SELF-ENERGY OF ONE ELECTRON IN
NON-RELATIVISTIC QED

ISABELLE CATTO AND CHRISTIAN HAINZL

ABSTRACT. We investigate the self-energy of one electron coupled to a
quantized radiation field by extending the ideas developed in [H]. We
fix an arbitrary cut-off parameter A and recover the o-term of the self-
energy, where « is the coupling parameter representing the fine structure
constant. Thereby we develop a method which allows to expand the self-
energy up to any power of a. This implies that perturbation theory in
a is correct if A is fix.

As an immediate consequence we obtain enhanced binding for elec-
trons.

1. INTRODUCTION AND MAIN RESULTS

In recent times the self-energy of an electron coupled to a photon field was
studied in several articles. In [LL], Lieb and Loss showed that in the limit
of large cut-off parameter A, perturbation theory is conceptually wrong.

A different method of investigating the self-energy was developed in [H].
Therein the cut-off parameter A was fixed and the self-energy in the case of
small coupling parameter « was studied. It turned out that one photon is
enough to recover the first order in «.

By similar methods Hainzl and Seiringer evaluated in [HS] the mass renor-
malization via the dispersion relation and proved that after renormalizing
the mass the binding energy of an electron in the field of a nucleus, to leading
order in o, has a finite limit as A goes to infinity.

As our main result in the present paper we recover the next to leading
order, the a?-term, of the self-energy of an electron.

As a byproduct of the proof we develop a method which allows to expand
the self-energy, step by step, up to any power of «, and implies at the same
time that perturbation theory, in «, is correct if A is kept fix, in a case
where there is no spectral gap.

As an immediate consequence of our main result we obtain enhanced
binding for electrons. This means that a dressed electron in the field of
an external potential V' can have a bound state even if the corresponding
Schrédinger operator p? +V has only essential spectrum. Enhanced binding
for charged particles without spin was previously proven in [HVV].
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1.1. Self-energy. The self-energy of an electron is defined as the bottom
of the spectrum of the so-called Pauli-Fierz operator

— (p + VaA(z))? + vao - B(z) + Hi (1.1)

acting on the Hilbert space
H=L2RCP)@F

where F = @23 £2(R3";C?) is the Fock space for the photon field and
L2(R3™) is the space of symmetric functions in £*(R3™) representing n-
photons states. This operator is essentially self-adjoint on D(A) N D(Hy)
(see [Hi]), where D denotes the operator domain. Its spectrum is of the form
[2q, +0o[, where the self-energy %, is a complicated function of « (and of a
cutoff parameter A to be introduced below). When a = 0, the Hamiltonian
is of course simply the Laplace operator —A + Hy with respective spectrum
[0, 4-00].

We fix units such that the Planck constant A = 1, the speed of light
¢ = 1, and the electron mass m = % The electron charge is then given
by e = y/a, with @ ~ 1/137 the fine structure constant. In the present
paper « plays the role of a small, dimensionless number which measures the
coupling to the radiation field. Our results hold for sufficiently small values
of a. o is the vector of Pauli matrices (01, 09,03). Recall that the o;’s are
hermitian 2 x 2 complex matrices and fulfill the anti-commutation relations
0;0j + 0;0; = 2120; ;. The operator p = —iV is the electron momentum
while A is the magnetic vector potential. The magnetic field is B = curl A.

The vector potential is

|k‘ ik-x * —ik-x
Z/Rs%'km (k) [ar(k)e™® + a} (k)e **]dk ,

A=1,2
and the corresponding magnetic field reads

.S (%)) . G
/Rs 27r||k||1/2 (k x ie*(k)) [ax(k)e** — a}(k)e **)dk
A=1,2

where the annihilation and creation operators a) and a}, respectively, satisfy
the usual commutation relations

[a, (k) ax(q)] = 6(k — q)dx ,
and
[ax(k), av(q)] = 0, [ax(k),a,(q)] =0 .
The vectors e*(k) € R? are orthonormal polarization vectors perpendicular
to k, and they are chosen in a such a way that

k
eX(k) = T Net(k) . (1.2)
The function x(|k|) describes the ultraviolet cutoff for the interaction at

large wave-numbers k. We choose for x the Heaviside function ©(A — |k|).
(More general cut-off functions would work but let us nevertheless emphasize
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the fact that we shall sometimes use the radial symmetry of x in the proofs.)
Throughout the paper we assume A to be an arbitrary but fixed positive
number.

