QUANTITATIVE CONCENTRATION INEQUALITIES ON SAMPLE
PATH SPACE FOR MEAN FIELD INTERACTION

FRANCOIS BOLLEY

ABSTRACT. We consider the approximation of a mean field stochastic process by a large
interacting particle system. We derive non-asymptotic large deviation bounds measuring
the concentration of the empirical measure of the paths of the particles around the law of
the process. The method is based on a coupling argument, strong integrability estimates
on the paths in Holder norm, and a general concentration result for the empirical measure
of identically distributed independent paths.
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INTRODUCTION

This paper is devoted to the study of the particle approximation of a mean field stochastic
process. In the models to be considered, the evolution is governed by a random diffusive
term, an exterior force field and a mean field interaction depending on the law of the
process itself. The particle approximation of such processes has been studied in terms of
law of large numbers, central limit theorem and large deviations. Here we shall give new
quantitative estimates on the convergence in question in the setting of large deviations.

This follows some works addressing this issue at the level of the time marginals, that we
now summarize. For this purpose let p; be the law of the considered process at time ¢, and
(X9)1<i<n be the position of the N particles in the phase space R%. As regards Lipschitz
observables, F. Malrieu [15] adapted concentration of measure ideas to obtain bounds like

N
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here C' and A are explicit constants independent of ¢ and N and [.]; is the Lipschitz
seminorm defined by
o(z) — o(y)]
[p]1 1= sup =~ ——
a#y |z —y|
In other words, letting &, denote the Dirac mass at a point x € R?, the empirical measure

1 N
AN § : )

of the system, which generates the observables at time ¢, satisfies the deviation inequality
C
> —+g} <2 N>

sup P U/ dpl¥ —/ d
[@]1S1 Rd(p /”Lt Rdgp :ut \/N

Now one can measure how this empirical measure fi¥ is close to the law p; in a stronger
way, namely, at the very level of the measures. For this, transposing Sanov’s large deviation
argument to their setting, the authors in [4] got precise and non-asymptotic bounds on the
deviation of i around p; for some distance which induces a topology stronger that the
narrow topology. By comparison with (1), these bounds can be written as

N
1 .
—~ wXZ—/sodu
N; ( t) Rd t

In this work we go one step further again by considering the law po 7} of the paths of
the process on a given time interval [0,77]: this is a probability measure, no longer on the
phase space R, but now on the path space, which in our model is the space of R%valued
continuous functions on [0, 7T]. A natural object to consider in the particle approximation
is the empirical measure of the trajectories (X} )o<i<r; it is defined as

P [sup
[

1<l

il ] <CE M, Ns1 (@)

N
1
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where d(x:),_,, is the Dirac mass on the path (X{)o<i<7-

We shall give a precise meaning to the convergence of jijo 7] to pp 17, and estimates which
are the analogue of (2) in the path space; we shall see that they imply (2) by projection
at time ¢, but above all they give concentration estimates at the level of the trajectories.

In the first section we state our main results and give an insight of the proofs, which will
be given in more detail in the following sections.

1. STATEMENT OF THE RESULTS

We are interested in the particle approximation of the R%-valued process (X;);>o evolving
according to the mean field stochastic differential equation

dXt = O'dBt — b(Xt) dt — c * ,ut(Xt) dt. (3)
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Here o is a d X d real matrix, (B;);>0 a standard Brownian motion on R¢, b and ¢ are R? to
R? maps, * stands for the convolution and s, is the law on R? of the random variable X;.

Two instances of such processes are particularly interesting. First of all, when R? is the
phase space of positions x € R and velocities v € R with d = 2d’, one is interested in
the process (X3)i>0 = ((z4, v4))s>0 solution to the diffusive Newton’s equations

d,’L’t = Ut dt (4)
d'Ut = \/idbt — )\'Ut dt — va *o pt(l't) dt.

Here (b;)i>0 is a Brownian motion in the velocity space R?, U = U(z) is an interaction
potential in the position space and p; is the law of 2, on R?; moreover V, and %, respec-
tively stand for the gradient and convolution with respect to the position variable z € R? .
By It6’s formula the distribution p; of X; is solution to the Vlasov-Fokker-Planck equation
0 )
% + vV — (VxU *, pt) cVote = Dyppiy + AV, - (vpt), t>0, z,v e R?.
Here a-b denotes the scalar product of two vectors a and b in RY | whereas V,, V,- and A,
respectively stand for the gradient, divergence and Laplace operators with respect to the
velocity variable v € RY. This equation is used in the modelling of diffusive stellar matter.

We are also concerned with the process (X;)i>0 = ((x¢, v¢))i>0 solution to

d.]}'t = Ut dt (5)
dvt = \/§dbt — VUV('Ut) dt — VUW * Vt(Ut) dt

where V' and W are respectively exterior and interaction potentials in the velocity space
and v, is the law of v; on R?. By It6’s formula, the distribution p, of X; is solution to
Opu

E Tu v:c,ut = Av,ut + Vv . (:ut(vvv + va *y ,ut))a t> O> z,v € Rd,'

This equation is used in the modelling of granular media.
For position homogeneous distributions, we are brought to study the solution (v;):>o to

dvy = V2dby — Y,V (v) dt — VW s, () dt (6)
in R? with d = d’; here i, is the law of v, and is solution to the McKean-Vlasov equation

% — Avl’l’t + vv : (lu’t(Vvv + VUW *y Mt)), t > O’ vE Rd/' (7)

In the general formulation (3), X; can be seen as the position in the phase space of a
particle initially chosen at random in a physical system according to its initial distribution
to- The influence of the system on the particle evolution is given by averaging the drift
term ¢(y — X;), which measures the influence on X; of the particles located at y, over the
whole system according to the distribution g;. In this sense (X}):>o is a mean field process.

The particle approzimation of such a process consists in introducing N processes (X})¢>o,
with 1 < ¢ < N, which evolve no more according to the distribution pu; of the physical
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system, but according to its discrete counterpart, namely the empirical measure

1 X

~N _

i _NE Ox;
i=1

of the particle system (X}, ..., X}Y). In other words we let the processes (X});>q solve
N
i i i 1 Z i j :
dXt = UdBt — b(Xt)dt — N < C(Xt — Xt )dt, 1 S 7 S N. (8)

Here the (B!)i>¢’s are N independent standard Brownian motions on R%.

Under regularity and growth assumptions on o, b and ¢, and if the particles are initially
distributed in a chaotic way, for instance as independent and identically distributed vari-
ables, then i indeed converges as N tends to infinity to the distribution p; of X;. The
convergence of /i is strongly linked with the phenomenon of propagation of chaos for the
N interacting particles (X} )0, as we shall see below more in detail, and both issues have
been studied in [1], [7], [16] and [17] for instance. Then quantitative estimates on this
convergence have been obtained in [15] at the level of observables, and at the very level of
the law in [4].

