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Abstract We consider a singular with state constraints version of the stochas-
tic target problems studied in [22], [23] and more recently [6], among others.
This provides a general framework for the pricing of contingent claims under
risk constraints. Our extended version perfectly suits to market models with
proportional transaction costs and to order book liquidation issues. Our main
result is a direct PDE characterization of the associated pricing function. As
an example of application, we discuss the evaluation of VWAP-guaranteed
type book liquidation contracts, for a general class of risk functions.
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1 Introduction

Stochastic target technics have been originally introduced in mathematical
Þnance by Soner and Touzi [21] in order to provide a PDE characterization of
the super-hedging price of an European claim under gamma constraints.
The classical super-hedging problem takes the general form: Þnd the minimal
Y ! (0) such that there exists a control ! , in a suitable admissibility set A ,
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satisfying Y ! (T) ! g(X ! (T)) P " a.s., whereg is the payo! function of an
European claim, ! stands for the Þnancial strategy,Y ! for the wealth process
and X ! for the stock price process, which may be inßuenced by the Þnancial
strategy, as in large investor models for instance. In general, such a problem
is treated in mathematical Þnance via the dual formulation approach which
allows one to relate the minimal Y ! (0) to a stochastic control problem in
standard form. However, this approach heavily relies on the fact that the
wealth dynamics is linear in the control and that the stocks prices are not
inßuenced by the trading strategy. In particular, it does not apply to large
investor models or to more general dynamics or constraints, such as gamma
constraints. This was the motivation of Soner and Touzi for introducing the
so-called stochastic target approach.

Their main discovery is a dynamic programming principle which is directly
written on the associated stochastic target problem, and therefore does not
appeal to any form of dual formulation, see Theorem 1 below. It turns out
to be su"cient to provide a PDE characterization for the associated value
function. This approach led to a series of papers providing a direct way to
characterize super-hedging prices, see e.g. [8], [11], [24] and [25].

Up to the recent work of Bouchard, Elie and Touzi [6], this approach was
however limited to super-hedging problems which in turn typically lead to high
prices which are not reasonable in practice, see e.g. [13] and [12]. Apart from
technical improvements, the main result of Bouchard, Elie and Touzi [6] is that
pricing problems under risk constraints of the form: Þnd the minimal Y ! (0)
such that there exists a control! # A satisfyingE

!
"(Y ! (T) " g(X ! (T)))

"
! p,

for some Òloss functionÓ" and a threshold p, can actually be treated via
the stochastic target approach of Soner and Touzi [21] and [22]. For" of the
form "(r ) = 1r ≥0 and p # (0, 1), one retrieves the quantile hedging prob-
lem of Follmer and Leukert [15]. When " stands for a utility function and
p := sup{E

!
"(Y ! (T))

"
: Y ! (0) = y0, ! # A} , this corresponds to a util-

ity indi!erence pricing problem. More generally, one can treat risk constraints
of the form E

!
# (X ! (T), Y ! (T))

"
! p, for a general class of Òrisk functionsÓ

" # . The success ratio hedging problem of Follmer and Leukert [15] enters
into this framework. Finally, American type constraints can be introduced,
see Bouchard and Vu [9]. This provides a general framework for a direct char-
acterization of risk based prices of contingent contracts.

In Bouchard, Elie and Touzi [6], the authors restrict to dynamics given
by Brownian SDEs in which only the drift and the volatility coe"cients are
controlled. In this paper, we show how their results can be extended to the case
where the dynamics are controlled by processes with bounded variations and
state constraints have to be satisÞed. This extension is mainly motivated by
the pricing of a VWAP-type 1 book liquidation contract, however the domain of
application is vast, in particular it perfectly suits to partial hedging problems
under proportional transaction costs, see Example 3 below.

1 VWAP means Volume Weighted Average Price, see Sect. 4 for a detailed presentation.
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We therefore Þrst consider a general abstract formulation that could be
used in many di!erent practical situations/models. It is presented in Sect. 2
together with examples of application. The associated general PDE charac-
terization is provided in Sect. 3. The pricing problem of a VWAP-type book
liquidation contract is fully discussed in Sect. 4. The proofs of our abstract
results are collected in Sect. 5.

Notations: We denote by xi the i -th component of a vector x # Rd, which
will always be viewed as a column vector, with transposed vectorx�, and
Euclidean norm |x|. The element ei # Rd is the i -th unit vector: ej

i = 1i=j ,
i, j $ d. The set Md is the collection of d-dimensional square matricesM
with coordinates M ij , and norm |M | deÞned by viewingM as an element
of Rd×d. We denote by Sd the subset of elements ofMd that are symmetric.
For a subset O of Rd, we denote by øO its closure, by int(O) its interior, by
$O its boundary, and by dist (x, O) the Euclidean distance from x to O with
the convention dist (x, %) = & . We denote by Br (x) the open ball of radius
r > 0 centered at x # Rd. If B = [ s, t] ' O for s $ t and O ( Rd, we write
$pB := ([ s, t) ' $O) ) ({ t} ' øO) for its parabolic boundary. Given a smooth
function %: (t, x 1, . . . , xk ) # R+ ' Rkd * R, we denote by$t % its derivative
with respect to its Þrst variable, we write D% and D 2%for the Jacobian and
Hessian matrix with respect to (x1, . . . , xk ), and Dx i

%and D 2
x i

%the Jacobian
and Hessian matrix with respect to xi , i ! 1. Any inequality or inclusion
involving random variables has to be taken in the a.s. sense. For a processL
with bounded variations, we write |L |· to denote its total variation.

2 Abstract formulation and dynamic programming

2.1 The general singular stochastic target problem with state constraints

We Þrst describe the abstract model. We refer to Sect. 2.2 for examples of
typical dynamics in Þnance, and to Sect. 4 for a full discussion of its application
to the pricing of VWAP-type book liquidation contracts.

From now on, we let (&, F ,P) be a probability space supporting a d-
dimensional Brownian motion W , d ! 1, F := ( F t )t≥0 denote the right-
continuous completed Þltration generated byW , and T > 0 be a Þnite time
horizon.

The abstract stochastic target problem is deÞned as follows.

Our set of controls isU ' L , whereU stands for the set of all progressively
measurable process' in L 2([0, T] ' & ) taking values in a given closed subset
U of Rd, and L denotes the set of continuousRd-valued adapted processesL
which are non-decreasing (component by component) and such thatE

!
|L |2T

"
<

& .
For t # [0, T], z := ( x, y) # Rd ' R and ! := ( ', L ) # A := U ' L , the

controlled processZ !
t,z := ( X !

t,x , Y !
t,x,y ) is deÞned as theRd ' R-valued unique
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strong solution of the stochastic di!erential equation

X !
t,x (s) = x +

# s

t
µX (X !

t,x (r ), ' r )dr +
# s

t
( X (X !

t,x (r ))dLr

+
# s

t
) X (X !

t,x (r ), ' r )dWr

Y !
t,x,y (s) = y +

# s

t
µY (Z !

t,x,y (r ), ' r )dr +
# s

t
( Y (Z !

t,x,y (r ))�dLr

+
# s

t
) Y (Z !

t,x,y (r ), ' r )�dWr ,

(1)

where (µX , ) X ) : (x, u) # Rd ' U +* Rd ' Md, (µY , ) Y ) : (z, u) # Rd+1 ' U +*
R ' Rd, ( X # C2(Rd,Md) and ( Y # C2(Rd+1,Rd) are assumed to be Lipschitz
continuous.

Given a family of non-empty Borel subsets (O(t)) t≤T of Rd+1, the stochas-
tic target problem consists in characterizing the value function

(t, x ) # [0, T] ' Rd +* v(t, x ) := inf { y # R : (x, y) # V (t)} , (2)

where the set valued mapV is deÞned as

t # [0, T] +* V (t) := { z # Rd+1 : A t,z ,= %}, (3)

and
A t,z := { ! # A : Z !

t,z (s) # O(s) - s # [t, T ] P " a.s.} . (4)

In order to fully characterize the set valued map V in terms of the value
function v, we shall assume all over this paper the following:

Standing Assumption 1: For all ( t, x ) # [0, T] ' Rd: (x, y) # O(t) and
y� ! y . (x, y �) # O(t).

Remark 1 It follows from Standing Assumption 1 and standard comparison
arguments for stochastic di!erential equations that A t,x,y � ( A t,x,y for y� ! y.
In particular, ( x, y �) # V (t) whenever (x, y) # V (t) and y� ! y, so that V (t)
can be (at least when the inÞmum in the deÞnition ofv is achieved) identiÞed
to { (x, y) # Rd ' R : y ! v(t, x )} . More precisely, the following holds:

(x, y) # V (t) . y ! v(t, x ) and y > v (t, x ) . (x, y) # V (t)) .

In order to give a sense to the following discussions, we also assume that:

Standing Assumption 2: v is locally bounded on øDY where

DY := { (t, x ) # [0, T) ' Rd : / y # R s.t. (x, y) # O(t)} .

Remark 2 Obviously, the fact that all the relevant quantities take values in
Rd is used to save notations. One could without di"culty restrict to the case
where some components ofX only take positive values, which is typically the
case for prices of stocks or bonds. By putting to 0 part of the coe"cients, one
can also retrieve situations whereW , L and X do not have the same e!ective
dimension. One could similarly add a time dependence in the coe"cients, e.g.
by considering the Þrst component ofX as a time parameter.
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2.2 Examples of application

Before to go further in the general treatment, let us immediately discuss some
typical examples of application that motivate this work (see also Sect. 4 for
an application to optimal book liquidation that will be studied in details).

Example 1 Let us Þrst consider the case where (( X , ( Y ) = 0,

µX (x, u) = diag[ x]µ , ) X (x, u) = diag[ x])

and
µY (x, y, u) = u�diag[x]µ , ) Y (x, y, u) = u�diag[x])

where diag[x] stands for the diagonal matrix with xi as the i -th diagonal
element, µ # Rd and ) # Md. The dynamics (1) then read, for s # [t, T ]:

X t,x (s) = x +
# s

t
diag [X t,x (r )] µdr +

# s

t
diag [X t,x (r )] )dW r

Y "
t,x,y (s) = y +

# s

t
' �

r dX t,x, (r ) ,

where we only write X for X ",L and Y " for Y ",L becauseX is not a!ected by
the control and Y depends on (', L ) only through ' .

Restricting to initial condition x # (0, & )d, this corresponds to the d-
dimensional Black and Scholes model:X i models the dynamics of a Þnancial
asset, the risk free interest rate is 0,' i

t stands for the number of units of X i

held in a Þnancial portfolio at time t, and Y is the associated wealth process
starting from the initial endowment y.

If we now take O of the form:

O(t) = (0 , & )d ' R1t<T + 1t=T
$

(x, y) # (0, & )d ' R : y ! g(x)
%

, t $ T ,

for some measurable mapg : Rd * R, the value function can be written as

v(t, x ) := inf
$

y # R : Y "
t,x,y (T) ! g (X t,x (T)) for some ' # U

%
.

This corresponds to the usual deÞnition of the super-hedging price of an Eu-
ropean option of payo! function g.

For O of the form

O(t) =
$

(x, y) # (0, & )d ' R : y ! g(x)
%

, t $ T ,

this corresponds to the super-hedging price of an American option.

Example 2 Let us now consider a two-dimensional modeld = 2 with the fol-
lowing parameters

µ1
X (x, u) = x1µ , µ2

X (t, u) = x2µ , ) 11
X (x, u) = x1) , ) 21

X (x, u) = x2)

and
( 21

X (x) = " 1 , ( 22
X (x) = 1 , ( Y (x, y) = (1 " *, " 1 " * ) ,



6 B. Bouchard, N.M. Dang

where µ # R, ) > 0 and * # (0, 1), and the other parameters are equal to 0.
The dynamics (1) then read, for s # [t, T ]:

X 1
t,x (s) = x1 +

# s

t
X 1

t,x (r )µdr +
# s

t
X 1

t,x (r ))dW 1
r

X 2,L
t,x (s) = x2 +

# s

t

X 2,L
t,x (r )

X 1
t,x (r )

dX 1
t,x (r ) "

# s

t
dL1

r +
# s

t
dL2

r

Y L
t,y (s) = y +

# s

t
(1 " * )dL1

r "
# s

t
(1 + * )dL2

r .

This corresponds to the one-dimensional model with proportional transaction
costs studied in [13]. More precisely, there is only one risky asset,X 1, with
a Black and Scholes type dynamics. When buying or selling this risky asset,
the investor pays a proportional transaction costs * # (0, 1). The process
øL := L 2 " L 1 stands for the cumulative net amount of money invested in the
risky asset from time 0, i.e. L 2

r (resp. L 1
r ) is the cumulated value of bought

(resp. sold) shares ofX 1. Each time a buying or selling operationdøL is done,
the investor pays, in money, a proportional transaction cost*d |øL |. The wealth
process is described by the two dimensional process (Y, X 2) where Y models
the evolution of the cash account, andX 2 corresponds to the value of the part
of the portfolio invested in X 1, when taking into account the transaction costs.