The photon field energy Hs is given by

Hi= Y [ Ikai(k)ar(k)ak (1.3)
A=1,27 R
and the field momentum reads
p=> / ka (k)ay(k)dk . (1.4)
=127 R
In the following we use the notation
A(x) = D(z) + D*(2), B(x) = E(x) + E*(x) (1.5)

for the vector potential, respectively the magnetic field.

The operators D* and E* create a photon wave function G(k)e™** and
H(k)e * respectively, where G (k) = (G'(k), G?(k)) and H (k) = (H*(k), H%(k))
are vectors of one-photon states, given by

k
GA(k) = 2§|(7|€\ D, (1.6)
and
) = —XURD Ay = Zik A G (1.7)
2r|k|1/2 ' '

It turns out to be convenient to denote a general vector ¥ € H as a direct
sum

\P == @nzown 9 (1'8)

where ¥, = ¥, (z, k1, ..., ky) is a n-photons state. For simplicity, we do not
include the variables corresponding to the polarization of the photons and
the spin of the electron.

From [H] we know that the first order term in « of the self-energy

Yo = inf spec T (1.9)
is given by
ar™'A? — a(0|EAT'E*|0) = 2ar ™' [A —In(1 + A)], (1.10)

where A = P;2 + H; and |0) is the vacuum in the Fock space F. Recall that
the vacuum polarization, a(0]A2|0) = ar~'A2, enters somehow ab initio
the game, whereas the second term in the r.h.s. of (1.10) stems from the
magnetic field B. But now, for the next to leading order o? all terms
contribute.
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THEOREM 1 (Expansion of the self-energy up to second order).
Let A be fized. Then, for a small enough,

Sa=alr A2 = (0[EA 'E"|0)] - o?[(0DDA D" D*|0)+
+ (0|EA'EA'E*A™'E*|0) + 4 (0|EA™'P;- DA™ 'P; - D* A7 E*|0)—
— 20| EA EAT D" D*(0) — (0|EA E*|0)]. A~ E*(0) 2] +
+0(a®?1n(1/a)) . (1.11)

REMARK 1. Throughout the paper the notation O(f(«)) means that there
is a positive constant C such that |O(f(a))| < C f(a).

REMARK 2. In Remark 3 in the following section, we explain how (1.11)
can be guessed from formal perturbation theory.

1.2. Enhanced binding. As an immediate consequence of Theorem 1 we
are able to prove enhanced binding for electrons, which was already shown
in [HVV] for charged bosons. Namely, if we take a negative radial potential
V = V(|z|) with compact support such that p? + V has purely continuous
spectrum, thus no bound-state, but a so-called zero-resonance which satisfies

the equation Do)
L [Vy)yly
¥(z) = 47T/ DRy (1.12)
Then after turning on the radiation field, even for infinitely small coupling
«, the Hamiltonian
H,=T+YV (1.13)
has a ground state. To this end we use a result of [GLL] stating that the
inequality
inf spec H, < X, (1.14)
guarantees the existence of a ground state. Earlier the existence of a ground
state, for small coupling, has been proven in [BFS].

THEOREM 2 (Enhanced binding). Let V' be a negative continuous
function, which is radially symmetric and with compact support. Assume
that the corresponding Schridinger operator p?> +V has no eigenvalue, but
that there exists a non-trivial radial solution of (1.12). Then at least for
small values of a the operator Hy has a ground state.

Note that, due to the spin, the ground state is twice degenerate [HiSp1].
In the dipole approximation enhanced binding in the limit of large coupling
a was shown in [HiSp2].

2. PROOF OF THEOREM 1

We will follow the methods developed in [H] and extend the ideas therein.
For sake of a simplified notation we introduce the unitary transform

U =¢lfre (2.1)
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acting on H. Notice that
U(E"(z)9(z)) = H(k)y()

and
U(D*(z)(z)) = G(k)¢(z) .

