w>dft<y7w);

R2d
here H(z,v;-,-) is compactly supported in a region that depends on the vdlue o
(x,v) and H (y, w; z,v) is not necessarily equal toH (x, v; y, w). Our results ex-
tend to this case.

TheorenT I also holds whdhi is an exterior drift in position only, non globally
Lipschitz, for instance satisfying

[F(z) — F(y)| < Alz —y|(1+ [2|* + [y]%)
with ¢ > 0. Now, the moment control conditiof{1.7) has to be reinfdrbg as-
suming

. )
sup E [eb‘X’f‘q] <400 and sup sup E [eb‘X”q] < 400
0<t<T N>10<t<T

on the particle system or equivalent conditiongbfor the second estimate(1110).
Observe again by weak convergenceNirof the law of (X}, V') to the law f; of
(Ytl, th) that the latter new moment control assumption is stronger.

1.2.2 Extensions to nonlinearly dependent diffusion coeffient

Some researchers have recently argued that the diffusiefficgent at a given point
may depend on the neighbours of the point to be considered3[Zl0 More precisely,
they can depend on local in space averaged quantities olvidres such as the averaged
local density or velocity. The averaged local density & the particle systenX?, V)
for 1 <i < N is defined as

1 & .
N Zna(x - Xg)a
=1
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from which its corresponding continuous version is
[ e =ty
R2d

Heren.(z) = 8%77(%) wheren is a nonnegative radial nonincreasing function with unit
integral but non necessarily compactly supported anteasures the size of the interac-
tion. The name of “local average” comes from the smearinghobsing. instead of a
Dirac delta at), which would be meaningless in the setting of a particleesystSuch a
diffusion coefficient is considered in[20] witj{x) = TZ:BP ande = 1, from the point of
view of the long-time behaviour of solutions to the kinetipiation, not of the mean-field
limit: there the particle system evolves according to thHugive Cucker-Smale model

dX} = Vidt
. 1 & 1 &
AV} = N;a( — X/)dB! - N; —VHdt, 1<i<N

Other local quantities upon which the diffusion coefficierdy depend on is the aver-
aged local velocity at defined as

N

~ 1 . .

u(z) = N E W Ne(z — th)
j=1

in the particle system, and
[ wnte— ity
R2d

in the continuous setting. More generically, we can consilifusion coefficients in the
particle system such as

g (% (V) ne(x — Xf)) : (1.17)

j=1
Here, 7. controls which individuals we should take into account ie #verage and with
which strength; among thes&’/, how each velocity influences atis controlled byh;
finally, after averaging over thosg ¢ controls how we should compute the diffusion
coefficient.

For instance, given the diffusion coefficiefitz(x)), we could argue thaj should be
large for smallz(x) (large noise for small velocity), and conversely; there eegas an
even function, nonincreasing &1 . Similar coefficients were used in[37] of the form

N(x)

th ne(x
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with 7(z) = Z1,<; andN(z) = #{j; |z — X/| < }. However, we cannot include this
scaling in the mean-field setting.

On the other hand, mean-field limits such as those in Thebr@rale been obtained
in [B0,[34] with the diffusion coefficient

LS o X
j=1
whereo is a2d x 2d matrix with globally Lipschitz coefficients.
We include the two variants above by considering diffusioefficients of the form
U[Xtia V?Q ]EtN]
where, for a probability measueon R*, o[z; f] is a2d x 2d matrix with coefficients

ol fl = [ ol ) )

in the notatiorr = (z,v), 2/ = (2/,v') € R*. We shall assume thatis globally Lipschitz
onR and

\akl(z, Z/) — O'kl(g, 2/)‘
< C(minflz —z| + |2/ = &, 1} + Jv — 0| + [ = 0'|) (1 + [o]? + || + |0]* + |©'].)

In this notation,[[34] corresponds 0x) = x andoy, bounded and Lipschitz, and{1]17)
to oz, 2') = h(v') n.(x — 2’) where the kernel. is bounded and Lipschitz and

[h(v) = h(v)] < Clo = [(1 4 [o]* +[0']%).

Observe that this framework does not include the model densd in[[20] for which the
diffusion coefficient is given by a non locally Lipschijz

In this notation and assumption, if furthermore there aeXist 0 such that
sup E [eb‘yzlw] <400 and sup sup E [eb‘XﬂQq] < 400
0<t<T N>10<t<T
on the nonlinear process and particle system, theh (1.8shoTheoreni 111, and corre-
spondingly withy’ for the second estimate(1]110) (see Renhark 2.1).

1.2.3 One-variable formulation

We now give a formulation of the mean-field limit in one vat@ab € R”, to be thought of
asz = (z,v) € R?* as in our examples above or as= v € R? in a space-homogeneous
setting. We consider the particle system

N
dZt:adBt—F(Zt)dt—NE H(ZI—Z)dt, 1<i<N

J=1
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whereo is a (for instance) constai x D matrix, the(B;),>o are N independent stan-
dard Brownian motions o®” and the initial dataz} are independent and identically
distributed. We also consider the nonlinear proceg&es-, defined by

dZ, = 0dBi — F(Z,)dt — H « f,(Z,)dt,
Zy =7, fi =law(Z}).

