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Abstract We consider a singular with state constraints version of the stochas-
tic target problems studied in [22], [23] and more recently [6], among others.
This provides a general framework for the pricing of contingent claims under
risk constraints. Our extended version perfectly suits to market models with
proportional transaction costs and to order book liquidation issues. Our main
result is a direct PDE characterization of the associated pricing function. As
an example of application, we discuss the evaluation of VWAP-guaranteed
type book liquidation contracts, for a general class of risk functions.
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1 Introduction

Stochastic target technics have been originally introduced in mathematical

Pnance by Soner and Touzi [21] in order to provide a PDE characterization of
the super-hedging price of an European claim under gamma constraints.

The classical super-hedging problem takes the general form: Pnd the minimal
Y' (0) such that there exists a control !, in a suitable admissibility set A,
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satisfying Y' (T) ! g(X'(T)) P" a.s., whereg is the payo! function of an
European claim,! stands for the bPnancial strategy,Y' for the wealth process
and X' for the stock price process, which may be inRuenced by the bPnancial
strategy, as in large investor models for instance. In general, such a problem
is treated in mathematical Pnance via the dual formulation approach which
allows one to relate the minimal Y' (0) to a stochastic control problem in
standard form. However, this approach heavily relies on the fact that the
wealth dynamics is linear in the control and that the stocks prices are not
inBuenced by the trading strategy. In particular, it does not apply to large
investor models or to more general dynamics or constraints, such as gamma
constraints. This was the motivation of Soner and Touzi for introducing the
so-called stochastic target approach.

Their main discovery is a dynamic programming principle which is directly
written on the associated stochastic target problem, and therefore does not
appeal to any form of dual formulation, see Theorem 1 below. It turns out
to be su'cient to provide a PDE characterization for the associated value
function. This approach led to a series of papers providing a direct way to
characterize super-hedging prices, see e.qg. [8], [11], [24] and [25].

Up to the recent work of Bouchard, Elie and Touzi [6], this approach was
however limited to super-hedging problems which in turn typically lead to high
prices which are not reasonable in practice, see e.g. [13] and [12]. Apart from
technical improvements, the main result of Bouchard, Elie and Touzi [6] is that
pricing problems under risk constraints of the form: bnd the minimal Y' (0)
such that there exists a control! # A satisfyingE "(Y'(T)" g(X' (T))) ! p,
for some Oloss function® and a threshold p, can actually be treated via
the stochastic target approach of Soner and Touzi [21] and [22]. Fot of the
form "(r) = 1,0 and p # (0,1), one retrieves the quantile hedging prob-
lem of Follmer and Leukert [15]. When" stands for a utility function and
p:=sup{E "(Y'(T)) : Y'(0)= vy, ! #A}, this corresponds to a util-
ity indilerence,pricing problem. More generally, one can treat risk constraints
of the form E # (X' (T),Y'(T)) ! p, for a general class of Orisk functionsO
" #. The success ratio hedging problem of Follmer and Leukert [15] enters
into this framework. Finally, American type constraints can be introduced,
see Bouchard and Vu [9]. This provides a general framework for a direct char-
acterization of risk based prices of contingent contracts.

In Bouchard, Elie and Touzi [6], the authors restrict to dynamics given
by Brownian SDEs in which only the drift and the volatility coe"cients are
controlled. In this paper, we show how their results can be extended to the case
where the dynamics are controlled by processes with bounded variations and
state constraints have to be satisped. This extension is mainly motivated by
the pricing of a VWAP-type ! book liquidation contract, however the domain of
application is vast, in particular it perfectly suits to partial hedging problems
under proportional transaction costs, see Example 3 below.

1 VWAP means Volume Weighted Average Price, see Sect. 4 for a detailed presentation.
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We therefore brst consider a general abstract formulation that could be
used in many dilerent practical situations/models. It is presented in Sect. 2
together with examples of application. The associated general PDE charac-
terization is provided in Sect. 3. The pricing problem of a VWAP-type book
liquidation contract is fully discussed in Sect. 4. The proofs of our abstract
results are collected in Sect. 5.

Notations: We denote by x' the i-th component of a vectorx # RY, which
will always be viewed as a column vector, with transposed vectox ', and
Euclidean norm |x|. The elemente # RY is the i-th unit vector: e{ = 15,
i,j $ d. The set MY is the collection of d-dimensional square matricesM
with coordinates M/ , and norm |M | debPned by viewingM as an element
of R9*d, We denote by SU the subset of elements oVl that are symmetric.
For a subsetO of RY, we denote byd its closure, by int(O) its interior, by
$0 its boundary, and by dist (x, O) the Euclidean distance fromx to O with
the convention dist (x, % = & . We denote by B, (x) the open ball of radius
r> 0 centered atx # RY. If B = [s,t]' Ofors$ tand O ( RY, we write
$,B :=([s,t)" $0O)) ({t}' @) for its parabolic boundary. Given a smooth
function %: (t,x1,...,xx) # R, ' Rk * R, we denote by$%its derivative
with respect to its Prst variable, we write D% and D 2%for the Jacobian and
Hessian matrix with respect to (X1, ..., Xk), and Dy, %and Dfi%the Jacobian
and Hessian matrix with respect to xj, i ! 1. Any inequality or inclusion
involving random variables has to be taken in the a.s. sense. For a process
with bounded variations, we write |L|. to denote its total variation.

2 Abstract formulation and dynamic programming
2.1 The general singular stochastic target problem with state constraints

We brst describe the abstract model. We refer to Sect. 2.2 for examples of
typical dynamics in Pnance, and to Sect. 4 for a full discussion of its application
to the pricing of VWAP-type book liquidation contracts.

From now on, we let (&, F,P) be a probability space supporting a d-
dimensional Brownian motion W, d ! 1, F := (F¢);>o denote the right-
continuous completed bltration generated byW, and T > 0 be a Pnite time
horizon.

The abstract stochastic target problem is debned as follows.

Our set of controls isU 'L , where U stands for the set of all progressively
measurable process in L?([0,T]' &) taking values in a given closed subset
U of RY, and L denotes the set of continuousRY-valued adapted precesses
which are non-decreasing (component by component) and such that " |L |2 <
&.

Fort # [0,T], z:=(xy)# R Rand! :=(,L)#A := U'L , the
controlled processZ,, = (X1, Yx, ) is dePned as theR?" R-valued unique
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strong solution of the stochastic dilerential equation
S S

Xix (8)= X+ px (Xiy (1), )dr+  (x Xy (N))dL,
#s t t
) x (X (), AW,
CoH # 1)
Yixy (8)= y+ t by (Zgyy (1), )dr + t (v (Zixy (1) TdL,
#S

+ ) v (Ziy (0, ) TdW,
t

where (Ux,)x): (xu) # R4 U+*RY" MY, (by,)v):(z,u) # RIHL" U +*
R' RY, (x # C2(RY,MY) and (v # C2(RYIt! RY) are assumed to be Lipschitz
continuous.

Given a family of non-empty Borel subsets QO(t));<t of R4+, the stochas-
tic target problem consists in characterizing the value function

(t,x)# [0, T]" RY+*v(t,x):=inf {y# R : (x,y) # V(t)} , (2)
where the set valued mapV is debPned as
t# [0, T]+* V(1) = {z# R : Ay, = %}, ()
and
Ay, = {! #A : Z,(5)# O(s) -s# L, TIP" as} . (4)

In order to fully characterize the set valued mapV in terms of the value
function v, we shall assume all over this paper the following:

Standing Assumption 1:  For all (t,x) # [0,T]" R%: (x,y) # O(t) and
y'ty. (xy)#0().

Remark 1 1t follows from Standing Assumption 1 and standard comparison
arguments for stochastic dilerential equations that A¢xy + (A txy fory’ ! vy.
In particular, (x,y’) # V(t) whenever (x,y) # V(t) and y’ ! vy, so that V(1)
can be (at least when the inbmum in the debnition ofv is achieved) identiped
to {(x,y)#R%" R : y! v(t,x)}. More precisely, the following holds:

(Xy)#V(@). y! vit,x)andy>v(t,x). (Xy)# V().
In order to give a sense to the following discussions, we also assume that:
Standing Assumption 2: v is locally bounded on®y where
Dy = {(tX)#[0,T)" RY : / y# Rs.t (xy)#O(t)}.

Remark 2 Obviously, the fact that all the relevant quantities take values in
RY is used to save notations. One could without di"culty restrict to the case
where some components oK only take positive values, which is typically the
case for prices of stocks or bonds. By putting to 0 part of the coe"cients, one
can also retrieve situations whereW, L and X do not have the same elective
dimension. One could similarly add a time dependence in the coe"cients, e.g.
by considering the prst component ofX as a time parameter.
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2.2 Examples of application

Before to go further in the general treatment, let us immediately discuss some
typical examples of application that motivate this work (see also Sect. 4 for
an application to optimal book liquidation that will be studied in details).

Example 1 Let us brst consider the case where( ,(v) =0,

Hx (x,u) =diag[x]u , ) x (X, u) = diag[x])

and
Wy (x,y,u) = u'diagx]u, ) v (x,y,u) = u'diag[x])

where diagk] stands for the diagonal matrix with x' as the i-th diagonal
element,p # RY and ) # MY. The dynamics (1) then read, fors # [t, T]:
# S # S
Xix(s)= x+  diag[Xx (r)]pdr +  diag [Xx ()] )dW
#ts t
Yt‘,lx,y (s)=y+ 'r—rdxt,x, (r),
t
where we only write X for X “- and Y" for Y"t becauseX is not a'ected by
the control and Y depends on (L ) only through ' .

Restricting to initial condition x # (0,& )Y, this corresponds to the d-
dimensional Black and Scholes modelX' models the dynamics of a Pnancial
asset, the risk free interest rate is 0, ! stands for the number of units of X
held in a Pnancial portfolio at time t, and Y is the associated wealth process
starting from the initial endowment .

If we now take O of the form:

0

$ %
Ot)=(0,&)"" Rlkr + Lt (Xy)#(0,&)"" R :y! g(x) , t$ T,
for some measurable mam : R * R, the value function can be written as
$ . %
v(t,x) =inf y#R 1 Y, (T)! g(Xix(T)) for some" #U ’

This corresponds to the usual debnition of the super-hedging price of an Eu-
ropean option of payo! function g.
For O of the form

$ d %
om= (xy)#(0,&)"" R :y! gx) , t$T,
this corresponds to the super-hedging price of an American option.