In this work we go one step further and give precise estimates on the approximation of
the law o) of the path X = (X;)o<i<r on a time interval [0, 7] by the empirical measure

of the N trajectories X' = (X})o<i<r. The convergence of ,&fgﬂ has been proved in works
mentionned above, and here we extend to this new setting the techniques developed in [4].

We shall assume that b and ¢ are Lipschitz on R?. Then global existence and uniqueness,
pathwise and in law, of the solutions to (3) and (8) are proven in [16] for instance for square
integrable initial data; moreover the paths are continuous (in time).

To state our main theorem on the particle approximation, we first give some notation. If
(S, d) is a separable and complete metric space, and p is a real number > 1, the Wasserstein
distance of order p between two Borel probability measures 1 and v on S is

s P 1/p
Wylu,v) = inf (Ed(X,Y))

where X and Y are S-valued random variables with respective law p and v. W, induces
a metric on the set of Borel probability measures on S with moment / d(zo, )P du(x)

S
finite for some (and thus any) x in S; convergence in this metric is equivalent to narrow
convergence plus some tightness condition on the moments (see for instance [19]).
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In this work (S, d) will be the space C := C([0,T], R?) of R-valued continuous functions
on [0, 7], equipped with the uniform norm

[flloo = sup [f(?)];
0<t<T

for this space W), will be denoted W), o 1.

Theorem 1. Let ji9 be a probability measure on R? such that/ efolel® dpo(z) be finite for
R4
some ag > 0, and let b and c be Lipschitz functions on R?. Given T > 0, let to,r) be the
law of the solution to (3) on [0,T] for some initial value distributed according to o. Let
also (X¢)1<i<y be N independent random variables with common law py and /lfgﬂ be the
empirical measure of the solutions to (8) on [0,T], with respective initial value X}
Then, for any « € (0,1/2), there exist positive constants K and Ny such that

7 _ 2
P [Wl,[O,T} (/J“[QT})/J“f&T}) > €j| S e KNe

for alle >0 and N > Nye=2 exp (Nye~ /).

The constants K and Ny depend on T, b,c,a and a finite square exponential moment
of M-

Kantorovich-Rubinstein dual formulation of the W; distance on a general space (5, d)
reads

Wi(p,v) = Sup /@@ /ww (9)

phi<1

where [p]; := sup - Then the bound in Theorem 1 can be written as

P [ sup {%i@(){l) - /CSOdM[o,T}} > 6] < e KN
= =1

where the supremum runs over all 1-Lipschitz functions ¢ on C. By projection at time ¢,
it implies the concentration inequalities

[sup { Z@ (X)) /Rdgod,ut} > 6] < g AN (10)

J1<1

given in [4] for the time marginals, provided N > Nye~@*2 for some Ny; here the supre-

mum runs over all 1-Lipschitz functions ¢ on R?. But above all it gives error bounds in the
N

1 .
approximation by N E ©(X") of the expectation of quantities ¢(X) which depend on the
i=1
whole path X. In return we impose a stronger condition on the required size of the sample.



An example is the distance d(X, A) = inf{|X; —y|;t € [0,T],y € A} of the trajectory to
a given set A in R?, which measures how close X; has been to A; under the assumptions
of Theorem 1, for any « € (0,1/2) there exist constants K and Ny such that

P[}E[d(x, A)] - %Z d(X*, A)| > 5] < e KNE

for any Borel set A in R? ¢ > 0 and N > Nye~2 exp(Noe /).

A more involved example of such error bounds will be discussed in detail in Section 5.

As pointed out in [17], the convergence of the empirical measure ,&fg’T] towards the
distribution p,7) is strongly linked with the phenomenon of propagation of chaos, namely,
that the interacting particles X* tend to behave like independent variables with law Hjo,T]5
as IV goes to infinity. For instance, letting

~N,2

1
M[QT} = N(N _ 1) ;5()@7)@')

be the empirical measure of pairs of paths, the asymptotic independence of two paths
(among N) can be estimated as

Theorem 2. With the same notation and assumptions as in Theorem 1, for all T > 0 and
a € (0,1/2) there exist positive constants K and Ny such that

P [WL[O,T](U[O,T] ® o), lgigy) > g] < KN
for all e > 0 and N > Noe™* exp(Noe™ /).

Here the constants K and Ny depend on 7', b, ¢, « and a finite square exponential moment
of p9, and Wy o7 stands for the Wasserstein distance of order 1 on the product space C xC.

In turn this leads to error bounds in the approximation of functions of the paths of two
independent solutions to (3). Let for instance (X;);>o and (X;);>¢ be the solutions to (3)
respectively driven by two independent Brownian motions B and B and with independent
initial data. Then, in average, the minimal distance d(X,X) = inf{|X; — X;|;t € [0,T]}

Zd(Xi,Xj) with an error

between X; and X, on [0,T7] is approximated by N
i#]

(N —-1)
controlled by

P[\E[d(x, X)) - m > d(X, X)| > 5} < e KNS
i#]

for e > 0 and N > Nye~? exp(Noe /).

The proof of Theorem 1 is based on this phenomenon of propagation of chaos: as N
goes to infinity, the interacting particles (X});>o tend to behave like the N independent



and identically distributed processes (Y}");>o solution to

Yo = X
Here y; is the law of X;, but is also the law of any Y}’ and, for each i, (B});>o is the
Brownian motion driving the evolution of (X});>o. Then the paths (Y;');> are close to the
paths (X7});>o and Proposition 3 ensures the existence of a constant C' (depending only on
b, c and T') such that

Wi o1y (k0,10 fip ) < C Wijo.ry (ko1 Vo 1)

N
1 . .
holds almost surely, where ﬁﬁ 7= N g dy: and Y" = (Y})o<i<r; hence controlling the
i=1

distance between p 7 and ,&fg 7] reduces to the same issue with p 7 and ﬁ[](\]’ AR

But, by definition, the N paths Y? for 1 < ¢ < N are independent and distributed
according to pjo,71. Then Propositions 5 and 7 ensure good concentration estimates for the
empirical measure ﬁﬁ 77 around the common law pjo 7). In the end we obtain the bound

N . & _
P [Wl,[o,T](M[o,T],Mfg,T]) > 5} <P [WL[O,T](M[O,T]a V[](\)],T]) > 18, < e KN

under a condition on € and N.