For O deÞned fort $ T as

O(t) = (0 , & ) ' R21t<T + 1t=T
$

(x, y) # (0, & ) ' R2 : +(y, x) ! g(x)
%

,

where
+(y, x) := y + x2 " * |x2|

provides the value in cash of a terminal position (y, x2) if the value of the stock
is x1, one retrieves the notion of super-hedging price of an European option
with cash delivery, in the Þnancial market model with proportional transaction
costs. Obviously, one can consider similarly markets with more than one risky
asset, see e.g. [8].

Example 3 As shown in [13] and [8], the super-hedging criteria is much too
strict in markets with proportional transaction, as it leads to degenerate strate-
gies of buy-and-hold type which do not reßect the market behavior. It follows
that it should be relaxed by using, for instance, quantile or expected loss ap-
proaches as studied in [15], [16], for frictionless markets.

The loss function pricing approach consists in choosing a non-decreasing
(typically concave) function " : R * R and deÞning the price at timet of an
European option of payo! (say with cash delivery) g

&
X 1

t,x (T)
'

as öv(t, x 1, 0;p)
with öv(t, x ; p) deÞned as

inf
$

y # R : / L # L s.t. E
!
"

&
+(Y L

t,y (T), X L
t,x (T)) " g

&
X 1

t,x (T)
''"

! p
%

,

wherep is a given threshold inR, and + is deÞned as in the previous example.
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Assuming that , L
t,x,y (T) := "

&
+(Y L

t,y (T), X L
t,x (T)) " g

&
X 1

t,x (T)
''

# L 2 for
all initial conditions and control L , the arguments of Proposition 3.1 in [6]
then show that

öv(t, x ; p) = inf
(

y # R : , L
t,x,y (T) ! X 3,"

t,p (T) for some (L, ' ) # L ' U
)

,

with U = R2 and

X 3,"
t,p := p +

# ·

t
' 1

s dW1
s .

Indeed, if , L
t,x,y (T) ! X 3,"

t,p (T) then taking expectation leads to E
!
, L

t,x,y (T)
"

! p, while, if p0 := E
!
, L

t,x,y (T)
"

! p, then the martingale representation
theorem implies that we can Þnd' # U such that , L

t,x,y (T) = X 3,"
t,p 0

(T) !
X 3,"

t,p (T).
Hence, this last example enters into our general framework with the dy-

namics given in Example 2 and an additional controlled processX 3," deÞned
as above.

Example 4 Inßuence of the trading strategies can be incorporated in the pre-
vious example without much di"culties. It su"ces to consider more general
models in which the dynamics ofX 1 depends onL. It can for instance take
the form

X 1,L
t,x (s) = x1 +

# s

t
X 1,L

t,x (r )µdr +
# s

t
X 1,L

t,x (r ))dW 1
r

"
# s

t
X 1,L

t,x (r )( −dL1
r +

# s

t
X 1,L

t,x (r )( +dL2
r

with ( −, ( + ! 0. In this case, a buying order drives the price up, while a
selling order pushes the price down. Note that constraints on the liquidation
value of the portfolio (X 2,L , Y L ) could also be incorporated by playing with
the deÞnition of O. For instance,

O(t) =
$

(x, y) # (0, & ) ' R2 : +(y, x) ! " c
%

1t<T

+
$

(x, y) # (0, & ) ' R2 : +(y, x) ! g(x)
%

1t=T , t $ T ,

means that the liquidation value of the portfolio should never be less than" c.

2.3 Dynamic programming

We now come back to the abstract problem (2).

In order to provide a PDE characterization of the value function v, we
shall appeal to the geometric dynamic programming principle introduced in
[22] and [23] in the caseO(t) = Rd+1 for t < T , and extended in [9] in the
general case.

It expresses the fact thatz # V (t) if and only if one is able to Þnd a control
! such that Z !

t,z # O(á) 0 V (á) on [t, T ], i.e. Z !
t,z (s) lies in the domain O(s),
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which is our constraint, and Z !
t,z (s) is such that, starting from this point at

time s, one can Þnd a control on [s, T] such that the state process remains in
the domains O(á) on [s, T], i.e. Z !

t,z (s) # V (s) by deÞnition of V .

This heuristic reasoning can be made rigorous under the following right-
continuity assumption:

Standing Assumption 3 . [Right-continuity of the target] For all sequence
(tn , zn )n of [0, T] ' Rd+1 such that (tn , zn ) * (t, z), we have

tn ! tn+1 and zn # O(tn ) - n ! 1 =. z # O(t) .

This also requires an extra technical condition that seems to be missing in
[6]2:

Standing Assumption 4: Fix ( t, z) # [0, T] ' Rd+1. Assume that there
exists a P " a.s. square integrable progressively measurable process' with
values in U and a continuous and non-decreasingRd-valued adapted process
L such that Z ",L

t,z (s) # O(s) for all s # [t, T ] P " a.s. Then, A t,z ,= %.

Remark 3 Note that the Standing Assumption 4 concerns the integrability
condition on (', L ). As stated, (', L ) may not belong to A because the square
integrability condition is not satisÞed a-priori. However, the Standing Assump-
tion 4 asserts that it should be a-posteriori, after possibly modifying the con-
trols. This may not be the case for the original formulation, but will often
be so for an equivalent formulation (i.e. leading to the same set-valued map
V). We can then apply the Geometric Dynamic Programming Principle stated
below to the equivalent formulation and then deduce it for the original one.

This applies to Example 1 if U is bounded (in which case the assump-
tion is satisÞed for the original problem), or if, for instance,g is bounded and
0 belongs to U (in this last case, we can reduce to the situation whereY "

lies in between Þxed bounds, and the Itöo isometry implies automatically the
square integrability of ' ). The same holds in Example 2 under an appropriate
change of measure, wheneverg has polynomial growth, see e.g. the arguments
in Lemma 3.3 in [17]. Cases like in Example 3 in which an additional con-
trolled martingale has to be added will be discussed in the context of our
main example in Section 4. See Remark 6 below.

In the statement below, we denote byT[t,T ] the set of stopping times with
values in [t, T ], for t $ T, and use the notation

O
#,$*

V := O(- ) 1#≤$ + V (. ) 1#>$ for ., - # T[0,T ] .

Theorem 1 (Geometric Dynamic Programming Principle) For all t $
T and all family { . ! , ! # A} ( T [t,T ]:

V(t) =

+
,

-
z # Rd+1 : / ! # A s.t. { Z !

t,z (. ! 1 - ) # O
#,$φ

*
V , - - # T[t,T ]}

.
/

0
.

2 We would like to thank the referee for pointing out to us this technical issue.
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Proof See the Appendix. 23

Under our Standing Assumption 1, recall Remark 1, Theorem 1 translates
in terms of the value function v as follows:

Corollary 1 Fix (t, x, y ) # [0, T] ' Rd+1 and a family { . ! , ! # A} ( T [t,T ].
(GDP1): If y > v (t, x ) then there exists ! # A such that

Y !
t,x,y (. ! ) ! v(. ! , X !

t,x (. ! )) and Z !
t,x,y (s 1 . ! ) # O(s 1 . ! ) - s # [t, T ] P " a.s.

(GDP2): If y < v (t, x ), then - ! # A

P
1
Y !

t,x,y (. ! ) > v (. ! , X !
t,x (. ! )) and Z !

t,x,y (s 1 . ! ) # O(s 1 . ! ) - s # [t, T ]
2

< 1 .

Proof If y > v (t, x ) then (x, y) # V (t), by Remark 1. Applying Theorem 1,
this implies that there exists ! # A such that

Z !
t,x,y (. ! 1 - ) # O

#,$φ

*
V - - # T[t,T ].

Recalling that (x �, y�) # V (t �) implies that y� ! v(t �, x �), Remark 1, the above
combined with Standing Assumption 3 implies (GDP1).

If y < v (t, x ) then (x, y) /# V (t), by Remark 1. In particular, Theorem 1
implies that we can not Þnd ! # A such that

Z !
t,x,y (. ! 1 - ) # O

#,$φ

*
V - - # T[t,T ].

This implies that we can not Þnd ! # A such that

Z !
t,x,y (. ! 1 s) # O

s,$φ

*
V - s # [t, T ] P " a.s.

Again we conclude by using Remark 1. 23

3 PDE characterization in the abstract model

Our main result is a direct PDE characterization of the risk constraint based
pricing function v.

3.1 Heuristic derivation

Before to state our main result rigorously, let us Þrst explain heuristically how
it can be deduced from Corollary 1.
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3.1.1 Interior of the domain

In the case whereO(t) = Rd+1 for all t < T and ( X = ( Y = 0, it is shown in
[6] and [23] that v should (in a suitable sense) solve on [0, T) ' Rd

sup
$

F u &
á, v, $t v, Dv, D 2v

'
, u # N 0(á, v, Dv)

%
= 0 (5)

where, for / = ( x, y, r, p, Q) # Rd ' R ' R ' Rd ' Sd, u # U, and 0 ! 0,

F u (/ ) := µY (x, y, u) " r " p�µX (x, u) "
1
2

Tr
!
) X ) �

X (x, u)Q
"

,

N%(/ ) := { u # U : |N u (x, y, p)| $ 0}

with N u (x, y, p) := ) Y (x, y, u) " ) X (x, u)�p . (6)

The reasoning behind the above result is the following. Ify = v(t, x ), if the
inÞmum in the deÞnition of v is achieved, and ifv is smooth, then Theorem
1 implies that there exists ' # U such that, with ! = ( ', 0), dY!

t,x,y (t) !

dv(t, X !
t,x (t)). Formally, this implies that ' t should thus be such that the

volatility terms equal ) Y (X !
t,x (t), Y !

t,x,y (t), ' t ) = ) X (X !
t,x (t), ' t )�Dv(t, X !

t,x (t))

and the drift terms satisfy µY (X !
t,x (t), Y !

t,x,y (t), ' t ) ! L " t

X v(t, X !
t,x (t)) where,

for a smooth function %and u # U,

L u
X %:= $t %+ D%�µX (á, u) +

1
2

Tr
!
) X ) �

X (á, u)D 2%
"

.

Since (X !
t,x (t), Y !

t,x,y (t)) = ( x, y) = ( x, v(t, x )), this imposes that the left-hand
side of (5) is non-negative. On the other hand, the ÒoptimalityÓ ofv should
lead to equality in (5).

In our situation where ( X , ( Y ,= 0, one can also use the bounded variation
processL in the dynamics (1) to insure that dY!

t,x,y (t) ! dv(t, X !
t,x (t)). It suf-

Þces to Þnd a direction" # 1 + := [0 , & )d0B1(0) such that G&(x, y, Dv (t, x )) >
0, where

G&(x, y, p) :=
&
( Y (x, y)� " p�( X (x)

'
" ,

and to Òpush in this directionÓ. This corresponds to reßecting the process
(s, X (s), Y (s)) s on the boundary of the set { (t �, x �, y�) : y� ! v(t �, x �)} .
Assuming v smooth enough, it is possible only if such a" exists.

It thus follows that v should satisfy either (5) or G&(x, v(t, x ), Dv(t, x )) > 0
for some" # 1 +, i.e., at least,

H0(x, v(t, x ), $t v(t, x ), Dv(t, x ), D 2v(t, x )) ! 0 (7)

where, for / = ( x, y, r, p, Q) # Rd ' R ' R ' Rd ' Sd, and 0 ! 0,

H%(/ ) := max { F%(/ ) , G(/ )}

with

F%(/ ) := sup { F u (/ ), u # N %(/ )}

G(/ ) := max
$&

( Y (x, y)� " p�( X (x)
'

", " # 1 +

%
.



Generalized target approach for pricing and partial hedging 11

3.1.2 Space boundary

We also have to take care of the state constraint (X, Y ) # O. To this purpose,
we shall assume that the set

D := { (t, x, y ) # [0, T] ' Rd+1 : (x, y) # O(t)} . (8)

is smooth enough:

Standing Assumption 5: There exists a locallyC1,2 function 2 on [0, T)'
Rd+1 such that 2 > 0 in int( D ), 2 = 0 on $0D := $D 0 ([0, T) ' Rd+1), and
2 < 0 on ([0, T) ' Rd+1) \ D .