Ezxample 2 Let us now consider a two-dimensional modetl = 2 with the fol-
lowing parameters

Mx (6 u) = XM pg (u) = P, ) ) (xu) = xY) L) ZHxu) = x?)

and
(F00="1, (=1, (v(xy)=(@" %" 1" %),
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wherep # R, ) > 0 and* # (0,1), and the other parameters are equal to 0.
The dynamics (1) then read, fors# [t, T]:
# S # S
Xt%x (s)= x'+ Xt%x (r)pdr + Xt%x (r)dw !
t t
#syoal #s #s
X2h(s)= x2+ i‘f ((rr)) aXg ()" dii+ dL?
# t t,x 4 t t

S S
Yy (s)=y+ (@" F)dLt (1+*)dL?.
t t

This corresponds to the one-dimensional model with proportional transaction
costs studied in [13]. More precisely, there is only one risky asseX ', with
a Black and Scholes type dynamics. When buying or selling this risky asset,
the investor pays a proportional transaction costs* # (0,1). The process
@:= L2" L! stands for the cumulative net amount of money invested in the
risky asset from time 0, i.e.L2 (resp. L}) is the cumulated value of bought
(resp. sold) shares oiX '. Each time a buying or selling operationd# is done,
the investor pays, in money, a proportional transaction cost*d |©|. The wealth
process is described by the two dimensional proces¥ (X?2) where Y models
the evolution of the cash account, andX 2 corresponds to the value of the part
of the portfolio invested in X !, when taking into account the transaction costs.
For O debned fort $ T as

$ %
()(t):(ov&)I R21t<T + 1t:T (Xiy)#(oi&)l R2 . +(y,X)! g(X) '

where
Y X) =y X FX

provides the value in cash of a terminal position ¢, x?) if the value of the stock
is x!, one retrieves the notion of super-hedging price of an European option
with cash delivery, in the Pnancial market model with proportional transaction
costs. Obviously, one can consider similarly markets with more than one risky
asset, see e.g. [8].

Ezxample 8 As shown in [13] and [8], the super-hedging criteria is much too
strict in markets with proportional transaction, as it leads to degenerate strate-
gies of buy-and-hold type which do not reRect the market behavior. It follows
that it should be relaxed by using, for instance, quantile or expected loss ap-
proaches as studied in [15], [16], for frictionless markets.

The loss function pricing approach consists in choosing a non-decreasing
(typically concave) function " : R * R and dePningghe price at timet of an
European option of payo! (say with cash delivery) g X{, (T) as\t,x"',0;p)
with &(t, x; p) debned as

%

.3 P& L &
inf y#R:/ L#L st.E " +(Yy (T), Xx(T)" g Xix(T) P p

wherep is a given threshold inRR, and + is debned as in the previous example.
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) & & "
Assuming that , ., (T):= " +(Y (T). X&(T)) " g XL (T) # L for
all initial conditions and control L, the arguments of Proposition 3.1 in [6]
then show that

)
ot x;p)=inf y#R :, L, (T)! X3, (T) for some (L, ) #L'U

with U = R? and #
Xip = p+  'ddwy.
t
" ! "
Indeed, if, {, (T)! X!E’F', (T) then taking expectation leads toE , {, (T)
I' p, while, if pp .= E , tEX’y (T) ! p, then the martingale representation
the(")rem implies that we can bnd' # U such that , tL,X'y (T) = Xt?,jbo(T) !
Xt:,))b (T).
Hence, this last example enters into our general framework with the dy-
namics given in Example 2 and an additional controlled procesX ®" debned
as above.

Ezxample 4 InBuence of the trading strategies can be incorporated in the pre-
vious example without much di"culties. It su"ces to consider more general
models in which the dynamics ofX ' depends onL. It can for instance take

the form
# #

S S
Xpw (8)= x'+  Xgr(Dpdr+ Xy (n)dw !
# S ‘ # St
T X (D(-dL X () (4dLf
t t
with (_,(+ ! 0. In this case, a buying order drives the price up, while a
selling order pushes the price down. Note that constraints on the liquidation
value of the portfolio (X 2&,Y"L) could also be incorporated by playing with

the debnition of O. For instance,
%

o) = $(X,Y)#(0,&)' R? : +(y,x)!" ¢ 01‘6
) #(0,&)" R? 1 +(y,x) ! g(x) L7 t$ T,

means that the liquidation value of the portfolio should never be less thar' c.

2.3 Dynamic programming

We now come back to the abstract problem (2).

In order to provide a PDE characterization of the value function v, we
shall appeal to the geometric dynamic programming principle introduced in
[22] and [23] in the caseO(t) = RI*! for t < T, and extended in [9] in the
general case.

It expresses the fact thatz # V (t) if and only if one is able to bnd a control
I such that Z{, # O(§ 0 V(4 on [, T], i.e. Z;, (s) lies in the domain O(s),
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which is our constraint, and Zt!,Z (s) is such that, starting from this point at
time s, one can bnd a control on §, T] such that the state process remains in
the domainsO(4 on [s, T], i.e. vaz (s) # V(s) by debnition of V.

This heuristic reasoning can be made rigorous under the following right-
continuity assumption:

Standing Assumption 3 . [Right-continuity of the target] For all sequence
(tn,zn)n Of [0, T]' RY*+! such that (tn,z,) * (t,z), we have

th ! thyrandz, # O(ty) - n! 1= z# O(t).

This also requires an extra technical condition that seems to be missing in
[6]*:

Standing Assumption 4:  Fix (t,z) # [0, T]' RYt'. Assume that there
exists aP" a.s. square integrable progressively measurable processwith

values inU and a continuous and non-decreasindk?-valued adapted process
L such that Z,} (s) # O(s) for all s# [t, T]P" as. Then, A, = %

Remark 3 Note that the Standing Assumption 4 concerns the integrability
condition on (', L ). As stated, (', L ) may not belong to A because the square
integrability condition is not satisped a-priori. However, the Standing Assump-
tion 4 asserts that it should be a-posteriori, after possibly modifying the con-
trols. This may not be the case for the original formulation, but will often
be so for an equivalent formulation (i.e. leading to the same set-valued map
V). We can then apply the Geometric Dynamic Programming Principle stated
below to the equivalent formulation and then deduce it for the original one.

This applies to Example 1 if U is bounded (in which case the assump-
tion is satisbed for the original problem), or if, for instance, g is bounded and
0 belongs toU (in this last case, we can reduce to the situation whereY"
lies in between bxed bounds, and the Itd isometry implies automatically the
square integrability of ' ). The same holds in Example 2 under an appropriate
change of measure, whenevey has polynomial growth, see e.g. the arguments
in Lemma 3.3 in [17]. Cases like in Example 3 in which an additional con-
trolled martingale has to be added will be discussed in the context of our
main example in Section 4. See Remark 6 below.

In the statement below, we denote byT;r | the set of stopping times with
values in , T], for t $ T, and use the notation
#,$
0] V= 0(-) lucs + V() Lgss for .- #Tor).

Theorem 1 (Geometric Dynamic Programming Principle) Forallt $
T and all family {.', ! #A}(T T’

+ .

il #v$¢ /
V(t):_z#RdJrl U #HA s,t‘{Zﬁyz(.!l-)#O V,—-#T[LT]}O .

2 We would like to thank the referee for pointing out to us this technical issue.
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Proof See the Appendix. 2

Under our Standing Assumption 1, recall Remark 1, Theorem 1 translates
in terms of the value function v as follows:

Corollary 1 Fiz (t,x,y) # [0, T]' Rt and a family {.', ! #A}(T LT -
(GDP1): Ify>v(t,X) then there exists ! # A such that

Yiey T VE X G () and Zgyy (s1.')#O(s1.') - s# L, TIP" aus.

(GDP2): Ify<v(t,Xx), then-! #A

1 2
P Yoy (D) >V X (1) and Ziy, (511 ) #O(s1 ) - s#[L,T] < 1.

Proof If y > v (t,x) then (x,y) # V(t), by Remark 1. Applying Theorem 1,
this implies that there exists ! # A such that

#$7
|
Zixy (11)#O V- - # Ty

Recalling that (x’,y’) # V (t’) implies that y’ ! v(t’,x’), Remark 1, the above
combined with Standing Assumption 3 implies (GDP1).

If y <v(t,x)then (x,y) # V(t), by Remark 1. In particular, Theorem 1
implies that we can not bnd! # A such that

#,$
]
Zixy ((11-)#O V- - # Ty

This implies that we can not bnd! # A such that

537

Zt!,x,y (‘1s)#0 V-s#[,T]P" as.

Again we conclude by using Remark 1. 2

3 PDE characterization in the abstract model

Our main result is a direct PDE characterization of the risk constraint based
pricing function v.

3.1 Heuiristic derivation

Before to state our main result rigorously, let us brst explain heuristically how
it can be deduced from Corollary 1.
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8.1.1 Interior of the domain

In the case whereO(t) = RA*+! forall t<T and (x = (v =0, it is shown in
[6] and [23] that v should (in a suitable sense) solve on [@)' RY
! 0,

& ) ] %
sup FY 3v,$v,Dv,D°v , u#Ngy(gv,Dv) =0 (5)
where, for/ =(x,y,r,p,Q)#RY" R' R' RY" S% u#U,and0! 0,
1 ! n
FU( )= my (5 y,u)" 1 plux (x,u)” STr )x)x (XWQ

Nod/ ):= {u# U : IN“(x,y,p)| $ O}
with NY(x,y,p) = ) v (x,y,u) " ) x (x,u)"p. (6)
The reasoning behind the above result is the following. Ify = v(t, x), if the

inbmum in the debnition of v is achieved, and ifv is smooth, then Theorem
1 implies that there exists ' # U such that, with ! = (', 0), dthny (t) !

dv(t,Xt!'X (t)). Formally, this implies that '; should thus be such that the
volatility terms equal ) y (X ¢, (1), Yixy (1),"1) = ) x (X1x (1), ) TDV (L, X ¢ (1))
and the drift terms satisfy py (X (1), Yoxy (1),"¢) 'L xV(t, X{, (1)) where,
for a smooth function %and u # U,

1! "
L% %:= $%+ D%’ ux (4u) + ST Yx ) x (Bu)D%% .

Since (X x (1), Yexy (1) = (X,y) = (X, V(t,x)), this imposes that the left-hand
side of (5) is non-negative. On the other hand, the OoptimalityO o¥ should
lead to equality in (5).

In our situation where (x,(y =0, one can also use the bounded variation
processL in the dynamics (1) to insure that dY,,, (1) ! dv(t, X, (t)). It suf-
Pces to bnd a directior' # 1 , := [0, & )90B;(0) such that G¥x,y, Dv (t,x)) >
0, where & '
G y,p) == (v T pT(x () ",
and to Opush in this directionO. This corresponds to reRecting the process
(s,X(s),Y(s))s on the boundary of the set{(t’,x’,y") : y ! v(t/,x)}.
Assuming v smooth enough, it is possible only if such & exists.

It thus follows that v should satisfy either (5) or G&x, v(t, x), Dv(t,x)) > 0
for some" # 1 ., i.e., at least,

Ho(x, v(t,x), $v(t,x),Dv(t,x),D?v(t,x)) ! O @)
where, for/ =(x,y,r,p,Q)#RY4" R'" R' RY' S% and 0! O,
Hod/ ) := max {Fof/ ), G(/ )}
with

Foll ) :=sup {E/(/ ). u# Nol/ )},

%
G(/)=max  (v(xy) " p(x(x) " "#1, .
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8.1.2 Space boundary

We also have to take care of the state constraintX,Y ) # O. To this purpose,
we shall assume that the set

D := {(t,x,y)#[0,T]" R : (x,y)# O(t)} . (8)

is smooth enough:

Standing Assumption 5:  There exists a locallyC "2 function 2on [0, T)'
RY+1 such that 2 > 0 in int(D), 2=0 on $,D := $D 0 ([0,T) " RI+1), and
2<0o0n(0T)" RITH\D.