Assume now that there exists > 0 such that
(z—2)- (F(2) = F(2)) > =Clz = 2P (1 + |2]" + |Z]")

for all 2,2’ € RP with p > 0. Assume also global existence and uniqueness of these
processes, with

1
sup sup E [ebwt ‘p] < 400
N>10<t<T

and
sup {/ " df,(2) +/ |H (2 — 2")|*df+(2) dft(Z')} < +o0,
o<t<T (JrD R2D

or equivalent conditions opl. Then [1.8) and(1.10) in TheordmIL.1 holds.

2 Mean-field limit: proof

This section is devoted to the proof of TheorEml 1.1. We foltbe coupling method
[34,[30,35]. Giveril” > 0, we will useC' to denote diverse constants depending othe
functionsF and H, and moments of the solutiofs on [0, 7], but not on the number of
particlesN.

)

Proof of Theorerfi.Il1Let us define the fluctuations aé := X; — X,, vf := Vi — V,,
1 = 1,...,N. For notational convenience, we shall drop the time deparelén the
stochastic processes. As the Brownian moti@BS~, considered in[(1]12) an@(1.3) are
equal, foralli =1,..., N, we deduce

dz' =v'dt, (2.1)
dv' = — (F(X*, V) = F(X',V'))dt
L v i j /i j i =i
_N;O{(X_va_V)—(H*ft)(X,V)>dt. (2.2)

Let us consider the quantity(t) = E [|2|* + |v|?] (independent of the labélby sym-
metry), which bounds the distand&Z(f(", f,) as remarked in{Z:11). Then, by using

@2)-Z2), we readily get

a(t) (2.3)
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and

S EIVP] = —E o' (FOXVY) = P, 7))

_ 1 [Zvi-(H(Xi—Xj,V"—Vj)—H*ft(Yi,Vi)> L+ L. (2.4)

N

7=1

Step 1.- Estimaté by moment bound$Ve decomposé; in (Z4) as

I =—E [v" (F(XT V) — F(X",V"))] —E [v" C(F(X V) - F(YZV"))] .
By assumption[(TI15)=(116) of, I, can be controlled by

I < AE [Jvi?] + LE [|qﬂ‘| min{|z?|, 1} (1 + |Vi|P)} = I+ L.

GivenR > 0, the second ternh, is estimated according to
Ly < E[J0] |2']] + [E[ﬂmg}z |v*| min{|z*|, 1} \Vﬂ”} + [E[ﬂ‘vibR |v*| min{|2*|, 1} |Vi\p

<+ ROE ] fo'l] + E [10'P] + 3 [a, V1]

< (1 + RP)a(t) + % (£ [\V"\@DW G [11|Vi>R])1/2

by the Young and the Cauchy-Schwarz inequalities. InvokiegMarkov inequality, hy-
pothesis[(1l7) implies that there exists> 0 such that

s [ﬂwibfz] <eME [eaw] sCe (2:5)

for all i and0 < ¢ < T. By definingr = aR?/2, we conclude that givei' > 0, there
existsC' > 0 such that

L <CA4+r)alt)+Ce™ (2.6)
holds forallr >0andall0 <t < T.

Step 2.- Estimaté, by moment bound$§Ve decompose the second term[in}(2.4) as

[ N
L= - %[E > v (H(X"—Xj,Vi - V) - H(Yi—ijvi‘vjw
Lj=1
1 1., i i
-+ __U : <H(0,0) — (H* f)(X,V )ﬂ (2.7)
1 Y i w2 A v v 'V
L ;v (HE XV -V — (H « f)(X.T7))

=: 1o + Iy + I3.
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Since all particles are equally distributed afids antisymmetric, we rewrité,; as

Iy = —ﬁ i E [(vi o). (H(Xi—Xf',vi—vf) - H(Yi—fj,vi—vj))] .

1,j=1

Analogously to the argument used to bouidh the first step, for eacfi, j) we introduce
the intermediate teri (X’— X7, V' —V”), split the expression in two terms, and estimate
the corresponding expectations usibgl(1[5)}(1.6Joby

Iy < AE [Jo' =o' + LE [w’ — o min{|z’ — 29|, 1} 1+ |V — Vﬂp)] . (2.8)

For a givenk > 0, and fixed(i, j), consider the everR := {|V;| < R, |V,| < R}
and the random variablg := |v' — v7| min{|z' — #7|,1} (1 + [V’ — V’|?). Then the
last expectation if(218) can be estimated as follows, uagagn the Young and Cauchy-
Schwarz inequalities:
E[Z] =E[1rZ] + E[1rc Z]
. S . 1 , .
<A+ 2PRP)E [[o° — 7| |2’ — 27|] + §[E [[v" — 7]
+E [W 1+[V - Vﬂp)ﬂ

<21+ 2R alt) + 20() + Elige) ? (E [0+ 7= 7ry] )"