More generally, for a n-photons component, we have

n+1
U(E*($)¢n($7klaakn WZH Qpn z kla aka "akn+1)
and
n+1
U(D*(x)wn(xaklaakn)) = \/1—1 ZG(’CZ)’Q&”(CE, kla' . 77;:1'" . 'akn-l-l)
n+ 1=

where the notation * means that the corresponding variable has been omit-
ted. Since

UpU*=p— P (2.2)
we obtain
UTU* = (p— P ++vaA)’ +vao- B+ Hy (2.3)
where A = A(0) and B = B(0).
Obviously,
inf spec [UTU*] = inf spec T . (2.4)
Therefore in the following we will rather work with UTU* which we still
denote by T
We also introduce the notation
L=(p—PF)?+H, (2.5)
P=p-F,
Ff=2P;-D*+o0-E*
and

F*=2P.D*+o0-E*. (2.8)
Let us also recall that
A2 =An'42D*.D+D*-D*+D-D, (2.9)

since D-D* — D* . D = A?n—L.
Before turning to the proof of the theorem per se, we give an heuristic

argument based on formal perturbation theory with respect to « to derive
(1.11).

REMARK 3. Let us consider again the unitary transform of T given by
(2.1) and (2.3). In (2.3), p (€ R?) appears as a parameter, and for fized p,
the operator UTU™ acts on F.
Denote
E(p) = inf spec UTU™,
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where p is kept fized. Let us assume that E(p) > E(0), which is known to
be true in the case without B-field [F| but still open for the full hamiltonian.
Under this assumption,
E(0) = inf spec T = inf spec T, ,
where B
To=A+Va(F+F)+aH +ar 'A%,
with Fy being defined by (2.7) above and H' = D - D + D* - D* + 2D* - D.
Because A|0) = 0, the vacuum vector |0) is an eigenvector of Ty. Since
we are interested in the small «a case, we can apply “formal” perturbation
theory as found in classical textbooks (see, for example, [RS]). Up to second
order, we then get an approximate “ground” state
Uo = [0) = VaA (F+ F)0) + a A (Fr + F7)A N (F; + Ff)|0) —
—a AT HYN0) — a || A7 e - EX|0)]? |0) =
= |0) —vVaA lo- E*0) + aA 'F*A 1o - E¥|0) —

—aA™'D* - D*|0), (2.10)
since P¢|0) = F;|0) = 0, DA~ 'o - E*|0) = 0 (see the proof of (2.24) below)
and

A7lo-EA o - E*|0) = | A" o - E*[0)])? |0) .
Following [RS], this leads to an approzimate energy
(01Ta| Vo)
01%q)
which yields exactly the right-hand side in (1.11). Note that the expression
(2.10) will be used in Subsection 2.1 to build a trial function for the upper
bound of 3. Let us emphasize that this perturbation argument is only formal

since 0 is NOT an isolated eigenvalue of A and Kato’s perturbation method
can therefore not be applied directly.

B(0) ~

Let us now turn to the proof of Theorem 1.
For any general ¥ € 7, we have

(T, 7%) = Aar | U)° + peoll® + 20> (4, D*Dpr,) +

n>1
+&[tpo, 1] + Y Eln, Yrt1, Yna] 5 (2.11)
n>0
where, as in [H],
Eoltho, 1] = (1, Lap1) + 2/ Re(F 4o, 1) (2.12)
and
En, Ynt1,¥Ynr2] = (Ynto, Lipnio) +

+2Re (Vo F*tpi1 + aD*D*yy, hn o) . (2.13)
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For simplicity, in this section, we shall actually work in the momentum
representation of the electron space. A m-photons function 1), will then be
looked at as 1y, (I, k) with k = (k1, ..., k), where [ stands for the momentum
variable of the electron and is obtained from the position variable z by
Fourier transform. In that case P is simply a multiplication operator, and
for short we use

Pl k1, kn) = (1 -3 ki)% —: Poibn (2.14)
i=1
and similarly
Hepn (k- k) =) |kiltbn =2 Hiy . (2.15)
=1

2.1. Upper bound for 3,. As usual the trick is to exhibit a cleverly chosen
trial function. In [H], the leading order term in « is obtained by a trial
function T with only one photon. The idea to get the second order term
is to add a 2-photons component whose £2 norm is of the order of a. The
choice of our trial function draws its inspiration from the formal perturbation
method which is explained in Remark 3 above. More precisely, using (2.10),
we define the sequence of trial wave functions

¥ = fo1 e,
= T 4 af 1 @A o E* + 2P - DA o - E*|0) —
—a f, 1 ®A~'D*D*|0) , (2.16)
with 1 denoting the spin-up vector (1,0) in C2, f, € H'(R*;R), ||f.] = 1
and |[pfn| — 0 when n goes to infinity, and where
T = £, 1 8l0) — Vaf. t @A o - E*|0) . (2.17)

Let us already observe that the choice for the trial function will also appear
more natural after the proof of the lower bound (see below the expected
decomposition (2.32) and (2.34)-with n = 0- of a two-photons state close to
the ground state).