For ( t, x ) such that ( t, x, y ) = ( t, x, v (t, x )) # $0D, we can then follow the
same reasoning as above, taking into account the fact that now, the control
! = ( ', L ) should be such that, at the same time,d2(t, X !

t,x (t), Y !
t,x,y (t)) ! 0

and dY!
t,x,y (t) ! dv(t, X !

t,x (t)). As above, this can be achieved either through
the drift parts, once the Brownian parts are cancelled, or through the bounded
variation process, in the case where a suitable inward direction is available.
This leads to

H in
0 (x, v(t, x ), $t v(t, x ), Dv(t, x ), D 2v(t, x )) ! 0 (9)

where, for / = ( t, x, y, r, p, Q ) # [0, T] ' Rd ' R ' R ' Rd ' Sd, u # U, and
0 ! 0,

H in
% (/ ) := max

$
F in

% (/ ) , Gin(/ )
%

with

F in
% (/ ) := sup

u∈N in
ε

(' )
min{ F u (/ ) , L u

Z 2(t, x, y )}

Gin(/ ) := max
&∈( +

min
$&

( Y (x, y)� " p�( X (t, x )
'

" , D2(t, x, y )�( Z (x, y)"
%

.

and

N in
% (/ ) :=

$
u # N %(/ ) : |D2�) Z (x, y, u)| $ 0

%
,

L u
Z %:= $t %+ D%�µZ (á, u) +

1
2

Tr
!
) Z ) �

Z (á, u)D 2%
"

µZ := ( µ�
X , µY )� , ) Z := [ ) �

X ) Y ]� , ( Z := [ ( �
X ( Y ]�

for %smooth.
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3.1.3 Terminal condition

In order to fully characterize the value function v, it remains to deÞne appro-
priate boundary conditions.

We Þrst note that (x, v(T" , x)) # O(T) can be expressed as

v(T" , x) ! w(x) := inf { y # R : (x, y) # O(T)} .

It follows that v(T" , á) should formally satisfy v(T" , á) ! w.
On the other hand, the fact that v satisÞes (7) imposes a constraint on

v and its gradient through N and G: N0(x, v(t, x ), Dv(t, x )) = 0 or G(t, x,
v(t, x ), Dv(t, x )) ! 0. As usual it should propagate up to the boundary. In
order to take care of this constraint, we follow [6] and introduce the set valued
map

N (x, y, p) :=
$

r # Rd : r = N u (x, y, p) for some u # U
%

, (10)

together with the signed distance function from its complement setN c to the
origin:

R := dist (0, N c) " dist (0, N ) . (11)

Then,

0 # int ( N (x, y, p)) i! R(x, y, p) > 0 . (12)

With these notations, the terminal condition formally reads:

min { v(T" , x) " w(x) , M (x, v(T, x), Dv(T, x)) } = 0 , (13)

where

M (x, v(T, x), Dv(T, x))

:= max { R(x, v(T" , x), Dv(T" , x)) , G(x, v(T" , x), Dv(T" , x)) } .

However, the above expression does not incorporate the part of the state con-
straint that may be imposed on (t, x ). In order to take care of this, we shall
make the following assumption.

Standing Assumption 6: The function 2 admits a locally C1,2 extension
on [0, T] ' Rd+1.

Under the above additional condition, we shall show thatv(T" , á) indeed
satisÞes the constrained boundary condition

min
$

v(T" , x) " w(x) , M in(T, x, v(T" , x), Dv(T" , x))
%

= 0 , (14)

when

(T, x, v(T" , x)) # $DT := { T} '

3

4
5

0<r<T

6

0<%≤r

$O(T " 0)

7

8 , (15)
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where

M in := max { Rin , Gin}

with Rin deÞned asR with N in in place of N and

N in(t, x, y, p)

:= { r # Rd : r = N u (x, y, p) and D2(t, x, y )�) Z (x, y, u) = 0 for some u # U} .

For later use, we set

int( D )T := ( { T} ' O(T)) \ $DT . (16)

3.2 Main results

As in [6], the operatorsF and F in are in general neither upper-semicontinuous
nor lower-semicontinuous and need to be relaxed, i.e. we have to consider their
semi-relaxed upper- and lower-semicontinuous envelopes.

F ∗(/ ) := lim sup
%�0,' �→'

F%(/ �), F∗(/ ) := lim inf
%�0,' �→'

F%(/ �)

H ∗ := max { F ∗, G} , H∗ := max { F∗, G}

and we deÞne similarlyF in∗, F in
∗ , H in∗, H in

∗ from F in, H in as well asR∗, R∗,
Rin∗, Rin

∗ , M in∗, M in
∗ , M ∗, M ∗. For ease of notations, we shall simply write

H∗% for H∗(á, %, $t %, D%, D2%), and use similar notations for all the above
deÞned operators. We shall also writew∗ and w∗ for the lower- and upper-
semicontinuous envelopes ofw.

Remark 4 (i) It follows from the convention sup %= "& that F%(/ ) = "&
wheneverN%(x, y, q) = %.

(ii) Since F%is non-decreasing in0 ! 0, we haveH∗(/ ) = lim inf ' �→' H0(/ �).
In particular, F∗(/ ) > "& implies that there exists a neighborhood of/ on
which N0 ,= %.

(iii) The same reasoning holds forF in.

Since the value function v may not be continuous, we also introduce the
corresponding semicontinuous envelopes:

v∗(t, x ) := lim inf
( t�, x� ) → ( t, x)

( t�, x� ) ∈ DY

v(t �, x �) , v∗(t, x ) := lim sup
( t�, x� ) → ( t, x)

( t�, x� ) ∈ DY

v(t �, x �) , (t, x ) # øDY ,

(17)
whereDY is deÞned as in Standing Assumption 2 andøDY denotes its closure.

Before to state our main results, we need to introduce the following conti-
nuity assumption, compare with Assumption 2.1 in [6], which will be used to
prove the sub-solution property.
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Assumption 1 Let (t0, z0, q0) be an element of D ' Rd.
(i) If N0 ,= %on a neighborhood B of (z0, q0), then for every 0 > 0 and

u0 # N 0(z0, q0) there exists a locally Lipschitz map ö' defined on a neighborhood
of B � of (z0, q0) such that |ö' (z0, q0) " u0| $ 0 and ö' # N 0 on B �.

(ii) If N in
0 ,= %on a neighborhood B of (t0, z0, q0), then for every 0 > 0

and u0 # N in
0 (t0, z0, q0) there exists a locally Lipschitz map ö' defined on a

neighborhood of B � of (t0, z0, q0) such that |ö' (t0, z0, q0) " u0| $ 0 and ö' # N in
0

on B �.

Under the above assumption, we shall show thatv is a discontinuous vis-
cosity solution of (7)-(9)-(13)-(14) in the following sense.

Theorem 2 v∗ is a viscosity super-solution on øDY of
9

H ∗%! 0 on øDY 0 ([0, T) ' Rd)
min

$
(%" w∗)1{F ∗)< ∞,G)< 0} , M ∗%

%
! 0 on øDY 0 ({ T} ' Rd)

(18)

If Assumption 1 holds, then v∗ is a viscosity sub-solution on øDY 0 ([0, T] ' Rd)
of

+
::,

::-

H∗%$ 0 if (á, %) # int( D )
H in

∗ %$ 0 if (á, %) # $D
on øDY 0 ([0, T) ' Rd)

min{ %" w∗ , M ∗%} $ 0 if (á, %) # int( D )T

min{ %" w∗ , M in
∗ %} $ 0 if (á, %) # $DT

on øDY 0 ({ T} ' Rd)
(19)

Note that, as usual, the state constraints appear only on the sub-solution
property, see e.g. [19] and [20]. The proof of this result is reported in Sect. 5.

4 Application in optimal book liquidation

In this section, we study an application of our general model to the pricing of
a book liquidation contract under a VWAP (Volume Weighted Average Price)
constraint.

For sake of simplicity, we shall restrict to the case whereW is a one-
dimensional Brownian motion although d ,= 2, which amounts to set part of
the coe"cients equal to 0. We shall also consider time-dependent coe"cients,
which corresponds to adding a component interpreted as time in the process
X and can always be done by suitably choosing the drift parameter.

Moreover, the dynamics will be only controlled by a real valued non-
decreasing processL . We shall therefore only write X L and Y L , and now
consider L as the set of continuous real-valued non-decreasing adapted pro-
cessesL satisfying E

!
L 2

T

"
< & . Still, similar arguments as those used in

Example 3 will lead to the introduction of an additional control in U, see
Proposition 1 below.

The reader interested by optimal liquidation problems can consult the pa-
pers [1], [2], [3], [5], [7] and [18], and the references therein. All of them deal
with optimal liquidation strategies, but none of them is concerned by the pric-
ing of related derivatives.
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4.1 Description of the model

The optimal book liquidation problem is the following. A Þnancial agent asks
a broker to sell on the market a total of K > 0 stocks on a time interval [0, T].
The broker takes the engagement that he will guarantee to his client a mean
selling price which corresponds to (at least)3 # (0, 1) times the mean price
of the market, i.e. the observed selling prices weighted by the volume of the
corresponding transactions initiated by all the traders that are acting on the
market on [0, T]. Such contracts are referred to asVWAP guaranteed. The
Þnancial agent pays to the broker a premiumy at time 0.

The cumulated number of stocks sold by the broker on the market since
time 0 is described by a continuous real-valued non-decreasing adapted process
L . Given L # L , the dynamic of the brokerÕs portfolioY L is given by

dYL (t) = X L, 1(t)dLt , Y L (0) = 0

where X L, 1 represents the stockÕs selling price dynamics and is assumed to
solve

dX L, 1(t) = X L, 1(t)µ(t, X L, 1(t))dt + X L, 1(t)) (t, X L, 1(t))dWt

" X L, 1(t)( (t, X L, 1(t))dLt

where µ, ), ( : [0, T] ' R * R are continuous functions satisfying

x # [0, & ) +* x (µ(t, x ), ) (t, x ), ( (t, x )) is uniformly Lipschitz,

uniformly in t # [0, T], (20)

and ( : [0, T] ' R * R+ is C2 in space, uniformly in time.

Note that we allow the trading strategy of the broker to have an impact
on the price dynamics if ( ,= 0.

For sake of simplicity, we model the intensity of all the transactions on the
market (more precisely, of aggressive orders initiated by sellers) by a deter-
ministic non-negative continuous process4, so that

/ (t) :=
# t

0
4(s)ds

denotes the cumulated number of stocks sold on the market since time 0. Then,
the cumulated amount associated to selling orders in the market, denoted by
X L, 2, has the dynamics

dX L, 2(t) = X L, 1(t)4(t)dt , X L, 2(0) = 0 .

To sum up, the liquidation gain of the broker augmented by the premium
y paid at time 0 is then given by y + Y L (T). On the other hand, he has
to deliver to his client at least 3 times the mean selling price of the market
(X L, 2(T)// (T)) multiplied by the number of stocks that have to be sold K .
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In order to accept the contract, a highly risk adverse broker should then ask
for an initial premium y such that

y +
&
Y L (T)/K " 3X L, 2(T)// (T)

'
K ! 0 for someL # L s.t. L T " L 0 = K,

i.e. which a.s. compensates the loss made if the mean selling price of the market
is not matched.

In practice, it is clear that the above problem does not make sense and
needs to be relaxed. We shall therefore consider problems of the form

Find the minimal y s.t., for someL # L with L 0 = 0 ,

L T = K and E
!
"

&
y +

!
Y L (T)/K " 3X L, 2(T)// (T)

"
K

'"
! p ,

for p # R and " : R * R non-decreasing.

Moreover, practitioners typically impose bounds on the cumulated number
of sold stocksX L, 3 := L " L 0. We shall therefore restrict to strategiesL # L
such that

X L, 3(s) # [+(s), +(s)] for all s $ T ,

where + and + are assumed here to beC1 deterministic functions such that

+ < ø+ on [0, T) .

Remark 5 Up to an obvious change of variables, the initial premium y can
be incorporated in the initial condition Y(0) of Y . Similarly, the constant
3K// (T) can be simply written 3 > 0 up to a change of variable. It follows
that the above problem could be alternatively written as

Find the minimal Y L (0) s.t., for some L # L with L 0 = 0 ,

X L, 3
T = K, X L, 3(s) # [+(s), +(s)] for all s $ T ,

and E
!
"

&
Y L (T) " 3X L, 2(T)

'"
! p ,

with 3 > 0.

4.2 Value function and problem reduction

In order to deÞne the associated value function, we now extend the above dy-
namics to arbitrary initial conditions. Given L # L , we setX L := ( X L, 1, X L, 2,
X L, 3). We write Z L

t,x,y = ( X L
t,x , Y L

t,x,y ) the corresponding processes satisfying
the initial condition Z L

t,x,y (t) = ( x, y).
In the following, we restrict to initial conditions y ! 0 andx = ( x1, x2, x3) #

(0, & ) ' [0, & )2 to be consistent with the fact that the above quantities should
be non-negative and that the processX L, 1 takes positive values ifX L, 1(0) > 0.
In order to simplify our analysis, we make the following assumption:

+(T) = +(T) = K and D+ , D+ # (0, M ] on [0, T] for someM > 0. (21)
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The Þrst condition allows us to impose the constraintX 3,L (T) = K via the
simpler one X 3,L # [+, +], while the assumption on the right-hand side will
be used in the proof of Proposition 5 below in order to provide boundary
conditions which will turn easier to handle.

