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ABSTRACT. In this paper we prove the existence of a global attractor with
respect to the weak topology of a suitable Banach space for a parabolic scalar
differential equation describing a non-Newtonian flow. More precisely, we study
a model proposed by Hébraud and Lequeux for concentrated suspensions.

1. Introduction. Non-Newtonian (or complex) fluids are ubiquitous in nature and
industry, appearing for instance in foods, biofluids, personal care products, phar-
macology and bioengineering, electronics and optical materials, energy and plastic
production, etc. In fact, one could say that Newtonian (or simple) fluids, i.e., those
fluids whose stress-tensor is given by the Navier-Stokes ansatz, are rather an excep-
tion (if not an idealization), even though they include such a prominent member
as water. Attending to their rheologic properties, complex fluids are classified in
different categories, including suspensions, colloids, melt polymers, liquid crystals,
gels and foams, among others. Needless to say, coping with such a broad diversity of
fluids requires physical insight, mathematical sophistication, and a lot of ingenuity.

Non-Newtonian fluids are notoriously difficult to model and to analyze. To begin
with, these fluids display very nonlinear flow properties (such as memory effects and
discontinuities) that are far from being understood from first principles. As a result
one has to resort in general to phenomenological (or macroscopic) descriptions or,
in some cases, to mesoscopic models describing the interaction of different types of
microstructures (hard or soft spheres, rods, dumb bells, etc.) much larger than the
atomic scale. Elaborated mesoscopic models are being successfully used in polymers,
liquid crystals and suspensions.
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In this paper we will consider only suspensions and, more specifically, the model
proposed by Hébraud and Lequeux [18], in which the system is divided in mesoscopic
blocks whose size is large enough so that stress and strain tensors may be defined for
each block, but small compared to the characteristic length scale of the stress field.
In the Hébraud-Lequeux (HL) model, each block carries a given shear stress o € R
(in fact, o is an extra-diagonal term of the stress tensor in convenient coordinates).
The evolution of the blocks is described by means of a probability distribution
density p(t,o) > 0 which represents the distribution of stress in the assembly of
blocks at time ¢t. The equation satisfied by p(t, o) is

Ir\[—0,,0.](0 D
0 = ~b(1)9p + Dp)92,p - gerd@y D@5 oy
0 «
with the initial condition p(0,0) = po(c). Here 1g\[_ . is the characteristic
function of the open interval R\[—o, o], o is the Dirac delta function on R with
support on the origin, and for f € L'(R) we denote

«

() =7

flo)do.

lo|>0oc

Briefly, the physical interpretation of the parameters appearing in the HL equation
(1) is as follows. When a block is submitted to a shear rate y(t), the stress of this
block evolves with a variation rate b(t) = Go¥(t), where G| is an elasticity constant.
The term b(t)d,p models then the blocks behaving as Einstein elastic solids at low
shear, their elasticity arising from interactions between neighboring particles. On
the other hand, when the modulus of the stress surpasses the critical value o, the
block flows as an Eyring fluid: the configuration reached by shearing the suspension
relaxes in a characteristic relaxation time 7Ty towards a state with zero stress. This
relaxation phenomenon induces a rearrangement of the other blocks and this is
finally modelled through the diffusion term D(p(t))d2,p. For more details on the
physics of the model, we refer to [18].

The existence and uniqueness of solutions of (1) were studied in [8, Theorem
1.1]. In the present paper we complete this analysis by considering the asymptotic
behavior of the solutions and, more specifically, the existence of attractors. In doing
so we will suppose that the stress variation rate b(t) is small enough so that the
first term on the right hand side of (1) is negligible as compared to the others and,
therefore, it may be dropped altogether. In this simplified model, we find that the
HL equation has indeed an attractor in the weak topology. Also, we set . = 1 for
simplicity, although the same result can be obtained for an arbitrary o. > 0.

In sum, in this paper we study the asymptotic behavior of the weak solutions of
the scalar parabolic equation

1 D(p(t
O —D (p(t)02,p+ TolR\[—l,l] (o)p= y% (o), (2)
where P = p(o’, t)v t>0,0€R, D(p (t)) = T%) f|g|>1p(tvg) dgv and ]-]R\[—l,l]

denotes the characteristic function of the open set R\ [—1,1]. Our aim is to prove
the existence of a global attractor of this equation. We note that the theory of
global attractors for parabolic equations has been developed intensively in the last
twenty years. The first results were obtained in the case where the spacial variable
belongs to a bounded domain (see [3], [4], [5], [10], [13], [15], [20], [23], [25], [26],
[32], [33], [35], [36]). The problem in an unbounded domain was considered later
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on in [6]. In the last year several authors have continued working in this direction
(see [1], [14], [16], [17], [28], [29], [30], [31], [37], [38]).

From the mathematical point of view, equation (2) presents several difficulties
when studying the asymptotic behavior of solutions.

First, we were not able to prove that the Cauchy problem has a unique solution
in a suitable phase space. Hence, we have to work with a multivalued semiflow
rather than with a semigroup of operators. This approach has been used before for
parabolic equations in [10], [15], [20], [23], [29], [32], [33].

Secondly, due to the terms D (p(t)) and 1g\[_1,1] on the left-hand side of (2),
the dissipative mechanism of the equation is weakened, and we were not able to
obtain an absorbing set. Nevertheless, we have proved that the solutions starting
at a bounded set of a suitable phase space remain uniformly bounded for positive
values of time, and in this way we have obtained the existence of a global (possibly
unbounded) attractor with respect to the weak topology of an appropriate Banach
space. It is an open question whether this result can be improved by considering
the strong topology.

This paper is organized as follows. In Sections 2 and 3 we extend the results on
existence of solutions given in [8] and obtain some a priori estimates. In Section 4 we
develop a general theory of global attractors for multivalued semiflows in topological
spaces. Finally, in Section 5 we prove the main result of this paper, that is, the
existence of the global attractor.

2. Setting of the problem and existence of weak solutions. We shall consider
the following scalar parabolic equation

dp—D(p(t))d2,p+ TLD]-R\[—LI] (0)p = W&) (o),
p >0, 3)
p(0,0) =po (o),
where p = p(o,t), t > 0,0 € R, D(p(t)) = T%flgblp(t,a) do, and 1g\[_1
denotes the characteristic function of the open set R\ [—1, 1].
Consider an initial condition pg satisfying

po € L= (R)N L' (R), po > 0, /poda =1and D (pg) > 0. (4)
R
Then it is proved in [8, Theorem 1.1] that problem (3) has a unique solution p (t)
satisfying the following properties for all T > 0:
pe L™ (0,T;L*(R)NL" (R)) N L* (0, T; H' (R)),
p € L™((0,T)x R)ynC ([0,T], L* (R) N L" (R)),

/p(t,a)da:l, p(t) >0 for all t > 0,
R
D(p()) € C((0,T]) and min D (p(t)) 2 v(T) >0,

op € L (0,T; L' (R)),
where v (T) exists for any T > 0. The last property implies that the average stress
7(t) = [gop(t,0)do belongs to L (0,T). From & € H ' (R) and the above
properties it follows 0;p € L? (O, T;H™ ! (R)) )
We can see that p(t) € L (R) for a.a. ¢. Moreover, since p belongs to the
space L> (0,t; L' (R)NL> (R)), p € C([0,#],L*(R)) and by interpolation the
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embedding L' (R) N L* (R) C L?(R) is continuous, we obtain that p : [0,¢] —
L' (R) N L* (R) is weakly continuous (i.e. continuous with respect to the weak
topology of the space L' (R) N L™= (R)) [34, Lemma 1.4, p.263].

Our aim in this paper is to study the asymptotic behavior of solutions and,
in particular, to prove the existence of a global attractor. For this purpose it is
necessary to extend this existence result to a more general class of initial conditions.