For (t,x) such that (t,x,y) = (t,x,v(t,x)) # $,D, we can then follow the
same reasoning as above, taking into account the fact that now, the control
I = (",L) should be such that, at the same time,d2(t, X {, (1), Yo, (1)) ! O
and dY,,, (1) ! dv(t, X, (1). As above, this can be achieved either through
the drift parts, once the Brownian parts are cancelled, or through the bounded
variation process, in the case where a suitable inward direction is available.
This leads to

H P (x, v(t,x), $iv(t, x), Dv(t,x),D2v(t,x)) ! O 9)

where, for/ = (t,x,y,r,p,Q) # [0, T]' RY* R' R' RY" §Y u# U, and
ol o,

. $_, %
HiR(/ ) =max Foa(/ ), G™(/ )

with
Fi(/):= sup min{FY(/), LY2(t,x,y)}
ueNr (') , %
Gin(/ )= max min (vO6y) " P (x(tx) ", D2(t,x,y) (2 (xy)"
and

. $ . %
NG2(/ )= u#Nol ):ID2T) 2 (x,y,u)|$ 0,

1_!
LY %:= $,%+ D% pz(4u)+ ST )z) 5 (4u)D%%

Hz = (g iv) T )z =Dx vl (z =[x (v]IT

for % smooth.
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3.1.8 Terminal condition

In order to fully characterize the value function v, it remains to debne appro-
priate boundary conditions.
We brst note that (x,v(T" ,x)) # O(T) can be expressed as

v(T" ,x)! w(x):=inf {y#R : (x,y) # O(T)} .

It follows that v(T" ,3d should formally satisfy v(T" ,§ ! w.

On the other hand, the fact that v satisbes (7) imposes a constraint on
v and its gradient through N and G: Ng(x,v(t,x),Dv(t,x)) = 0 or G(t, X,
v(t,x), Dv(t,x)) ! 0. As usual it should propagate up to the boundary. In
order to take care of this constraint, we follow [6] and introduce the set valued
map

$ d %
N(Xy,p):= r#R%: r=N"(x,y,p) forsomeu# U (20)

together with the signed distance function from its complement setN ¢ to the
origin:

R := dist (O,N°) " dist (O,N) . (11)
Then,
O#int(N(x,y,p) ! R(x,y,p)> 0. (12)
With these notations, the terminal condition formally reads:
min{v(T" ,x)" w(x), M (x,v(T,x),Dv(T,x))} =0, (13)
where
M (x,v(T,x),Dv(T,Xx))
=max{R(x,v(T" ,x),Dv(T" ,x)), G(x,v(T" ,x),Dv(T" ,x))} .

However, the above expression does not incorporate the part of the state con-
straint that may be imposed on (t,x). In order to take care of this, we shall
make the following assumption.

Standing Assumption 6:  The function 2 admits a locally C2? extension
on [0, T]' RI+I,

Under the above additional condition, we shall show thatv(T" , g indeed
satisbes the constrained boundary condition

min $v(T" )" w(x), MP(T,x, v(T" ,x),Dv(T" ,x))%= 0, (14)
when
3 7
5 6
(T, x,v(T" X)) # $D1 = {T}' 4 $O(T" 08 , (15

0<r<T  0<%<r
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where
M= max{R™, G}
with R™™ debned asR with N in place of N and

N™(t %, y, p)
= {r#RY:r = NY(x,y,p) and D2(t,x,y) ") z (x,y,u) = O for some u # U} .

For later use, we set

int(D)7 := ({T}' O(T))\ $D7 . (16)

3.2 Main results

As in [6], the operatorsF and F ™ are in general neither upper-semicontinuous
nor lower-semicontinuous and need to be relaxed, i.e. we have to consider their
semi-relaxed upper- and lower-semicontinuous envelopes.

F*(/ ):= limsup Fof/ '),F.(/ ):= liminf Fo{/ )
%\0, ’—' %\0," '—'
H* = max{F*,G},H, := max{F,, G}

and we debne similarlyF ", Fin Hin* HI» from Fin, Hi* as well asR*, R,
Rin*, Rin M in* Min M=* M,. For ease of notations, we shall simply write
H.% for H.(4%, %%, D%, %), and use similar notations for all the above
debned operators. We shall also writewv, and w* for the lower- and upper-
semicontinuous envelopes ofv.

Remark 4 (i) It follows from the convention sup %= "& that Fo{/ ) = "&
wheneverNo(x,y,q) = %

(ii) Since Fyis non-decreasing iD! 0, we haveH . (/ ) =liminf . .. Ho(/ ’).
In particular, F.(/ ) > "& implies that there exists a neighborhood of/ on
which Ng = %

(iii) The same reasoning holds forF .

Since the value functionv may not be continuous, we also introduce the
corresponding semicontinuous envelopes:

vo(t, )= liminf  v(t’,x), v¥(t,x) = limsup v(t',x), (t,x) # By ,
(t/,2") — (t, x) (', 2y = (¢, )
(¢',2") € Dy (¢',2") € Dy

17
whereDyv is debned as in Standing Assumption 2 andy, denotes its closure.
Before to state our main results, we need to introduce the following conti-
nuity assumption, compare with Assumption 2.1 in [6], which will be used to
prove the sub-solution property.
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Assumption 1 Let (to, Zo, &) be an element of D' RY.

() If Ng & Y%on a neighborhood B of (g, %), then for every 0 > 0 and
Ug # N (2o, Q) there exists a locally Lipschitz map 0 defined on a neighborhood
of B’ of (zo, %) such that |6(zp, )" Ug|$ 0 and 6# Ny on B'.

(i) If NI = %on a neighborhood B of (to, 2o, %), then for every 0 > 0
and Uy # N [*(to, 2o, Q) there exists a locally Lipschitz map 0 defined on a
neighborhood of B’ of (to, Zo, Q) such that |6(to, Zo, o) " Uo| $ 0 and B # N i»
on B’.

Under the above assumption, we shall show that is a discontinuous vis
cosity solution of (7)-(9)-(13)-(14) in the following sense.

Thegorem 2 V. is a viscosity super-solution on By of
$ H*%! 0 % on By 0 (0, T)" RY
min (%" W)1{F)< Gy 0}, M*% 1 0 on By 0 ({T}' RY)
If Assumption 1 holds, then V* is a viscosity sub-solution on By 0 ([0, T]' RY)
of
+

(18)

i H.%$ 0 if (49 # int(D)
' Hn%e$ 0 if (399 # $D
min{%" w*, M,%4$ 0 if (49 # int(D)+
min{%" w*, M"94$ 0 if (499 # $D+
Note that, as usual, the state constraints appear only on the sub-solution
property, see e.g. [19] and [20]. The proof of this result is reported in Sect. 5.

on By 0 (0, T)" RY
(19)
on By 0 ({T}" RY

4 Application in optimal book liquidation

In this section, we study an application of our general model to the pricing of
a book liquidation contract under a VWAP (Volume Weighted Average Price)
constraint.

For sake of simplicity, we shall restrict to the case whereW is a one-
dimensional Brownian motion although d = 2, which amounts to set part of
the coe'cients equal to 0. We shall also consider time-dependent coe"cients,
which corresponds to adding a component interpreted as time in the process
X and can always be done by suitably choosing the drift parameter.

Moreover, the dynamics will be only controlled by a real valued non-
decreasing procesd.. We shall therefore only write X and Y-, and now
considerL as the set, of ¢ontinuous real-valued non-decreasing adapted pro-
cessesL satisfying IE'L% < & . Still, similar arguments as those used in
Example 3 will lead to the introduction of an additional control in U, see
Proposition 1 below.

The reader interested by optimal liquidation problems can consult the pa-
pers [1], [2], [3], [5], [7] and [18], and the references therein. All of them deal
with optimal liquidation strategies, but none of them is concerned by the pric-
ing of related derivatives.
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4.1 Description of the model

The optimal book liquidation problem is the following. A Pnancial agent asks
a broker to sell on the market a total of K > 0 stocks on a time interval [Q T].
The broker takes the engagement that he will guarantee to his client a mean
selling price which corresponds to (at least)3 # (0, 1) times the mean price
of the market, i.e. the observed selling prices weighted by the volume of the
corresponding transactions initiated by all the traders that are acting on the
market on [0, T]. Such contracts are referred to asVWAP guaranteed. The
Pnancial agent pays to the broker a premiumy at time 0.

The cumulated number of stocks sold by the broker on the market since
time 0 is described by a continuous reaI—vaIlied non-decreasing adapted process
L. Given L # L, the dynamic of the brokerOs portfolior - is given by

dyt @)= X“(t)dL, Y-(©)=0

where X -1 represents the stockOs selling price dynamics and is assumed to
solve

dx bty = XEIp, X B ) dt+ X5 () (X)) dwW,
"XE(X ()L,

where,),( :[0,T]' R* R are continuous functions satisfying

X#[0,&) +* x (U(t,x),) (t,x), ((t,x)) is uniformly Lipschitz,
uniformly in t # [0, T], (20)
and ( :[0,T]" R* R, is C? in space, uniformly in time.

Note that we allow the trading strategy of the broker to have an impact
on the price dynamics if( = 0.

For sake of simplicity, we model the intensity of all the transactions on the
market (more precisely, of aggressive orders initiated by sellers) by a deter-
ministic non-negative continuous processt, so that

# t
/() := 4(s)ds
0

denotes the cumulated number of stocks sold on the market since time 0. Then,
the cumulated amount associated to selling orders in the market, denoted by
X2, has the dynamics

dXb2(t) = XbHt)4(t)dt, X-20)=0 .

To sum up, the liquidation gain of the broker augmented by the premium
y paid at time O is then given by y + Y-(T). On the other hand, he has
to deliver to his client at least 3 times the mean selling price of the market
(X“2(T)/ (T)) multiplied by the number of stocks that have to be sold K .
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In order to accept the contract, a highly risk adverse broker should then ask
for an initial premium y such that

&
y+ YH(T)K " 3XY2(T)// (T) K! OforsomeL #L s.t.Lt" Lg= K,

i.e. which a.s. compensates the loss made if the mean selling price of the market
is not matched.

In practice, it is clear that the above problem does not make sense and
needs to be relaxed. We shall therefore consider problems of the form

Find the minignal y s.t.,, for somelL #L with Ly =0,
Lt =K andE " y+ YLY(T)K " 3XL2(T)/ (T) K ! p,

forp# Rand" :R* R non-decreasing.

Moreover, practitioners typically impose bounds on the cumulated number
of sold stocksX ™3 := L " L. We shall therefore restrict to strategiesL # L
such that

XL 3(s) # [+(s),+(s)] forall s$ T,

where + and + are assumed here to be&! deterministic functions such that
+<Pon[0T).

Remark 5 Up to an obvious change of variables, the initial premiumy can
be incorporated in the initial condition Y (0) of Y. Similarly, the constant
3K// (T) can be simply written 3 > 0 up to a change of variable. It follows
that the above problem could be alternatively written as

Find the minimal Y'(0) s.t., for someL #L with L, =0,
Xk3 =K, X - Z(S) # [+(s),+(s)] forall s$ T,
andE " YL(T)" 3XL%(T) ! p,

with 3 > 0.