In view of Remark 5 and the left-hand side of (21), the value function
associated to the above stochastic target problem can then be written as

v(t, x, p) := inf { y ! 0 : / L # L s.t. X 3,L
t,x # [+, +] and E

!
# (Z L

t,x,y (T))
"

! p} ,

with # (x, y) = "(y " 3x2) and 3 > 0.

In order to convert the above problem into a stochastic target problem in
the form of the one studied in the previous sections, we use the key argument
of [6] as explained in Example 3. In the following we setA := U ' L , where
U denotes the set of all progressively measurable process' in L 2([0, T] ' & )
taking values in R.

Proposition 1 Assume that " has polynomial growth. Then, for all (t, x, p) #
[0, T] ' (0, & ) ' [0, & )2 ' R,

v(t, x, p) := inf { y ! 0 : A t,x,y,p ,= %},

where A t,x,y,p denotes the set of processes (', L ) # A such that (Z L
t,x,y , P "

t,p ) #
O on [t, T ] with

O :=
$

(x, y, p) # (0, & ) ' [0, & )2 ' R2 : x3 # [+, +]
%

1[0,T )

+
$

(x, y, p) # (0, & ) ' [0, & )2 ' R2 : x3 = K and "(y " 3x2) ! p
%

1{T } ,

and

P"
t,p := p +

# ·

t
' sdWs .

Proof If " has polynomial growth, then it is clear that "(Y L
t,x,y (T)" 3X 2,L

t,x (T)) #
L 2 for all L # L such that X 3,L

t,x (T) $ K . It then su"ces to reproduce the
arguments used in Example 3 or in the proof of Proposition 3.1 in [6]. 23

In the following, we set

DY := { (t, x, p) # [0, T) ' (0, & ) ' [0, & )2 ' R : x3 # [+(t), +(t)]} ,

which is the natural domain on which our problem is stated. It satisÞes the
Standing Assumption 2 under the additional condition (23) below, see Propo-
sition 3 below. In the following, v∗ and v∗ are deÞned as in (17) forDY as
above.

We conclude this section by showing that one can use an equivalent for-
mulation for which the Standing Assumption 4 is satisÞed.
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Remark 6 In this remark, we assume that" has polynomial growth. Fix ( ', L ) #
A t,x,y and Þrst note that (Z L

t,x,y , P "
t,p ) # O implies L T " L t = K " x3, so that

the control L has to beP " a.s. bounded byK . Second, the polynomial growth
condition on ", the uniform bound on L and the fact P"

t,p is a martingale imply
that P"

t,p $ E
!
# (Z L

t,x,y (T)) |F ·
"

$ %(Z L
t,x,y ) on [t, T ] with %(øz) := C(1 + |øz|C )

for someC > 0. It follows that

A t,x,y,p = øA t,x,y,p ,

where øA t,x,y,p denotes the set of processes (', L ) # A such that (Z L
t,x,y , P "

t,p ) #
øO on [t, T ] with

øO := O 0
$

(x, y, p) # (0, & ) ' [0, & )2 ' R2 : %(x, y) ! p
%

.

The stochastic target problem deÞned with øO now satisÞes Standing Assump-
tion 4. Indeed, if L is an adapted continuous and non-decreasing process and
' is a P " a.s. square integrable progressively measurable process such that
(Z L

t,x,y , P "
t,p ) # øO, then L is bounded and the local martingaleP"

t,p is bounded
from above by the process%(Z L

t,x,y ) that is easily seen to be uniformly inte-
grable. It is therefore a submartingale. Then,# (Z L

t,x,y (T)) ! P "
t,p (T) implies

that E
!
# (Z L

t,x,y (T))
"

! p. Since # (Z L
t,x,y (T)) # L 2, the martingale represen-

tation theorem implies that ( Z L
t,x,y , P "̄

t,p ) # øO for some predictable and square
integrable process ø' . The new control (ø', L ) belongs to øA t,x,y,p .

Since the problems deÞned withO and øO are equivalent, the validity of the
Geometric Dynamic Programming Principle for the latter implies its validity
for the former.

4.3 Additional assumptions and a-priori estimates

In the context of the above problem, the sets (N%)% reads

N%%=
$

u # R : |uD p%+ x1)D x 1 %| $ 0
%

and

F∗%= F ∗%= F0%if Dp%,= 0 , (22)

where

F0%:= "L X %"
(x1) )2

2

;
|Dx 1 %/Dp%|2D 2

p%" 2(Dx 1 %/Dp%)D 2
(x 1 ,p)%

<

with
L X %:= $t %+ x1µD x 1 %+ x14D x 2 %+

1
2

(x1) )2D 2
x 1 % .

In order to provide a PDE characterization in terms of the continuous
operator F0 rather than in terms of F ∗ and F∗, we need to ensure thatDp%,= 0
for any test function for v∗ or v∗. Moreover, the proof of a comparison principle
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will require a control of the ratio Dx 1 %/Dp%which appears inF0%. In order
to control the last term, we shall assume from now on that:

" admits right- and left-derivatives,

there exists 5 > 0 s.t. 5$ D−" , D +" $ 5−1 , (23)

and lim
r →∞

D+"(r ) = lim
r →∞

D−"(r ) =: D" (& ) , (24)

where D+ and D− denote the right- and left-derivatives respectively.

The above conditions indeed induce the following controls onv, in which
we use the notatione1 := (1 , 0, 0).

Proposition 2 For all (t, x, p) # øDY and h # (" (x1 1 1), 1)

v(t, x, p) ! max{ v(t, x, p " 5−1|h|) + |h| , v(t, x + he1, p " C(x)|h|)} ,

where

C : [0, & )3 * R+ is a continuous map. (25)

Proof a. We start with the Þrst inequality v(t, x, p) ! v(t, x, p " 5−1|h|) + |h|.
Fix y > v (t, x, p). Then, there exists! = ( ', L ) # A such that (Z L

t,x,y , P "
t,p ) # V

on [t, T ]. Since, by (23), "(r " | h|) ! "(r ) " 5−1|h|, we have

E
1
"

;
Y L

t,x,y (T) " | h| " 3X L, 2
t,x (T)

<2
! p " 5−1|h| .

SinceY L
t,x,y " | h| = Y L

t,x,y −|h | and X L does not depend on the initial value of
Y L , this implies the required result by arbitrariness of y > v (t, x, p) and the
deÞnition of the value function v.

b. Before to prove the second inequality, let us observe that standard com-
putations based on Burkholder-Davis-GundyÕs inequality, GronwallÕs Lemma
and the Lipschitz continuity assumption on our coe"cients imply that there
exists a continuous mapC : [0, & )3 * R+ such that, for all h # [" 1, 1] and
L # L such that |L |T $ K ,

E
! ==#

&
Z L

t,x +he1 ,y (T)
'

" #
&
Z L

t,x,y (T)
' =
=" $ C(x)|h| .

c. We now turn to the second inequalityv(t, x, p) ! v(t, x + he1, p" C(x)|h|).
Fix y > v (t, x, p) and consider ! = ( ', L ) # A such that (Z L

t,x,y , P "
t,p ) # V on

[t, T ]. It follows from b. above that

E
!
#

&
Z L

t,x +he1 ,y (T)
'"

! E
!
#

&
Z L

t,x,y (T)
'"

" C(x)|h| ! p " C(x)|h| .

As above, the required result then follows from the arbitrarinessy > v (t, x, p).
23

The immediate consequence of the above estimates is a control onDx 1 %/Dp%
for test functions of v∗ or v∗.
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Corollary 2 The function v∗ is a viscosity super-solution of

min { Dp%" 5,(Dx 1 %" C(x)Dp%)1x 1 > 0, " Dx 1 %+ C(x)Dp%} = 0 on øDY

(26)
and v∗ is a viscosity sub-solution of

max{" Dp%+ 5,(Dx 1 %" C(x)Dp%)1x 1 > 0, " Dx 1 %+ C(x)Dp%} = 0 on øDY .
(27)

We now provide additional estimates that will be used later on to establish
a comparison principle on the PDE associated tov. We Þrst show that the
conditions (21)-(23) allows us to deduce a classical growth condition onv.

Proposition 3 There exists 6 > 0 such that

0 $ v(t, x, p) $ 5−1|p " "(0)| + 36(1 + |x|) for all (t, x, p) # øDY . (28)

Proof DeÞneL := max { x3, +} , which belongs to L by (21). Then, it follows
from (21) again that X L, 3

t,x (T) = K and X L, 3
t,x # [+, +] on [t, T ]. Moreover,

standard estimates imply

E
!
|X L

t,x (T)|2
" 1

2 $ 6(1 + |x|)

for some6 > 0 which does not depend on (t, x ). In particular, for y > 0, the
above inequality combined with our assumption (23) leads to

E
1
"

;
Y L

t,x,y (T) " 3X L, 2
t,x (T)

<2
! E

1
"

;
y " 3X L, 2

t,x (T)
<2

! 5(y " 36(1 + |x|)) + "(0) .

By choosing y equal to the right-hand side of (28), we obtain the inequality

E
1
"

;
Y L

t,x,y (T) " 3X L, 2
t,x (T)

<2
! p. The required result follows from the deÞ-

nition of v. 23

We Þnally provide suitable boundary conditions forv.

Proposition 4 Fix (t, x, p) # øDY . Then,

v∗(t, 0, x2, x3, p) = v∗(t, 0, x2, x3, p) = # −1(0, x2, x3, p) , (29)

where
# −1(x, p) := inf { y ! 0 : # (x, y) ! p} .

Moreover, for all sequence (tn , xn , pn )n ( DY such that (tn , xn ) * (t, x ) #
[0, T] ' [0, & )3,

lim
n→∞

v∗(tn , xn , pn ) = lim
n→∞

v∗(tn , xn , pn ) = 0 if pn * "& , (30)

lim
n→∞

v∗(tn , xn , pn )/p n = lim
n→∞

v∗(tn , xn , pn )/p n = 1 /D" (& ) if pn * & . (31)
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Proof a. We start with the Þrst assertion. Let ( tn , xn , pn )n be a sequence inDY

that converges to (t, 0, x2, x3, p) and Þx y > # −1(x, p) with x = (0 , x2, x3).
Then, the Lipschitz continuity of the coe"cients implies that X 0

tn,x n
(T) *

(0, x2, x3) P " a.s. and in L q for any q ! 2. Since# is Lipschitz continuous, it
follows that lim n→∞ E

!
# (Z 0

tn,x n,y (T))
"

= # (x, y) > p . Hence,E
!
# (Z 0

tn,x n,y )
"

!
pn for n large enough, and thereforev(tn , xn , pn ) $ y. The arbitrariness of
y thus implies that lim supn→∞ v(tn , xn , pn ) $ # −1(x, p). We next deduce
from the Lipschitz continuity of the coe"cients again that, for any L n # L
such that L n

T $ K and (yn )n≥ such that E
!
# (Z L n

tn,x n,yn
(T))

"
! pn , we have

Z L n

tn,x n,yn
(T) * (0, x2, x3, y) P " a.s. and inL q for any q ! 2, wheneveryn * y.

Hence, limn→∞ E
!
# (Z L n

tn,x n,y (T))
"

= # (x, y) ! p so that y ! # −1(x, p). Tak-
ing yn := v(tn , xn , pn ) + 1 /n with ( tn , xn , pn )n such that v(tn , xn , pn ) *
v∗(t, 0, x2, x3, p) then shows that v∗(t, 0, x2, x3, p) ! # −1(x, p).

b. We now turn to the second assertion. It follows from the following easy
observation. Fix (t, x ) # [0, T) ' (0, & ) ' [0, & )2 such that x3 # [+(t), +(t)].
Then, for L deÞned byL = + + x3 " +(t), one obtains X L, 3

t,x # [+, +] on [t, T ],
recall (21), and p(t, x ) := E

!
#

&
Z L

t,x, 0(T)
'"

> "& . It follows that v(t, x, p) = 0
for p $ p(t, x ), where the function p is clearly locally bounded.

c. We Þnally prove the last assertion. Sincepn * & and, for any strategy
L n # L such that L n

T $ K , Z L n

tn,x n,0(T) is uniformly bounded in any L q, q ! 2,
one hasyn * & wheneverE

!
# (Z L n

tn,x n,yn
(T))

"
! pn for all n. Using (24), one

deduces that, for all 0 > 0, / r %# R such that

# (Z L n

tn,x n,yn
(T)) $ "(r%) + ( D" (& ) + 0)

;
yn + Y L n

tn,x n,0(T) " 3X 2,L n

tn,x n
(T) " r %

<

for n large P " a.s. It follows that

1 $ lim sup
n→∞

E
1
# (Z L n

tn,x n,yn
(T))

2
/p n $ (D" (& ) + 0) lim sup

n→∞
yn /p n .