Let

X—{pGLQ(R):/R|J||p|dJ<—|—OO}.

Note that X is a Banach space with the norm ||p||y = ||p|l 2 + [3 |o][p|do. We
denote by X,, the space X endowed with the weak topology. Denote by (-,-) pairing
between H! (R) and H~! (R) and by (-,-) the scalar product in L? (R). Also, the
embedding X C L! (R) is continuous.

Put
—1

L (R)= {peLl(R) :/|O’| |p|d0<—|—oo},

R
which is a Banach space with the norm [|p|lz1 = [ (1 + |o|) [p|do. From general
results concerning the dual space of L' (du) for general measures p (see e.g. [11] or

[12]) it follows that the dual space (fl (R)) can be characterized as

(fl (R))* ={w=(1+|o))¢: £€ L™ [R)},
and
(p, w)g1 :/R(l + |o]) Epdo.

Nevertheless, for the sake of completeness we give a proof of this fact in the Ap-
pendix.

Furthermore, it is easy to see that the norms [p|y = [|pl|;2 + [ (1 + |o]) [p| do
and ||p||y are equivalent. Clearly, ||p||y < |p|yx. Then it is enough to prove that
lIpll . < Clpllx- This follows from

ol = [ pldo+ [ ldo < VBl + [ lollpldo < V2l
lo|<1 [o|>1 R

Since X = L' (R) N L (R), it follows that X* = (T' (R)) +L*(R).

Let p(-) be the unique solution corresponding to an initial data py satisfying
(4). Then the continuous embedding X C L? (R) N L' (R) and p € L> (0,¢; X) N
C ([0,1], L* (R) N L (R)) imply that p : [0,¢] — X is weakly continuous [34, Lemma
1.4, p.263].

Definition 2.1. We say that p : [0,7] — X is a weak solution of (3) on [0, 7] if we
have p € L* (0,T;X), D (p)p € L? (0,T; H' (R)) , &yp € L? (0,T; H* (R)) and

T J23 ("D @®)
/O <<atp,§>+/RD(p(t))a,,pag§dx+/lal>lFdx> dt—/o 220 5, 6 ar

0
(5)

for all ¢ € L? (0,T; H' (R)) .
We note that p € C' ([0, 7], H* (R)) and p € L= (0,T; L? (R) N L* (R)), so that
p: [0,T] — L?(R) N L' (R) is weakly continuous, that is, it is continuous with
respect to the weak topology of the space L% (R) N L' (R) (see again [34, Lemma
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1.4, p.263]). Then an initial condition p (0) = pg € X makes sense. In particular,
p € C([0,T],LP (R)), p = 1,2, where L (R) denotes the space L? (R) endowed
with the weak topology.

In fact, we shall prove that p € C ([0,T], X,,) for all weak solutions satisfying
p(t) > 0and [p(t,0)do =1 for all t > 0. In order to prove this we need the
following estimate of the tails of the weak solutions.

In the sequel by x, or 2 we shall denote a generalized sequence in X,,.

Lemma 2.2. Let B C X be bounded in the norm of the space 7' (R). Then for any
e > 0 there exist T (¢, B), k (€) such that any weak solution p with p (0) = po € B,
po >0, and such that p (t) > 0, [pp(t,0)do =1 for all t > 0, satisfies the estimate

/ p(t,o)|o|do <eift>T, k> k. (6)
2k<|o]
Also, there exists a constant M (B) such that

/p(t,a)|0|da§M, for all t > 0. (7)
R

If p§ — po in X, where p§, po > 0, then for any € > 0 there exist k (g), A (¢)
such that

/ Po (t,0)|o|do <eift >0, k>k, a>= A, (8)
2k<|o]|

for any weak solution p, with pe, (0) = p§ and such that pe (t) > 0, fR Do (t,0)do =
1 for all t > 0.

Remark 1. We observe that k (¢) does not depend on the set B.
Proof. Let 0 be a smooth function such that

S

IN
(AVARVAN

0, L,
O(s)=<¢ 0<0(s) <1, 1<s<2, 9)
1, s> 2.

S

Define £(s) = 1 — 0 (s). It is clear that £(s) = 1if s < 1,0 < &(s) < 1, if
1 <s <2 and £(s) = 0if s > 2. Also, all the derivatives of the function ¢
are uniformly bounded. Let pi (0) = /0 (%), k > 1, 7r(0) = /£ (%), R > 2k.
We multiply (3) by p7 (0) 73 (o) 0. Since p,dyp € L' (0,T; H~' (R)), we have the
equality (Oyp, &) = % (p,&), for all € € H' (R) [34, p.250]. In particular, this holds
for £ = pi (o) 73 (0) o € C§° (R). Hence

G |t @ k@ pode — (D0 1) 22,061 () 7k (0) )

1
+ = | (o) 7h (o) podo
0JR

_ w (60 (0) .73 (0) P} (o) o) =
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Note that
< (p(t

2ob: i (0) 7% (0) 0>

(3 ()73 () ) do
Z ) -+ (5)0 ()
(DR (F) pe

2)=0,ifoc>2koro <k, and & (%) =¢" (%) =0,
1,2, we get

& [t @@ podo+ 2 [ 4 @)7h (@) podo

C c Ca
SED@@»AWMZED@@»SEE-

By the Gronwall lemma

Ca ' _ 1,
/pk( )7 (0) podo < e 7o /pi(ff) 7 (o )poodo+ﬁ e T "9ds. (10)
R 0

)
e f %

o0 [0 ()

+w<w<>;

0" (

Then using that 6’ (%) =
ifo >2R>2koro <R, i=

Now for py € B, a bounded set in I (R), by [ pi (o) 1R (0)polo|do < C(B),
pi(0)73 (o) =1,if 2k < o < R, and pj (¢) = 0 if o < k, we obtain
Ca

/ p(t,o)odo < e (B)+ —,
2k<o<R k
so that for any e > 0 there exist 7' (g, B) and k () such that
/ p(t,o)odo <eift>T, k>k,
2k<o<R
where R > 2k is arbitrary. Passing to the limit as R — +oco we have that
/ p(t,o)odo <eift>T, k> k. (11)
2k<o
Also, for k=1, M (B) = C (B) + Ca it follows fzggp (t,0) odo < M, and then
/ p(t,o)odo < M +2, if t > 0. (12)
0<o

If p§ — po in X, where p§, po > 0, then for any ¢ > 0 one can find k4 (g), A (¢)
such that

/ pr, (o) p§ (14 |o]) do < , for all o = A. (13)
R

Indeed, take ki (¢) such that [, pi (o) po (1+ |U|) do < §. Since p;, (o) € L™ (R),
the convergence p§ — po in X,, implies the existence of A (¢) = A (e, k; (¢)) such
that

o € .
[ @ lohdo ~ [ & @ m1+lal)do] < 5 it A
R R
Hence, (13) follows. Then by (10) there exist k (), A (¢) such that

/ po (t,o)odo <cift >0, k>k, a>A,
2k<o<R
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and passing to the limit as R — 400 we get

/ p(t,o)odo <eift>0, k >k, a= A. (14)
2k<o

Let now pi (o) = /0 (%‘7), kE>1,mr(0) =4/& (%’), R > 2k. Multiplying (3) by

—p2 (0) 7% (0) 0 and arguing as before we have

—A C L P
—0) pj (0) T (0) pdo < e 75! —0) pi (o) T (o poda—i——a e~ o %) gs.
k R k R
R R KTy Jo

Now for pg € B (a bounded set in I (R),) using [, p3 (o) 77 (o) po |o| do < C'(B),
pi(o) T3 (o) =1, if 2k < (—0) < R, and p} (o) = 0 if 0 > —k, we obtain

/ p(t,o) (—o—)dage*T—lotc(B)Jr@,
2k<(—0)<R Lk

so that for any e > 0 there exist 7' (g, B) and k () such that
/ p(t,o)(—o)do <cift >T, k >k,
2k<(—0)<R
where R > 2k is arbitrary. Passing to the limit as R — 400 we have that
/ p(t,o)(—0o)do <eift >T, k> k. (15)
2h< (~0)

Also, for k =1, M (B) = C(B) + Ca it follows f2<(_0)p(t,0) (—o)do < M, and
then -
/ p(t,o)(—o)do < M +2, if t > 0. (16)
0<(—0o)

If p§ — po in X, where p§, po > 0, then arguing as in the case of inequality (14)
we obtain the existence of k (¢), A (¢) such that

/ p(t,o)odo <ecift >0, k >k, a = A. (17)
2k<(~0)

Joining (11), (12), (14), (15), (16), (17) we obtain (6)-(8). O

Remark 2. For the main result of this paper (see Theorem 4.4) it is important
that the constant k& (¢) in (6) does not depend on the set B.