4.2 Value function and problem reduction

In order to debne the associated value function, we now extend the above dy-
namics to arbitrary initial conditions. Given L #L,we setX: := (Xt 1, XL 2
XL 3). We write Z},, = (X{, Y, ) the corresponding processes satisfying
the initial condition Z{, (t) = (x,y).

In the following, we restrict to initial conditions y ! 0andx = (x*,x2,x3) #
(0,&)' [0,&)? to be consistent with the fact that the above quantities should
be non-negative and that the proces - ! takes positive values ifX - 1(0) > 0.

In order to simplify our analysis, we make the following assumption:

+(T)= +(T)= K andD+,D+ # (0,M] on [0, T] for someM > 0. (21)



Generalized target approach for pricing and partial hedging 17

The brst condition allows us to impose the constraintX - (T) = K via the

simpler one X 3% # [+, +], while the assumption on the right-hand side will

be used in the proof of Proposition 5 below in order to provide boundary
conditions which will turn easier to handle.

In view of Remark 5 and the left-hand side of (21), the value function
associated to the above stochastic target problem can then be written as

!
v(t,x,p):=inf {y! O :/L#L s.t. XE’;(L #[+,+]and E #(ZtL’ny () ! p},

with #(x,y) = "(y" 3x?)and 3> 0.

In order to convert the above problem into a stochastic target problem in
the form of the one studied in the previous sections, we use the key argument
of [6] as explained in Example 3. In the following we sefA := U 'L , where
U denotes the set of all progressively measurable processin L2([0,T]' &)
taking values in R.

Proposition 1 Assume that" has polynomial growth. Then, for all (t,X,p) #
[0,T]" (0,&)" [0,&)*" R,

v(t,x,p):=inf {y! 0 : Aixyp & %},

where Ayyxyp denotes the set of processes (',L ) # A such that (Ztl,-x,y , Pt':p) #
O on [t, T] with
9

$ 2 2 3 —%
O:= (xvy,p)#(0,&)" [0,&)*" R* : x> # [+,+] 1prT) %
+ (XY,p)#(0,&)" [0,&)*" R* : x3=K and"(y" 3x%)! p 11y,

and ¥
Pip =p+ "sdWs .
t
Proof If " has polynomial growth, then it is clear that "(Yt,Lx,y (m" 3X3;(L () #

L2 for all L # L such that X" (T) $ K. It then su"ces to reproduce the
arguments used in Example 3 or in the proof of Proposition 3.1 in [6]. 2

In the following, we set
Dy == {(tx,p) #[0,T)" (0,&)" [0,&)%" R : x> # [+(t), ()]},

which is the natural domain on which our problem is stated. It satisbes the
Standing Assumption 2 under the additional condition (23) below, see Propo-
sition 3 below. In the following, v, and v* are debned as in (17) foDy as
above.

We conclude this section by showing that one can use an equivalent for-
mulation for which the Standing Assumption 4 is satisbed.
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Remark 6 In this remark, we assume that" has polynomial growth. Fix (,L ) #
Aixy and brst note that (ZtEX’y ,Pt"'p) # OimpliesLt " Ly = K" x3, so that
the control L has to beP" a.s. bounded byK . Second, the polynomial growth
condition on ", the uniform bound on L and the fact Pt"'p is a martingale imply
that P, $ E #(Z5, (T)IF. $ %Z5,)on[t, T]with %®):= C(1+ |8)
for someC > 0. It follows that

At,x,y,p = l@t,x,y,p )

where 4y, denotes the set of processes, [ ) # A such that (2}, ,P,) #

@ on [t, T] with
$ %
@:=00 (X,y,p)#(0,&)" [0,&)%" R? : %Ux,y)! p .

The stochastic target problem dePned with®@ now satispes Standing Assump-
tion 4. Indeed, if L is an adapted continuous and non-decreasing process and
' is aP" a.s. square integrable progressively measurable process such that
(Ztxy +Prp) # @, then L is bounded and the local martingaleP,, is bounded
from above by the procesé’/c(zt'jX’y ) that is easily seen to be uniformly inte-
grable. It is therefore a submartingale. Then,#(Z{,, (T)) ! P, (T) implies
that E #(Z5, (T)) ! p. Since#(ZL,, (T)) # L2, the martingale represen-
tation theorem implies that (Z{,, ,P;,) # @ for some predictable and square
integrable process @The new control (gL ) belongs to 4, .

Since the problems debned wittO and & are equivalent, the validity of the
Geometric Dynamic Programming Principle for the latter implies its validity
for the former.

4.3 Additional assumptions and a-priori estimates

In the context of the above problem, the sets Ngjo, reads
No6= $u #R : |uDp%+ x")D i % $ 0%
and
F.%= F*%= F%if Dp%=0 , (22)
where

1))2 5 5
(Xz)) IDx%/Dp %D ;%" 2(Dx: %/Dp%WD s )%

Fo%:= "L x %"
with
Ly %= 0, 1 0, 1 0, 1 1 22 o
x %0:= $%+ X UD 1%+ X 4D, 2%+ é(x ))'D.%.
In order to provide a PDE characterization in terms of the continuous

operator Fq rather than in terms of F* and F.., we need to ensure thatD ;%= 0
for any test function for v, or v*. Moreover, the proof of a comparison principle
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will require a control of the ratio Dy1%/D,%which appears inFy% In order
to control the last term, we shall assume from now on that:

" admits right- and left-derivatives,
there exists5>0st.5$ D", D" $ 5!, (23)
and lim D*"(r)= lim D~ "(r)=: D"(&), (24)
r—oo [ —o0

whereD ' and D~ denote the right- and left-derivatives respectively.

The above conditions indeed induce the following controls orv, in which
we use the notatione; := (1,0, 0).

Proposition 2 For all (t,X,p) # By and h# (" (x' 1 1),1)
v(t,x,p) ! max{v(t,x,p" 5 'h|)+ |h|, v(t,x + he,,p" C(x)|h])},
where
C:[0,&)** Ry is a continuous map. (25)

Proof a. We start with the Prst inequality v(t,x,p) ! v(t,x,p" 5 'h|)+ |h|.
Fix y > v (t,x, p). Then, there exists! = (',L ) # A suchthat (Z{, ,P;,) # V
on [t, T]. Since, by (23),"(r "| h]) ! "(r)" 5!|h|, we have
1, <2
E " Y5, (M"I h" 3X5AT) ! p" 5h|.

Since Y5y "I hl = Y5, 5 and X' does not depend on the initial value of
YL, this implies the required result by arbitrariness of y > v (t,x, p) and the
dePnition of the value function v.

b. Before to prove the second inequality, let us observe that standard com-
putations based on Burkholder-Davis-GundyOs inequality, GronwallOs Lemma
and the Lipschitz continuity assumption on our coe'cients imply that there
exists a continuous mapC : [0,& )® * R, such that, for all h # [* 1,1] and
L #L suchthat|L|t $ K,

= & L& 2
E F# Zix ihe,y(T) " # Ziyy (T) = $ C(x)|N|.

¢. We now turn to the second inequality v(t,x,p) ! v(t,x+he, p" C(x)|h|).
Fix y > v (t,x,p) and consider! =(',L ) # A such that (Z{,, ,P;,) # V on
[t, T]. It follows from b. above that

P&, P& . .
E# Zixine,y(T) P E# Zg, (T) " C)Ih[! p* C(x)|h] .

As above, the required result then follows from the arbitrarinessy > v (t, x, p).
2

The immediate consequence of the above estimates is a control @n: %/D ,%
for test functions of v* or v,.
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Corollary 2 The function V, is a viscosity super-solution of

min{Dp%" 5,(D,1%" C(X)Dp%1cis0," Dy1%+ C(X)Dp% =0 on By
(26)

and V* is a viscosity sub-solution of

max{" D%+ 5,(Dy:%" C(X)Dp%1y150," Dy1%+ C(X)D% =0 on By .
(27)

We now provide additional estimates that will be used later on to establish
a comparison principle on the PDE associated tov. We brst show that the
conditions (21)-(23) allows us to deduce a classical growth condition on.

Proposition 3 There exists 6 > 0 such that
0% v(t,x,p) $ 5 p" "(0)| + 36(1+ |x|) for all (t,x,p) # By . (28)

Proof DebnelL := max{x3,+}, which belongs toL by (21). Then, it follows
from (21) again that X 5*(T) = K and X # [+,%] on [t, T]. Moreover,
standard estimates imply

! 1
E X (M1 $ 6(1+ |x])

for some6 > 0 which does not depend ont(x). In particular, for y > 0, the
above inequality combined with our assumption (23) leads to

1; <2 1,; <2
E " Y5, (T)" 3X52(T) ' E " y" 3X3%(T)

Xy
I 5(y" 36(1+ |x|))+ "(0).
By choosingy equal to the sight-hand side of (28), we obtain the inequality

E " Yy (T)" 3X3*(T) ! p. The required result follows from the deb-
nition of v. 2

We bnally provide suitable boundary conditions forv.
Proposition 4  Fiz (t,x,p) # By . Then,
V.. (t, 0,x%,x3,p) = v¥(t, 0,x,x3,p) = #1(0,x2,x3,p) , (29)

where
#7x,p):=inf{y! 0 : #(x,y)! p}.
Moreover, for all sequence (tn,Xn,Pn)n ( Dy such that (th,Xn) * (t,x) #
[0,T]" [0,&)%,
lim v.(th,Xn,pn) = lim v*(th,Xn,pn) =0 ifpn *"& ,(30)
n—oo n—oo
lim v, (tn,Xn,Pn)/Pn = M _v*(tn,Xn,Pn)/pn =1/D" (&) if pn *& . (31)
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Proof a. We start with the brst assertion. Let (t,, Xn, pn)n be a sequence iDvy
that converges to (, 0,x2,x3,p) and bxy > # ~1(x, p) with x = (0, x2,x3).
Then, the Lipschitz continuity of the coe"cients implies that XPn,Xn(T) *
(0,x2,x3) P" a.s. and inL9 for any gqd 2. Since# is Lipschitz,continuous it
follows thatlim n o E #(Z0 . ,(T)) = #(x,y) >p.HenceE #(z0 , ) !
pn for n large enough, and thereforev(t,,Xn,pn) $ y. The arbitrariness of
y thus implies that limsup, . V(th,Xn,pn) $ #1(x,p). We next deduce
from the Lipschitz continuity of the coe"ciepts again that, fer any L" # L
such that LT $ K and (yn)n> such that E #(Z\-", , (T)) ! pn, we have
ZE g (M) % (0,x%,x%,y)P" as.andinL%foranyq! 2, whenevery, * .
Hence, limy oo E #(ZL', ,(T)) = #(x,y)! psothaty! #~!(x,p). Tak-
ing Yn = V(th,Xn,pn) + 1/n with (t,,Xn,pn)n such that v(t,,Xn,pn) *
v.(t, 0,x2,x3, p) then shows that v, (t, 0,x2,x3,p) | #~1(x,p).