We are going to check that

(q;(n),T\I;(n))

Jlim Tl =Ela+ &’ +0(?) (2.18)
where
& =n 1A% — (0|EATLE*|0) , (2.19)
and
& = —(0|DDA'D*D*|0) — (0|EA'EA™'E* A7 E*|0) —

—4(0|EA™'P;- DA™ P - D* AT E*|0) —
+2(0|EA"YEA™'D*D*|0) + (0| EA™LE*|0)||.A~1 E*|0)]|%(2.20)
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respectively denote the coefficient of & and o2 in (1.11).
We first point out that, for any N-photons wave function ¢y, we have

L(fa®A Y on)—fn®pn — 0 in H YR} R)QL(R?, C)Y —weak, (2.21)

as n goes to infinity in virtue of the fact that lim,_,  ||pfn|| = 0, and since,
by definition of L and A,

L(fn ® A7 on) = fa® 0N — 20fn @ PPA ' on + 02 fn @ A on . (2.22)
Then, with the help of (2.11) and the fact that || f,|| = 1, easy calculations
yield

(@™ g™y =

= ar "N U2 4 (|pfal? + 2] DY + 20| DYV |12 +
+ (", Lp™) + 2v/aRe(F* f 1, 9") + (2.23a)
+ (@5, LS + 2y/aRe(F ™, i) + 2aRe(D*D* f, 1, 45) =
= arn A2 OM)? — o(0|EATLEX|0) + 0n(1) + O(e®) +

+20?| DA™ o 1 -E*|0)]|? — «*(0|DDA~'D*D*|0) — (2.23b)
—a?(0lc - EAT'FRAT FF A 0 1 -E*(0) + (2.23c)
+20*Re(L F*A Yo+ -E*f,,D*D*f, 1) , (2.23d)

where o0, (1) refers to a quantity that goes to 0 as n goes to infinity and is
some error term coming from the fact that lim,, 1« ||[pfa]| = 0, while O(a?)

comes from the oz||D¢§") | term. The proof of the fact that
(2.23a) = —a(0|EAYE*|0) + 0,(1)
is detailed in [H]. We first check that szln) = 0, or, equivalently,
DA™l 1 -E*|0) =0. (2.24)

This simply follows from the relation

ki kj
> ele) =6 — —I;ﬂIQJ : (2.25)
A=1,2

and the obvious observation that, for every i € {1,2,3},

3 A A
G7 (k) H} (k)
DiA ot -E*0) =) o;1 / ———J—dk,
| POLAP YN T
with the three vectors o; 1, j = 1,2, 3, being linearly independent. Then, if
el denotes the totally antisymmetric epsilon-tensor, we obtain, for every
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Z" ‘] E {1727 3}7
6_]ln )‘(k‘)kn]

B x([K])e)
2 /R |k|2+|k\ k= 3 Z /R |k|3+|k|2 dk

A=1,2 A=1,21n

ki ki ]ejlnk

Z/ XKD L8 — dk=0. (2.26)
R3 |’€|3+|7*€|2 T

l,n=1

Concerning (2.23d), we use the anti-commutation relations of the o;’s and
the fact that the functions H*(k) belong to (iR)? while G*(k) belong to R3
to check that

Re(L™'P-D*A™o- 1 -E* fn, D*D* f 1) = 0n(1)
and to deduce that
(2.23d) = 202||full? (0| EA LEA 1D*D*|0) + 0,(1) .
We now turn to (2.23c) and check that
(2.23¢) = —a*(0|EA ' EA™' E* A7 E*|0)
— 40 (0|EA™'P - DA™'P - D*ATLE*0), (2.27)

since the cross term Re(0| EA~! P;- DA~ E* A~1 E*|0) vanishes thanks again
to the fact that G is real valued while H is purely imaginary.