Lemma 2.3. Fuvery weak solution p of (3) with initial data py € X, po > 0, and
such that p(t) >0, [pp(t,o)do =1 for all t >0, belongs to C ([0,T], X) -

Proof. We know already that p € C ([0, 7], L2 (R)). It remains to prove the conti-

nuity in the space Z}U (R). Indeed, if ¢, — to, then using (8) we have that for any
&€ L™ (R), e > 0 there exist K (¢,€) > 1 and N (g, K, ) such that

/R (0 (ta) — p (t0)) (1 + |o]) Edo

<

/ (p (t) — p (t0)) (1 + |o]) Edo
lo|<K

20l [ Ipt)lloldo
lo|>K
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20l [ Iptelloldo
lo|>K

<3e, for all n > N.

Let H be the closure in X, of the set

Ez{peX:pELOO(R),pZO, /pdazlandD(p)>O}. (18)
R

The set F is convex, which implies that H coincides with the closure of E in X.
Then for any p € H one can find a sequence p,, € E converging to p strongly in X.
Hence p,, — p in L' (R), so that

p >0, /pdo:l, for all p € H. (19)
R

Then every element of H is a probability density.

As we have seen before for every initial condition py € F there exists a unique
globally defined weak solution p () such that p € C ([0,T],L*(R) N L* (R)), p €
C([0,T),Xw), p(t) =0, [zp(t,o)do =1, D(p(t)) >0, for all T > 0 and ¢ > 0.
Also, p : [0,T] — L' (R) N L> (R) is weakly continuous for all T > 0, so that
p(t) € L* (R)N X for every t > 0. Hence, p (t) € E for any t > 0.

H is a topological Hausdorff space endowed with the weak topology of X.

We shall prove now some previous estimates.

Lemma 2.4. Let py € E be such that ||po||,. < R. Then for any T > 0 there exists
C (R,T) such that the unique weak solution to (3) such that p (0) = po satisfies

llp ()l < C(R,T), for allt €10,T],
D? H <C(RT
H ’ (p)p L2(0,T;H?') - (
D (p)p”L?(o,T;Hl) <C(RT
||8tpHL2(O,T;H’1) <C(RT
Proof. Fix T > 0. We note that d;p € L? (O,T;H‘1 (R)), p € L? (O,T;H1 (R))
imply %% Jg P*do = (9yp, p) [34, p.261]. Multiplying (3) by p we obtain
1d
2dl Jy
D t
D)
a

3

(20)

)

—_— — ~— —

p2do + D (p (1)) / (Orp)? do (21)
D (1))

t,0) <

1P (Ol oo ()

<200 ([ (4 o)
Sw (/szdd-i-/R(aap)2dU+;_22)’

where we have used the continuous embedding H! (R) € L (R). Hence

< / p2do +D (p (1)) / (0op)* do < D (p (1)) ( / pAdo + a—) Se)



ATTRACTORS FOR SUSPENSION FLOWS 213
By the Gronwall lemma and 0 < D (p (¢)) < 7 we obtain
/dea < C(R,T), for all t € [0, T]. (23)
R

Also, note that (22) implies

/ / %p))zdadtng(pO)QdH%(O(R,T)+2—22).
Also,
/ / dodt</0TD(p)/R(8g ((D(p))%p))Qdadt

From these inequalities (20) follows. O

Let Z be a Banach space with its dual denoted by Z* and with pairing between Z
and Z* denoted by (-,-) ;.. Let Z,, be the space Z endowed with the weak topology.
For {u,} c C (0,71, Z,,) the convergence u,, — u in C ([0,T], Z,,) will mean that
for any v € Z*, sup;e(o, 7y [(un (t) — u (t),v) .| — 0, as n — oo.

Lemma 2.5. Let T > 0, po € H, p§ € E, p§ — po in H and let py (-) be the
generalized sequence of weak solutions corresponding to py. Then there exists a
generalized subsequence (denoted again p,, (+)) converging to some function p(-) in
C([0,T),H). Moreover, p is a weak solution of (3), p(0) = po, [pp(t)dt = 1,
p(t) >0, for all t >0, and (20) holds, where R is such that ||p]| < R for all c.

Proof. From Lemma 2.4 it follows that pq is bounded in L (0, T; L? (R)), D (py) py
is bounded in L? (0, T; H' (R)) and 0;pq is bounded in L? (0, T; H ' (R)). It follows
the existence of a generalized subsequence such that

Do — p weakly star in L™ (O, T;L? (R)) , (24)
D (pa) pa — & weakly in L* (0, T; H' (R)) , (25)
pa — Oyp weakly in L? (0,T; H ' (R)). (26)

For k € N, let By = (—k, k). Denote by Lip the restriction of p (o) onto (—k, k).
The compact embedding L? (By) C H~!(Bj) implies that for any ¢t € [0,7]
the sequence {Lyp, (t)} is precompact in H~!(By), the dual space to H{ (By).
Also, by using the previous convergences we obtain that 0;Lyp, is bounded in
L?(0,T; H™* (Bg)) and then the family of functions ¢ — Lypa (t) € H™' (By)
is equicontinuous on [0,7]. By the Ascoli-Arzela theorem and a standard ar-
gument (using the uniqueness of the limit for all converging subsequences) we
have that Lyp, — Lip in C ([O,T],H‘1 (Bk)), for all k. Note also that Lip €
C([0,T],H™* (By)) N L> (0,T; L*(By)) implies that Lyp belongs to the space
C ([0,7], L% (By)) [34, p-263]. By a contradiction argument it follows that Lyp, —
Lypin C ([O7 T),L? (B;C)) Indeed, if we assume the opposite, then there would ex-
ist v € L? (R) such that sup;c(o 7y [(Lkpa (t) — Lrp (t) ,v)| /> 0. Then we could find
to, € > 0 and generalized subsequences Lpq (ta), ta — to, such that

|(Lipa (ta) — Lip (ta),v)| > &, for all a.
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But from {Lgp, (to)} one can extract subsequences converging weakly in L? (By,)
to Lyp (to), which is a contradiction. Again, by [34, p.263] p € C ([0,T], H ' (R))
and p € L™ (0,73 L*(R)) imply that p € C ([0,T], L% (R)). Now, since p, satisfy
(20), (24) implies that ||p (¢)|| < C (R, T), for a.a. t. Then p € C ([0,T], L% (R))
implies that p satisfies (20). Since k € N is arbitrary one can show that p, — p in
C ([0,7), L2 (R)). Indeed, take an arbitrary v € L? (R). Then for any € > 0 there
exist k (e,v) > 1, A (e, k,v), such that

sup
t€[0,T]

< sup
te[0,7)