b. We now turn to the second assertion. It follows from the following easy
observation. Fix (t,x) # [0,T)' (0,&)"' [0,&)? such that x> # [+(t), +(t)].
Then, for L dePned byL =+ % x*" +(t), one obtains X ;* # [+, +] on [t, T],
recall (21), andp(t,x) ;= E # ZtEX, o(T) > "& .lItfollowsthat v(t,x,p) =0
for p$ p(t,x), where the function p is clearly locally bounded.

c. We bnally prove the last assertion. Sincep, * & and, for any strategy
L" #L suchthat L} $ K, Z:" (T)is unifarmly bounded inany L9, q! 2,
one hasy, * & WheneverE'#(Zb:'xmyn(T)) I p, for all n. Using (24), one
deduces that, for all0 > 0, / re.# R such that

; " <
#(ZE sy (TN 8 "9+ (D"(&)+ 0) yn+ Vi o(T)" 3XZ(T)" rog
for n large P" a.s. It follows that
1 B 2
1$ limsupE #(Zthmen(T)) Ipn$ (D"(&)+ O)limsupyn/pn .
n—oo n—oo

This implies that liminf , . V.(th, Xn,pPn)/pn ! 1 (D"(& )+ 0). Choosing0
arbitrarily small leads to the required result. On the other hand, for y, :=
Pn(D"(&)" 0! with 0# (0,D"(&)), we have, by similar arguments,

#(Z0, x,y,(T)/pn * D"(&)D"(&)" 07" > 1

so that

!
liminf E #(Z¢ , , (T)) /pa>1
n—oo ot et
and thereforev(tn,Xn,pn) $ pn (D" (& )" 0)~! for n large enough. This implies
that limsup,,_, . V*(tn, Xn,Pn)/pn $ (D" (& )" 0)~!, which yields the required
result by arbitrariness of 0 > 0. 2
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4.4 PDE characterization

We can now provide the main results of this section. We brst report the PDE
characterization of v.

Proposition 5 The functions V, is a viscosity supersolution on Dy of

$ L %
max Fo% , X' + x}(D ;1 %" D,s% =0 . (32)
The function V* is a sub-solution on Dy of
$ $ %% _
min "% , max Fo%, X+ xH D x1%"oPxs% =0 if +<x3<+
min~ %, X + (D x1%" Dy:% =0 if +=x3 (33)
min{%, % =0 if Xx3=+.

Moreover,
Vo(T,x,p) = V¥(T,x,p) = #7'(x,p) - (x,p) #[0,&)*'{ K}' R. (34)

Proof a. We brst discuss the PDE characterization. In view of Theorem 2, we

already know that v, is a supersolution onDy of
$ %
max F*% , X + x'(D ;1 %" Dy:s% =0

and that v* is a sub-solution onDy 0{v* > 0} of
$ % _
max F.% , X + x'(D x1%" Dyxs% =0if + <xg< +
maxg min{F.% " D+} , min{x* + x'(D 1 %" Dys% , 1}, =0 if + = x*
max min{F,% , D+} , min{x' + xY(D x1%" D4s% ," 1} =0if x3= +.

Note that the boundary x? = 0 does not play any role here since the process
X 2L is non-decreasing.

Since, by Proposition 2,v is strictly increasing in its p variable, any test
function %such that (to, Xo, po) achieves a local maximum (resp. minimum) of
v*" %(resp.v." 9 must then satisfy D,%to, Xo, po) > 0. It follows that F*
and F, can be replaced byF, see (22).

In order to simplify the sub-solution property for t<T , it then su"ces to
use the fact that D+ > 0 and D+ > 0 by assumption (21).

b. It remains to prove the boundary condition at T.

b.1. We brst discuss the supersolution property afl . Let (tn, Xn, Pn)n>1 be
a sequence irDy, with t, <T for all n, such that (tn,Xn,pn) * (T, Xo, Po) #
By and v(tn,Xn,pn) * Vi(T,Xo,Po). S€tyn = V(tn,Xn,pPn)+1/n and let L"
be such that E[#(Z"(T))] ! pn whereZ" = (X", Y") = (X YL 00D,
Since X™%(T) = K, we haveL"(T) " L"(t,) = K " x3. SinceL" is non-
decreasing, this shows that sup ;¢ L"(t)" L"(t;) * 0in L. This implies
that Z"(T) * zy := (Xo,Yo) in any L9, gq! 2. It then follows from the
dominated convergence theorem that

#(2)" po= lim EF#Z (T po! O,
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This shows that v..(T,Xg, po) ! # (X0, Po).
b.2. We Pnally prove the sub-solution property. Let (T, Xq, po) # By and %
be a smooth function such that

(T, Xo, po) achieves a strict local maximum ofv* " %such that
(v*" 99(T,Xo,po) =0 and %T, Xo, Po) > # ~(Xo, Po) - (35)

Let (tn,Xn,Pn)n>1 be a sequence iDy, with t, < T for all n, which con-
verges to (T, Xp,Po) and such that v(t,,xn,pn) * V*(T,Xo,Po). Sety, =
V(th,Xn,Pn)" 1/n. Since+ and + are C!, there existsL" such that Xb&i is
reRected on the boundary of §, +]. It takes the form

dLy = 77dt (36)
where 7" is a predictable process satisfying, recall (21),
& o L}
sup |7{|$ sup sup D+(t)4D+(t) $ M. (37)
teftn,T] n>1teft,,T]

Since%is smooth, we can also debne the control
=) (BX ¢ (D %IDpA(EX L),

recall from the above discussion that we must haveD,% > 0 on a neigh-
borhood of (T, Xq, pg). For ease of notations, we writeZ" = (X", Y") =
XE S Yy yand P = P17 5 5

Let %be debned by4t, x,p) := %t,x,p)+ T" t+ 8  8for some8 > 0.
It follows from the identity v(T,§ = #~! and (35) that

) max (vi" % :="9<0,
({T }xB<(x0,p0))U([T =%, T]x*B = (X0.Po))

for 0 > 0 small enough. Moreover, for0, 8 >0 small enough, one has
& 1
inf  x'7 + Fo%+ ((x})7D,1%" 7D,:% ! Oon[T" O,T]' $BofXo,po) .

l+1<m
(38)
since$%*"& ast* T and 8* 0. We next debne the stopping times

o .
n

inf {s! ty 1 (s,X"(s),P"(s)) #[T" 0, T]" BofXq,Po)},
cpo=inf {st oty D YM(S) " %S, X"(s),P"(s))|! O}1 .7.

Using (36)-(37)-(38), the same arguments as in the proof of Proposition 9
below show that

Y'Cn)" V(n, X"(n),P () >0

for n large enough. Recalling thaty, = v(tn,Xn,pn) " N~' < V(tn, Xn, Pn),
this is in contradiction with (GDP2) of Corollary 1. 2
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4.5 Heuristic description of the optimal strategy

The rigorous statement of a veribcation result is beyond the scope of this
paper. Still we explain here how an optimal strategy could be constructed.

Let us assume that there exists a positive smooth functionvéwhich is a
strong solution of (33) onDy and satisbes (34). Set

R = {(t,x,p) # Dy : Foo(t,x,p)=0}.

Fix (0,Xg,po) # Dy, Yo := &(0, Xq, pg). Assume that we can bnd (L ) # A
such that

C= XLJ%(éXL,P") Leb' dP on [0, T] (39)
>

0= (;rl{(S,X SL,P;)eR}dLs (40)

(8X',P")#R( Dy Leb' dPon[0T] (41)

where X&, Y5, P") == ( Xy, YoL,xo,yoa P(')"po). It then follows from 1t6Os Lemma,
the fact that & > O solves (33) and (39)-(40)-(41) that

#, # 1
Yot X, PO) = Fow(s,Xg, Pg)ds+ X gldLs
0 0
# t
+  (XEN(D ad)(s, X5, Pg) " Dyati(s, X5, P, ))dLs
0
# t

" (" sDpd(s, X&,Pg) + X&t(OD xaB)(s, X&, Pg ) dWs
0
=0,t#[0,T].

Since (34) holds fory§ this implies that #(Y{+,X¥) ! P;. By taking expec-
tation, we obtain E #(Y{+,Xk) | p. SinceXF?® = K by (21)-(41), this
shows that L is optimal, whenever v(0, Xg, py) = &(0, Xo, pg). The latter can
be deduced from a comparison principle, see the next section.

Note that solving (39)-(40)-(41) reduces to prove existence to a multidi-
mensional stochastic dilerential equation reRected on the boundary oR . This
comes from the fact that the control' can be identibed to a Markovian con-
trol by (39). Existence of a solution requires a minimum of smoothness on the
boundary of the domain, see e.g. [14] and the references therein. The same
argument is actually used in the proof of Proposition 9, see the OSecond caseO.

Again, a rigorous statement is beyond the scope of this paper. The approx-
imation of the optimal strategy when the system is only observed at discrete
times is also left for further research. Note however that, ifviis strictly increas-
ing in its p-variable and satisPes/t, x, & ) = & and ¥(t,x, "& ) =0, compare
with (30)-(31) and Corollary 2, then the processP" can be recovered from
the observation of Y- and X'. Indeed, the above argument shows that we
should haveY' = @(§X",P"). Hence, it su"ces to invert the latter function:

P' =@ (X5, YL).
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A formal OoptimalO strategy in discrete time can be inferred from the
above discussion. At the observation timet, compute Py := & 1(t, X -, Y,1).
Then, bPnd the minimal 1L ; ! 0 such that (assuming it is possible)XtL'3 #
[+(t), +(t)] and (t,X\,P) # R where X\ = (X7'@" ((tLXSHIL ),
X2 XE3+ 1L ). Update Y! = Y- + XL 1L .

This requires the computation of the function %. Note that the comparison
results stated in the following section open the door to the study of determinis-
tic numerical schemes. However, the construction of a monotone and consistent
scheme is made di"cult by the presence of a ratio in the operatorF,. We also
leave this point for further research.

4.6 Comparison principle and uniqueness

In order to complete the characterization of Proposition 5, it remains to pro-
vide a comparison theorem for (32)-(33).

Note that the term D:%/D,%which appears in the debnition ofF, can be
shown to be bounded because viscosity super- and sub-solution of (32)-(33)
have to satisfy D,%! 5and |[Dy:%/D,%4 $ C in the viscosity sense. Still
obtaining a general comparison theorem for the above PDE in an unbounded
domain remains an open question.

In what follows, we shall therefore reduce to a bounded domain by adding
the following condition:

/ ®' > 0 st u@n)=)(4%)=0. (42)

This implies that &' is an absorbing point for X - 1. In particular, it remains
bounded as well asX - 2 which is bounded by/ (T)&!. In particular, we can
then restrict to the bounded domain

Oy := Dy O&[O,T)' (0,26")" [0,2/ (T)&')' [0,K]' R .

For x! > %', the value function v can be easily computed explicitly, since the
problem becomes deterministic, and is continuous:

vt,x,p)= #71 x%,3 x2+ x!4(s)ds " x}(K " x3),x3,p for x!> %'
t
(43)
Note that it is not a real limitation for practical applications, since &' can be
arbitrary large.