The proof will be given in greater detail in Section 4. It is an adaptation of the ar-
gument given in [4, Section 2.6] of estimates (10) for time marginals. The current proof
turns out to be simpler since it consists in fewer steps; in return each step of the present
infinite dimensional case, where jo ) is a measure on the functional space C, exhibits new
difficulties with respect to the finite dimensional case of [4] where j; is a measure on R

The proof of Theorem 2 consists in writing this coupling argument for pairs of paths and
2

. . 1
comparing fijo,7] ® pjo,r) and I/[Z(\;T} = m Z d(yi,ys) by means of N2 Z Oy yiy-
i#j b,J

Let us finally note that it would be desirable to relax the assumptions made on the drift
terms b and ¢: first of all to include the interesting case of the cubic potential W (z) = |z|*/3
on R in the case of equation (5), which models the interaction among one-dimensional
granular media (see [2] for instance); then to treat the fundamental cases of the Coulomb
and gravitational potentials in the diffusive Newton’s equations (4) (see [10] for instance).

It would also be interesting to consider the whole trajectories (X;);>o on [0,400), and
derive concentration bounds on functionals such as hitting times for instance.

Before turning to the proofs we briefly give the plan of the paper. In the coming section
we reduce our concentration issue on interacting particles to the same issue for independent
variables by a coupling argument. In Section 3 we prove a general concentration result for
C-valued independent variables and in Section 4 we check that it applies to our framework.
An example of error bounds implied by Theorem 1 is finally discussed in Section 5.



2. COUPLING
Let us recall that we want to measure the distance between the law 1o 7 of the solution
X = (Xt)o<t<r on [0,7] to (3) and the empirical measure ,&f&ﬂ of the N solutions X' =
(X¢)o<t<r on [0,T] to (8).
In the following proposition we reduce this issue to measuring the distance between 1
and the empirical measure

N
. 1
V[](\)/:T} = N Z 5yi (12)
i=1
of the N independent solutions Y* = (Y}")o<i<7 to (11) on [0,T] :

Proposition 3. Let us assume that there exist real numbers 3, and I' such that

(b(z)=b(y))-(x—y) = Bla—yl*, (c(z)—c(y)-(x—y) = v|z—y[*, |e(z)—c(y)] < T|z—y|
for all x and y in RY. Then there exists a constant C' depending only on 3,7,T' and T
such that

WL[O,T] (N[O,T]u ﬂfX,T]) < C'WL[O,T] (N[O,Tlv ’Q[J(Y,T})
almost surely in the above notation.
Proof. We first follow the lines of the proof of [4] or [15] in the case when b = VV and

¢ = VW, but in the end we want an estimate on the paths. Since for each ¢ both processes
X" and Y" are driven by the same Brownian motion B’ the process X* — Y* satisfies

d(X; = Y) = = (b(X]) = b(Y,))) dt — (e " (X]) — e py(Yy)) dt.
In particular
1d
2dt
We decompose the last term according to
cx i (X0) = cx V) = (e i — ex p)(XD) + (c % (X0 — e % pu(Y;)).

Then the map ¢(X] — -) is I-Lipschitz, so the Kantorovich-Rubinstein formulation (9) of
the Wasserstein distance of order 1 ensures that

e (1) = ) (XD = | [ elXE = ) d(il? = )] < T (i )

5] =Y = = (bOX) = b070)) - (X = ¥ = (e i (X) = (V) - (X{ = V). (13)

where w, is the Wasserstein distance of order p > 1 between measures on R? equipped
with the Euclidean distance |- |. Then (13) and the assumptions on b and ¢ imply

1d
2dt
In particular, by integration,

X3 = Y/ < Twi(i, ) |X7 = Y7 = (B+ ) 1X; - Y/ (14)

S

Xi- V<0 [Cwn @) du— (349) [ 1X0 -Vl du (15
0 0



since initially X§ = Y{. But
wl(:uu ) < W [0,u) (M[o u]s o, u])

since i)Y and pu, are the respective image measures of U[o,u] and fio,, by the 1-Lipschitz
projection 7, from C([0,u], R?) into R? defined by m,(f) = f(u). Moreover

Wy ,[0,u] (M[o u)» M0, u] < ~ Z OiU<P |XZ YZ| + Wl [0,u] (V[o u]» M0, u])
by triangular inequality. Hence, by averaging (15) over i, and by Gronwall’s lemma,
t
—Z sup | X! — Y/ <r/ IV (0 ) (D g o)) (16)
0<s<t 0
where m := max (O, —(B+ 7)) On the other hand, for 0 < u <,
Wy [Ou}(V[()u] o) < Wijog ( o> Ho.1)

since ﬁﬁ ul and o) are the respective image measures of l/[o’t] and o4 by the 1-Lipschitz
map defined from C([0, ¢], ]Rd) into C([0, u], R?) as the restriction to [0, u]. Hence

Wi 104 (Ao > Pio.q) Zoiugt | X! = Y| <D0 +m) (e — 1) Wy o.9(08 4 1i0.0)
by (16). This concludes the argument by triangular inequality. O

Remark 4. In the case of the granular media equation (6), and under convexity assump-
tions on V' and W, such as > 0, f+ 2~ > 0, it has been proven in [6], [7], [15] that the
time marginal u, converges, as t goes to infinity, to the stationary solution to (7); one can
also prove that in expectation observables of the particle system are bounded in time.

Hence, under this kind of assumptions, one can hope for uniform in time constants in this
coupling argument. This was obtained in [4] for the time marginals of the granular media
equation; here, for the whole processes, if 3+ > T', then we can let C be (3+7) (3+y—T)""
in Proposition 3, independently of 7. Indeed, if 5+~ > 0, then (14) leads to

X -Yi<T / e~V o (7Y ) du
0

by integration. Consequently
° S— u F
Wi o, t}(M[o { [ }) < T sup / paan du sup wl(ﬂu s M) < Wi 0,4 (M[o 1> Ko, t])-
0<s<t Jo 0<u<t /6 +

If moreover 3+~ > I, then by triangular inequality

X B+
W 0.4 (A s 1i0,) <

- mwl7[ovﬂ (I;[J(\)[,t} ) /*’L[O,t])-
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Let us note that, contrary to [4] where this property was used to approach the stationary
solution by coupling together estimates of concentration of the empirical measure (as N
goes to infinity) with estimates of convergence to equilibrium (as ¢t goes to infinity), in
this work we are concerned with finite time intervals only, and shall not use this specific
property in the sequel.

3. A PRELIMINARY RESULT ON INDEPENDENT VARIABLES

Our main theorem on the particle approximation is based on a general concentration
result for the empirical measure of C-valued independent and identically distributed random
variables. In this section we state this result in a more general formulation and for this
purpose we first introduce some notation.

If © and v are two measures on C, the relative entropy of v with respect to p is defined

by
H(v|p) = / — ln—d,u

if v is absolutely continuous with respect to u, and H (1/\ @) = +oo otherwise.
This notion is linked with the Wasserstein distances by the family of transportation
inequalities: given p > 1 and A > 0, a probability measure p on C satisfies the inequality

7,0\ if

W) <[ Hwln)

holds true for any measure v.