<22+ 2)al)+ 0 (€] € [ta]) (1 £[71])”
< C(1+ RP)a(t) + C e o B /2 (2.9)

by hypothesis[(117). Inserting(2.9) info(2.8) and defining aR? /2, we conclude that
givenT > 0, there exist€' > 0 such that

]21 S C(l + 7") Oé(t) + Ce™ (210)

holds forallr > 0and all0 <t < T.
We now turn to estimatéy, i.e., the second term il (2.7). Using tH&f0,0) = 0, we
get

ho < €[ (€[ @) < Svam. @

The latter inequality follows from

el )T = [ G- g 0P die) dire), @42)

R4d

which is bounded off), 7] due to hypothesi§(1.7).
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The last term/,3 is treated as in the classical caselin [34, Page 175] by a |davgd
numbers argument. We include here some details for the $ake ceader. By symmetry
we assume that= 1. We start by applying the Cauchy-Schwarz inequality to iobta

£1])

whereY? .= H(X —X’, V' V) — (H = £,)(X ", V") for j > 2. Note that, forj # £,

2

Iys < % ([E [|U1|2D1/2 ([E

E[v? v =E[E [y yHX VY]] =€ [ (X V)] - B9 (X, 7]

by independence of th¥ processe$X, V)0, Where

E VI VY] = [ HO 0.7 = w) = ()L V)]l w) dyduw = 0

R2d
since(X?, V") has probability distributiorf,. Hence,

N
v
j=2

2
£

= (N = DE[[Y?]

<(N—1) /[R H(z — 3,0 — )2 dfy(@, v) dfs(y, w) < C (N — 1)

as in [ZIR) due to hypothesis{lL.7). Therefore, we get

C
Iy < — alt). 2.13
23 > \/N ( ) ( )
Hence, combining the estimat€s{2.10),(2.11) &nd12.18%tionatel,, we get that there

existsC > 0 such that

L<CA+4+r)alt)+Ce "+ \/LN alt) (2.14)

holds forallr >0and all0 <¢ < T.

Step 3.- Proof of{L8). It follows from (Z3), [Z4), [Z16) [[Z14), the above estiims
and the Young inequality that

o) < C(1+r)alt) + Ce + <

dt)<C(l+r)at)+Ce + . N

VN
forallt € [0,7],all N > 1and allr > 0. From this differential inequality and Gronwall’s
lemma, we can first deduce that the quantity) is bounded on0, 7], uniformly in NV,
by a constanD > 0. Hence, the functiom(¢) := «(t)/(eD) is bounded by /e, so that
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1—Ing < —2In 5. Now, whenevep(t) > 0, taker := —In 5(¢) > 0. This choice proves
that, for anyt such that3(¢) > 0,

C C

B(t) < C(L—n (1) B(t) + + < —CB() I B(E) + -

Actually, the above inequality is also true whenewé¢t) = 0 (with the convention that

zlog z = 0 for z = 0), as can be seen by choosing= log N in that case. Hencd, (Z115)
holds for allt € [0, T]. Now, the functionu(t) := 5(Ct) satisfiesu(0) = 0 and

(2.15)

v < —ulnu—+ !
- N

on [0,7/C]. Let finally a(t) be a function orj0, 7/C], to be chosen later on. Then the
mapu(t) = u(t) N*® satisfies)(0) = 0 and

1
v < —vhv+ NP +ovInN@+d)< —vhno+1<=-+1
e

on [0,7/C] provided we choose(t) = e~* < 1. Hence, this choice af(t) implies the

bound
1 T

<[z _
o(t) < (e +1) -
for0 <t <T/C,thatis,

E[1X] - V[P + X, - Vi) =a(t) s CN ==
for 0 < ¢ < T, and thus,[{1]8) is proven.

Step 4.- Proof of . I0) If additionally there existp’ > p such that hypothesiE{1.9)
holds, then by the Markov inequality, estimdie]2.5) tunis i
E [1|V2|>R} < e R E [e““/” ] < Ce ol
Hence, following the same proof, the quantityt) finally satisfies the differential in-
equality
()< CA+r)al)+Ce™ " + %
forall N > 1 and allr > 0. If we chooser = (In N)?/?', and sincex(0) = 0, this

integrates to
2 2 /o' p_
H < ( C(l4ryt 1) < C(+nT _ 9 ,OT ,CnN)P/PT-InN
a<)_N(1+r)€ =N° <

Givene > 0, there exists a constant such that
C(In NPT —InN <D —(1—¢)lnN

forall N > 1, so that
Oé(t) < 2€CT+D N—(l—e)

for all N > 1. This concludes the proof of Theordml1.1. O
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Remark 2.1. In the setting of subsecti@n L.2.2 when the constant ddfusoefficient,/2
governing the evolution of the partiol&’?, V;/) is replaced by a more generdIX?, V;': /],
then, by the 1td formula, we have to control the extra term

S EfJowlXi, Vi 72— 0ulX0 Vi £,

k,l
For that purpose we use the Lipschitz propertygpintroduce the intermediate term
— Zakl ((X;, V), (X7, V1)) and adapt the argument used above to bound the term

Ig.