This implies that lim inf n→∞ v∗(tn , xn , pn )/p n ! 1/ (D" (& ) + 0). Choosing 0
arbitrarily small leads to the required result. On the other hand, for yn :=
pn (D" (& ) " 0)−1 with 0 # (0, D" (& )), we have, by similar arguments,

# (Z 0
tn,x n,yn

(T)) /p n * D" (& )(D" (& ) " 0)−1 > 1

so that

lim inf
n→∞

E
!
# (Z 0

tn,x n,yn
(T))

"
/p n > 1

and thereforev(tn , xn , pn ) $ pn (D" (& ) " 0)−1 for n large enough. This implies
that lim sup n→∞ v∗(tn , xn , pn )/p n $ (D" (& ) " 0)−1, which yields the required
result by arbitrariness of 0 > 0. 23
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4.4 PDE characterization

We can now provide the main results of this section. We Þrst report the PDE
characterization of v.

Proposition 5 The functions v∗ is a viscosity supersolution on DY of

max
$

F0% , x1 + x1(D x 1 %" Dx 3 %
%

= 0 . (32)

The function v∗ is a sub-solution on DY of

min
$

% , max
$

F0% , x1 + x1(D x 1 %" Dx 3 %
%%

= 0 if + < x 3 < +
min

$
% , x1 + (D x 1 %" Dx 3 %

%
= 0 if + = x3

min { % , F0%} = 0 if x3 = + .
(33)

Moreover,

v∗(T, x, p) = v∗(T, x, p) = # −1(x, p) - (x, p) # [0, & )2 ' { K } ' R . (34)

Proof a. We Þrst discuss the PDE characterization. In view of Theorem 2, we
already know that v∗ is a supersolution onDY of

max
$

F ∗% , x1 + x1(D x 1 %" Dx 3 %
%

= 0

and that v∗ is a sub-solution onDY 0 { v∗ > 0} of

max
$

F∗% , x1 + x1(D x 1 %" Dx 3 %
%

= 0 if + < x 3 < +
max

$
min{ F∗% , " D+ } , min{ x1 + x1(D x 1 %" Dx 3 % , 1}

%
= 0 if + = x3

max
$

min{ F∗% , D+} , min{ x1 + x1(D x 1 %" Dx 3 % , " 1}
%

= 0 if x3 = + .

Note that the boundary x2 = 0 does not play any role here since the process
X 2,L is non-decreasing.

Since, by Proposition 2, v is strictly increasing in its p variable, any test
function %such that (t0, x0, p0) achieves a local maximum (resp. minimum) of
v∗ " %(resp. v∗ " %) must then satisfy Dp%(t0, x0, p0) > 0. It follows that F ∗

and F∗ can be replaced byF0, see (22).
In order to simplify the sub-solution property for t < T , it then su"ces to

use the fact that D+ > 0 and D+ > 0 by assumption (21).
b. It remains to prove the boundary condition at T.
b.1. We Þrst discuss the supersolution property atT. Let ( tn , xn , pn )n≥1 be

a sequence inDY , with tn < T for all n, such that (tn , xn , pn ) * (T, x0, p0) #
øDY and v(tn , xn , pn ) * v∗(T, x0, p0). Set yn := v(tn , xn , pn ) + 1 /n and let L n

be such that E [# (Z n (T))] ! pn where Z n = ( X n , Y n ) := ( X L n

tn,x n
, Y L n

tn,x n,yn
).

Since X n, 2(T) = K , we have L n (T) " L n (tn ) = K " x3
n . Since L n is non-

decreasing, this shows that suptn≤t≤T L n (t) " L n (tn ) * 0 in L∞. This implies
that Z n (T) * z0 := ( x0, y0) in any L q, q ! 2. It then follows from the
dominated convergence theorem that

# (z0) " p0 = lim
n→∞

E [# (Z n (T))] " pn ! 0 .
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This shows that v∗(T, x0, p0) ! # −1(x0, p0).
b.2. We Þnally prove the sub-solution property. Let (T, x0, p0) # øDY and %
be a smooth function such that

(T, x0, p0) achieves a strict local maximum ofv∗ " %such that

(v∗ " %)(T, x0, p0) = 0 and %(T, x0, p0) > # −1(x0, p0) . (35)

Let ( tn , xn , pn )n≥1 be a sequence inDY , with tn < T for all n, which con-
verges to (T, x0, p0) and such that v(tn , xn , pn ) * v∗(T, x0, p0). Set yn :=
v(tn , xn , pn ) " 1/n . Since+ and + are C1, there existsL n such that X L n,2

tn,x n
is

reßected on the boundary of [+, +]. It takes the form

dLn
t = 7n

t dt (36)

where 7n is a predictable process satisfying, recall (21),

sup
t∈[tn,T ]

|7n
t | $ sup

n≥1
sup

t∈[tn,T ]

&
D+ (t) 4 D+(t)

'
$ M . (37)

Since%is smooth, we can also deÞne the control

' n := " ) (á, X L n,1
tn,x n

)(Dx 1 %/Dp%)(á, X L n,1
tn,x n

),

recall from the above discussion that we must haveDp% > 0 on a neigh-
borhood of (T, x0, p0). For ease of notations, we write Z n = ( X n , Y n ) :=
(X L n

tn,x n
, Y L n

tn,x n,yn
) and Pn := P" n

tn,pn
.

Let ÷%be deÞned by ÷%(t, x, p) := %(t, x, p)+
5

T " t + 8"
5

8for some8 > 0.
It follows from the identity v(T, á) = # −1 and (35) that

max
({T }×B̄ ε(x 0 ,p0 ))∪([T −%,T]×*B ε(x 0 ,p0 ))

(v∗ " ÷%) := " 9 < 0 ,

for 0 > 0 small enough. Moreover, for0, 8 > 0 small enough, one has

inf
|+ |≤M

&
x17 + F0 ÷%+ ( (x1)7D x 1 ÷%" 7D x 3 ÷%

'
! 0 on [T " 0, T] ' $B%(x0, p0) ,

(38)
since$t ÷%* "& as t * T and 8* 0. We next deÞne the stopping times

. o
n := inf { s ! tn : (s, X n (s), Pn (s)) /# [T " 0, T] ' B%(x0, p0)} ,

. n := inf { s ! tn : |Y n (s) " %(s, X n (s), Pn (s)) | ! 0} 1 . o
n .

Using (36)-(37)-(38), the same arguments as in the proof of Proposition 9
below show that

Y n (. n ) " v (. n , X n (. n ), Pn (. n )) > 0

for n large enough. Recalling that yn = v(tn , xn , pn ) " n−1 < v (tn , xn , pn ),
this is in contradiction with (GDP2) of Corollary 1. 23
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4.5 Heuristic description of the optimal strategy

The rigorous statement of a veriÞcation result is beyond the scope of this
paper. Still we explain here how an optimal strategy could be constructed.

Let us assume that there exists a positive smooth function öv which is a
strong solution of (33) on DY and satisÞes (34). Set

R := { (t, x, p) # DY : F0öv(t, x, p) = 0 } .

Fix (0 , x0, p0) # DY , y0 := öv(0, x0, p0). Assume that we can Þnd (', L ) # A
such that

' = " X L, 1 ,D
x1 v̂

D pv̂ (á, X L , P" ) Leb ' dP on [0, T] (39)

0 =
>T
0 1{(s,X L

s
,P ν

s
)∈R}dLs (40)

(á, X L , P" ) # R ( DY Leb ' dP on [0, T] (41)

where (X L , Y L , P" ) := ( X L
0,x 0

, Y L
0,x 0 ,y 0

, P "
0,p0

). It then follows from ItöoÕs Lemma,
the fact that öv > 0 solves (33) and (39)-(40)-(41) that

Y L
t " öv(t, X L

t , P "
t ) =

# t

0
F0öv(s, X L

s , P"
s )ds +

# T

0
X L, 1

s dLs

+
# t

0
(X L, 1

s ((D x 1 öv)(s, X L
s , P"

s ) " Dx 3 öv(s, X L
s , P"

s ))dLs

"
# t

0
(' sDpöv(s, X L

s , P"
s ) + X L, 1

s ()D x 1 öv)(s, X L
s , P"

s ))dWs

= 0 , t # [0, T] .

Since (34) holds for öv, this implies that # (Y L
T , X L

T ) ! P "
T . By taking expec-

tation, we obtain E
!
# (Y L

T , X L
T )

"
! p. Since X L, 3

T = K by (21)-(41), this
shows that L is optimal, whenever v(0, x0, p0) = öv(0, x0, p0). The latter can
be deduced from a comparison principle, see the next section.

Note that solving (39)-(40)-(41) reduces to prove existence to a multidi-
mensional stochastic di!erential equation reßected on the boundary ofR. This
comes from the fact that the control ' can be identiÞed to a Markovian con-
trol by (39). Existence of a solution requires a minimum of smoothness on the
boundary of the domain, see e.g. [14] and the references therein. The same
argument is actually used in the proof of Proposition 9, see the ÒSecond caseÓ.

Again, a rigorous statement is beyond the scope of this paper. The approx-
imation of the optimal strategy when the system is only observed at discrete
times is also left for further research. Note however that, if öv is strictly increas-
ing in its p-variable and satisÞes öv(t, x, & ) = & and öv(t, x, "& ) = 0, compare
with (30)-(31) and Corollary 2, then the process P" can be recovered from
the observation of Y L and X L . Indeed, the above argument shows that we
should haveY L = öv(á, X L , P" ). Hence, it su"ces to invert the latter function:
P" = öv−1(á, X L , Y L ).
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A formal ÒoptimalÓ strategy in discrete time can be inferred from the
above discussion. At the observation timet, compute Pt := öv−1(t, X L

t−, Y L
t−).

Then, Þnd the minimal 1L t ! 0 such that (assuming it is possible)X L, 3
t #

[+(t), +(t)] and (t, X L
t , Pt ) # R where X L

t− := ( X L, 1
t (1 " ( (t, X L, 1

t )1L t ),
X L, 2

t− , X L, 3
t− + 1L t ). Update Y L

t := Y L
t− + X L

t−1L t .
This requires the computation of the function öv. Note that the comparison

results stated in the following section open the door to the study of determinis-
tic numerical schemes. However, the construction of a monotone and consistent
scheme is made di"cult by the presence of a ratio in the operatorF0. We also
leave this point for further research.

4.6 Comparison principle and uniqueness

In order to complete the characterization of Proposition 5, it remains to pro-
vide a comparison theorem for (32)-(33).

Note that the term Dx 1 %/Dp%which appears in the deÞnition ofF0 can be
shown to be bounded because viscosity super- and sub-solution of (32)-(33)
have to satisfy Dp% ! 5 and |Dx 1 %/Dp%| $ C in the viscosity sense. Still
obtaining a general comparison theorem for the above PDE in an unbounded
domain remains an open question.

In what follows, we shall therefore reduce to a bounded domain by adding
the following condition:

/ öx1 > 0 s.t. µ(á, öx1) = ) (á, öx1) = 0 . (42)

This implies that öx1 is an absorbing point for X L, 1. In particular, it remains
bounded as well asX L, 2 which is bounded by / (T)öx1. In particular, we can
then restrict to the bounded domain

öDY := DY 0
&
[0, T) ' (0, 2öx1) ' [0, 2/ (T)öx1) ' [0, K ] ' R

'
.

For x1 > öx1, the value function v can be easily computed explicitly, since the
problem becomes deterministic, and is continuous:

v(t, x, p) = # −1

?

x1, 3
@

x2 +
# T

t
x14(s)ds

A
" x1(K " x3), x3, p

B

for x1 > öx1 .

(43)
Note that it is not a real limitation for practical applications, since öx1 can be
arbitrary large.

Proposition 6 Assume that (42) holds. Let U (resp. V ) be a non-negative
lower-semicontinuous supersolution of (32) (resp. upper-semicontinuous sub-
solution of (33)) on öDY , such that U and V are continuous in x3. Assume
that

U(t, x, p) ! V (t, x, p) if t = T or x1 # { 0, 2öx1} , (44)
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and that there exists c+ > 0 and c− # R such that

lim sup
(t �,x �,p�)→(t,x, ∞)

V(t �, x �, p�)/p � $ c+ $ lim inf
(t �,y �,p�)→(t,y, ∞)

U(t �, y�, p�)/p � , (45)

lim sup
(t �,x �,p�)→(t,x, −∞)

V(t �, x �, p�) $ c− $ lim inf
(t �,y �,p�)→(t,y, −∞)

U(t �, y�, p�) (46)

- (t, x ) # [0, T) ' [0, & )3. If either U is a viscosity supersolution of (26) on
öDY which is continuous in p, or that V is a viscosity sub-solution of (27) on
öDY which is continuous in p, then

U ! V on öDY .