The last second-order term which appears in (1.11) is easily recovered,
once we have observed from (2.16) and (2.17) that

[T]? =1+ o AT E*|0)|]* + O(a?) -
Hence (2.18), by dividing the Lh.s. of (2.23) by || ¥(™)]2.
2.2. Lower bound for ¥,. The proof will be divided into two steps. First,
in Subsection 2.2.1, we deduce a priori estimates for any state which is

“close enough” to the ground state energy. Next in Subsection 2.2.2 we use
these estimates to recover the a?-term of the self-energy.

2.2.1. A priori estimates. Our first step will consist in improving a bit fur-
ther the estimates in [H]. Indeed, we may choose a state ¥ in H, close
enough to the ground state, such that || V|| = 1 and

Yo < (U, TTV) < B, +Ca? < ar'A? — o(0|EA™'E*|0) + Co?, (2.28)

where, here and below, C' denotes a positive constant that is independent
of o (but that might possibly dependent on A). We thus have as in [H]

> (W, Lpn) < Cer, (2.29)
n>0
hence
> (4, (D*D + E*E)y,) < Car, (2.30)

n>0
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in virtue of [GLL, Lemma A.4]. We now observe that

Eoltho, 1] = —a| L7V2F 4o | + (ha, Lha) (2.31)
where
Y1 = —Va L 'F*yo + hy , (2.32)
and that, for every n > 0,
Elns Y1 ¥nral = —allL V2P gy + VoL V2D Dy ||
+(Pny2, Lhyy2) (2.33)
where
Yny2 = —vVa L 'F*p 1 —a L7 D*D*y 4 hpyo - (2.34)
Comparing with (2.11), we thus rewrite
(T, T0) = oA’z || — o L2 Frypy|” - (235a)
—a Y | LTYVEF g1 + VoL /2D Dy ||* + (2.35b)
n>0
+Hlpoll® + 20> (4, D*Dipr) + > (hn, L hy).(2.35¢)
n>1 n>1

Our first step will consists in observing that the estimates in [H] yield
> (hn,Lhy) < Ca? (2.36)
n>1

and
Ipabol” < Ca?, (2.37)

thereby improving the estimate on the zeroth order term in (2.29). These
bounds will follow from the fact that only the terms in the first two lines
of (2.35) contribute to recover the first to leading order term up to O(a?).
Hence, all the (positive) terms in (2.35¢) are at most of the order of o?.

Indeed, on the one hand, we recall from [H] that
a0 - B, L™ o - E*4ho) — allypol® (0| EA™ E*|0)| < C e |lptho*

Re(o - E*po, L™'P - D*4) =0,
and
a(P - D*to, L™'P - D*ypg) < Ca[|pahol|” .

Hence

o | L72F*o|* — allgbo||* (O EATE*|0)| < C o |lpabo]® - (2.38)
Therefore, concerning the last term in (2.35a), we have

—al| L7 PP |” = —allyol® (0] BATE*|0) + O(a?) , (2.39)
thanks to (2.29).
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On the other hand, we now estimate the different terms in (2.35b), for
every n > (. More precisely,

(2.35b) = —a| L Y2F*¢py1 + aL V2D Dy, ||? =
= —a| L7 ?F*ynia|” — o ($n, D DL™'D* D*4)y,) (2.40a)
—20% Re(F*tpp41, L~ D*D*yy,) . (2.40Db)

It is shown in [H], that
IE 2 i P = b | PO BAT B [0)| < € (g, Lpmy1) - (241)
This follows from the three bounds
| B i1, 27 0 B i) — st |40 BA E7]0)|
< C(Ynt1, Lpnt1) , (2.42)
(P-D*ny1, L 'P - D*¢Pny1) < C (ng1, Lipnyr)

and
IRe(P - D*9ppi1, L7 0 - E*Ppi1)| < C (¥ny1, Hitpny1)

whose proofs are detailed in [H]. (See also the proof of Lemma B.1 in Ap-
pendix B below, which follows the same patterns.) Moreover, from Lemma 2
in the Appendix of [H],

(9, D DL™'D*D*ty) — &|l¢hn||* (0|D DA~ D*D*|0)

< C o (Pny1, Lpnyr) - (2.43)

Actually, only the upper bounds of (2.42) and (2.43) are proven in [H] which
indeed suffices for the first order term, but following the methods described
in Appendix B the estimates (2.42) and (2.43) are easily derived.