/ (po (t) — p (£)) vdo
R

/ (P (1) — p (£)) vido
o <k

telo,

+ sup ([lpa (Ol g2 + [Ip (Bl 2) (/ UQdU) <3e, ifa= Ae, k,v),
T] lo|>k

where we have used inequality (20) for p, and p. We note that p () belongs to
the weak closure of the set E in L? (R). Since E is convex, it belongs also to
the strong closure. Hence, p(t) > 0 for any ¢ > 0. We need also to check that
Jap(t.0)do = 1. Indeed, we know that Lyps — Lipin C ([0,T], L2 (By)) , so that
f\a\gkpa (t)do — ‘U‘Skp(t) do for any k and ¢t. By Lemma 2.2 for an arbitrary
€ > 0 one can choose K (¢) such that

1—5§/ Pa (t)do <1, Va, k> K.
lo|<k
Passing to the limit we obtain

1—6§/ p(t)do < 1.
lo|<k

Thus [, p(t,0)do = 1. It follows from Lip, — Lip in C ([0,T], L2 (By)) that

sup / Do (0,1) da—/ p(o,t)do
te[0,T] |/|o|>1 lo|>1

—sw | [ palotdo- [ plotds 0,
te[0,7] |/|o|<1 lo|<1

so that D (pa) — D (p) in C ([0, T]). Since po — p weakly in L? (0,7; L* (R)) and
D (pa) — D (p) in C ([0, T]), we have D (pa) pa — D (p) p weakly in L* (0, T; L? (R)).
Then £ = D (p)p. Passing to the limit it follows that p satisfies (5), that is, p is
a weak solution. Finally, we prove that p, — p in C ([O,T] ,311” (R)) Take an

arbitrary £ € L (R). Then by the estimate of the tails given in Lemma 2.2 for any
£ > 0 there exist K () > 1, A (g, K, §) , such that

sup
te[0,T]

< sup
te[0,7)

/R (1+10]) (pa (t) — p (£)) Edo

/ (1+ o)) (pa (t) — p () €do
lo|<K

+2 €l sup / o] po (1) dor + / lolp(t)do | <3e, if a = A (e, K, €).
te[0,T] lo|>K lo|>K

Hence, po, — p in C([0,T], H) . It is clear that p (0) = po. O
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Remark 3. Since for any py € H a sequence py € E converging to po in H exists,
Lemma 2.5 implies that for every T" > 0, py € H there exists at least on weak
solution, although, generally speaking, it can be non-unique. It is also clear that
p(t) € H for every t > 0 (and then p () satisfies (19)).

Also, Lemma 2.5 implies that for any py € H there exist pf € E, p§ — po in
H, and weak solutions p,, (+), p (+) satisfying p, (0) = p§, p (0) = po, for any ¢ > 0,
such that p, — pin C ([0, T], H).

3. A priori estimates. In this section we shall obtain a uniform (for ¢ > 0)
estimate in the space X of the weak solutions with initial condition py € E. We
shall prove that the weak solutions starting at pg € B C E, a bounded set of X,
are uniformly bounded in X for ¢t > 0.

We need first two technical lemmas.
Lemma 3.1. Ifu € H' (R) and p € WY (R), then up € H' (R) and £ (up) =
Z—g p+ j—gu.
Proof. First, it is clear that up € L? (R). Let k > 0 be arbitrary and let By =
(—k, k). If we restrict the functions u, p to the interval By, then it is clear that
u,p € H' (By). We take sequences u,, p, € C§° (R) such that u, — u, p, — p in
H' (By) [7, p.127]. For any ¢ € C§° (By) we have

d k dé
- <d (unpn) ) ¢> = / unpnd do
g D’(Bk) —k g

k k
d du,, dpn,
- - - npPn do = — — Pn —  Un da
/,kdO'(up)gbU /k(d0p+d0u>¢a

where () p/(p,) denotes pairing in the sense of the scalar distributions in B. It

dpn du dp .

is easy to prove that %pn + 2 u, converges to d—p + d—u in the sense of the
o o

scalar distributions in Bj. Passing to the limit we obtain:
d du dp
o (up) = 20" T gt

in the sense of the scalar distributions in Bj. Since k is arbitrary, it is clear that
d du dp
- == - 27
75 (up) = Zop+ ——u (27)

in the sense of the scalar distributions D’ (R) . Finally, we need to prove that up €
H'(R). From (27) and p, Z—g € L™ (R), u, % € L?(R), we deduce that -L (up) €
L? (R), which concludes the proof. O
Lemma 3.2. Let p : R — RT be such that p € WL (R). If a function u be-

d
longs to L?(0,T; H* (R)), and its derivative d_? belongs to L?(0,T; H=* (R)), then

2
pru (t)H , s absolutely continuous on [0,T] and
L

dil 1 |2 du

E‘p2u’L2—2<E,pu>,for a.a. t€(0,T). (28)
Proof. By regularizing we obtain a sequence of functions {u,,} C C*([0,T], H* (R))
such that

U — w in L} (0, T; H' (R)),
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d d . R
Zplm — Zuin L;,.(0,T; H=* (R)),

as m — oo. Since p € W1 (R), in view of Lemma 3.1 we have that pv (t) belongs
to H' (R) for a.a. t and 2 (pv (t)) = p'v (t) + pZv (t), where v = uy, or v = u.
Hence

Py, — pu in L2 (0,T; H' (R)).

Also, it is clear that p% is measurable and then it belongs to L™ (R). It follows
1

that p3un, € CH([0,T], 1 (R)), 4 (phum ) = p* 24, and

R (%um(t),pum(t)) =2 <%um(t),pum(f)> - (29)

prun(®)]

i
dt

Passing to the limit in (29) in the distribution sense we have the equality

1 2 du
piuH =2 <E,pu> .

d
Since <d_1tl’ pu> belong to L' (0,7, (28) holds and ‘
tinuous on [0, T. O

i
dt

2
pru (t)H , Is absolutely con-
L

Proposition 1. For any B C E bounded in X there exists N (B) such that
lp(®)llx <N,

for all t > 0 and any weak solution such that p (0) = py € B.

Proof. Let 6§ be as in (9). Define p, (0) = 6 (ﬁ), n > 0. Multiply (3) by

py (o) p. From p € L?(0,T; H* (R)) and d;p € L*(0,T; H ' (R)), we have that
4 | pn (o) p*do = 2(0sp, pyp) (see Lemma 3.2). Then we have

3o [ v @is — (D) oppn)p) + 1 [ mylo)tds (0
=22 i5,0). py (o)) = 0.

Consider now the second term of the last expression. Using Lemma 3.1 we have

— (D (1)) 050, Py () p)

=D (p(t)) </an (o) (5op)2d0+/R(1 ian)ﬁ' ((12an)2>p50pda>

and
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Hence, using 6" ((1%;7;)2) =0 for |o| > 1+ n we obtain

— (D (p(8) 82,p.py (o)1) > D (p (1)) ( / P (0) (Bp)? dor (11+Of7 - / p2do> ,

where 3 > 0 is such that |¢’|,|0”] < 8. Using (31) in (30) we have that

37 [ (@ 0de+ D) [ 0,(0) 0o+ = [ g, (0110

103 )
Sl @) [ v

By the Gronwall lemma

[ o (32)
lo|>1+n
< / pu (o) P2 (t,0) do

eiTlot o 7_(t 5)72061)( (5)) 2 (s,0) dods
< [ <>d+/0 o [ #* oo

Define now &, (6) =1 —6 ((1+ amr ) Multiply (3) by 5727 (o) p. Then by Lemma 3.2

we have

2 2 2 2 1 2 2
dt/g do — (D (p (1)) 82, p. €2 (o) >+?O/g>1§,, (0)pido (33)

2
22O (5, 0), 2 015y = 28D ez ) 1,0).