3 Existence and unigueness

This section is devoted to the proof of Theoren 1.2 on ex¢é&enniqueness and propa-
gation of moments for solutions of the particle systéml (1! nonlinear procesg (1.3)
and the associated PDE{I1.4). This provides a setting undehvwheoreni_T]1 holds,
showing that the existence and moment bound hypotheseatistesl under reasonable
conditions on the coefficients of the equations and theaini@ata alone.

GivenT > 0, we will denote by andC' constants, that may change from line to line,
depending o, the functionsF’ and H, and moments of the initial datuify.

3.1 Existence and uniqueness of the particle system

Let us start by proving poiri) of Theoren_LP. In this section we ¢ € P,(R*) and
consider the particle system for< i < N:

dX] = Vidt
() 7 ) 7 i i (31)
AV} =\2dB! — F(X!,V)dt ZH (X! — X] Vi =V,
j 1
with initial data(X¢, V¢) for 1 <7 < N distributed according td,. Here the(B;),>, for
i=1,...,N, areN independent standard Brownian motionsRin

Lemma 3.1. Let f; € P»(R*?), and assume thak, H are locally Lipschitz and satisfy
(LI2)and(TI8) For1 < i < N, take random variablegX}, V) with law f,. Then(@1)
admits a pathwise unique global solution with initial datgy, V) for 1 <i < N.

Proof. The system[{3]1) can be written as the SDE

dZ; = o™ dB) + b(Z)) dt
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in RN, wherezZ) = (X}, Vit ..., XN, V;N). Heres" is a constan2d N x 2d N matrix,
(BN);>0 is a standard Brownian motion d&¥", andb : R*" — RV js a locally
Lipschitz function defined in the obvious way. Moreovetjtej (-, -) be the scalar product
and|| - || the Euclidean norm oR*V then for allZ¥ = (X*, V1, ... XN VN),

N N N
N Ny\ _ iy i i i_i i T YI Vi _\/J
(Z",b(Z )>_ZX 1% ZV F(X', V) N;:lv H(X'— X7 Vi—V9)
<(C+ )(N+HZNH)+C ZW’ (14 |Vi—VY))

2]1
N

C i |
CN +11ZMP) + 53 DA+ [V +[VIP) <OW +(1ZV)7).

4,j=1

Here we have used the elementary inequalitly < a? + v?, and the bound${L112) and
(@II39). Thisis a sufficient condition for global existenog @athwise uniqueness, seel[21,
Chapter 5, Theorems 3.7 and 3.11] for instance. O

Remark 3.2. For the existence we do not use any properties of symmettyecystem,
and in particular we do not need the initial data to be inddpah On the other hand, the
condition [I.Ib) in LemmB3.1 can be relaxed to

—v - H(z,v) < C(1+[v]?),

if we impose that is antisymmetric, i.e H (—z, —v) = —H (z,v) for all z, v € R?%. Ac-
tually, in this case we can perform a symmetrizatiofiin) to estimate the term involving
H by

1 o 1
v 2V HX =X VIV = —NZ X9 Vi-VY)
ij=1

C N
—NZ 1+ |Vi=VI]?) < C(N + ||ZN]?).

3.2 Existence and uniqueness for the nonlinear process andE

In this section we prove pointi§ andiii) in TheoremZLR, namely, the existence and
unigueness of solutions to the nonlinear SDEI(1.3):

dyt = Vt dt
dvt = \/§dBt - F(thvt)dt — H x ft(ytvvt)dta
fi =law(X,, V), law(Xo, Vo) = fo.
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and to the associated nonlinear PIDE](1.4):
Ofe+v-Vofi =Afi + V- (F+Hxf)f;), t>0, z,0eR’,

under the hypotheses of TheorEml 1.2. Notice that we dropuperscript; for the SDE
([T3), as the problem is solved independently for eadfor the PDE[{1)}4), we always
consider solutions in the sense of distributions:

Definition 3.3. Assume thatF, H : R** — R?* are continuous, and thdi{1]115) holds.
GivenT > 0, a functionf : [0,7] — P»(R?*®), continuous in thd¥, topology, is a
solution of equatior{114) with initial datfy € P»(R*?) if for all » € C5°([0,T) x R??) it
holds that

T
/ QpOdfO: _// (asgps“—Av(ps_vvgps'(F+H*fs)+vx<ps'v) dfsds- (32)
R2d 0 R2d

Notice that all terms above make sense due to the continuify &, equation[(1.15), and
the bound on the second momentfpfon bounded time intervals (needed fidr« f; to
make sense). For the purpose of this definition, condifiof)lcan actually be relaxed
to|H (z,v)] < C(1+ |z|> + |v|*), but we will always work under the stronger hypothesis
below.

The proof spans several steps, that we split in several stibss. Since some parts
of the proof hold under weaker conditions éhand H, we will specify the hypotheses
needed in each part.

3.2.1 Existence and uniqueness of an associated linear SDE

Let us first consider a related linear problem: we want toestie SDE

{dXt — V,dt 3:3)

dV; = V2dB; — F(Xy, Vi)dt — (H * g)(Xy, Vy)dt
for givenF, H : R* — R%andg : [0, T] — Po(R*).