Moreover, given a Borel probability measure p on C and N independent random variables
(X% 1<i<y with law p, we let iV denote their empirical measure, defined as

1N
=—» dxi.
v

Given a real number a € (0, 1], we let C* := C%([0, T], R?) be the space of functions in
C which moreover are Holder of order «, equipped with the Holder norm

[ flla = sup (| flloos [fla)

where
e sap MO IO

o<ts<T |t —s|*

C® is a Borel set of the space C equipped with the topology induced by the uniform norm,
and for Borel measures on C, concentrated on C%, we have in the above notation:
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Proposition 5. Let p be a Borel probability measure on C satisfying a T,(X\) inequality
for some A > 0 and p € [1,2], and such that /e“”:‘””i du(zx) be finite for some a > 0 and

€ (0,1]. Then, for any o/ < a and N < A, thizre exists a constant Ny such that
P [Wyom (i) > €] < e ¥ Ne? (17)
for any e >0 and N > Nye=2 exp (N 5_1/‘1'), where
zf 1<p<?2

b = { 1+\/% p=2.

Here the constant Ny depends on p only through A, a, @ and /eallxlli du(z).
c

This proposition will be applied with p = 1 to the distribution po 7 of the process X. For

p =1, a T1()\) inequality is equivalent to the existence of a > 0 such that /e“””””é dpu(x)
c

be finite (see [8]). Numerical relations between such a and A are given in [5] and [12]. In

particular this condition if fulfilled if / e® 1715 dyu(2) is finite, as will be the case for I4j0,17-
c

For p = 1 again, a result by S. Bobkov and F. Gé&tze [3], based on (9), ensures that
a T1()\) inequality for p is equivalent to the following precise version of the central limit

theorem:
SupP[ Z<P /sodu>6]§e‘%w, N>1.
c

<1

By comparison, the bound given in Proposition 5 implies

[SUP{ Z@ (X% /apdu} >5] Se_%,Naz, N < X, Nlarge enough
1<1 C
by (9), but a modification of the proof would also lead to

[sur){ Zs@ /Csodu}>€

[¢]1<1

<C@E)e 3N N <A, N>1

for some computable large constant C'(¢). Thus we control a much stronger quantity, up
to some loss on the constant in the right-hand side or some condition on the sample size.

This result is reasonable in view of Sanov’s theorem (stated in [9] for instance). Indeed,
by this theorem, one can hope for an upper bound like

P (W jo,m(pts i) > €] < exp (=N inf{H(v|p); v € A})
for large N, where A := {v; W), 10.m(v, 1) > }. But p satisfies T,,()), so that

inf{H(v|p);v € A} > %52,
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and one indeed obtains an upper bound like (17), but only asymptotically, whereas Pro-
position 5 gives a sufficient size of the sample for the deviation bound to hold. Sanov’s
theorem does not actually give such an upper bound here: indeed, the space C being
unbounded, the closure A of A (for the narrow topology) contains j itself; in particular
inf{H(v|p); v € A} = 0 and Sanov’s theorem only gives the trivial bound P[a¥ € A] <
exp(=Ninf{H(v|p); v € A})= 1.

Finally this result can be seen as an extension of the following similar concentration
result given in [4, Theorem 2.1] in the case of measures on R?: if m satisfies T,(\), then

P w,(m, ™) > ] <ewFNE . 250, N> Nymax(e~ @+, 1). (18)

Let indeed m be such a measure on R% Then the law u of a constant process on [0, 7]
initially distributed according to m satisfies the assumptions of Proposition 5 (one can take
any a < A/2), and the bound (18) follows by (17) with the constant v, obtained in [4].
Note however that the required size of the sample is here larger for small e.

The proof goes in three steps: truncation to a ball Bf of C*, compact for the topology
induced by the uniform norm; covering of B% and then of P(B%) by small balls on which
one develops Sanov’s argument; conclusion of the argument by optimizing the introduced
parameters. Since the argument follows the lines of the proof given in [4, Section 3.1] in
the finite dimensional case, in which y is a measure on R?, we shall only sketch it, stressing
only on the bounds specific to our new framework. We refer to [4] for further details.

1. Truncation. Given R > 0, to be chosen later on, we let B% denote the ball
{f €C%|flla <R} of center 0 and radius R in C*. This set B% is a compact subset of C
for the topology induced by the uniform norm || - ||« indeed it is relatively compact in C
by Ascoli’s theorem, and closed since if f in C is the uniform limit of a sequence (f,), in
C%, then || f]lo < liminf || f,|lo, and in particular f belongs to B if so do the f,.

Letting 1ge be the indicator function of By, we truncate u into a probability measure
pr on the ball B, defined as

1 B W

MR = —Ra

1[Bg]

Note that u[B%] is positive for R larger than some Ry depending only on E := / ellela du(x)

c
and a. In this step we reduce the concentration issue for C to the same issue for the com-

pact ball B%, by bounding the quantity IP’[WP(,u, i) > 5} in terms of g and an associated
N

1
empirical measure iy := N Z Oxr where the X * are independent variables with law sz.
k=1
Bounding by above the || || norms by || - ||, norms when necessary, we obtain the bound

~ ~ 1 _ap2
P Wy o1 (p, i) > e] <P [Wp,[o,ﬂ(uR, i) >ne—2ErRe v ]

+ exp (—N(G(l — )Pl — Eelm™ R2)> ; (19)
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here p is any real number in [1,2), n in (0,1), €,6 > 0,a; < a and R is constrained to be
larger than R, max(1,62-7) for some constant Ry depending only on E, a,a; and p.

In the case when p = 2, we obtain
N ~ 1 _a
P [Waory(p, i) > ] <P [WZ[O,T} (ur: fig) >ne—2E?Re QRQ]

+exp (—N(%(l — )22 — 2E2 (@0 R2)> . (20)

2. Sanov’s argument on small balls. In view of (19) for p < 2 or (20) for p = 2, we
now aim at bounding P [y € A] where

A:: {I/ EP(B%)a WP,[QT}(V,,LLR) 2778_2E%R€_%R2}'

For that purpose we let 6 > 0 and cover A with N,,(A, §) balls B; with radius 6/2 in W, o 1
distance. Then one can develop Sanov’s argument on each of these compact and convex
balls, and obtain the bound

Np(A,Q) Np(A,5) Np(A,0)
Pliye Al <Pliye |J Bl < Y PlafeB]<

(
=1 =1 =1

exp ( - Nuiéa]gi H(V\,uR)>.