Let I = [(—=1—-n)Vv2,(14+7)Vv2]. By Lemma 3.1 & (-)p(t,-) € H' (R), so that
the restriction of &, (-)p(t,-) in I belongs to H{ (I) C L*(I) for a.a. t. Then
£2(0) = 1=¢,(0) and the Poincaré inequality imply the existence of C such that

D) ez 0)p(t,0) =

<

D (p (1))

D(p(t)

£ (0)p (£,0)
160 (P () e
<2 o, € (pt-)

>~ o o \Sn ) HLZ(I)

2
< 28O [ 0n (6 ) ar + 2B (3
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On the other hand, using again Lemma 3.1, we get

< (p (£)) 0341, & (0) >

_D R( do
(/R§ (Oop do—+/§77 ()p)do)
po) ([ 6@ @ p@mdr+ [ (0,6 ()0 do

/ &, ()9, (& (0)p)d )
=) ([ @& i - [ 126 0)"ar). 55)

Using (34)-(35) in (33) we obtain

53 [ @rar+ 280 [ 0, 60100

202

<D @) [ (&) pdo+

Note that by the Poincaré inequality there exists a positive constant Ry = Ry (1)

such that
R; / & (o) p°do
R / &2 (o) pldo < / (& (0)p))? dor < / (90 (69 (0) p))* dor
Hence,

d
E/53;( )p?do + D (p Rl/g p?do
R

<2D (o (1) [ (6 ()" o+ 2L

Multiplying the inequality by eftr /¢ P®()ds and integrating over (0,t) we obtain
/5727( 2d0_ <e~ Ry fo D(p(s))ds / 52 podo,
R

t
+ [[2Dw) [ (€ () e 1 20O
0

C? t .
+ a—i/ D (p(r)) e il De()ds gy,
0
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Hence,
(36)

/ p? (t,0)do < / & (o) pdo

lo|<1+n R
< 2 —Ry [§ D(p(s))ds Ct 1 — ¢~ Ri [ D(p(s))ds
= Rpo ole J + OZQ—R[ —e J

t
+ /0 2D (p(r)) /R (€ (0))° pPdoe i I Pw()ds gy,

Joining (32) and (36) we obtain

/ p2 (t, O') do’ (37)
R
< (/ g (o) do) (e_RI S Dw(s))ds . e‘%)
R
r t
o“Rp 0 1+ :

t
+/0 D) /R (€) () pPdoe™Fr Jr DD ds gy,

Let us estimate now the last term in (37). We multiply (3) by (5;7)2 p. Then arguing

as for (35) and using & (o) = 0, for [o| < 1, we obtain

/ 2 9 852 7%015 2 do
/R (60" () do <=2 /R p3d

tef%o(tfs) s " (o)) p2dods.
2| D(o(s) [ (&) ods. (39

0_2

Note that 6" (W) =0, if 0 > 2 (1 +7)?, implies

. o? 2 , o? 10
’ <(1+n)2> ’ < >|§ e

L

402
(1+n)*

& (0)] < TS
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By (37), (38) and (39) we have
/ p*(t,0)do (40)
R

<([e) mimeresca
R

2 t
LG (1_6—R1_IJD(p(s))ds)+/ ef%,(tfs)mDi(p(;))/p? (s,0) dods
o?R; 0 (1+mn) R

t 165" ~2r [ 245 | e~ Rr Tt D@(s)d
+/ D (p(r)) ze 7o /poda e~ fir [ D(p(s))ds g,
0 (1+mn) R

t 2 r 2 t
+ / D (p(r)) 74006 1 / e (9 p (p(s)) / p?dods | e F1 7 Dp(o)ds gp..
0 (14+n)" Jo R

For further arguments we need to give an explicit expression for the function Ry (7).
Recall that R; has to satisfy the inequality Ry [, u?do < [; (8,u)? do for any u €
H} (I). Since I = [(—1—n)V2,v2(1+n)], for any u € H} (I) we have

1
u (o) < N0oullpi(ry < I? |0oull 2y »

2 2 2
lullzz < 17 180wl 1y »

where |I| = 2v/2 (1 +7), so that

1 2 2

—— |ju < ||0su

s e < 105y
and we can take Ry = m. Thus we can choose 7 big enough, so that

1
Rr (1+n)* —4008% = S+ n)? — 4003%a > 0. (41)
Suppose that K > 0 is such that
o2 20082 K

@®Rr Ry (1+n)* 2

ie.
— C?2(1+n)*

a2 (R, (1+n)* - 4005%) ’
and that ||po| ;> < Ko. Then we state that there exists K > K such that
llp ()|l ,2 < K, for all t > 0. (43)

Indeed, this is the case if K > max {\/QKO,f} . If we assume the opposite, then
there exists to > 0 such that ||p(¢)|,. < K, for t < to, and ||p (to)| > = K. From
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o .
(40) and D (f) < 7 we obtain

2
lp ()72
<K} (e‘RI Jo D(p(s))ds | eiTiot)

2
Y (1 R D(p(s))ds) 4 1008 s (1 _ e*r%t)

a?Rp (1+4n)?
S8a3? _2
(e ﬁ“)
2
2006 / D 1 —e TO ) efRI j,: D(s)de,r.
(1+ 77

Note that
t t
/ D(p(r)) (1 —e*Tlo’”) e~ ] D) gy </ D (p(r)) e~ R [ D@()ds g
0

_ L (1 Rl D(p(s))ds) .
I

Now we choose 7 such that <222, < 1 and (fig) < 3. Hence, using K§ < KTzv we

(1+m)
get

2 2

K2e Tl 100‘521(2 (1 . e‘r%t) 4 B0 g2 (1 . e—%f) <K
(I+mn) (

On the other hand

C22(1+n)*

K*>K = T
a2 (RI (1+n)* - 4005%)
implies
2 2 2 K2
SI 005%« 4K2 K
a*Rr - Ry (1+n) 2
Thus

2 2 2
Kg —Rp [0 p(s))ds + CI + 2006 o K2 (1 _ e—RI f(; D(S7y)d5) < K_,
a’Rr Ry (1+ 77)4 2
so that
lp ()| 2 < K, for all t < t,
which is a contradiction. .

It remains to obtain an estimate in the space L™ (R). Fix some € > 0. Using the
estimate of the tail (7) we obtain the existence of M (B) such that for any weak
solution p (-) starting at B (note that it satisfies p (t) > 0 and [, p (o) do = 1, for
all t > 0), we have

/p(t,a)|o|do§/ p(t,a)da—i—/ p(t,0)|o|de <1+M = K, for all t > 0.
R lo|<1 lo|>1

Then the result follows for N = K3 + K. O

Let us obtain now an estimate of the tails in the norm of the space L? (R).
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Lemma 3.3. Let B C E be bounded in the norm of the space L? (R). Then for any

e > 0 there exist T (¢, B), k (¢, B) such that any weak solution p with p (0) = py € B
satisfies the estimate

/ p?(t,o)do <ce ift>T, k> k.
k<o
If, moreover, B is compact in L? (R), then there exists k (¢, B) such that
/ p?(t,o)do <cift>0, k>Ek.
k<o
Proof. We put k =147 in (32). Then

/ p*(t,0)do (44)
lo|>k

< / pn (0) p*do
R

2 2 b
<e ﬁot/an (a)p3d0+klf e Tt S)D(p(S))/RPQ (t,0) dods.
0

Now for py € B (a bounded set in L? (R)), Proposition 1 implies ||p () ;. < N (B).
Then by 0 < D (p(t)) < 7 and [ pjdo < K (B) we obtain

108N2%(B) «

/ P2 (t,0)do < e To'K (B) + 2
lo|>k k

so that for any & > 0 there exist 7 (¢, B) and k (¢, B) such that

/ p?(t,o)do <ecift>T, k>k.
o>k

Let now pg € B, where B is compact in L? (R). Then we can obtain the estimate
of the tail for an arbitrary ¢ > 0. Note that as B is compact, for any € > 0 we can
find k; (¢, B) such that [, p, (o) pjdo < flolzk/ﬂpg (t,o)do < 5 if k > k1. Then

(44) implies that for any e > 0 there exists k (e, B) such that
/ p?(t,o)do <cif k>, (45)
lo|>k
for any t > 0. O

4. Abstract theory of global attractors. We shall develop in this section a
general theory of global attractors for multivalued semiflows defined in a topological
space, extending similar results obtained before in metric spaces [27]. The results
proved here are almost contained in the more general nonautonomous setting given
in [21], [24]. However, we write these results for the sake of completeness, and also
in order to explain the particular additional properties obtained in the autonomous
case. Moreover, the proof in this case is simpler. Also, due to the special difficulties
of our problem (3) we need to consider the attraction property of the attractor only
with respect to the elements in a given subset of the phase space. Hence, there are
slight differences between the theory developed here and the ones in [21], [24].