Proposition 6  Assume that (42) holds. Let U (resp. V) be a non-negative
lower-semicontinuous supersolution of (32) (resp. upper-semicontinuous sub-
solution of (33)) on By, such that U and V are continuous in X3. Assume
that

U, x,p)! V(tx,p)ift=T orx'#{0,26'}, (44)
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and that there exists ¢ > 0 and c_ # R such that

limsup V(' x,p)p’'$c.$ ( lim inf )U(t’,y’,p’)/p’, (45)

(t"x",p")—(tX, o0) ty’.p/)—(ty, oo
limsup V(' x,p)sc_$ liminf u(t’,y’,p) (46)
(t’,X’,p/)%(t,X, 7()0) (t/vylvp/)‘}(tvyv 700)

-(tx)#[0,T)" [0& )3. If either U is a viscosity supersolution of (26) on
I?y which is continuous in P, or that V is a viscosity sub-solution of (27) on
Oy which is continuous in P, then

ut v onlﬁy.

Before to provide the proof of the above result, we state the following
immediate corollary which shows that the characterization ofv in Proposition
5 is indeed sharp.

Corollary 3 Assume that (42) holds. Then, V is continuous on the closure of
Oy . Moreover, it is the unique non-negative viscosity solution of (32) in the

class of continuous functions that are either super-solutions of (26) or sub-
solutions of (27), and satisfy the boundary conditions (29)-(30)-(31)-(34)-(43).

This follows from Proposition 4, Corollary 2, Proposition 5, Proposition 6
and the following continuity result.

Proposition 7 The function V is continuous in its p and X3 variables, and,
therefore, so are V, and V*.

Proof Since" is non-decreasing, so iw, in the p-variable. It thus su“ces to
show that limsup o V(t, X, p + [h]) $ y(t, X, p). To see this Pxy > v (t,x, p)
and L # L such that %, # V and E #(Z, (T)) > p, which is possible
since" is strictly increasing andy > v (t,x, p). It follows that y ! v(t,x,p+ |h|)
for h small enough. Sendinglh| * 0 and theny * v(t,x,p) leads to the
required result.

We now turn to the continuity with respect to x3. Fix h # R such that
[h| $ min{x3" +(t),+(t)" x3}. Denotee; :=(0,0,1),and letL #L andy! O
be such thatzZ,, # V&Then, Lt" Lt $ K and sup st 1Z{; ol $ cfor some

c>0.SetL" = 147) (L" Ly+x3+ h)1+ 4+ Then, ZtEX’;he&y # V and

SUP <s<T 1Z{x, 0" Zt%xh+he3,o| $ c|h| wherec > 0 does not depend onf(x, p).
This implies that v(t,x+ hes,p) $ v(t, x, p)+ c|h|. Similarly, v(t,x,p) $ v(t,x+
he;, p) + clhl. 2

We conclude with the proof of Proposition 6.

Proof of Proposition 6.  We assume thatU is a viscosity supersolution
of (26) which is continuous inp. The case whereV is a viscosity sub-solution
of (27) which is continuous in p is treated similarly. As usual, we argue by
contradiction and assume that there exists (g, Xo, po) # By such that

(V " U)(to,Xo, po) = 460 >0.
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Given:> 0and9 > 1, we debndd. and V by U. (t,x, p) := e t>)U(t, x, p9)
and V(t,x,p) := e (‘+X3>V(t, X, p). Since U is continuous in its p-variable, one
has

sup(V " B.)=:261 26,> 0, (47)
5y

for :> 0and9 > 1 small enough.
1. Note that 6 < & and that

26=sup(V" 0.)=(V" 0.)(0, 6 ,p) (48)
Dy

for some = (€,%.,0.) in the closure of By . Indeed, if (t, Xk, P)k>1 IS
a maximizing sequence, then t, Xi)x>: is bounded and therefore converges
along a subsequence. Ipx * "& , we obtain a contradiction by appeal-
ing to (46). If pc * & , then limsup,_, .V (tk, Xk, Px)/Pxk $ ¢ <c,9 %
9lim supy_, o U(tk, Xk, pc9)/ (P 9), which also leads to a contradiction. The
fact that the supremum is achieved then follows from the upper-semicontinuity
of V" U.. From now on, we assume that

0= +(0) (49)

for all 9 > 1 small enough. The case where’s= +(8 ) (resp. ¥’ # (+(£),+(0)))
can be treated similarly by replacing|x3" y3" 2|2 in the debnition of +, below
by ly2" x3" 22 (resp. 0).

2. Forn! 1, we now set
/ n : (t1X1y1 p!q) +* V(t,X, p) " lj— (tvyvq) " +ﬂ(t1 X1y7pvq)
where
— E& " 2 1n 1,2 3n 3n 22‘
+n(t, X, y,p,q) == > P" o+ [x* " y "+ [x*" y |
& N '
T R
2
for some2 > 0. Note that, by continuity of V in x? and (48),

lim inf / ,(8,%. + 26;,%.,p.,0)=26,

/—-0n>1
with e3 := (0,0, 1). It follows that

sup/ ! 6foralln! 1, (50)

b3
for 2 > 0 small enough, where

BF == {(tx,y,p.a) # [0, T]' [0,&)5" R*:(t,x,p),(ty,q) # By , x> = y*} .
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Moreover, the same arguments as in step 1. above show that there exists
2, = (tn,Xn,Yn,Pn, h) in the closure of By satisfying

[ n(Bh)=sup/,! 6foralln! 1. (51)
b3
It then follows from standard arguments, combined with the ones used in step
1. above, see e.g. [10], that

m* B, =(t.,,Xy,Y-y,p-s,0, ) inthe closure of [93 asn*& (52)
where
Jim npG " yalf 0" Gl*+npqt yn " 22=0
—00

lim (V" 0.)(zn) = (V" 0.)(2,) (53)
and lim(t., x3) = (0,8%7), lim (V" 0.)(=.,) = (V" U.)(@)=26>6.

Note that, combined with (49), this implies that
xLo=yh o x% =y py =g and () <yd + 2= %3 < +(t.,),(54)

for 2 > 0 small enough.

3. a. Clearly, we cannot haveV (t., ,x., ,p.,) = 0 since U. ! 0 by as-
sumption.

b. We can neither havet., = T since this would imply x3, = y3, by
debnition of ®y and (21), a contradiction to (54).

¢. We can also not havex_l’, #{0,2¢6'} for all 2 > 0 small enough. To see
this assume the contrary and note that the fact that U is a supersolution of
(26) implies that it is non-decreasing in p. First assume thatqg, ! 0 for all
9 > 1 small enough. Sinc&® > 1, it then follows from the upper-semicontinuity
of V," U and from (54) that V(t.; ,x.;,p.; )" U(t.; ,¥.,,9q,) $ (V"
U)(t.; ,X.; ,p-s )+ O(2). Recalling (44) and the dePnition of (v, J. ), we obtain
Vit Xy, py)" G(t),y-s,0,)$ O(2 <6 for 2 small enough whenever
x!, #{0,26'}, a contradiction to (53).

Now assume thatp., < O for all 9 > 1 small enough. Then (46), the
fact that (t., ,x., ) takes values in a compact set and the depnition of !
6y > O imply that |p., | $ ; for some; > 0 which does not depend on9
or 2. In particular, as 9 * 1, (t.; ,X.;,Y-s,pP-s .G, )-> 1 converges to some
(ti/.X1/,Y1/, P10, ) such that x}, #{0,20'}, (54) holds at the limit 9 =1,
and limsup. _(V(t.; , Xy ,p-y) " O.(t;,y-s,0,)) $ V(ts,Xi/,p1s) "
Oi(ty, X1y " 265, p1s) $ O(2) by upper-semicontinuity of V, " U, and (44).
This shows that V(t.; ,x.; , p.; )" O.(t.,,y., ,q,) < 6, < 26 for 9 su"-
ciently close to 1 and2 > 0 small enough, a contradiction to (53).

4. Now observe that, by assumption,U. and ¥ are super and sub-solutions
on By of

( )
max % + Fy% , %+ x' + x'(D .1 %" Dys% ! 0 (55)
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and

max % + Fy% , %+ x'+ x1(D 1 %" D% $0if+<x3<+ & V>0
(56)
respectively, with
Fo%:= " $%" X'pD 1 %" x'4(t)D,2%

112 5 <
’ (x2)) D71 %+ [Dy1%/Dp%°D %" 2(Dy: %/Dp%D 2% 5%

and that U. is a viscosity supersolution of

$ %
min 97'D,%" 5, D% C(X)9 'Dp% ," Dy:%+ C(x)9 'Dp% =0.
(57)
Let @V and P~ U. denote the super- and subjets ofV and U., with
(t,x2,x3) taken as a brst order term. It then follows from IshiiOs Lemma, see
e.g. [10], that we can Pnd 2-dimensional symmetric matricesX,,Y,) # S?
such that

(Dt+ny(Dx+nyDp+n)yxn)(tnyxnyynypny%)# Fﬂ+v(tnaxnapn)
(" Dt+r|1" (Dy+nyDq+n)yYn)(tnanaynypnyq’1) # Fﬁ*lj_ (tnyynyq‘l)y

where the super- and subjets are debned witht(x 2, x?) viewed as a brst order
term, that satisfy

@ A @ , A
Xo 0 "o 1

0 "Yy "1 (58)

where| denotes the 2-dimensional identity matrix.

We now study two cases:
Case 1. We brst assume that

DO (th, Yo, i)+ Yy " yr%((tny)/r%)Dyl"'n(zn)"' Dys+n(za) ! O,

along a subsequence. Then, by (51), (52), (54), (56), step 3. and the Lipschitz
of x +* x( (t,x),

"6 ! (O (th,Yn,Gh) " V(th, Xn, Pn))
"y " Xr11)+ yr%((tn,y}])Dyl"'n(Zn)"' Xl’ll((tnlxt’ll)DX1+n(Zn)
! Dy3+n(zn) " Dx3+n(zn)
L O(nIxn " Yal?+ Ixa " yal)+ O(Ixy " ®2)) .

It then follows from (52)-(53) that
6! 0

which leads to a contradiction since6 > 0.
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Case 2. We now assume that
avi (th'¥Yn, )+ ¥y " yr11((tn-yr11)Dy1+n(Zn)+ Dy3+n(zn) <0,

along a subsequence. Then, using (52), (54), (55), (56), step 3. again, we deduce
that

X <
0% :U + Di+n + Yal(tn,Ya)Dyr#n + Ya4(ta)Dyetn  (21)
1 12, <
n (yn) (t;, yn)) Ynll + |An|2 Yn22 n 2AnYn12 (59)
and
X <
0! V" Di+p" Xpu(tn,X)Dyi+n " X24(th)Dy2+n (1)
1 1\\2 <
n (Xn) (tglxn)) Xr}l_i_ |An|2 Xr?g n 2Anxr}2 , (60)
where
A = " Dy1+n(mn) _ Dx1+n(2h)
n .=

"Dg+n(2h)  Dp+n(mn)

Moreover, the continuity of C, recall (25), and the viscosity supersolution
properties of G. in (57), together with (52), imply that

|Anl$ 97'C(y./ ) +1 (61)

for n large. We now use (58), the Lipschitz continuity of the coe"cients and
(61) to obtain

SV O)(m) $ nléﬁu(tn,xﬁ)" YaH(tn, Yo)llXn ™ Yal+ O(I2 " (tn,Xn,Pn))
+ O (1+ [An)IXp) (tn,Xn) " Ya) (tn,ya)l®
$ O(nxy " Yal?)+ O(I2 " (tn,Xn,Pn)]) -

Recalling (52)-(53) and sendingn * & and then 2 * 0 then leads to a
contradiction since 6 > 0. 2

5 Proof of the viscosity property in the abstract model

We now provide the proof of Theorem 2. It is divided in several subsections.