Lemma 3.4. Assume that’ and H are locally Lipschitz functions satisfyin@.12)
(LI5) and (LIB) Let f; € Py(R*) andg : [0,7] — P2(R*®) be a continuous curve
in the 1, topology. Then the equatig.3) with inital datum (X, ;) distributed ac-
cording to f, has a global pathwise unique solution. Moreover this solutias bounded
second moment dn, 7).

Proof. We rewrite [3.B) as
dZt = UdBt + b(t, Zt) dt
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onR?, whereZ; = (X;,V;). Hereo is a2d x 2d matrix, (B;)+ is a standard Brownian
motion onR?¢ and

b(t,x,v) = (v, —F(z,v) — (H % g;)(x, v)).
Let us first observe that the growth conditi@n{1.15)mmplies
(0| <€ [ 1+ o=whdatyw) <€ (141l + [ ol dads.w)
R2

R2d
(3.4)
This together with the Cauchy-Schwarz inequality results i

et <0 (14 pP+ [ fdaw) . @9

Estimate [3}4) ensures that, for fixedv € R¢, the mapt — (H * g;)(x,v) is bounded
on [0, 77, using the fact that the second momentgpfland hence its first moment) is
uniformly bounded o0, 7']. Then, the same applieste- b(t, z, v).

Also, the map(z,v) — (H * g;)(x,v) is locally Lipschitz, uniformly ort € [0, 7T7;
indeed, forz, v, y, w € R?, using [I.I6) we get

|(H % gi) (w,0) = (H * o) (y, w)|

< [ |- x0-v) - - Xow-v)|dax.v)
|R2d

Squ—ymwv—wDA (140 =V + [w - VI)dg(X, V)

2d

<C(|lo—y| + ‘v—w‘)[l%— lv|P + |w|p+/
R

Vg (X, V)].

2d

The moment ofy, above is bounded o}, T'] sincep < 2 and the curve is continuous in
the W,-metric. ASF is also locally Lipschitz, we conclude that— b(t, z,v) is locally
Lipschitz.

Finally, for the scalar produdt, -) on R?*¢, we deduce
<(.§L’,’U), b(tu .Z’,’U)) =r-v—=uv- F('Tu U) —v (H *gt)<l’,’0) < C<1 + ‘CL’|2 + |U‘2)7 (36)

by (I12), (3.F), and again the fact that the second momeptisfuniformly bounded on

[0, T7]. As in the proof of Lemm&33l1, these are sufficient conditifmngylobal existence

and pathwise uniqueness for solutiond10l(3.4) with sqirgegrable initial data.
Moreover, by[(3.56),

d
E[EHXAZ +|Vil"] = 2d + 2 E (X4, Vi), b(t, Xi, V7)) < 2d + CE[1+ [ X,[* + [V[],

so that by integration the second momefitX;|? + |V;|?] is bounded orjo, 7. ]
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3.2.2 Existence and uniqueness of an associated linear PDE

By 1td’s formula, the lawf; of the solution of [313) at timeis a solution of the following
linear PDE:

Ofi+v-Vofi=Afi+Vy - (fi(F+Hxg)), (3.7)

in the distributional sense as i {B.2) of Definitionl3.3. Eaver, the curve — f; is
continuous for théV, topology. Indeed, on the one hand

Wih £) < E[1X = X, + Vi~ V).

On the other hand, the paths— X;(w) are continuous in time foa.e.w, and(X;, V;)
has bounded second moment [6n7’|; hence, by the Lebesgue continuity theorem, for
fixed s the mapt — E[| X, — X,|? + |V; — V;|?] is continuous, and hence converges$ to
ast tends tos. (Alternatively, one can obtain quantitative bounds onttime continuity

by estimatingt [| X; — X,|? + |V; — V4|?] in the spirit of the last equation in the proof of
Lemma3.%; we do not follow this approach here).

Then one can follow a duality argument in order to show thaitems to [3.¥) are
unique, which we sketch now. Take a solutifrof [34) with f, = 0; we wish to show
that f, = 0 for anyt > 0. For fixedt, > 0 andy smooth with compact support kR*?,
consider the solution, defined fort € [0, ¢,] of the dual problem

&ht +v- Vxht = _Avht + (F -+ H * gt) . Vvht,
hto = Q.

This is a linear final value problem, and by considering ; one can show that it has a
solution by classical arguments. In addition, for eacthis solutionh; is a continuous
function, as can be seen through classical results on patipagf regularity. Then, ak;
solves the dual equation ¢f(B.7), it holds that

d
& [ =0 e o)

from which [ f,,¢ = [ foho = 0. Sinceyp is arbitrary, this shows tha}, = 0 and proves
the uniqueness.

3.2.3 Existence and uniqueness for the nonlinear PDE and SDE

We are now ready to finish proving poinisandiii) in Theoren_LR.