Let Y be a metric space with metric p, P(Y) (8(Y), C(Y), K(Y)) be the set of
all nonempty (nonempty bounded, nonempty closed, nonempty compact) subsets
of the space X. Let F be a Hausdorff topological space. We assume that F' is a
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subset of Y, i.e. FF C Y, where the inclusion has to be understood in the sense of
sets (not topologically).

Definition 4.1. The multivalued map G : Rt x F' — P(F) is called a multivalued
semi-flow if the next conditions are satisfied:

1. G(0,-) = is the identity map;

2. G(t1+t2,x) C G(t1,G (tz,x)), Vt1,to € RT, Yz € F,
where G (¢, B) = ngG (t,x), BCF.

It is called an strict multivalued semi-flow if the converse inclusion G (t1, G (t2, z))
C G (t1 + t2, ) also holds.

Let E C F be a subset of F. First, we give the definition of a (Y, F)-global
attractor.

Definition 4.2. The set A C F is called (Y, F')-attracting for G if for any B € 3(Y),
B C E, and an arbitrary neighborhood N(A) of A in F there exists T = T(N(A), B)
such that

G(t,B) C N(A), Vt>T. (46)
This property will be denoted by
G(t,B) — A, t — +o0. (47)
Remark 4. If Y = F, then condition (47) should be understood as
dist(G(t,B),A) — 0, t — 400, (48)
where for A, C C Y, dist(A,C) = 21618 unelg p(x,y), that is, for all e > 0 and B € 5(Y)

there exists T'= T'(¢, B) such that G(¢, B) C O.(A), Vt > T.

Here O.(A) = {y € X : dist(y, A) < e}. For a compact set A C Y properties
(46) and (48) are equivalent. In the general case we can say only that (46) implies
(48).

Definition 4.3. The set K is called an (Y, F')-global attractor of G if:

1. K is an (Y, F))-attracting set;

2. K is negatively semi-invariant, i.e. K C G(t,K), Vt > 0.

Further, for B C E let us define v4(B) = |J G(t, B) and the w-limit set w(B) =

t>s
N clr(vs(B)), where clp is the closure in the space F.
s>0

It is known [21, p.1971] that y € w(B) if and only if there exist generalized
sequences t, — 400, &, € G (tq, B) such that {, — y in F.

Now we prove the existence and properties of the w-limit set for a bounded set
B.

Proposition 2. Assume that for any B € 5(Y), B C E, there exists A(B) €
BY)NK (F) (ie. it is bounded in'Y and compact in F) such that

G(t,B) — A, ast — +oc. (49)

Assume also that for any t > 0 the map x — G(t,x) has closed graph in F.
Then w (B) is non-empty, negatively semi-invariant, compact in F, bounded in
Y, w(B)C A and
G(t,B) —w(B), ast — +oo. (50)
It is the minimal compact set (in F) satisfying (50). Moreover, if F is reqular, then
it is the minimal closed set (in F') satisfying (50).
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Proof. Let us prove that w(B) # (. If w(B) = (), then by the characterization
of w(B) each net & € G(tq,B), where t, — oo, has no limit points. Then for
any y € A(B) there exists a neighborhood O(y) in F and 7' = T(O(y)) such that
{&a} N O(y) = 0, ¥t, > T. The union of these sets {O(y) : y € A(B)} is an
open cover of the compact A(B), so that there exists a finite subcover {O(ys) :

k = 1,..,n}. Then for t, > max T(O(yx)) one has {&,} N (U O(yx)) = 0,
1<k<n e

which is a contradiction with (49). Hence, w(B) # 0. Let us now prove that
w (B) is negatively semi-invariant. Let £ € w (B). Then there exists a generalized
sequence &, € G (tq,B), such that §, — ¢ in F, as t, — +o0o. For t, >t
we have G(tq, B) C G(t,G(to — t, B)) and, therefore, &, € G (t,(,), where {, €
G (to — t, B). As we have seen the net &, has a converging subnet. Thus, without
loss of generality we can counsider that £, — & and {, — ¢ in F. Since G (t,-)
has closed graph, § € G (t,w (B)). Finally, w (B) C G (t,w (B)), Vt € RT, because
¢ €w(B) and t € RT are arbitrary. Let us prove that w(B) C A(B). Suppose that
there exists y € w(B) such that y ¢ A(B). Since A is compact, there exist disjoint
neighborhoods O(A(B)) and O(y) in F. According to the characterization of w (B)
there exists a net &, converging to y in F' and &, € G(tn, B), to — +00. This is
a contradiction with (49). Now, w(B) C A(B) implies that w (B) is bounded in
Y. We prove further that G(¢, B) — w(B) as t — +00. Indeed, if w(B) does not
attract B, then there exists a neighborhood O of w(B) and a net &, € G (ta, B),
to — 400, such that &, ¢ O for any t,. In the same way as before we prove that
{&4} is precompact, which is a contradiction by the characterization of the w-limit
set. By construction w (B) is closed. In view of w(B) C A(B), we obtain that w(B)
is compact in F. Let F' be a regular topological space and Z be a closed set in F
such that

G(t,B) — Z, ast — +oc. (51)
Let us prove that w(B) C Z. Indeed, if y € w(B) and y ¢ Z, then according to the
regularity of the space F' there exist disjoint neighborhoods O(Z) and O(y). Then

it is easy to show a contradiction with (51). In the case when F' is not regular but
Z is compact the proof is the same. O

Let us prove now the existence of the global attractor.

Theorem 4.4. Suppose the following conditions:
1. forany B € 3(Y), B C E, there exists A(B) € 3 (Y)NK (F) satisfying (49);
2. for any t > 0 the map x — G(t,x) has closed graph in F.
Then there exists an (Y, F)-global attractor K defined by

K= {J wB. (52)

Bep(Y),BCE

Moreover:

1. If either F' = E or F is a reqular space, then K C clpZ for every attracting
set Z, i.e. it is the minimal closed (Y, F)-attracting set.

2. If there exists an (Y, F)-attracting set A such that A € 8(Y)NK (F), then K
18 bounded in'Y . If, moreover, E = F, then K is compact in F' and, moreover,
if G is a strict semifow, then KC is invariant.
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Proof. The fact that K is a (Y, F')-global attractor is an easy consequence of Propo-
sition 2. Let Z be a closed set in F' such that

G(t,B) — Z, ast — 400,

for all B € 8(Y), B C E. By Proposition 2 we have that w(B) is negatively
semi-invariant and w (B) € 8 (Y) N K (F). If F = E, then

w(B) C G(t,w(B)) — Z,

so w(B) C dpZ, for all B € (YY) satisfying B C E. Hence, K C clpZ. It
F is regular, then by Proposition 2 w(B) C clpZ, for all B € (YY) satisfying
B C FE, so that K C clpZ. Assume now that there exists an attracting set A such
that A € f(Y) N K (F). It follows from Proposition 2 that w(B) C A, for any
Bep(Y),BCF. Then K C A. Thus, K € 8(Y). If E = F, we shall obtain that
K € K (F) if we check that it is closed in F. Take an arbitrary net {y,} C K such
that y, — y. We have to prove that y € K. Since K C G (t,K), for any ¢ > 0, we
have y, € G (tq,K) for an arbitrary sequence t, — +00. Then the boundedness
of Kin Y and K C F = E imply that y € w(K) C K. Finally, let us prove
that K € 8(Y) N K (F) is invariant if G is, moreover, an strict semi-flow. For any
t,7 € RT, we have

G(t,K) C G(t,G(r,K)) C Gt +T,K).