Before to provide the proof of the above result, we state the following
immediate corollary which shows that the characterization ofv in Proposition
5 is indeed sharp.

Corollary 3 Assume that (42) holds. Then, v is continuous on the closure of
öDY . Moreover, it is the unique non-negative viscosity solution of (32) in the
class of continuous functions that are either super-solutions of (26) or sub-
solutions of (27), and satisfy the boundary conditions (29)-(30)-(31)-(34)-(43).

This follows from Proposition 4, Corollary 2, Proposition 5, Proposition 6
and the following continuity result.

Proposition 7 The function v is continuous in its p and x3 variables, and,
therefore, so are v∗ and v∗.

Proof Since " is non-decreasing, so isv, in the p-variable. It thus su"ces to
show that lim sup|h |→0 v(t, x, p + |h|) $ v(t, x, p). To see this Þxy > v (t, x, p)
and L # L such that Z L

t,x,y # V and E
!
# (Z L

t,x,y (T))
"

> p , which is possible
since" is strictly increasing and y > v (t, x, p). It follows that y ! v(t, x, p + |h|)
for h small enough. Sending|h| * 0 and then y * v(t, x, p) leads to the
required result.

We now turn to the continuity with respect to x3. Fix h # R such that
|h| $ min{ x3 " +(t), +(t) " x3} . Denote e3 := (0 , 0, 1), and let L # L and y ! 0
be such that Z L

t,x,y # V . Then, L T " L t $ K and supt≤s≤T |Z L
t,x, 0| $ c for some

c > 0. Set L h := 1[t,T ]

&
(L " L t + x3 + h) 1 +

'
4 +. Then, Z L h

t,x +he3 ,y # V and

supt≤s≤T |Z L
t,x, 0 " Z L h

t,x +he3 ,0| $ c|h| where c > 0 does not depend on (t, x, p).
This implies that v(t, x + he3, p) $ v(t, x, p)+ c|h|. Similarly, v(t, x, p) $ v(t, x +
he3, p) + c|h|. 23

We conclude with the proof of Proposition 6.

Proof of Proposition 6. We assume thatU is a viscosity supersolution
of (26) which is continuous in p. The case whereV is a viscosity sub-solution
of (27) which is continuous in p is treated similarly. As usual, we argue by
contradiction and assume that there exists (t0, x0, p0) # öDY such that

(V " U)( t0, x0, p0) =: 4 60 > 0 .
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Given : > 0 and 9 > 1, we deÞne÷U- and ÷V by ÷U- (t, x, p) := e. (t+x 3 )U(t, x, p9)
and ÷V(t, x, p) := e. (t+x 3 )V(t, x, p). SinceU is continuous in its p-variable, one
has

sup
D̂ Y

( ÷V " ÷U- ) =: 2 6 ! 260 > 0 , (47)

for : > 0 and 9 > 1 small enough.
1. Note that 6 < & and that

26 = sup
D̂ Y

( ÷V " ÷U- ) = ( ÷V " ÷U- )(öt- , öx- , öp- ) (48)

for some öz- := ( öt- , öx- , öp- ) in the closure of öDY . Indeed, if (tk , xk , pk )k≥1 is
a maximizing sequence, then (tk , xk )k≥1 is bounded and therefore converges
along a subsequence. Ifpk * "& , we obtain a contradiction by appeal-
ing to (46). If pk * & , then lim supk→∞ V(tk , xk , pk )/p k $ c+ < c+9 $
9 lim supk→∞ U(tk , xk , pk 9)/ (pk 9), which also leads to a contradiction. The
fact that the supremum is achieved then follows from the upper-semicontinuity
of ÷V " ÷U- . From now on, we assume that

öx3
- = +(öt- ) (49)

for all 9 > 1 small enough. The case where öx3
- = +(öt- ) (resp. öx3

- # (+(öt- ), +(öt- )))
can be treated similarly by replacing|x3 " y3 " 2|2 in the deÞnition of +n below
by |y3 " x3 " 2|2 (resp. 0).

2. For n ! 1, we now set

/ n : (t, x, y, p, q) +* ÷V (t, x, p) " ÷U- (t, y, q) " +n (t, x, y, p, q)

where

+n (t, x, y, p, q) :=
n
2

&
|p " q|2 + |x1 " y1|2 + |x3 " y3 " 2|2

'

+
1
2

&
|t " öt- |2 + |x3 " öx3

- |4
'

for some2 > 0. Note that, by continuity of V in x3 and (48),

lim
/ →0

inf
n≥1

/ n (öt- , öx- + 2e3, öx- , öp- , öp- ) = 2 6 ,

with e3 := (0 , 0, 1). It follows that

sup
D̂ 2

Y

/ n ! 6 for all n ! 1 , (50)

for 2 > 0 small enough, where

öD 2
Y := { (t, x, y, p, q) # [0, T] ' [0, & )6 ' R2 : (t, x, p), (t, y, q) # öDY , x2 = y2} .
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Moreover, the same arguments as in step 1. above show that there exists
øzn := ( tn , xn , yn , pn , qn ) in the closure of öDY satisfying

/ n (øzn ) = sup
D̂ 2

Y

/ n ! 6 for all n ! 1 . (51)

It then follows from standard arguments, combined with the ones used in step
1. above, see e.g. [10], that

øzn * øz-,/ := ( t-,/ , x-,/ , y-,/ , p-,/ , q-,/ ) in the closure of öD 2
Y as n * & (52)

where

lim
n→∞

n|x1
n " y1

n |2 + n|pn " qn |2 + n|x3
n " y3

n " 2|2 = 0

lim
n→∞

( ÷V " ÷U- )(øzn ) = ( ÷V " ÷U- )(øz-,/ )

and lim
/ →0

(t -,/ , x3
-,/ ) = ( öt- , öx3

- ) , lim
/ →0

( ÷V " ÷U- )(øz-,/ ) = ( ÷V " ÷U- )(öz- ) = 2 6 > 60 .
(53)

Note that, combined with (49), this implies that

x1
-,/ = y1

-,/ , x2
-,/ = y2

-,/ , p-,/ = q-,/ and +(t-,/ ) < y 3
-,/ + 2 = x3

-,/ < +(t-,/ ),(54)

for 2 > 0 small enough.
3. a. Clearly, we cannot have ÷V(t-,/ , x-,/ , p-,/ ) = 0 since ÷U- ! 0 by as-

sumption.
b. We can neither have t-,/ = T since this would imply x3

-,/ = y3
-,/ by

deÞnition of öDY and (21), a contradiction to (54).
c. We can also not havex1

-,/ # { 0, 2öx1} for all 2 > 0 small enough. To see
this assume the contrary and note that the fact that U is a supersolution of
(26) implies that it is non-decreasing in p. First assume that q-,/ ! 0 for all
9 > 1 small enough. Since9 > 1, it then follows from the upper-semicontinuity
of V," U and from (54) that V (t-,/ , x-,/ , p-,/ ) " U(t-,/ , y-,/ , 9q-,/ ) $ (V "
U)( t-,/ , x-,/ , p-,/ )+ O(2). Recalling (44) and the deÞnition of (÷V , ÷U- ), we obtain
÷V(t-,/ , x-,/ , p-,/ ) " ÷U- (t-,/ , y-,/ , q-,/ ) $ O(2) < 6 0 for 2 small enough whenever
x1

-,/ # { 0, 2öx1} , a contradiction to (53).
Now assume that p-,/ < 0 for all 9 > 1 small enough. Then (46), the

fact that ( t -,/ , x-,/ ) takes values in a compact set and the deÞnition of6 !
60 > 0 imply that |p-,/ | $ ; for some ; > 0 which does not depend on9
or 2. In particular, as 9 * 1, (t -,/ , x-,/ , y-,/ , p-,/ , q-,/ )-> 1 converges to some
(t1,/ , x1,/ , y1,/ , p1,/ , q1,/ ) such that x1

1,/ # { 0, 2öx1} , (54) holds at the limit 9 = 1,
and lim sup- →1( ÷V (t-,/ , x-,/ , p-,/ ) " ÷U- (t-,/ , y-,/ , q-,/ )) $ ÷V (t1,/ , x1,/ , p1,/ ) "
÷U1(t1,/ , x1,/ " 2e3, p1,/ ) $ O(2) by upper-semicontinuity of V , " U, and (44).
This shows that ÷V (t-,/ , x-,/ , p-,/ ) " ÷U- (t-,/ , y-,/ , q-,/ ) < 6 0 < 26 for 9 su"-
ciently close to 1 and2 > 0 small enough, a contradiction to (53).

4. Now observe that, by assumption, ÷U- and ÷V are super and sub-solutions
on öDY of

max
(

:% + ÷F0% , :%+ x1 + x1(D x 1 %" Dx 3 %
)

! 0 (55)
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and

max
(

:% + ÷F0% , :%+ x1 + x1(D x 1 %" Dx 3 %
)

$ 0 if + < x 3 < + & ÷V > 0

(56)
respectively, with

÷F0%:= " $t %" x1µD x 1 %" x14(t)Dx 2 %

"
(x1) )2

2

;
D 2

x 1 %+ |Dx 1 %/Dp%|2D 2
p%" 2(Dx 1 %/Dp%)D 2

(x 1 ,p)%
<

,

and that ÷U- is a viscosity supersolution of

min
$

9−1Dp%" 5 , Dx 1 %" C(x)9−1Dp% , " Dx 1 %+ C(x)9−1Dp%
%

= 0 .
(57)

Let øP+ ÷V and øP− ÷U- denote the super- and subjets of÷V and ÷U- , with
(t, x 2, x3) taken as a Þrst order term. It then follows from IshiiÕs Lemma, see
e.g. [10], that we can Þnd 2-dimensional symmetric matrices (X n , Yn ) # S2
such that

(Dt +n , (Dx +n , Dp+n ), X n )( tn , xn , yn , pn , qn ) # øP+ ÷V(tn , xn , pn )

(" Dt +n , " (Dy +n , Dq+n ), Yn )( tn , xn , yn , pn , qn ) # øP− ÷U- (tn , yn , qn ),

where the super- and subjets are deÞned with (t, x 2, x3) viewed as a Þrst order
term, that satisfy

@
X n 0
0 " Yn

A
$ 3n

@
I " I

" I I

A
(58)

where I denotes the 2-dimensional identity matrix.

We now study two cases:
Case 1. We Þrst assume that

: ÷U- (tn , yn , qn ) + y1
n " y1

n ( (tn , y1
n )Dy1 +n (zn ) + Dy3 +n (zn ) ! 0 ,

along a subsequence. Then, by (51), (52), (54), (56), step 3. and the Lipschitz
of x +* x( (t, x ),

" :6 ! : ( ÷U- (tn , yn , qn ) " ÷V (tn , xn , pn ))

! " (y1
n " x1

n ) + y1
n ( (tn , y1

n )Dy1 +n (zn ) + x1
n ( (tn , x1

n )Dx 1 +n (zn )

" Dy3 +n (zn ) " Dx 3 +n (zn )

! O(n|x1
n " y1

n |2 + |x1
n " y1

n |) + O(|x3
n " öx3

- |) .

It then follows from (52)-(53) that

" :6 ! 0

which leads to a contradiction since6 > 0.



30 B. Bouchard, N.M. Dang

Case 2. We now assume that

: ÷U- (tn , yn , qn ) + y1
n " y1

n ( (tn , y1
n )Dy1 +n (zn ) + Dy3 +n (zn ) < 0 ,

along a subsequence. Then, using (52), (54), (55), (56), step 3. again, we deduce
that

0 $
;

: ÷U- + Dt +n + y1
n µ(tn , y1

n )Dy1 +n + y1
n 4(tn )Dy2 +n

<
(øzn )

"
(y1

n ) (tn , y1
n ))2

2

;
Y 11

n + |An |2 Y 22
n " 2An Y 12

n

<
(59)

and

0 !
;

: ÷V " Dt +n " x1
n µ(tn , x1

n )Dx 1 +n " x1
n 4(tn )Dx 2 +n

<
(øzn )

"
(x1

n ) (tn , x1
n ))2

2

;
X 11

n + |An |2 X 22
n " 2An X 12

n

<
, (60)

where

An :=
" Dy1 +n (øzn )
" Dq+n (øzn )

=
Dx 1 +n (øzn )
Dp+n (øzn )

.

Moreover, the continuity of C, recall (25), and the viscosity supersolution
properties of ÷U- in (57), together with (52), imply that

|An | $ 9−1C(y-,/ ) + 1 (61)

for n large. We now use (58), the Lipschitz continuity of the coe"cients and
(61) to obtain

: ( ÷V " ÷U- )(øzn ) $ n|x1
n µ(tn , x1

n ) " y1
n µ(tn , y1

n )||x1
n " y1

n | + O(|öz- " (tn , xn , pn )|)

+ O
&
(1 + |An |2)|x1

n ) (tn , x1
n ) " y1

n ) (tn , y1
n )|2

'

$ O(n|x1
n " y1

n |2) + O(|öz- " (tn , xn , pn )|) .