Generalized target approach for pricing and partial hedging 31

5.1 Viscosity solution property on [0, T)
5.1.1 Super-solution property on [0, T)

We brst consider the caset, xg) # By with tg < T . The proof follows from
almost exactly the same arguments as in [6]. The only dilerence comes from
the part of the control with bounded variations, however it is easily handled.
We provide it for completeness.

Proposition 8  Let (tg, Xo) # By, withty < T, and let Yobe a smooth function
such that

(strict) min  (v." 99 =(Vv." %(to,X0) =0 . (62)
[0,T]xRd

Then, H *(yc(to,XO) 0.
Proof We assume to the contrary that
H*%to,X0) $" 26 (63)

for some6 > 0, and work towards a contradiction. It follows from (63) and
the depPnition of H* that we may Pnd 0 > 0 such that

max ()T DAL T(x () 87 6
Hy (X, y,u) "L Y9%t,x) $" 6 - u#NolXx,y, D%(t, X)) (64)
- (t,x,y) #[0,T]" RI+L st. (t,x) # Bofto,X0) 0 By, [y" %t,x)|$ 0.
For later use, observe that, by (62) and the dePnition 0f%
9:= min (v." %9 >0, (65)

*pBe(toXo)

where $,Bo(to, X() denotes the parabolic boundary ofBofto, Xo).
Let (tn,Xn)n>1 be a sequence irDy which converges to {o, xo) and such
that v(tn,Xn) * V.(to,Xo). Setyn = V(tn,Xn)+ N~ and observe that

3= yn" Utn,xn)* 0. (66)

For eachn ! 1, we havey, > v (tn,Xy). It thus follows from (GDP1) of
Corollary 1, that there exists some! " = ("' ", L") # A such that

YO (tL ) ! v(tdl ., XM (t1.,) fort! t,, (67)
where
, <
Z" = (XN YN = X Y Ly, and =81
with
- )
n=infos oty (s, Xy, &, () # Bofto, Xo)

( n n )
aEinfost ta Y (9)" s, X, ()] 0
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Let us debne
Ap = (S#[tn,.n] D py (Z7(S)," )L (s, X () > " 6) , (68)
and observe that (64) implies that the process
<M= N""(z],D%(s, X)) satisbes|<!| > 0 for s# A,, (69)

recall (6). SinceL" # L is continuous, so is the path ofZ". Using (67), the
debnition of 9 in (65) and the debpnition of . ,, thus leads to

&
Yn(t 1 -n) ! %(t 1 .n,X“(t 1 -n))+ 91{$g=$"} + 01{$$L>$n} 1{t=$n}
L %(t1 .0, X" (t1.0)+ (910 1yg,, t! ty.

Since %is smooth, it then follows from 1t6Os Lemma, (64), (66) and the deb-
nition of <" that

# tAS,
"(910) 15,3 $ K+ b'glA%(s)ds
tn
# tAS, | "
+ (v(Z"(9) " D%(s, X"(s)) "(x (X"(s)) dL
tn
$ KD, (70)
where
# tAS$, # tAS,
K{:=3," (910)+ H1a, (s)ds+ <ddws,
tn tn
and
1 2

K=y (Z27(s)," ) "L T %(s, X "(8))

Let M" be the exponential local martingale dePned byM{' = 1 and, for
s! tn,

& )
dMg = " MJ B<S A<D T 1a,(9)dWs,

which is well debPned by (69), the Lipschitz continuity of the coe"cients and
our debnition of the set of admissible controlsU. By 1téOs formula and (70),
we see thatM "K " is a local martingale which is bounded from below by the
submartingale” (91 Q)M ". Then, M"K" is a supermartingale, and it follows
from (70) that
I " ! "
0=E ™" (91 01s,<s,) $ E'MQWKQH $3," (910 <0,

for n large enough, recall (66), which leads to a contradiction. 2
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5.1.2 Sub-solution property on [0, T)

We brst consider the case wheret{, Xo, V*(tg, Xg)) # int(D). The brst part of
the proof is similar to those provided in [6]. The novelty comes from the second
part where we play with the part of the control with bounded variations to
obtain a contradiction.

Proposition 9 Let (tg,Xo) # By, with to < T, and % be a smooth function
such that

(strict) mljax (V" 99 =(Vv"" 9%(tg, %) =0 . (71)

Assume that (to, Xo, V*(to, Xo)) # int(D). Then, H . %{tg,Xq) $ 0.
Proof We assume to the contrary that
(to, X0, V*(to, X)) # int(D) and H.%ty,Xo) ! 26 (72)

for some6 > 0, and work towards a contradiction. For later use note that (72)
implies that, for 0 > 0 small enough,

$ d+1 (LA
(t,x,y) #[0,T]" R st. (t,x) # Bodto,Xo), |y" %Ut,x)|$ 0 ( int(D(73)
Also observe that, by (71) and the debnition of%

"9:= max (V'" %9 <0. (74)

*pBe(to.Xo)

Moreover, we can bnd a sequenceq(, Xn)n>1 in Dy which converges to {o, Xo)
and such that v(tp,Xn) * Vv*(tg,Xg). Setyn, = v(tn,Xn) " n—! and observe
that

3n = yn " Uth,xn)* O. (75)

We now consider two cases.
First case. We brst assume that

F.%to, X0) ! 26 . (76)

Then it follows from Assumption 1 and Remark 4 that may bPnd 0 > O such
that

Wy (4B) "L "% >6 (77)
- (t,x,y) #[0,T]' RIHL st. (t,x) # Bofto, Xo), |y" %t x)|$ 0,

where'6is a locally Lipschitz map satisfying

B(x,y, D%(t,x)) # N o(x,y, D%(t, x)) if (t,x) # Boftg, Xo) and |y" %t,x)|$ 0.
(78)
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We now Px n large enough so that ¢,,Xn) # Bofto,Xo) and let Z" :=
(X", Y™ denote the solution of (1) associated to the Markovian control
and the initial condition Z"(tn) = ( Xn,Yn), Where

0" = (5",0M") = (8(4X",Y"),0) .
We next debne the stopping times

2o=inf {s! ty 1 (S,X"(S)) # Bofto, X0)},
po=inf {st oty [ YM(S)" s, X"(s))|! Ol .2

Note that, by depnition of ©" and (77), Y" " %&X") is non-decreasing on
[tn,.n], so that

YOCr)" U0, X () ! oy " %th,Xn)= 3, > " (019)/2 (79)
for n large enough, recall (75). Sincé&s! v*! v, it follows that

Yn(-n)" V(-mxn(-n))! 1{$,,L<$;1}{Yn(-n)" %(-n-Xn(-n))}
+ 165,503 {Y"(R)" V(R XN}
= 0ls,<s03 + Lis,=so3 {Y"(-7)" V' (0, X"(-2))}
I Olgs,<s9) + L(s, =23 {Y"(:2)+ 9" %(.7,X"(.0N}
1 019+ 15, —so3 {Y"(.7)" %(.°, X" (AN} -

In view of (79), this leads to
Y 'C)" v, X"(n) ! (019)/2

for n large enough. Recalling (73) and the fact thaty, = v(tp,X,) " n~! <
V(tn, Xn), this is clearly in contradiction with (GDP2) of Corollary 1.

Second caself (76) does not hold, then it follows from (72) that we can
Pnd 9# 1 | such that, for 0 > 0 small enough,

"(YT" D%T(X" 0> 6 (80)
- (t,x,y) #[0,T]' RIHL st. (t,x) # Bofto, Xo), |y" %t x)|$ 0. (81)

SetOn = {(tx,y) : (t,X) # Baofto, X0) , ly" At x)| < 20, y" %t x) >
"| 3n|}. It follows from (80) that we can bPnd r > 0 such that

By (t,Xx,y)" *8(t,x,y)) ( Of forall (t,x,y) # $O, satisfying (81),

0<1<r

where 2(t,x,y) T := (0, (x (x), (v (x,¥))® Given u # U, we thus deduce from
Theorem 4.8 of [14] and the assumption made on our coe'cients, that there ex-
ists an adapted procesZ" = (X", Y") and a continuous real-valued adapted
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non-decreasing procesM " satisfying

# S # S
X"(s)= xa+  px (X"(r),u)dr+  (x (X"(r))®dm"
# . tn th
+ ) x (X™(r), u)dw,
t”# s # S
YU(S)= Yo+ Wy (ZP(r),uydr+  (v(Z"(r)) " OdMm;
# . tn th
)y (@), u)Taw,
tn
YP'(s1l.n)! %sl.p,X"(s1.,)" 2|3,| forall s! t,, (82)
where

Do=inf {s! oty 1 (s, X"(S)) # Bofto, X0)}

po=inf {s! oty [ Y™(S)" %s,X"(s)|! Q11 .2
Observe that Z" coincides with the solution of (1) for the control (u, ™ ).
In view of (75) and (82), we haveY"(.n)" %(.n, X"(.n)) !'" 2|3,]> " Ofor
n large enough. Following the arguments after (79) above then leads to the

required contradiction. 2
We now turn to the case where (g, Xo, V*(tg, X)) # $D.

Proposition 10  Let (to,Xo) # By, with to < T, and % be a smooth function
such that

(strict) ngslx V" |=(v"" 9%(tg,x0) =0 . (83)

Assume that (tg, Xo,V*(tg,Xo)) # $D. Then, H"%ty,x0) $ 0.
Proof The fact that
(to, X0, V*(to, Xo)) # $D and HM9ty,x) ! 26 (84)

for some 6 > 0, leads to a contradiction to (GDP2) of Corollary 1 follows
exactly from the same arguments as in the proof of Proposition 9. We therefore
only sketch the case whereF "%{t(, X) ! 26. In this case, it follows from the
debnition of FI» and (ii) of Assumption 1, see also Remark 4, that we may
Pnd 0 > 0 such that

min{py (48) "L "% ,L52} >6 (85)
- (t,x,y) #[0,T]' Rt st. (t,x) # Bofto, Xo), |y" %t x)|$ 0,

where '0is a locally Lipschitz map satisfying

B(t,x,y) # N "(t,x,y, D%(t, x)) for (t,x) # Bofto,Xo) and |y" %t,x)|$ O.
(86)
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Let (th, Xn)n>1 be a sequence iy which converges to {y, X¢) and such that
V(th,Xn) * V*(to, Xo). Setyn = v(tn,Xn)" n~! and observe that

3n = yn " Ath,xn)* O. (87)

Let Z" := (X", Y") denote the solution of (1) associated to the Markovian
control (6", 0) and the initial condition Z"(t,) = ( Xn, Yn), Where

" = 6(aX",Y").
We next debne the stopping times
Lo=inf {s) oty o (s, X"(S)) # Bofto, Xo)}
pEinf {st oty D YN(S)" s, X"(s))|! Ol .7 .
The same arguments as in the proof of Proposition 9 show that
YO(n)" v(n, X"(n)) >0
for n large enough. Moreover, it follows from (85), (86) and 1t6Os Lemma that
2GX", Y™ 0 onfn,.n].