Since K € 8(Y) and K C F = E, for any neighborhood O(K) of K there exists T
such that G(t + 7, K) € O(K), V7 > T. Since O(K) is arbitrary and K is compact
in F, we have G(t,K) C clpK = K. Hence, K = G(t,K), Vt € RT. O

We say that the multivalued map 2 — G(t, z) (¢ is fixed) is upper semicontinuous
(w.rt. F) if for an arbitrary open (in F') set O containing G(t,x) there exists a
neighborhood O,, of x in F such that G (¢,0,) C O.

Theorem 4.5. Under the conditions 1-2 of the previous theorem, if, moreover, the
map x — G(t,x) is upper semicontinuous (w.r.t. F), has connected values in F
and K C By C E, By € B(Y), where the set By is connected in F, then the global
attractor K is connected in F.

Proof. Suppose that K is not connected in F'. Then there exist two open sets Ay,
As such that KNAy #£0, KNAs #0, K C AjUA; and A;NAs = (). Since the map
G (t,-) is upper semicontinuous and has connected values, G(t, By) is a connected
set in F for any ¢t > 0. Indeed, if G(t, B1) were not connected, then there would
exist open sets Uy and Uy in F with Uy N Uy = () such that G(¢t,B1) N U; # 0, 4
=1, 2, and G(¢t,B1) C Uy UUs. Denote M; = {xz € By : G(t,z) C U;}. Since
G (t,-) has connected values, My U My = By. Also, M1 N My = () and M; # ) for
i =1, 2. Since z — G(t, ) is upper semicontinuous, M; are open sets for i = 1, 2
(see [19, p.37] or [2, p.40]), which contradicts the fact that By is a connected set.
By K € G(t,K) C G(t,By), we have G(t,B1) N Ay # 0, G(t,B1) N Az # 0. But
Ay U Ay does not cover G(t, By) for any t > 0. Hence there exist &, € G(tq, B1),
where t, — o0, such that £, ¢ A; U As. Arguing as in the proof of Proposition
2 we obtain that the net {{,} has a converging subnet and its limit £ belongs to
w(B1) and does not belong to A; U Ag, which is a contradiction. O
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5. The weak global attractor. Let us defined now, for our problem (3), a mul-
tivalued semiflow in the Hausdorff topological space H.

We note that Lemma 2.5 implies that for any 7" > 0, pg € H there exist pj € E,
p§ — po in H, a generalized sequence of weak solutions p,, (-) and a weak solution
p (+) satisfying po (0) = p, p (0) = po, such that p, — pin C ([0,T],H).

Let S (po,T') be the set of all weak solutions p () on [0,7T] corresponding to pg
such that there exist p§ € I, p§ — po in H, and a generalized sequence of weak
solutions p, () satisfying p, (0) = p§ such that p, — p in C ([0,7], H). It is clear
that p(t) satisfies (4) for any ¢ > 0, and also that S (pg,T’) is non-empty for all
po € H and T > 0.

Then we define the map G : RT x H — P (H) :

G (t,po) ={p(t):pe S(po,T) for some T >t}.
Lemma 5.1. G is a strict multivalued semiflow.

Proof. Let y € G (t+ s,z). Then y = p(t + s), where p(-) € S (z, T) T >t+s.
It is clear that v () = p(s+-) € S(p(s),T —s), so that y = v (t) € G (t,p ())C
G (t,G (s,z)). Let now y € G (t,G (s, x)). Then there exist p (-) € S (x,T1), T1 > s,
and v (-) € S(p(s),T2), To > t, such that y = v (¢). Define the function

_ p(r),if0<r<s,
Z(T)_{ vir—s),ifs<r<s+Ts.

It is clear that z € S (z,s+ 1), sothat y =z (t + s) € G (t + s, ) . O

Remark 5. It follows from the proof of Lemma 5.1 that the concatenation of
two weak solutions p(-) € S(po,s), v(-) € S(p(s),T) is a new weak solution
which belongs to S (pg,s+ 7). In this way we can extend every weak solution

p(-) € S (po,Tp) to aglobal one (i.e. defined for all¢ > 0) and such that p € S (po,T')
for all T > 0. Then an equivalent definition for G is the following:

G (L po) = p(t):p(-) is a globally defined weak
PO =\ solution such that p € S (po,T) for all T >0

Lemma 5.2. The graph of the map po — G (t,po) is closed for any t > 0.

Proof. Consider a generalized sequence {g € G (t*, pg) such that £g — &, pg — po in
H. We need to prove that £ € G (t*,po) . Let us consider the set of all open sets O,
Oy in H that contain ¢ and pg, respectively. Let A = {a = (v7,¢) : v €T, ¢ € O}
and introduce on A the following partial order: (y1, ¢1) = (72, ¢2) if O,, € O, and
Oy, C Oy,. A is a directed set. For any a = (v, ¢) there exists §(«) such that
£8(a) € O, Pa(a) € Og. Then by the definition of S (po, T') there exist p, € EN Oy
such that yo = y* (t*) € O, where y* (-) is the unique weak solution corresponding
to po. From Lemma 2.5 we obtain that up to a generalized subsequence y* (-)
converges to a weak solution y (-) in C([0,7],H). Hence, y(-) € S(po,T) and

y(t") =€ Gt po). O
Corollary 1. G (t*,po) is closed in H for any t* >0, po € H.

Lemma 5.3. For any set B C E, bounded in X, we have that i (B) = U>0G (t, B)
s bounded in X.

Proof. This follows directly from Proposition 1. O
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Lemma 5.4. For any set B C E, bounded in X, there exists a set A, compact in
H and bounded in X, such that

G(t,B) — A, ast — +o0.

Proof. We know by Lemma 5.3 that ~¢ (B) is bounded in X. Then 7 (B) i
weakly precompact in L? (R). Since L?(R) is a separable Hilbert space, L2 (R
satisfies the first axiom of countability. Then the omega-limit set wr2 (B)
Ni>oclp2 (Ur>¢G (t, B)) can be characterized as

wn

~—

wrz (B) ={y: yn € G (tn,B), t, — +00, s.t. y =y in L2 (R)}.

It is clear that w2 (B) is non-empty and, as in the proof of Proposition 2, we
obtain that wr2 (B) attracts B in the weak topology of L? (R). We state that the
set wre (B) is a compact set in [ and that it is bounded in X. Indeed, first let
us check that wy2 (B) C H. Let y € wrz (B). Then y, — y in L7 (R), where

Yn € G (t,, B) and y, € H. We shall prove that y, — y in fiu (R). For this we
check first that x,, = (1 + |o|) yn is a weak Cauchy sequence in L' (R). Take an
arbitrary £ € L (R). Then by the estimate of the tails given in Lemma 2.2 for any
€ > 0 there exist K (¢) > 1, N (g, K, ) , such that

/ (1 + [o]) (g — ) Edo
R

<

+2[€l, ( [ tolmdo+ [ |o|ymdo>
lo|>K lo|>K

Hence, since the space L' (R) is weakly complete [12, p.290], x,, — 2 weakly in
L' (R). Thus, y, — u = 757 weakly in L' (R). Note that if we denote by Ly
the restriction of y,, into the subset (—k, k), then Lyy, — Lpy weakly in L? (—k, k),
so that Ly, — Ly weakly in 7' (—k, k). Hence, Ly = Liu. Since k is arbitrary,
it follows that y = u. Thus, as H is weakly closed in X, we obtain that y € H. We
note that since v¢ (B) is bounded in X, we have also that clgvyg (B) is bounded
in X. Hence, it follows from wy2 (B) C cly~yg (B) that wy2 (B) is bounded in X.
Denote now by Lfy, the restriction of y, into the subset Qf = R\[—Fk,k]. Then
using the estimate of the tails for y, and that Ly, — L{y weakly in 7' (Q5), we
obtain that for any e > 0 there exists K (¢) such that

[t loh =) o
lo|<K

<3¢, if n > N (¢, K, €).