Recalling (52)-(53) and sendingn * & and then 2 * 0 then leads to a
contradiction since 6 > 0. 23

5 Proof of the viscosity property in the abstract model

We now provide the proof of Theorem 2. It is divided in several subsections.
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5.1 Viscosity solution property on [0, T)

5.1.1 Super-solution property on [0, T)

We Þrst consider the case (t0, x0) # øDY with t0 < T . The proof follows from
almost exactly the same arguments as in [6]. The only di!erence comes from
the part of the control with bounded variations, however it is easily handled.
We provide it for completeness.

Proposition 8 Let (t0, x0) # øDY , with t0 < T , and let %be a smooth function
such that

(strict) min
[0,T ]×Rd

(v∗ " %) = ( v∗ " %)( t0, x0) = 0 . (62)

Then, H ∗%(t0, x0) ! 0.

Proof We assume to the contrary that

H ∗%(t0, x0) $ " 26 (63)

for some 6 > 0, and work towards a contradiction. It follows from (63) and
the deÞnition of H ∗ that we may Þnd 0 > 0 such that

max
0∈( +

!
( Y (x, y)� " D%(t, x )�( X (x)

"
; $ " 6

µY (x, y, u) " L u %(t, x ) $ " 6 - u # N %(x, y, D%(t, x )) (64)

- (t, x, y ) # [0, T] ' Rd+1 s.t . (t, x ) # B%(t0, x0) 0 øDY , |y " %(t, x )| $ 0 .

For later use, observe that, by (62) and the deÞnition of%,

9 := min
* pB ε(t 0 ,x 0 )

(v∗ " %) > 0 , (65)

where $pB%(t0, x0) denotes the parabolic boundary ofB%(t0, x0).
Let ( tn , xn )n≥1 be a sequence inDY which converges to (t0, x0) and such

that v(tn , xn ) * v∗(t0, x0). Set yn = v(tn , xn ) + n−1 and observe that

3n := yn " %(tn , xn ) * 0 . (66)

For each n ! 1, we have yn > v (tn , xn ). It thus follows from (GDP1) of
Corollary 1, that there exists some! n = ( ' n , L n ) # A such that

Y n (t 1 . n ) ! v(t 1 . n , X n (t 1 . n )) for t ! tn , (67)

where

Z n := ( X n , Y n ) :=
;

X " n

tn,x n
, Y " n

tn,x n,yn

<
and . n := . o

n 1 . 1n ,

with

. o
n := inf

(
s ! tn : (s, X ! n

tn,x n
(s)) /# B%(t0, x0)

)

. 1n := inf
(

s ! tn : |Y ! n

tn,x n,yn
(s) " %(s, X ! n

tn,x n
(s)) | ! 0

)
.
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Let us deÞne

An :=
(

s # [tn , . n ] : µY (Z n (s), ' n
s ) " L " n

s %(s, X n (s)) > " 6
)

, (68)

and observe that (64) implies that the process

<n
s := N " n

(Z n
s , D%(s, X n

s )) satisÞes|<n
s | > 0 for s # An , (69)

recall (6). Since L n # L is continuous, so is the path ofZ n . Using (67), the
deÞnition of 9 in (65) and the deÞnition of . n , thus leads to

Y n (t 1 . n ) ! %(t 1 . n , X n (t 1 . n )) +
&
91{$o

n
=$n} + 01{$o

n
>$ n}

'
1{t=$n}

! %(t 1 . n , X n (t 1 . n )) + ( 9 1 0) 1{t=$n} , t ! tn .

Since%is smooth, it then follows from ItöoÕs Lemma, (64), (66) and the deÞ-
nition of <n that

" (9 1 0) 1{t<$ n} $ K n
t +

# t∧$n

tn
bn

s 1A c
n
(s)ds

+
# t∧$n

tn

!
( �

Y (Z n (s)) " D%(s, X n (s))�( X (X n (s))
"

dLn
s

$ K n
t , (70)

where

K n
t := 3n " (9 1 0) +

# t∧$n

tn
bn

s 1A n
(s)ds +

# t∧$n

tn
<n

s dWs ,

and

bn
s :=

1
µY (Z n (s), ' n

s ) " L " n

s %(s, X n (s))
2

.

Let M n be the exponential local martingale deÞned byM n
tn = 1 and, for

s ! tn ,

dM n
s = " M n

s

&
bn

s |<n
s |−2(<n

s )�
'

1A n
(s)dWs ,

which is well deÞned by (69), the Lipschitz continuity of the coe"cients and
our deÞnition of the set of admissible controlsU. By ItöoÕs formula and (70),
we see thatM n K n is a local martingale which is bounded from below by the
submartingale " (9 1 0) M n . Then, M n K n is a supermartingale, and it follows
from (70) that

0 = E
!
" (9 1 0) 1{$n<$ n}

"
$ E

!
M n

$n
K n

$n

"
$ 3n " (9 1 0) < 0 ,

for n large enough, recall (66), which leads to a contradiction. 23
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5.1.2 Sub-solution property on [0, T)

We Þrst consider the case where (t0, x0, v∗(t0, x0)) # int( D ). The Þrst part of
the proof is similar to those provided in [6]. The novelty comes from the second
part where we play with the part of the control with bounded variations to
obtain a contradiction.

Proposition 9 Let (t0, x0) # øDY , with t0 < T , and % be a smooth function
such that

(strict) max
D̄ Y

(v∗ " %) = ( v∗ " %)( t0, x0) = 0 . (71)

Assume that (t0, x0, v∗(t0, x0)) # int( D ). Then, H∗%(t0, x0) $ 0.

Proof We assume to the contrary that

(t0, x0, v∗(t0, x0)) # int( D ) and H∗%(t0, x0) ! 26 (72)

for some6 > 0, and work towards a contradiction. For later use note that (72)
implies that, for 0 > 0 small enough,
$

(t, x, y ) # [0, T] ' Rd+1 s.t . (t, x ) # B%(t0, x0), |y " %(t, x )| $ 0
%

( int( D ) .(73)

Also observe that, by (71) and the deÞnition of%,

" 9 := max
* pB ε(t 0 ,x 0 )

(v∗ " %) < 0 . (74)

Moreover, we can Þnd a sequence (tn , xn )n≥1 in DY which converges to (t0, x0)
and such that v(tn , xn ) * v∗(t0, x0). Set yn = v(tn , xn ) " n−1 and observe
that

3n := yn " %(tn , xn ) * 0 . (75)

We now consider two cases.
First case. We Þrst assume that

F∗%(t0, x0) ! 26 . (76)

Then it follows from Assumption 1 and Remark 4 that may Þnd 0 > 0 such
that

µY (á, ö' ) " L "̂ % > 6 (77)

- (t, x, y ) # [0, T] ' Rd+1 s.t . (t, x ) # B%(t0, x0), |y " %(t, x )| $ 0 ,

where ö' is a locally Lipschitz map satisfying

ö' (x, y, D%(t, x )) # N 0(x, y, D%(t, x )) if ( t, x ) # B%(t0, x0) and |y" %(t, x )| $ 0 .
(78)
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We now Þx n large enough so that (tn , xn ) # B%(t0, x0) and let Z n :=
(X n , Y n ) denote the solution of (1) associated to the Markovian control ö! n

and the initial condition Z n (tn ) = ( xn , yn ), where

ö! n = (ö' n , öL n ) := (ö' (á, X n , Y n ), 0) .

We next deÞne the stopping times

. o
n := inf { s ! tn : (s, X n (s)) /# B%(t0, x0)} ,

. n := inf { s ! tn : |Y n (s) " %(s, X n (s)) | ! 0} 1 . o
n .

Note that, by deÞnition of ö! n and (77), Y n " %(á, X n ) is non-decreasing on
[tn , . n ], so that

Y n (. n ) " %(. n , X n (. n )) ! yn " %(tn , xn ) = 3n > " (01 9)/ 2 (79)

for n large enough, recall (75). Since%! v∗ ! v, it follows that

Y n (. n ) " v (. n , X n (. n )) ! 1{$n<$ o
n
} { Y n (. n ) " %(. n , X n (. n )) }

+ 1{$n=$o
n
} { Y n (. o

n ) " v∗ (. o
n , X n (. o

n )) }

= 01{$n<$ o
n
} + 1{$n=$o

n
} { Y n (. o

n ) " v∗ (. o
n , X n (. o

n )) }

! 01{$n<$ o
n
} + 1{$n=$o

n
} { Y n (. o

n ) + 9 " %(. o
n , X n (. o

n )) }

! 01 9 + 1{$n=$o
n
} { Y n (. o

n ) " %(. o, X n (. o
n )) } .

In view of (79), this leads to

Y n (. n ) " v (. n , X n (. n )) ! (01 9)/ 2

for n large enough. Recalling (73) and the fact thatyn = v(tn , xn ) " n−1 <
v(tn , xn ), this is clearly in contradiction with (GDP2) of Corollary 1.

Second case.If (76) does not hold, then it follows from (72) that we can
Þnd ö" # 1 + such that, for 0 > 0 small enough,

!
( �

Y " D%�( X
" ö" > 6 (80)

- (t, x, y ) # [0, T] ' Rd+1 s.t . (t, x ) # B%(t0, x0), |y " %(t, x )| $ 0 . (81)

Set On := { (t, x, y ) : ( t, x ) # B2%(t0, x0) , |y " %(t, x )| < 20 , y " %(t, x ) >
"| 3n |} . It follows from (80) that we can Þnd r > 0 such that

6

0≤1≤r

B1r (( t, x, y ) " * ö3(t, x, y )) ( Oc
n for all ( t, x, y ) # $On satisfying (81) ,

where ö3(t, x, y )� := (0 , ( X (x), ( �
Y (x, y)) ö". Given u # U, we thus deduce from

Theorem 4.8 of [14] and the assumption made on our coe"cients, that there ex-
ists an adapted processZ n = ( X n , Y n ) and a continuous real-valued adapted
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non-decreasing processM n satisfying

X n (s) = xn +
# s

tn
µX (X n (r ), u)dr +

# s

tn
( X (X n (r )) ö" dM n

r

+
# s

tn
) X (X n (r ), u)dWr

Y n (s) = yn +
# s

tn
µY (Z n (r ), u)dr +

# s

tn
( Y (Z n (r ))�ö" dM n

r

+
# s

tn
) Y (Z n (r ), u)�dWr ,

Y n (s 1 . n ) ! %(s 1 . n , X n (s 1 . n )) " 2|3n | for all s ! tn , (82)

where

. o
n := inf { s ! tn : (s, X n (s)) /# B%(t0, x0)} ,

. n := inf { s ! tn : |Y n (s) " %(s, X n (s)) | ! 0} 1 . o
n .

Observe that Z n coincides with the solution of (1) for the control (u, ö"M n ).
In view of (75) and (82), we haveY n (. n ) " %(. n , X n (. n )) ! " 2|3n | > " 0 for
n large enough. Following the arguments after (79) above then leads to the
required contradiction. 23

We now turn to the case where (t0, x0, v∗(t0, x0)) # $D.

Proposition 10 Let (t0, x0) # øDY , with t0 < T , and %be a smooth function
such that

(strict) max
D̄ Y

(v∗ " %) = ( v∗ " %)( t0, x0) = 0 . (83)

Assume that (t0, x0, v∗(t0, x0)) # $D . Then, H in
∗ %(t0, x0) $ 0.

Proof The fact that

(t0, x0, v∗(t0, x0)) # $D and H in
∗ %(t0, x0) ! 26 (84)

for some 6 > 0, leads to a contradiction to (GDP2) of Corollary 1 follows
exactly from the same arguments as in the proof of Proposition 9. We therefore
only sketch the case whereF in

∗ %(t0, x0) ! 26. In this case, it follows from the
deÞnition of F in

∗ and (ii) of Assumption 1, see also Remark 4, that we may
Þnd 0 > 0 such that

min{ µY (á, ö' ) " L "̂ % , L "̂
Z 2} > 6 (85)

- (t, x, y ) # [0, T] ' Rd+1 s.t . (t, x ) # B%(t0, x0), |y " %(t, x )| $ 0 ,

where ö' is a locally Lipschitz map satisfying

ö' (t, x, y ) # N in
0 (t, x, y, D%(t, x )) for ( t, x ) # B%(t0, x0) and |y " %(t, x )| $ 0 .

(86)
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Let ( tn , xn )n≥1 be a sequence inDY which converges to (t0, x0) and such that
v(tn , xn ) * v∗(t0, x0). Set yn = v(tn , xn ) " n−1 and observe that

3n := yn " %(tn , xn ) * 0 . (87)

Let Z n := ( X n , Y n ) denote the solution of (1) associated to the Markovian
control (ö' n , 0) and the initial condition Z n (tn ) = ( xn , yn ), where

ö' n = ö' (á, X n , Y n ) .