For (2.40b), we get from the proof of Lemma C.2 in Appendix C below

o2|(F*ppi1, L 1D*D*opy,)| <

< C A |[Pnl* + C a(Wnit, Lpni1) + C a (Pn, Labn) . (2.44)

Summing up (2.41), (2.43) and (2.44) over n > 0 and using (2.39) and (2.29),
we first deduce from (2.35) that
arn A2 — o|| 9| (0|EATLE*|0) + O(a?) >
> 34 > (U, TT)+0(a?)

= an 'A?|| 0| — o T (0O|EATLE*|0) + O(c?) +
+pthol® + 20 Y (thn, D*Dip) + > (hen, L) -

n>1 n>1

Whence (2.36) and (2.37).

We now make use of these bounds to derive the second order terms in
(1.11).
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2.2.2. Recovering the a®-terms. As a first consequence of (2.37), we deduce
from (2.38) that

—al| L2 F oy |2 = —allpol|* (O BAT E*|0) + O(a®) . (2.45)

It turns out that, although it was not necessary hitherto, we now have
to introduce an infrared regularization as in [HS] to deal with the terms in
(2.35b) (or equivalently in (2.40a) and (2.40b)). Therefore, in the definition
(2.13) of £ we replace the operator L by

Lo=L+a?,

and the extra term o3 ), 5, ll4pm||® contributes as an additional O(a?) in
(2.11). The definition of h, 11 has of course to be modified accordingly by
replacing L~ ! by L, ! in (2.34). We shall nevertheless keep the same notation
for hp4+1, and we also emphasize the fact that the bound (2.36) obviously
remains true.

Keeping this minor modification in mind, we now go back to (2.35) and
we shall now use the decompositions (2.32) and (2.34) of 9p41, n > 1, in
terms of 9y, ¥,—1 and h, 11 to exhibit the remaining second order terms, as
guessed from the upper bound.

More precisely, the following quantity is now to be estimated

—a|| LV F* 1 +VaL; 2 D* Dy ||? =

= —o||L PP hp|P = @2|| LGP PR L F || — (2.46a)
—?|L;Y2D* D*y||? — o3| LY 2 F* L' D* D* 41| +(2.46D)
+20°Re(L, F* L  F*4,,, D*D*<,,) + (2.46¢)
+2032Re(L ' F* L F* 4y, F*hip 1) — (2.46d)
—20%?Re(L; ' D*D* Yy, F*hyy1) — (2.46¢)
—20°*Re(L F* L F* 4y, F*L;' D* D4y _1) — (2.46f)
—20°?Re(L; ' F* L' D* D*,, 1, D*D*t,) + (2.46g)
+20°Re(L,  F* L' D*D*ty, 1, F*hpy1) (2.46h)

with here and below the convention that the terms containing 1, _; vanish
for n = 0.

In order to lighten the presentation, the sequel of the proof has been
organized as follows. The contributing terms in (2.46a) and (2.46c) are
investigated in Appendix B and the terms in (2.46d)—(2.46h) are shown to
be of higher order in Appendix C.
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Admitting these lemmas for a while, we thus have from Lemma B.2 and
Lemma B.3 in Appendix B below and (2.29) and (2.36),

(2.46a) = —a(1 — [|9o]|?) (0| EA™ E*|0)+
+ o2(0|EALE*|0) || A LE*|0)||2 — o2 (O|EA *EALE* A LE*|0)—
—40? (0|[EA™YP; - DA™'P; - D*AT'E*|0) + O(a®?In(1/e)) . (2.47)

From (2.43) and (2.29) again, we identify the second order term in (2.46b);
namely,

(2.46b) = —a? (0|D DA™D*D*|0) + O(?) , (2.48)
since the second term in (2.46b) is easily checked to be O(a?). (Note that
(2.43) remains true when L is replaced by L,.)

The last contributing terms follows from Lemma B.4 and (2.29)

(2.46¢) = 202 (0|EA"'EA"*D*D*|0) + O(a®?In(1/a)) . (2.49)

Finally, using the a priori estimates (2.29) and (2.36), and with the help of
Lemma C.1 to Lemma C.5, we deduce that

(2.46d) + (2.46¢) + (2.46f) + (2.46g) + (2.46h) = O(c*?In(1/a)) . (2.50)

To deduce (1.11) we go back to (2.35). We simply bound from below the
terms in (2.35c) by zero, and identify (2.35a) and (2.35b), by using (2.45)
and by inserting (2.47), (2.48), (2.49) and (2.50) in (2.46).