(21)
Then, from the 7,()) inequality for p, one establishes an approximate 7,(\) inequality
for pgr: namely, for any A\; < A there exists K; such that

A —a
H(v, pr) > 71 W0V, ur)* — K1 R*e &

for any measure v on B%. With this inequality in hand, given 1 <p <2 and Ay < A\; < A,
one deduces from (21) the existence of positive constants d;,7; and K7 such that
~N 15 —2R? A2 2, —aR?
P [Wp7[O,T](uR,uR) >ne—2FEvRe » ] < N,(A,0) exp —N(—a — KR )

2
(22)
where we have chosen 0 := 41 and 7 := ;.
In the case when p = 2, we do not choose 7 at this stage, and simply obtain

~ 1 _ap? A _aR?2
P [Wg,[,T](uR,ug) >ne—2E2Re 2 } < N,(A,0) exp (—N(;2 n’e* — K R?e ))

where d := d¢.
Then, since A is a subset of P(B%), Theorem 11 in the Appendix gives the bound

N, (A, 0, €) <exp (KQ(R g~1)d gRa(ReT)V (max(1, K> Ra_l))) (23)

for some constant K5 depending neither on € nor on R.
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Remark 6. The order of magnitude of this covering number in an infinite-dimensional
setting constitutes a main change by comparison with the finite-dimensional setting of [4],
and will influence the final condition on the size N of the sample.

3. Conclusion of the argument. We first focus on the case when p € [1,2). By
estimates (19), (22) and (23), and given Ay < A and a; < a, we obtain the existence of
positive constants K, Ky, K3 and R3 depending on F, a,a;, a, A and Ay such that

P [Wy o1 1Y) > €] < exp <_N(K395p _ K46(a1—a)R2))
-+ exp (KQ(R g_l)d 3K2(R€*1)1/0< In (maX(l, K2 Rg—l)) _ N(% 82 _ Klee_aRz)) (24>

for all £,6 > 0 and R > Rz max(1, Hﬁ), and for a constant Ky = K4(0,ay).

Then let A3 < Ay. One can prove that the second term in the right-hand side in (24) is
bounded by exp (—22 N ?) provided

R? > Amax(1,€2, In(s7?)), Ne?> B3CEHY* (25)
g2 A3
2 K5
the first term in the right-hand side in (24) is bounded by exp (—’\—2" N 52) as soon as
R?* > Rymax(1,In(e72)), for a constant R4 depending on As.

Letting R = ¢ (C%ngln NTEZ) if ¢ € (0,1) and R = V/Ae otherwise, and o/ < «,

both conditions in (25) hold true as soon as N > Nye~2 exp(Nye~/%) for a constant Ny
depending on E, a, A\, A3, @ and /. Finally, given X' < A3 < A, this condition ensures that

for positive constants A, B and C' depending also on \3. Moreover, for 6 = » also

A N
P [Wp,[o,T](MaﬂN) > 5} < 2 exp ( - 73 N52> < exp ( -3 N62),

for a possibly larger Ny. This concludes the argument in the case when p € [1,2).

In the case when p = 2, given 0 < n < 1, A\3 < Ay and ay < aq, the same condition on N
and ¢ (for some Ny) is sufficient for the bound

X A a
P [Wz,[o,T](Ma/iN) > 5} < exp (—?3 n? Ng2) + exp (_52(1 —n)? N52>

to hold (by (20)). One optimizes this bound by letting

>\3 £/ a2
=a—— (€ (0, and = ——
noay (00 T Vam Vs

Given X < A3 < A, this ensures the existence of Ny such that

. A a N 1
PWn(ni®) > ] 3o (3 e sem (Y ve)
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for any € > 0 and N > Nye 2 exp(Nye~ "), This concludes the proof of Proposition 5
in this second and last case.

4. INTEGRABILITY IN HOLDER NORM

In Section 2 we have reduced the issue of measuring the distance between o 71 and :&f(\)[,T]

to measuring the distance between pjo 77 and the empirical measure lﬁﬁ 7] of N independent
random variables drawn according to jp 7.

We now solve the latter issue by proving that the measure po ) fulfills the hypotheses
of Proposition 5 with p = 1, namely, that there exist a € (0,1] and a > 0 such that

Eexp(allX2) = [ e dg(a) < +oc.
C

Proposition 7. Let 1y be a probability measure on RY with a finite square exponential
moment and let Xy be with law po. Given T > 0, let X be the solution on [0,T] to (3)
starting at Xo, where b and c are Lipschitz on RY. Then, for any o € (0,1/2), there

exists a > 0, depending on py only through a finite square exponential moment, such that
Eexp(a||X|%) be finite.

Assuming this result for the moment we can now conclude the proof of Theorem 1. Let
indeed a be given in (0,1/2) and ag € (a,1/2). Then, by Propositions 5 and 7, applied
with a = ap and o/ = «, there exist positive constants K and Ny, depending on «q, o, T
and a square exponential moment of g, such that

~ ~ K =2
P (W1 0,79 (10,17 V[](\)],T]) > & < e HNE

for any & > 0 and N > Ny&=2 exp(Ny&~V/?), where Dy is defined by (11) and (12).
Then, by Proposition 3, there exist some constants C, depending only on 7', and then K
and Ny, depending on oy, o, T" and a finite square exponential moment of pg, such that

~ ~ _ 2

P [Wajo.r)(po.1, o) > €] < P [Waory(pgo,ry, Pory) > €/C) < e
for any € > 0 and N > Nye=2 exp(Nye~ /). This concludes the argument. 0
Proof of Proposition 7. We separately prove the existence of positive constants a; and as

such that Eexp(a;||X|[%) and Eexp(az[X]?) be finite, where [-], stands for the Holder
seminorm defined in Section 3.

1. We start with the expectation in uniform norm.
1.1. We first prove that E|X;|? is bounded on [0, 7]. Indeed, by It6’s formula,

t t
1 X, = | Xo|* + 2/ X, 0dBs+ / tr(co™) —2 Xs - (b(Xs) 4 ¢ * us(Xs)) ds,
0 0

so that ,
E|Xt\2 = IE\X0|2 +/ tr(oo™) — E[Q X+ (b(Xs) + ¢ ,us(Xs))} ds.
0
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If B is the Lipschitz seminorm of b, then for any = in R¢ we have
—22 - b(z) < 2B|z|? + 2|z - b(0)| < (2B + 1)|=|> + [b(0)|%. (26)

Furthermore, if I' is the Lipschitz seminorm of ¢, then

20 enpu(e) <2 / 2] (Tl — 2] +[e(0) dta(2) < BT +1)[x*+[e(0) 24T / 22 dpa(2).
R4 R4
(27)
But / 2|2 dus(2) = E|X,|?, so collecting all terms together we obtain the bound
Rd

t
E[X|* < E|Xo|* + / (C+ DE|X,[*)ds
0
where C' = tr(cc*) + [b(0)|> + |c¢(0)|> and D = 2B + 4I" + 2. By Gronwall’s lemma this
ensures the existence of a constant m such that E|X,|> < m for any ¢ € [0, T].