Step 1.- Iterative scheme: Takef® € P,(R*?) and random variablgsx?, V0) with law
fo, and let(B;):>o be a given standard Brownian motion B We define the stochastic
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processesX;", V,");>( recursively by

dXr =V dt

dV* =2dB, — F(X!, V) dt — (H * f~ 1) (X, V) dt,

(X(r)Lv ‘/On) = (X0> VO)
forn > 1, wheref!" := law(X,V;") and it is understood that’ := f° for all t > 0.
Observe that these are linear SDEs for which existence ahd/s@ uniqueness are given

by Lemm&3# since all— f/~! is continuous for théV, topology. We also know from
sectio3:ZR that thg" are weak solutions to the PDE

I+ v -Vaufl =D+ Vo (fJ(F+H=xf' ).

with initial condition f,. More precisely, the following holds for > 1 and ally €
Ceo([0,T) x R2):

T
/ %0 dfo = _/ / (85(,05+Av905—vv§05‘(F+H*fg_1)+vx(,05'v) dfsn ds. (38)
R2d 0 R2d

Step 2.- Uniform estimates on moments of": We shall prove the following lemma:

Lemma 3.5. Assume Hypothes@ 121 18)on F' and H. Let f, be a probability mea-
sure onR? such that
(lz]* + e*) dfy(z, v) < 400

R2d
for a positivea. Then for allT” there exists a positive constansuch that, for the lawg;’
of the processesX ", V"),

sup sup / (J=* + eb|”|p) dff'(z,v) < 4o0.
R2d

n>1 0<t<T

Proof. We prove this lemma in two steps.
Step 1.- Bound for moments of orderizt

alt) = [ 1P a7 o)

for n > 1 andt > 0. Using [TI2) and{(3l5) applied to the measfite’, we get

! d n n— n
6"(t)zﬁ/uazd|v|2dft :2d_2/u?2dv'((F+H* t 1)dft (z,v)

<2442C (mvm / \w|2df?‘1(y,w)) af7 (. v)
R2d R

<C(1+en(t) + ena(t)),

2d
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for diverse constantS' depending orf’ and H but not ont or n. Since moreover

en(0) = eg(t) = ep(0) = /[RM |v]? dfy(z,v),

for all ¢ andn, then one can prove by induction that

1 1
sup/ lv2dff < (D + —)eZDt - =
n>0 JR2d 2 2

whereD = max{C, e;(0)}. Moreover the bound
4 |z|? df(z,v) = 2/ z-vdf](z,v) < / |22 df"(z,v) + en(t)
dt Jgad R2d

R2d

ensures that a|Sj/ |z|? df*(z,v) is bounded o0, T, uniformly in n.
R2d

Step 2.- Bound for exponential momertst o = «(¢) be a smooth positive function to
be chosen later on ard) = (1 + |v|?)*/2. Then we have the following priori estimate:

d

_ e (t)(U)PdeL(x’ U) _ / [dap <,U>p—2 + ap(p . 2)|’U|2 <U>p—4 + Oz2p2|1)|2 <’U>2p_4
dt Jgoa R2d

ol ()" — ap () 20 (F+ Hx fi=)]e" df(z,v).

But, by (T.T2),[35) applied tf" ', and the bound on the moment of orden Stepl,
—v-(F+Hx fhH <C <1 + |v]? —i—/ |w\2dft”_1(y,w)) <C <v>2
[R2d
uniformly onn > 1 andt € [0, 77, so

d
il e2®(®)? 1
dt oo fi(z,v)

= /[R [Ca @Y7+ Ca? ()72 4 o () (0)° + Ca () ]2 df (2, v)
< / [C'Oz +Ca?+ a'} (v)P 60‘<”>pdft"(x, V).

sincep < 2. Choosingx such thatCa + Ca? + o < 0 (for instancen(t) = Me=2¢%,
with 0 < M < 1) we conclude that

d

- @)’ g <0
dt R2d ft

Hence, we obtain

[ apen < [ 0 agpen = [ e gy,
R2d R2d R2d
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which is finite providedx(0) < a, which can be satisfied by takingf = min{a, 1}
above. Then, taking = «a(7") we conclude that

sup sup / P dfr < 0. (3.9)
R2d

n>0 0<t<T

O

We notice for later use that as a direct consequende_df (8i8y the Markov inequal-
ity, there exists” > 0 such that

sup sup E []l‘vtan} < e " sup supE [ebmn‘p] < Ce (3.10)
0<t<T n>0 0<t<T n>0

Step 3.- Existence for the nonlinear PDE. We intend to carry out an argument analo-
gous to the one for the existence and uniqueness of soldtotize 2D Euler equation in
fluid mechanics, found for example in_[28]. We will prove thia f;* converge to a limit,
and that this limit is a solution to the nonlinear PDE. To dlifgpotation we drop time
subscripts and use the following shortcuts:

vt =Vt Y gt = XX 7= (X V), 2= (z,0).
Also, we write
Y(t) = E[|z"]?] + E[[o"f’] = E[|Z2"" - Z"].