We next deÞne the stopping times

. o
n := inf { s ! tn : (s, X n (s)) /# B%(t0, x0)} ,

. n := inf { s ! tn : |Y n (s) " %(s, X n (s)) | ! 0} 1 . o
n .

The same arguments as in the proof of Proposition 9 show that

Y n (. n ) " v (. n , X n (. n )) > 0

for n large enough. Moreover, it follows from (85), (86) and ItöoÕs Lemma that

2(á, X n , Y n ) ! 0 on [tn , . n ] .

Recalling that yn = v(tn , xn ) " n−1 < v (tn , xn ), this is in contradiction with
(GDP2) of Corollary 1. 23

5.2 Viscosity solution property at T

In this part we follow standard arguments which consist in propagating the
boundary condition backward on some small time [T " 0, T] so as to be in
position to repeat the arguments used to derive the viscosity solution property
on [0, T). The arguments being standard, see e.g. [6] or [23], we only sketch
them.

We begin with the super-solution property.

Proposition 11 Fix (T, x0) # øDY , and let %be a smooth function such that

(strict) min
[0,T ]×Rd

(v∗ " %) = ( v∗ " %)(T, x0) = 0 . (88)

Then, M ∗%(T, x0) ! 0. If moreover F ∗%(T, x0) < & and G%(T, x0) < 0, then
%(T, x0) " w∗(x0) ! 0.

Proof The fact that M ∗%(T, x0) ! 0 is deduced from Proposition 8 and
the upper-semicontinuity of M ∗ by standard arguments, see e.g. the proof
of Lemma 5.2 in [22]. We now prove the second assertion. Assume that

F ∗%(T, x0) < & , G%(T, x0) < 0 and %(T, x0) = v∗(T, x0) < w ∗(x0) ,

and let us work towards a contradiction. Since v(T, .) = w by the deÞni-
tion of the problem, there is a constant 6 > 0 such that %" v(T, á) $
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%" w∗ $ " 6 on B%(x0) for some 0 > 0. Since x0 is a strict minimizer,
29 := min x∈*B ε(x 0 ) (v∗(T, x) " %(T, x)) > 0 and it follows that there exists
r > 0 such that v(t, x ) " %(t, x ) ! 9 > 0 for all (t, x ) # [T " r, T ] ' $B%(x0).
Hence,

v(t, x ) " %(t, x ) ! 91 6 > 0 for (t, x ) # ([T " r, T ]' $B%(x0)) ) ({ T}' B%(x0)) .
(89)

Since F ∗%(T, x0) < & and G%(T, x0) < 0, we can assume, after possibly
changing 0 > 0, that

G%(t, x ) $ 0 and µY (x, y, u) " L u
X %(t, x ) $ C for all u # N %(x, y, D%(t, x ))

and (t, x, y ) # [0, T] ' Rd+1 s.t. (t, x ) # B%(T, x0) and |y " %(x)| $ 0

for some constantC > 0. Let ÷%(t, x ) := %(x) "
5

T " t + 0 +
5

0. Then, for
su"ciently small 0 > 0, we have

v " ÷%! 1
2 (9 1 6) > 0 on ([T " 0, T] ' $B%(x0)) ) ({ T} ' B%(x0))

and

G ÷%(t, x ) $ 0 and µY (x, y, u) " L u
X ÷%(t, x ) $ 0 for all u # N %(x, y, D ÷%(t, x ))

(t, x, y ) # [T " 0, T] ' Rd+1 s.t. x # B%(x0) and |y " ÷%(t, x )| $ 0.

By following the arguments in the proof of Proposition 8, the latter inequalities
lead to a contradiction of (GDP1) of Corollary 1. 23

We now turn to the sub-solution property. As in the previous section, we
Þrst consider the case where (t0, x0, v∗(t0, x0)) # int( D )T .

Proposition 12 Let (t0, x0) # øDY , with t0 = T , and %be a smooth function
such that

(strict) max
D̄ Y

(v∗ " %) = ( v∗ " %)( t0, x0) = 0 . (90)

Assume that (T, x0, v∗(T, x0)) # int( D )T . Then,

min { %(T, x0) " w∗(x0) , M ∗%(T, x0)} $ 0.

Proof Assume to the contrary that

min { %(T, x0) " w∗(x0) , M ∗%(T, x0)} =: 26 > 0 .

Let ÷% be deÞned by ÷%(t, x ) := %(t, x ) +
5

T " t + 0 "
5

0 for 0 > 0 small.
Clearly, (T, x0) achieves a strict maximum of v∗ " ÷%, and it follows from the
identity v(T, á) = w(x0), the fact that %(T, x0) " w∗(x0) > 0 and (90) that

max
({T }×B̄ ε(x 0 ))∪([T −%,T]×*B ε(x 0 ))

(v∗ " ÷%) := " 9 < 0 .

Also observe that, the fact that M ∗%(T, x0) > 0, means that

max{ R∗ ÷%(T, x0) , G ÷%(T, x0)} > 0 .
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Since$t ÷%* "& as t * T and 0 * 0, we can Þnd0 > 0 small enough such
that

max{ F∗ ÷%(T, x0) , G ÷%(T, x0)} > 0 .

Moreover, the assumption (T, x0, ÷%(T, x0)) = ( T, x0, v∗(T, x0)) # int( D )T , re-
call (15)-(16), implies that, for 0 > 0 small enough,
$

(t, x, y ) # [0, T) ' Rd+1 s.t . (t, x ) # B%(T, x0), |y " ÷%(t, x )| $ 0
%

( int( D ) .

Following line by line the arguments of Proposition 9 then leads to a contra-
diction to (GDP2) of Corollary 1. 23

We Þnally consider the case (T, x0, v∗(T, x0)) # $DT .

Proposition 13 Let (t0, x0) # øDY , with t0 = T , and %be a smooth function
such that

(strict) max
D̄ Y

(v∗ " %) = ( v∗ " %)( t0, x0) = 0 . (91)

Assume that (T, x0, v∗(T, x0)) # $DT . Then,

min
$

%(T, x0) " w∗(x0) , M in
∗ %(T, x0)

%
$ 0.

Proof The result follows from an obvious combination of the arguments used
in the proofs of Proposition 12 and Proposition 10 above. 23

Appendix: Proof of Theorem 1

For the readerÕs convenience, we provide here the main elements of the proof
of Theorem 1. It follows line by line the arguments in [9], which in turn are
based on [23]. One di!erence is that we formulate our result in terms of a
family of stopping times { . ! , ! # A} ( T [t,T ] and not in terms of a Þxed one
. . This does not change anything, except at the level of notations. Another
one is that their assumption A1 (pasting property) is not ÒformallyÓ satisÞed
by elements ofL . This is however easily handled.

Let t # [0, T] be Þxed. We must show thatV (t) = øV(t) where

øV(t) := { z # Rd+1 : / ! # A s.t { Z !
t,z (- 1 . ! ) # O

#,$φ

*
V for all - # T[t,T ]}} .

In the following, we work on the d-dimensional canonical space endowed
with the Wiener measure P. The Þltration is given by the augmentation
of the rough Þltration generated by W . The canonical path is denoted by
= = ( =t )t∈[0,T ]. We use the notations=s := ( =t∧s)t∈[0,T ] and 2s= := ( =t∨s "
=s)t∈[0,T ], s # [0, T].

We split the proof in several Lemmas.

Lemma 1 V(t) ( øV (t).
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Proof. Fix z # V (t) and ! # A such that Z !
t,z (s) # O(s) for all s # [t, T ]

P " a.s. By the ßow property, we haveZ !
$φ,0(s4 . ! ) # O(s4 . ! ) for all s # [t, T ]

P " a.s., where; := Z !
t,z (. ! ). Hence,

1 = P
1
Z !

$φ,0(s 4 . ! ) # O(s 4 . ! ) | F $φ

2
for all s # [t, T ] P " a.s.

It follows that, for P-a.e. = # & ,

1 = P
1
Z !̃ ω

$φ(2 ),0(2 )(s 4 . ! (=)) # O(s 4 . ! (=))
2

for all s # [t, T ] ,

where ÷! 2 is the map ÷= # & +* ! (=$(2 ), 2$(2 )÷=), with ! viewed as map on& .

Using the right-continuity of Z !̃ ω

$φ(2 ),0(2 ) and Standing Assumption 3, we then

deduce that, for P-a.e. = # & , Z !̃ ω

$φ(2 ),0(2 )(s 4 . ! (=))(÷=) # O(s 4 . ! (=)) for all

s # [. ! (=), T] for P-a.e. ÷= # & . This shows that ; = Z !
t,z (. ! ) # V (. ! ) P " a.s.

Since we already know thatZ !
t,z (- ) # O(- ) for all - # T[t,T ], this shows that

z # øV(t). 23

It remains to prove the opposite inclusion. In the following we equipA =
U ' L with the distance

d(( ', L ), (' �, L �)) := E
C# T

0
|' s " ' �

s|2ds + sup
s≤T

|L s " L �
s|2

D1
2

and denote byBA the induced Borel tribe.

Lemma 2 øV(t) ( V (t).

Proof. We now Þxz # øV(t) and ! = ( ', L ) # A such that, for all - # T[t,T ],

Z !
t,z (- 1 . ! ) # O

#,$φ

*
V . (92)

1. We Þrst work on the event set{ . ! < - } . On this set, we haveZ !
t,z (. ! ) #

V (. ! ) and therefore

(. ! , Z !
t,z (. ! )) # D := { (t, z) # [0, T] ' Rd+1 : z # V (t)} .

Let BD denote the collection of Borel subsets ofD. Applying Lemma 3 below
to the measure induced by (. ! , Z !

t,z (. ! )) on [0, T] ' Rd+1, we can construct a
measurable mapø! : (D, BD) * (A , BA) such that

Z
!̄ ($φ,Z φ

t,z
($φ))

$φ,Z φ

t,z
($φ)

(4) # O(4) for all 4 # T[$φ,T ] .
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BecauseA is a separable metric space, we can then Þnd a progressively measur-
able process! 1 = ( ' 1, L 1) such that ! 1 = ø! (. ! , Z !

t,z (. ! )) on [. ! , T ] Leb' P-a.e.,
see Lemma 2.1 in [23]. We then deÞne

ö! := ! 1[0,$φ) + ( ' 1, L 1 " L 1
$φ + L $φ )1[$φ,T ] .

Since the dynamics ofZ ! 1

$φ,Z φ

t,z
($φ)

only depends on the increments ofL 1 on

[. ! , T ], the above deÞned control satisÞes

Z !̂
$φ,Z φ

t,z
($φ)

(- ) # O(- ) on { . ! < - } .

2. Let ö! be deÞned as above and note that, by (92), we also have

Z !̂
t,z (- ) = Z !

t,z (- ) # O
#,$φ

*
V = O(- ) on { - $ . ! } .

3. Combining the two above steps and recalling our Standing Assumption
4, this shows that z # V (t). 23

It remains to prove the following result which was used in the previous
proof.

Lemma 3 For any probability measure µ on [0, T]' Rd+1, there exists a Borel
measurable function ø! : (D, BD) * (A , BA) such that

ø! (t, z) # A t,z for µ " a.e. (t, z) # D .

Proof. Set B := { (t, z, ! ) # [0, T] ' Rd+1 ' A : ! # A t,z } . It follows from
our Lipschitz continuity assumptions that the map ( t, z, ! ) # [0, T] ' Rd+1 '
A * Z !

t,z (r ) # L 2(& ) is continuous, and therefore Borel measurable, for any
r $ T. Then, for any bounded continuous function f , the map <r

f : (t, z, ! ) #

[0, T] ' Rd+1 ' A * E
1
f (Z !

t,z (r ))
2

is Borel measurable. SinceO(r ) is a Borel
set, the map 1O(r ) is the limit of a sequence of bounded continuous functions
(f n )n≥1. Therefore, <r

1O( r)
= lim n→∞ <r

f n is a Borel function. This implies
that

B r := { (t, z, ! ) # [0, T] ' Rd+1 ' A : <r
1O (t, z, ! ) ! 1}

= { (t, z, ! ) # [0, T] ' Rd+1 ' A : Z !
t,z (r ) # O(r )}

is a Borel set. Appealing to the Standing Assumption 3 and the right-continuity
of Z !

t,z , we then deduce thatB =
E

r ≤T, r ∈Q B r . This shows that B is a Borel
set and therefore an analytic subset of [0, T] ' Rd+1 ' A , see [4].

Applying the Jankov-von Neumann Theorem (see [4] Proposition 7.49), we
then deduce that there exists an analytically measurable functionø! : D * A
such that

ø! (t, z) # A t,z for all ( t, z) # D .

Since an analytically measurable map is also universally measurable, the re-
quired result follows from Lemma 7.27 in [4]. 23
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