1.2. Then we prove the existence of K > 0 such that Eexp(K|X;|?) be bounded on
[0, 7. For this purpose we let k& be a smooth function on [0, 7], to be chosen later on, and
we let Z; = exp(k(t) | X;|?). By Ito’s formula,
t
Zy = Zo—l—Mt—l—/ (K ()| Xs[*+tr(o0*) k(s)+2k(s)* X, - 00* X —2k(s) X, - (b(Xs)+erps(X,))] Zs ds
0

where

t
M, = 2/ k(s) Zs Xs - 0 dBs.
0

Bounds (26) and (27), with / |2 dus(2) = E|X,|* bounded by m on [0, 7], ensure that
Rd

t
Zy < Zy+ M, + / (C(s) + D(s)| Xs*) Z, ds
0

where C(s) = (tr(aa*)+Fm+|b(0)|2+|0(0)|2) k(s) and D(s) = k'(s)+2||o |2 k(s)?+u k(s)
with u = 2B 4 3I' 4+ 2. Here ||o|| is the matrix norm of ¢ associated to the Euclidean norm
on R% We let k(s) such that D(s) = 0, namely

k(s)=e " (k(O)_1 +2|lo||?u (1 — e_“s))

where k(0) will be chosen later on. In particular k is a nonincreasing continuous positive
function on [0, +00) and, for this function k, Z; almost surely satisfies the inequality

- (28)

t
Zy < Zy+ M, + C(0) / Zsds. (29)
0
In particular

T
EZ <EZ+ C’(O)/ E Z, ds. (30)
0
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Now g is assumed to have a finite square exponential moment, so there exists k(0) such
that EZy = Eexp(k(0)|Xo|?) be finite. Then (30) ensures that Eexp(k(t)|X:]?) = EZ;
is finite and bounded on [0,7] by Gronwall’s lemma. Furthermore k is decreasing so
exp(K | X;|?) is bounded on [0, T] with K = k(T).

1.3. We now prove the existence of a; > 0 such that Eexp(a; || X||%) =E sup exp(ai|X,|?)
0<t<T

be finite. We let again Z; = exp(k(t) | X;|?) with k& given by (28), but we shall choose a
new k(0) later on. Then, by (29),

T
E sup Z; <EZy+E sup Mt+C’(0)/ E Z, ds. (31)
0<t<T 0<t<T 0
But, by Cauchy-Schwarz’ and Doob’s inequalities,
2
(E sup Mt) <E sup |M,]*> <2 sup E|M,*
0<t<T 0<t<T 0<t<T

Then, by Ito’s formula again,
t
E|M,2 = 4/ k(sE[22 0" X, ] ds
0
t
< Aol k) [ B K(5) X7 exp(2bls) [X,J2)] ds
0

< 4llolP k(0) / E exp(3 k(0) | X.[?) ds.

Choosing k(0) < K/3 ensures that sup E|M;|?, whence E sup M;, is finite.
0<t<T 0<t<T

Since, for this £(0), sup E Z; also is finite, it follows from (31) that so is E sup Z,
0<t<T 0<t<T

which proves that Eexp(ai||X||%,) is finite with a; = k(7).

2. We now turn to the expectation in Holder seminorm. We write the solution as

t
X;=Xo+ 0B, — / (b(X,) + ¢ * ps(X,)) ds
0

so that
[X]o < [0 Bla+ [/ (b(X,) + ¢ % pal(X,) ds]
0 (0%
almost surely; here X and o B stand as before for the maps ¢t — X; and t — o B,

respectively on [0, 7], and / ©(s) ds is an antiderivative of ¢. Hence, by Cauchy-Schwarz’
0
inequality,

Bexp(alX2) < (Bexpian ol [B2) " (Bexptaa [ (40X + cxm(x) ds] )

«
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But, on one hand, Eexp(4ay |o|*[B]2) is finite for ay small enough (see [11, Theorem

1.3.2] for instance, with £ = C and N(f) = [f]»). On the other hand, by step 1 and
assumption on b and ¢, there exists a constant A such that

|b(z) + ¢ ps(z)] < A+ (B +T)lz|
for all z € R? and s € [0,7]. In particular

[/.b(Xs)ch*us(Xs) ds] < sup /tA+(B+F)\Xu\du§Tl—a(A+(B+F)||Xy|OO)

0 o™ ogs<t<r [t — 8[*
almost surely, and
: 2
Eexp4ay [/ (b(Xs) + ¢ * ps(X,)) ds}
0 (0%
<exp(8ay T°**A*) Eexp (8ax T***(B+1)*|| X|12)

which by step 1 is finite as soon as 8ay T*72%(B +1')? < a.
On the whole, Eexp(az[X]?) is indeed finite for ay; small enough, depending on g only

(07
through a finite square exponential moment, which concludes the argument. O

5. AN EXAMPLE OF APPLICATION
N
In this section we give an instance of error bound in the approximation by N Z o(X")
i=1
of the expectation of a quantity ¢(X) depending on the whole path of the considered
process.

Let 0 < t; < -+ <t, <Tand for 1 < j < nlet B; be the (for instance closed)
ball B(x;,r;) of center x; and radius r; > 0 in the Euclidean space R?. Then we can
approximate the probability P[th €B;;1<;< n] for X; to be in B; at t = t; for each j
as follows:

In the notation and assumptions of Theorem 1, assume moreover that all partial deriva-
tives b and 0™c of b and ¢ are continuous and bounded on R?, for any multi-index
m € N? with 1 < |m| < s where s is the smallest integer number larger than d/2, and that
the diffusion matrix o is (for instance) a nonzero multiple of the identity, as in the example
(6). Then, for any a € (0,1/2), there exist positive constants K and Ny such that

d

for all e € (0,1) and N > Nye~* exp (Nye=%/).

Here y; is the indicator function of the ball B; defined by x;(z) = 1if v € B; and 0
otherwise, and let us note that only the € € (0,1) have to be considered.

A .
NZHXJ(XZJ*) ~P[X,, € Bl <j<n]

i=1 j=1

>a] < e KNe
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Indeed

1 L '
2 TTu(Xi) —P[X,, € Byi1 < j <]

= | [Tlwtrtna o~ [ Thot) dus)
</ L) —ﬁgo](f(tj))}dﬂfv(m\ [T etre) i - )

# [ Tetren - Tt aus) (32)

d(x, B;
Here ¢; is the R? to R map defined by ¢;(z) = (1 - (IZS ])> for some 0 < 6 < 1r<11i£1 r;
+ <j<n

to be chosen later, where d(z, A) is the distance of a point = to a set A and v, = max(u,0)
for all real w. For simplicity we write 4,y and W, instead of ﬂfg’T], o,y and Wi jom
respectively.