We compute, by Itd’s formula, and for amy> 1,

%[E [[2"*] = 2E[2" - v"] < E[|2"]] + E[]v"]?] ="(t), (3.11)
with
1th "2 = —E["- (F(Z"Y) — F(Z"
s E V] = —E"- (F(Z") = F(Z"))]

—E [ (o )2 = (H o f77(29)] = T+ T (312)
Estimate forl;. We decompose the terify as

Ty = —E[(V* =V (F(X™L V) — F(X™H, V)]
—E[(V* =V (F(X™L V) = F(X™ V)],

which by [T.IB)-{(1.74) is bounded above by

T, < LE [|Un|2(1+ |V"|p—|— |V"+1|p)] —I-L[E[|U"| |xn| (1 + |Vn|p)]
= T11 +T12.
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GivenRR > 0, we boundl7; as follows:
Ty <L(1+2RP)E[[v"]] + LE [V PV PLyyaisr) + LE [0 PV PLynsr s )
<L (14 2R () + LE [o"[*[V"1*]* E [1jynon]
+ LE [0V 2] E [Lyninsg]
<C(1+ R (t) + CE [Lynsr] > + CE [Lyninsn] 2,

where we have used the uniform+inbound on moments of” obtained in[(3.P). For the
termTi,, we get
Tis < L(1+ RP) E[v"||z"|] + LE [[o"| [2"] [V"|PLjvn> k]
< 24 B () + 2 E [l + 5 E [P [V L]
SLO+ R0+ 5 E V7] E L]
< L(1+ RP)y"(t) + CE [Ljyn>r) V2

using again the bound on momentsf3fin (3.9). Finally, using[(3.70), there exist con-
stantsh andC such thatforalD <t¢ < T

Ty < C(1+ RP)y"(t) + C e (3.13)

forall n andR > 0.
Estimate forl,. On the other hand, fdfs,

T =€ v ((H o« )24 = (H o f7)(2) | < [0 (B« (7 = 772
=: Ty + Too. (3.14)

For the first ternils;, we proceed analogously to the estimate$gfand7;, to obtain
Ty =—LE {U” : / (H(Z" —2) — H(Z™ — 2)) f"(x,v) dz dv}
|R2d

<LE [w [ 1 = 2 e ol ) d dv}
[R2d
SC[E |:|,Un||Zn+l _ Zn| (1 + |Vn|p + |Vn+l|p)]
<C(14 RP)~y"(t) + C e %" (3.15)

where the last steps where not detailed since they are varasito the estimates df;;
andTi,, and the uniform moment bounds(3.9) ahd(lL.16) were used, féo T5,, ob-
serve that, taking™ := law((X", V", X»~1 V/"~1)), we can write the following identity

A:=Hx(f'— t"_l)(Z"):/[RM(H(X" —z,V"—v)— HX" —y, V" —w)) dg"
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where we used the shortcut notatigyt for the measurdg”(z, v, y, w). By the Cauchy-
Schwarz inequality and the uniform moment bourids (3.9), &te g

|4 SL/ (lz =yl + v = w) (T + [V + [0’ + |w]") dg" (z, v, y, w)
R4d

<L+ VPYE [l + o]

1/2 1/2
+L(/ <|x—y|+|v—w|>2dg") (/ <|v|P+|w|P>2dg")
[R |R4d

S 1_|_ |Vn|p “l.n 1| + |,Un—1H —|—C([E [|Zn—Zn_1|2D1/2
SO+ V) ()2,

Using the expression af,,, we deduce

Ty <E[W"[H = (fi = fF)(ZM]]) < Oy ') E["|(1+ V)]
<Oy )+ E o) } [[VPP] < Cy™ = (t) + Cy™ (1), (3.16)

again by the Cauchy-Schwarz inequality and the uniform nrarbeunds[(319).
Hence, puttingl(313)[(314], (3]15) ahd (3.16)In(B.1id &.12), we conclude

Ev"(t) < O(1+ RP)Y™(t) + Cy" 1 (t) + Ce R

Induction ArgumentTaking R > 1 we may write that
—"(t) <O (ry"(t) + "N (t) +e7T), (3.17)

dt
for some other constant > 0 and for any all- > 1. Gronwall’'s Lemma then proves that

t
’7()<C/ Crts)n ()dS+C6 Crt
0

and iterating this inequality gives

t t— )l oL (it
n < O Cr(t—s) .0 ( d te™" Crt
7()_0/06 7(3)7(71_1)! s+ Cte™"e ;zo(iﬂLl)!

tn—l t
< C’"ecrti( 0 / 70(8) ds + Cte et

< CneCrttn sup ,YO(S) + Ct€Ct6T(Ct_1).
s€[0,t]

Takingr = n, we obtain

~(t) < exp (n(In(Ct) + Ct)) sup 7°(s) + CteCteC1),

s€[0,t]
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Choosing) < T, < T small enough such that:= max{CT, — 1,In(CT,) + CT.,} <0,
then
sup Y'(t) < eM < sup 7°(s) + CT@CT> . (3.18)

te[0,7%] $€[0,T%]

Since by definitionlW, (£t f)? < E|Z} — Z'|? = 4™(t), we conclude that the
sequence of curve§ € [0,7.] — f'}.>0 is @ Cauchy sequence in the metric space
C([0, T.], P2(R??)) equipped with the distance