Recalling that y, = v(tn,Xn)" n~! < v (t,,Xn), this is in contradiction with
(GDP2) of Corollary 1. 2

5.2 Viscosity solution property at T

In this part we follow standard arguments which consist in propagating the
boundary condition backward on some small time T " 0, T] so as to be in
position to repeat the arguments used to derive the viscosity solution property
on [0, T). The arguments being standard, see e.g. [6] or [23], we only sketch
them.

We begin with the super-solution property.

Proposition 11  Fiz (T,Xo) # By, and let % be a smooth function such that
(strict) min  (v." B9 =(v." 99(T,%X)=0 . (88)
[0,T | xRd
Then, M*%T,Xg) ! 0. If moreover F*%T,Xg) < & and GWT,Xg) < 0, then
%UT,%0) " Wi(Xo) ! O.

Proof The fact that M *%T,xo) ! 0 is deduced from Proposition 8 and
the upper-semicontinuity of M * by standard arguments, see e.g. the proof
of Lemma 5.2 in [22]. We now prove the second assertion. Assume that

F*(y((T!XU) <& ’ GO/C(T,XO) < 0 and O/C(T,X()) = V*(T!XO) <W*(X0)y

and let us work towards a contradiction. Sincev(T,.) = w by the debni-
tion of the problem, there is a constant 6 > 0 such that %" v(T,3 $
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%" w, $ " 6 on BeXg) for some 0 > 0. Since Xy is a strict minimizer,
29 1= MiN y g _(xo) (V&(T,X) " %T,x)) > 0 and it follows that there exists
r> 0 such that v(t,x) " %t,x)! 9>0forall (t,x)#[T" r,T]" $BofXo).
Hence,

v(t, X)" %t,x)! 916> 0 for (t,x) # ([T" r,T]" $BufX0))) ({T} BodXo)) .

(89)
Since F*%(T,Xy) < & and G%T,Xy) < 0, we can assume, after possibly
changing 0 > 0, that

G%t,x) $ 0and py (x,y,u) "L § %t x)$ C forall u#Nox,y, D%(t,x))
and (t,x,y) # [0, T]" RI*L st (t,x) # BoT,xo) and [y" %x)|$ O

5 5_
for some constantC > 0. Let %(t,x) := %x)" T" t+ 0+ 0. Then, for
su"ciently small 0> 0, we have

v" %! %(91 6)>0 on([T" O, T]" $Bo(xp))) ({T}' Budxop))
and

G%(t,x) $ 0and py (X,y,u)"L % %t ,x)$ 0 forall u#NoX,Yy,D %t X))
(tL,x,y)#[T" 0,T]'" RI! sit. x# Boxo) and |y" %t,x)|$ O.

By following the arguments in the proof of Proposition 8, the latter inequalities
lead to a contradiction of (GDP1) of Corollary 1. 2

We now turn to the sub-solution property. As in the previous section, we
prst consider the case wheret{, Xo, V*(tg, Xg)) # int(D)r.

Proposition 12 Let (to,Xo) # By, with to = T, and % be a smooth function
such that

(strict) mé;\x V" 9| =(v"" 9(tg,%xe) =0 . (90)

Assume that (T,Xo,V*(T,Xg)) # int(D)y. Then,
min {%T,Xo) " W*(Xo) , M.%T,x0)}$ O.
Proof Assume to the contrary that
min {%T,Xg) " W*(Xo) , M.%T,X0)} =:26> 0.

5 5_
Let % be debned by%t,x) = %t,x)+ T" t+0" 0Ofor 0> 0 small
Clearly, (T, xp) achieves a strict maximum ofv* " % and it follows from the
identity v(T,4 = w(Xg), the fact that %(T,xq) " w*(Xo) > 0 and (90) that

ve ="9<0.
({T}IxB(xo))U([T —%T]x*B E(Xo))( "

Also observe that, the fact that M ,%(T, x¢) > 0, means that
max{ R, %(T,Xo) , G¥(T,x0)} > 0.
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Since$%*"& ast* T andO0* 0, we can bnd0O > 0 small enough such
that
max{F.%(T, Xq) , G¥(T,xq)} > 0.

Moreover, the assumption (T, Xq, %(T, Xo)) = ( T, X0, V*(T,Xg)) # int(D), re-
call (15)-(16), implies that, for 0 > 0 small enough,

$ %
(t,x,y) #[0,T)" RI*Lst. (t,x) # Bo(T,Xo), ly" %t,x)|$ O ( int(D).

Following line by line the arguments of Proposition 9 then leads to a contra-
diction to (GDP2) of Corollary 1. 2
We bnally consider the case T, Xq, V*(T,Xo)) # $D7.

Proposition 13 Let (tg, Xo) # By, with to = T, and % be a smooth function
such that

(strict) mg:lx V" %B=(v"" 9%B(tg,x0) =0 . (91)

Assume that (T,Xo,V*(T, X)) # $D1. Then,
$ . %
min  %T,Xo) " W*(Xo) , M"%T,x,) $ O.

Proof The result follows from an obvious combination of the arguments used
in the proofs of Proposition 12 and Proposition 10 above. 2

Appendix: Proof of Theorem 1

For the readerOs convenience, we provide here the main elements of the proof
of Theorem 1. It follows line by line the arguments in [9], which in turn are
based on [23]. One dilerence is that we formulate our result in terms of a
family of stopping times {.', | # A} (T 1) and not in terms of a bxed one

.. This does not change anything, except at the level of notations. Another
one is that their assumption A1 (pasting property) is not OformallyO satisbed
by elements ofL. This is however easily handled.

Let t # [0, T] be bxed. We must show thatV (t) = ¥(t) where

#,$7
B(t):= {z#R™ /1 #A st{Z,(-1.")#0 Viorall - #Tyur 1} .

In the following, we work on the d-dimensional canonical space endowed
with the Wiener measure P. The bltration is given by the augmentation
of the rough Pltration generated by W. The canonical path is denoted by
= = (=t)tepp1)- We use the notations =S := (=tas)tefo,r] and %= = (=tys "
:S)tE[O,T]! s# [0! T]

We split the proof in several Lemmas.

Lemma 1 V(1) ( ¥(t).
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Proof. Fix z# V(t) and! # A such that Zt’,Z (s) # O(s) for all s# [t,T]
P" a.s. By the RBow property, we haver$¢]0(s4 S)Y#O(s4. ) forall s# [t,T]
P" as., where; := Z;,(.'). Hence,

1 2
1=P Z;(,,‘O(s4.!)#0(s4.!) | Fgo forall s#[t, T]P" as.

It follows that, for P-a.e.= # &,

1 . 2
1=P Zé;(z)’o(z)(s4 F(E)#0O(s4 .M (=) forall s#[t,T],

where I3 is the map = # & +* ! (=%2), 245)%), with | viewed as map on&.

Using the right-continuity of Z}sg(z),oa)

deduce that, for P-a.e.= # &, Zé;(z)yo(2>(s4 S (EN(E) # O(s4 . (=)) for all

s#[.! (=), T]for P-a.e.=# &. This shows that; = Z, (') # V(.') P" as.
Since we already know thath‘Z (-) # O(-) for all - # Ty, this shows that
z# 9(1). 2

and Standing Assumption 3, we then

It remains to prove the opposite inclusion. In the following we equipA =
U 'L with the distance

Gy T Dy
d((, L) CALN=E st iPdsesupLst LY
0 s<T
and denote by B 4 the induced Borel tribe.
Lemma 2 W¥(t) ( V(1).
Proof. We now bxz # ¥(t)and! =(',L ) # A such that, forall - # T}y,

#,$¢
Z,(-1.")#0 V. (92)

1. We brst work on the event set{.' < - }. On this set, we haveZt’,Z (") #
V(.") and therefore

(1 Z, () #D = {(tz)#[0,T]" Rz # V(D).

Let Bp denote the collection of Borel subsets oD. Applying Lemma 3 below
to the measure induced by (" ,nyz (.')on[0,T]" RY*! we can construct a
measurable map?: (D,Bp) * (A, B4) such that

F($%27.(8%)

Z$¢,z ?.($9)

(4)# O(4) forall 4#Tgor).
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BecauseA is a separable metric space, we can then Pnd a progressively measur-
able processg = ("' !,LY) suchthat! ; = #."',Z;,(.'))on[.!, T]Leb P-ae.,
see Lemma 2.1 in [23]. We then debne
O:= 1 jpgoy + ("1 L' Lo+ Lso)ligor) .
Since the dynamics szs!s;ﬂ (%) only depends on the increments olL' on
[.',T], the above debned control satisPes
-

Z$¢,z ?.(3%)

((Y#O(-)on{.' <-}.

2. Let O be debned as above and note that, by (92), we also have

R #$¢
Z,()=2Z,()#0 V=0()on{-$.'}.

3. Combining the two above steps and recalling our Standing Assumption
4, this shows that z # V (t). 2

It remains to prove the following result which was used in the previous
proof.

Lemma 3 For any probability measure i on [0, T]' RITL, there exists a Borel
measurable function ¥: (D,Bp) * (A,B4) such that

Yt,z)#A, forp" ae. (t,z)#D .

Proof. SetB := {(t,z,!)# [0, T]" RITI'A 1 #A,}. It follows from
our Lipschitz continuity assumptions that the map (t,z,!) # [0, T]' Rd+!"
A* Zt!'Z (r) # L2(&) is continuous, and therefore Borel measurable, for any
r$ T. Then, for any b_rL)unded coEtinuous functionf , the map <{ : (t,z,!) #

[0,T]" RItI'A* E f(Zf’Z (r)) is Borel measurable. SinceO(r) is a Borel
set, the map 1y is the limit of a sequence of bounded continuous functions
(f ")n>1. Therefore, <§O(T) = lim o <{. is a Borel function. This implies
that

BM:={(tz,!)#[0T]" RU''A :<i (tz,!)! 1}
= {(tz,!)#[0,T]" R™I'A 7, (r) # O(r)}

is a Borel set. Appealing to the Sta@ding Assumption 3 and the right-continuity
of Zt!’Z , we then deduce thatB = | _; | .o B". This shows that B is a Borel
set and therefore an analytic subset of [0T]' RIt1'A | see [4].

Applying the Jankov-von Neumann Theorem (see [4] Proposition 7.49), we
then deduce that there exists an analytically measurable function: D * A
such that

Yt,z) # A, forall (t,z) #D .

Since an analytically measurable map is also universally measurable, the re-
quired result follows from Lemma 7.27 in [4]. 2
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