The second term in (32), which is the main term, will be bounded by the Kantorovich-
Rubinstein formulation (9). Indeed, if f and g are two functions in C, then

H ;i (f(t5) = H ;i(9(t;))

< Z 0 (f(t;)) — @i (g(t;))]

since the maps ¢; take values in [0, 1] and because of the following elementary bound:

Lemma 8. If a; and b; are real numbers in [0,1] for 1 < j <n, then

n n n
Lo =110 <D la = bl
=1 j=1 j=1

Then the maps ; are 6~ *-Lipschitz, so

Z 05 (F(8)) = @ilg(t;)] < nd7HLf = gl

Consequently the map f +— ngj(f(tj)) is né~'-Lipschitz on C, and by (9) the second
j=1
term in (32) is bounded by né~* Wy (i, u).

Then the first term in (32) is bounded by

|3 bt = e di ()
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by Lemma 8 again. Now, for all 1 < j <n and = € R?,

Ixj(z) — pi(@)] = pj(x) — x;(2) < 75(2)

where v;(z) = <1 _ By + Og(x>R \ Bj)

1-Lipschitz, so v, is 6~ *-Lipschitz, and by (9) again the first term in (32) is bounded by

> [utsapanr EZ[WMAMM+Lwamwﬁ.

Moreover, if for any j we let y;; be the marginal at time ¢; of the distribution g, then

[tsenautn = [ @ du, @) < €
C R4

where C; = B(z;,r;+6)\B(xj,7;—0), since v; is zero outside of C; and bounded by 1 on C}.

) . The map z +— d(x, B;) + d(z,R?\ B;) is
+

In the same way the third term in (32) is bounded by

Z :utj [D]]

where D; = B(xj,r; + 60) \ B(z;,r;), since ¢; —x; is zero outside of D; and bounded
by 1 on Dj.

Now, under our assumptions, we can adapt the techniques in [4, Theorem B.1] to prove
that for any ¢ > 0 the time marginal y; belongs to the Sobolev space H*(R%), with s > d/2,
whence to L*°(R?). Moreover there exists a constant K, depending only on ty,t,,d,b,c, o
and a square exponential moment of g, such that

sup | el[ e < K.

t1<t<tn

In particular the first and third terms in (32) are together bounded by

nd~t Wy (™ +KlzLeb | + Leb[D;]
j=1
where Leb[A] stands for the Lebesgue measure of a Borel set A in R
Moreover

Leb[Cy] = wa((r; +6)* — (r; — 6)) < 29wy r;l_lé
and

Leb[D;] = wq((rj +6)* — 7“;[) < (27— 1) wy r?_lé
forany 1 < j <nand 0 < ¢ <rj;, where wy is the Lebesgue measure of the Euclidean unit
ball in R?. Hence it follows from (32) that for a constant Kj, independent of N and the r;,

1 N n ' "
2 TDux) —P[Xy, € Byt < j < ]| < 200 ' WA ) + Ko Y 1™

i=1 j=1 j=1
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for any 0 < 0 < min r; and in particular
1<j<n

N n
H%ZHXJ'(X@) ~P[X,, € B; 1<) <n]| >e| <P[Wi(i¥,p) > %(e —~ K3R0)
i=1 j=1

for any 0 < 0 <, in the notation r = 1mm rj and R = Z a1,
Jj=1

€ (0,7], so that, by Theorem 1, for

In the case when ¢ < 2K5Rr we choose § = 2K2R

any « € (0,1/2) there exist some constants K and Ny, independent of € and N, such that
2 2

P[Wl(,&N,M) > %(6 —KgRé)] :P[Wl(ﬂN,u) > SKEQRTJ < exp(— KN(SKZRH>2>

- 1/«
for all N > N, (8K Rn) exp (NO(SK;Rn) / )
In the case when ¢ > 2K, Rr we choose d = r, so that

B[, ) > (e~ KoRt9)] < B[Wi(Y ) > 2] < exp (- KN(SH)?)

for all N > N, (Z—;)_z exp (NO(Z—:L)_I/Q).

As a conclusion, there exist two new constants K and Ny, depending on g only through
a square exponential moment, such that

N n
P[‘_anﬁ(XtZJ) P[Xt EBj;lngnH>€:| Se_KN€4

i=1 j=1

for all € € (0,1) and N > Nye~* exp(Noe=%®). This concludes the argument.

APPENDIX. METRIC ENTROPY OF A HOLDER SPACE

In this appendix we establish the bound (23) used in the covering argument in the proof
of Proposition 5, which amounts to studying the metric entropy of a Holder space and of
a related space of probability measures.

In the notation introduced in Section 3, it follows from Ascoli’s theorem that the closed
ball BE = B&([0,T],RY) = {f € C%|/flla < R} of center 0 and radius R in C* is a
compact metric space for the metric defined by the uniform norm. Here we estimate by
how many balls of given radius r < R and centered in Bf% the compact metric space B
can be covered. We note that for » > R the sole ball {f € B%; || fllco < 7} covers B%.

Notation: Given r > 0, the covering number N'(S,r) of a compact metric space (.59, d)
is the smallest integer n such that S can be covered by n balls centered in S and of radius
r in d metric. The following result gives lower and upper bounds on the covering number
N (B%,r) and in our case makes more precise those given for instance in [12], [14] or [18]:
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Theorem 9. Given some integer d > 1, some positive numbers T, R, r and o with r < R
and o < 1, the covering number N'(B%, 1) of B, equipped with the uniform norm, satisfies

d _1 1
N (B, 1) < (10Vd 5) gom d I T
r

(67

I nst <— R, th
'f moreover, for instance, r < 1Te 11t en
Vd R\ 5 1 ok ponyd
B, r) > (——> 92 @ d T2 T ()
N(Bg,r) > 1,

The lower bound ensures that the upper bound, from which depends the condition on
the size of the sample in Proposition 5 and hence in Theorem 1, has the good order of
growth in R/r.

Proof. 1. We start by establishing the upper bound.
1.1. We first consider the case when d = 1.

T
Given some integers J and K larger or equal to 1, we let 7 = 7 and n = 17 and then
tj = (._%)7_7 jENa 1 S]S‘L
ye = (k—3)n, keN, —-K+1 <k<K.

Then we cover the rectangle [0, 7] x [-R,+R] in R; x R, which contains the graph of all
functions in B%([0, 7], R), by a lattice with step 7 in t—axis and 7 in y—axis.