Wa(f,g) == sup Wa(fe, gr).
t€[0,T%]
By completeness of this space, we deffne C([0,T.], P2(R??)) by f; := lim, 4o f7
fort € [0, 7.].
This convergence and the uniform moment boundg®im (3.9) allow us to pass to
the limit in (38). Let us point out how to deal with the nomar term in the equation:
observe first that for fixed, it is given by

[ oot = [ ogo) - Ha = g — )2 (g, w) i (e.0)
= o (3.19)
But on the one hand™~! and f™ converge tof, for the W, topology, hence so does
'@ frto f, ® f, (in R*). On the other hand

Vops(z,v) - H(z =y, v — w)| < [V (1 + [0] + [w])
by (I.I%). Thereford(3.19) converges to

VUQOS(Z',’U) ’ H(l’ —Yyv— w)de(va) de(xvv) = vv@s - H * fs dfs

R44d R2d

for all s. Uniform-in-s bounds finally allow to pass to the limit in the integralsin

With this, we have shown thaf is a solution on0, 7] of the nonlinear PDE(114).
Now, one can extend the solution to the whole intefoal’] by iterating this procedure,
starting fromT,. This can be done since the additional tififefor which we can extend
a solution starting df’, depends only on moment bounds f#, for which we have the
bound [3.9), valid up t@".

Step 4.- Existence for the nonlinear SDE: Now we usef; to define the process(;, V;)

by

dV, =V2dB, — F(Xy, Vy)dt — (H * f)(Xy, V) dt, (3.20)
(X0, Vo) = (X%, V)
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thanks to Lemmd_34. Observe that foralf, is theW,-limit of f;* andp < 2, so that

/\W%@wz/\wmwmsa
[R2d |R2d

uniformly int¢ € [0, T'] since thef;* have second moments bounded according to Leinma 3.5.
If ¢, is the law of( X}, V;), then, as in sectidn 3.2.2, is a weak solution of the linear PDE

Orgr +v - Vaoge = Nygr + Vo (F 4+ H * f1)g:).

Of course,f; is also a solution of the same linear PDE; by uniqueness ottisok to
this linear PDE (see again section 312.2), we deducefthatg;, and hencg X;, V;) is a
solution to the nonlinear SDE{1.3) ¢t 77].

Step 5.- Uniqueness for the nonlinear PDEL4). Now, take two solutiong!, 72 of
the nonlinear PDE, and define the processgs, V,!) and (X2, V;?) by (320), putting
f! and f% in the place off, respectively. As the law ofX/,V}') (: = 1,2) solves the
linear PDE [[37) withf; instead ofg,, so this law must in fact b¢' by uniqueness of the
linear PDE. Then, if we follow the same calculation we didteps3 above, we obtain the
following instead of[(3.117):

d—tv(t) <Cry(t)+Ce™, (3.21)

for a constantC and anyr > 1, with (¢) := E[| X} — X?|?] + E[|V;! — V}?|?]. For the
above to be valid, we need a bound on exponential moments afd 2. This estimate
can be obtained in a similar way as in Lemimd 3.5 and theref@@mit the proof:

Lemma 3.6. Assume hypothes@E12)}-(I.I6)on F and H. Let (f;):~o be a solution to
(L3) with initial datum a probability measurg, on R?¢ such that

/ (J=|* + e“‘”‘p)fo(x,v) dx dv < 400
R2d

for a positivea. Then for allT there exist$ > 0 which depends only ofy andT’, such
that

up [ (af + ) o) e < o
0<t<T JR2d

Observe now that
Y(0) = E[|X; = X3P+ V) — V5Pl =0

sinceX] = X2 = XY, and similarly forV'.
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Assume now that is non identically0. Then, with the same argument as in step 3 of

the proof of Theoreri 111, whenever< ~(¢t) < 1/e we can choose := —In~(¢) in
321) to obtain

d

570 < —Cv() Inq(t) + Oy(t) < —207(t) Ina (). (3.22)

If v(t) = 0 at some point, then one can see tHat(t) < 0 by lettingr — +oc in @21),
and in that case the inequalify (3122) holds trivially (agséttingzlnz = 0 atz = 0
by continuity). Hence [{3.22) holds as long@s< ~(t) < 1/e. By Gronwall’'s Lemma,
this implies thaty(t) = 0 for ¢ € [0, T] and shows thaf! and f? coincide, proving that
solutions to the nonlinear PDE are unique.

Step 6.- Uniqueness for the nonlinear SDHIL.3). Take two pairs of stochastic pro-
cesses X}, V') and(X?, V;?) which are solutions to the nonlinear SOE{1.3). Then, their
laws are solutions to the nonlinear PE{1.4), and by theipuswstep we know that they
must be the same. If we cafl] their common law, then bothX}, V;!) and (X2, V;?) are
solutions to the linear SDHE_(3.3) witfy instead ofg;, and by uniqueness of this linear
SDE (see sectidn 3.2.1), they must coincide.

This concludes the proof of TheorédmlI1.2.
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