/ (14 |o|) ydz < liminf (14 |o|) yndz < e.
lo|>K

n— 00 lo|>K

Thus, the elements of w2 (B) satisfy a uniform estimate of the tails in the space

—1
L (R). Further, we note that in an arbitrary Banach space a set A is weakly

compact if and only if from any sequence there exists a subsequence converging
weakly to some element of A. Take now a sequence y, € wrz (B). The set wr: (B)
is bounded in L? (R), and then up to a subsequence y,, — y in L2 (R). Finally, for
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any £ € L (R) and € > 0 there exist K (¢) > 1, N (e, K, &), such that

/ (1+ [o]) (g — ) édo
R

<

/<K (14 [o]) (yn — ) Edo

<3¢,if n > N (¢, K, €),

+2[€l ( [ lolmdo+ [ |o|ydo>
|o|>K lo|>K

so that y, — y in H. Hence, w2 (B) is compact in H. Finally, let us prove that
w2 (B) attracts B in the topology of H. By contradiction, suppose that there
exists a neighborhood O of wyz (B) in H such that for any 7' > 0 there exist ¢ > T
and y € G (¢, B) for which y ¢ O. Then there exists a sequence y,, € G (t,, B),
t, — 400, such that y,, ¢ O for all n. Since the sequence y, belongs to a bounded
set of L? (R), passing to a subsequence y,, — y in L? (R). Arguing as before we
obtain also that y, — y in f}ﬂ (R). Thus, y, — y in H. Since y € wr: (B), we
have a contradiction. O

For the abstract setting developed in Section 4 let ' = H and denote by Y the
space H with the strong topology of X. We note that in this case every B € 3(Y)
belongs to F. The set E is given in (18).

Theorem 5.5. The multivalued semiflow G has a (Y, F)-global attractor defined by
(B)

U W
Bep(Y),BCE

in the phase space F' = H, which is bounded in I (R). Moreover, A is minimal in
the following sense: for any (Y, F')-attracting set Z in H we have A C clg2 Z.

Proof. The existence of the (Y, F')-global attractor follows from Lemmas 5.2, 5.4
and Theorem 4.4. Let us prove that A is bounded in ' (R). Take y € A. Then
yn — y in L2 (R), where t,, — 400 and y,, € G (t,, B) for some B € 3(Y), BC E.
Then using the estimate of the tails given in Lemma 2.2 for y,, and that L{y, — L{y

weakly in I (QF), we obtain that for € = 1 there exists K such that

/ lo|yde <e=1.
lo|>K

Note that K does not depend on B. Thus, the elements of A satisfy a uniform
estimate of the tails in the space f}, (R). Also, [,ydo =1 for all y € A. Thus

/|U|y(0)d0§/ |0|ydx+/ lo| ydr < K + 1.
R lo| <K lo|>K

Hence, A is bounded in ' (R) . Finally, we prove now the minimality. The set A
is defined by

= u (B).

Let Z be an (Y, F)-attracting set in the space H. Then we need to prove that
wi (B) C clg2 Z, for all B € §(Y), B C E. Take a closed ball Bg in L?(R) of
radius R such that ¢ (B) C Bg. Put Zg = Z N Bg. Then Zg is bounded in
L? (R) and attracts B in the space L? (R). Indeed, let O be an arbitrary open set
in L2 (R) containing Zg. Set V = L? (R)\Bg. Since Bg is closed in L? (R), V is

U w
Bep(Y),BCE
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open in L2 (R), and then N = OUYV is an open set in L? (R) containing Z. Hence,
there exists T such that G (t, B) C N, for all ¢ > T. But note that v, (B) C Bg, so
that G (¢, B) C O, for all t > T. Hence, Zg attracts B in the space L2 (R). Take
the set wrz (B) defined in Lemma 5.4. It is clear that
WH (B) = thOClH (UTZtG (t, B)) Cwrz (B) = thOdeu (UTZtG (f, B)) .

The space Br endowed with the induced weak topology of L?(R) is metrizable.
Thus, this space is regular. If there exists y € w2 (B) such that y & clp2 Zg,
then we can find disjoint neighborhoods (in Bgr) O (y) and O (clz2 Zg). Since
Zp attracts B in L7, (R) (and then in Bg), using the characterization of w2 (B)
given in Lemma 5.4 we obtain that y C clz2 Zp, which is a contradiction. Hence,
wr (B) Cwiz (B) Celpe Zr C el Z. O

6. Appendix: the dual space of 7' (R). We shall prove the characterization of
the topological dual space (fl (R))

Lemma 6.1. (Zl (R)) can be characterized as follows

(T') = te=Q+lohusue L= ®),
and
(¢, p)p Z/R(l-i- |o]) updo.

Proof. Let ¢ € (fl (R)) . Then we shall prove the existence of a unique u € L*> (R)
such that

(p,p) = / (1 + |o]) updz, for all p € I (R).
Moreover, ng||(fl)* = ||u||LmR. Let us take a function w € L? (R) such that for any
compact set K C R, w (o) > ex > 0. Define w (o) = % For any f € L?(R) the
function wf belongs to I (R) and the functional L? (R) 3 f — (p,Wf) is linear
and continuous on L? (R). Then there exists v € L? (R) for which

(p,Wf) = / vfdo, for all f € L? (R). (53)
R

Put u (o) = 22 which is well defined because w (o) > 0. It is clear that u (o) is

- w(o)?

measurable. Let us prove that u € L™ (R) and [Jul|; - < ||(PH(ZI)*. By (53) we

[esio| < [1osido < ol

Put C > ||ga||(z1)*. We shall prove that A = {oc € R: |u(c)| > C} has measure
equal to 0. This will imply that u € L (R) and [Jul| ;o < H90||(f1) Indeed, if

A has positive measure, then there exists a measurable subset B C A such that
0 < |B| < oco. We take in (54) the function

1, ifoeBandu(o) >0,
flo)=< -1, ifoeBandu(os) <0,
0, if o € R\B.

have

wfn(fl), for all f € L? (R). (54)
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Then [, |u(o)|w(o)do < ng||(fl)* Jpw(o)do, so that

¢ [ wieyar < lelpy [ wioydn

which is a contradiction, since [, w (o) do > 0. It follows that

<g0,@f>:/Ruwfda.

If g€ Cc (R), then f = £ € L? (R). Hence,

(o) = / Y ygdo — / (1 + |o]) ugde, Vg € Co (R).
R W R

We note that C, (R) is dense in L' (R). Indeed, for any p € L' (R) put y =
(1+|o])p € L' (R) and take a sequence y, € C. (R) such that y,, — y in L' (R).
Then p, = £ € I (R) and p, — p in I (R). Then

I+|o|
(p,p) = / (14 |o|) updz, for all p € I (R).
R
Finally,
—1
(e, P) < l[ull o lIpllgr s for all p € L™ (R),
so that ||g0||(f1)* < |lu|| ;= . Hence, ||<p||(fl) = |Ju|| ;= - It is easy to see that u is
unique. O
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