Then let f be a given function in B%([0,7],R). The intervals [y; — guyk + g] cover
[—R, R], so for any integer j € [1, J] there exists an integer k(j) € [-K + 1, K] such that

n
1) = ol = 5
In particular
n n o a
ke = vk)| < 5 F 1) = FB) + 5 S0+ Rltpn — 4" <+ R7% <2
if we assume KT% < J®. But the y; take values regularly distant of 7, so more precisely
[Yr(i+1) — Yk < 0.
From this map k:[1,J]NN — [-K + 1, K] NN, we define the function f; : [0,7] —
[—R,+R] affine on each interval of the subdivision (0,¢,---,t;,7) and such that
fe(0) = fi(tr),
fets) = wkgy, 1<5<J
fe(T) = fults).
In particular we note that this function f; is Lipschitz with

1) — 1y — Unia
qup O =S| - Wk — gkl 0

o<ts<t  [t—s|  Tack<kx [t — ] T
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but that it does not necessarily belong to B%([0, 7], R).

The cardinality of these f, is bounded by the cardinality of J-uples (y(;))1<j<s such
that |ye(+1) — Yk < mforall 1 < j < J—1, that is the cardinality of J-uples (k(7))i<j<J
such that |k(j+1)—k(j)] < 1forall1 <j < J—1. Such J-uples are obtained by choosing
k(1) among 2K values, then k(2) among 3 values for —K +2 < k(1) < +K — 1 or 2 values
for k(1) = =K + 1 and +K, and so on. Hence there exist at most 2 K 37~1 such f;.

R
Now if K is the smallest integer larger than 4 — and J is such that KT < J, then
r
-
Indeed, given t in [0, 77, there exists an integer j in [1, J] such that ¢t € [t; — % ity + g

1f(@) = @ < 1F@) = FE)+ () = Felt)] + [fits) — ful®)]

a n <T)°‘ n nT r
< t—t. t:) — . |t —tl < — = —— < I < =
< R4+ 1f(4) —yml+ 2t —t| < RB(5) +5+_5<s<3

Then we can cover BE([0,T],R) by less than 2 K 377! balls of radius g of the metric
space C([0,T],R) equipped with the uniform norm, and if we let J and K be the smallest

|, so

R
integers larger or equal to 5a T (—)% and 4 — respectively, then we have KT < J* and
r r

2R3 <10 g T
r
1.2. From this we now deduce the upper bound in the general case d > 1.
Let F be a given function in B%([0,T],R?) with components F; € B%([0,T],R) for

1 R
1 <7< d. Let now J and K be the smallest integers larger or equal to 5= T’ (\/8 —)
,

O~

and

R
4+/d = respectively. With each i we associate an integer k; in [1,2 K 377!] such that
T

T
2vd

where the fi are the functions in C([0, 7], R) defined in step 1 with % instead of r.

Then the function Fy, ..., with components fi, for 1 < i < d belongs to C([0, 7], R?)
and satisfies ||F' — Fi, ... k,lloo < g Moreover there are at most (2 K 3771 such Fy, ... 1,

1E; = frlloo <

Consequently we can cover B%([0, R], RY) by less than (2 K 3771)¢ balls of radius g of the

metric space C([0, T], R?) equipped with the uniform norm, whence by less than (2 K3/ _l)d
balls of radius r of the metric space BE([0,T], R?) equipped with the uniform norm.

This concludes the proof of the upper bound of the covering number A (B%([0, T], R%), 7).

2. We now turn to the lower bound.
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2.1. We first consider the case d = 1. We can give different types of lower bounds by
considering special functions of the type f; defined in step 1. Here, for instance, we give
the detail for one of them.

T
Given some non-zero integer J, we let 7 = — and n = 7% R, and then

J
ye = (k=3)n, keN, T+ <k<T4 g
From amap k : [1, JJNN — [0, 1]NN, we define as above the function f : [0,T] — [yo, y1]
affine on every interval of the subdivision (0,%¢y,--- ,t;,T) and such that
fe(0) = fi(ts)
fe(t5) = ywip)s 1<j<J

fe(T) = fi(ts).

1 1
Given some integer ¢ such that —77% + 3 <0< 7% - 3 we define the function fy, :
[0,T] — [ye, Yes1] such that
fkg(t) = fk(t) + fﬁ.

Then fkg belongs to B%([O, T], R) and ||fk‘€ — .fk’Z’Hoo 2 T] lf fkg 7£ fk.lgl.
If for instance r < inf(R,27'T*R) and J + 1 is the smallest integer larger or equal to

R :
2_%T(7)é, then kag — fk’£’||oo > 2r if fkg # fk/g/.
Thus we have found L27 elements in B%([0,7],R) mutually distant of at least 2r in
1
uniform norm, where L is the cardinality of integers ¢ in [ -7 %+ o T — 5] Hence
N (B3(0,T], R), 1) > L2,

But

1 R1 2a.4 R 2

—a T\ _ —a > A - . > -2
L>2((r 5) 1)+1 =27 2_((T) T) 22 —— 75 =2

[e7

R
If moreover, for instance, r < mR, then L > % and

N(Bg([0,T],R),r) > 35223@“(%) .
T

2.2. From this we now deduce the lower bound in the general case d > 1.

Q=

The L9424/ functions Fj,y, ... k,e, With components Jiye; for 1 < j < d where f,, have

been defined in step 1, belong to B%([0, 7], R?) and are mutually distant of at least 2 Vdr.
This concludes the argument for the lower bound of the number N (B%([0, T],RY),r). O

We now turn to the covering number of the corresponding space of probability measures:
given a compact metric space (S,d), p > 1 and § > 0, we let NV,(P(S),0) denote the
covering number of the compact metric space (P(S), W,).
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Then we have the following general result which is proven in [4] (see also [9], [13]):

Theorem 10. Let (S,d) be a compact metric space with finite diameter D, and p and ¢ be

real numbers with p > 1 and 0 < 6 < D. Then the covering numbers of S and P(S) satisfy
D 8

N, (P(S),6) < (8e K)W%).

Note that if 6 > D, we simply have N,(P(S),d) = 1 since the Wasserstein distance
between any two probability measures on .S is at most D.

Since B% equipped with the metric defined by the uniform norm is a compact metric
space with finite diameter 2R, we deduce the following result:

Theorem 11. Letd > 1, p, T, R, 6 and « be positive numbers with p > 1, § < 2R and
a < 1. Let also B = {f € C% || flla < R} be equipped with the uniform norm. Then the
space P(B%) of probability measures on BE can be covered by N,(P(B%), ) balls of radius
0 in Wasserstein distance W, with

144 1
20 VAR 1)dgload "2 T(rs @

N, (P(Bg),6) < (16¢ Rs™)"!

For § > 2R, we have
Np(P(Bg),6) = 1.
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