REMARK 4. It would be possible to improve the error estimates to O(a3),
but we do not want to overburden the paper with too many estimates. We
just mention as an example that, from the proof of the upper bound, we know

that we may choose a state ¥ in H, close enough to the ground state, such
that || V]| =1 and

Yo < (T, TT) < B, + Ca® < arn A2 + oy + a2E + O(P) .

Then, arguing as in Subsection 2.2.1, we infer from (2.35) that actually
> (Pnt1; Lhng1) + [Iphol* < Co®?In(1/a) . (2.51)
n>0

This new and better bound now helps to improve all error estimates on quan-

tities which involve hyny1 and ||pyo|® (like (2.38), for ezample), and so on
by a kind of bootstrap argument.

REMARK 5. By means of the methods developed throughout the proof it
is now possible to expand the self-energy up to any power of o, but unfortu-
nately the number of estimates rapidly increase. We know from perturbation
theory that to gain the a3-term we just need to add the term

VoA F + F*)1py — a A" D* D*ejy (2.52)

and normalize the corresponding state. The 1- and 2-photon parts V1 and 1o
are defined in the upper bound (see (2.16)). Notice that (2.52) also includes
the 1-photon term o®? A= F(A~1F*A~'E* + A1 D*D*)|0).
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3. PROOF OF THEOREM 2

To prove the Theorem we will proceed similarly to [HVV] and check the
binding condition of [GLL] for H,. Namely, we will show that

inf spec H, < ¥4 — 6a® + (9((15/2 In(1/a)), (3.1)

for some positive constant §. To this end we define a one and a two-photons
state similar to the previous section to recover the self-energy, and we add
an extra appropriately chosen one-photon component which involves the
gradient of an electron function which is close to a zero-resonance state;
that is, a radial solution of the equation

1 [ V(y)y(y)
=—— [ —= 12 dy. 2
vie) = —g- [ S5 ay (32)
Let r¢ denote the radius of the support of V', then, due to Newton’s theorem,
C
P(z) = — (3.3)
|z|

for |z| > ryp and an appropriate constant C. Notice that 1) satisfies

—AYp+V(z)yp=0. (3.4)
Due to elliptic regularity properties (see e.g. [LL2]), we infer that 9 €
C?(R3).

To make 1 an L£2-function we are going to truncate it. It turns out to
be reasonable to do so at distance |z| ~ 1/a from the origin. To this end
we take two functions u(¢) and v(t) in C%(R) with u2 +v2 =1, u = 1 for
t € [0,1] and u = 0 for ¢ > 2, and we define

Ye(z) = Y(z)u(ealz)). (3.5)

Assume 1/(ea) > 219, so
be(z) = %u(aamn (3.6)

for |z| > ro. Therefore we may find positive constants C; and Cs, depending
on g, such that

Ip%%:% < Ci|lpwe]|* < aeCyllye||>. (3.7)

(Notice that ||9.]|? = C (ag)~1t.)

Throughout the previous section we have worked with the operator A(0).
Here, the Hamiltonian also depends on the electron variable z. In order to
adapt the method developed in the previous section we introduce again the
unitary transform

U =elbre (3.8)

acting on the Hilbert space . When applied to a n-photons function ¢,
we obtain U, = e(XZi=1ki) Ty (2 ki,... k).
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Since UpU* = p — P; we infer the corresponding transform for the Hamil-
tonian H,

UHU* = (p — P; + VaA)? + Vao - B+ Hy + V(z) (3.9)
which we denote again by H,. Notice that in the above equation A = A(0)
and B = B(0).

We now define the trial function

\I’s = % T _\/a-Ail(o' T)E*¢s - d\/a-AiLP ) D*¢s - a-AilD* ' D*"/Js+
+aA N o PDE*A Yo D) E Y. + 2047 PD* A7 (o 1) E* . , (3.10)
with A = sz + H;.

Comparing with the minimizing sequence for ¥, in (2.16)—(2.17) we have
replaced in (3.10) the mere electron function f, by . and have added an
extra one-photon component —d/aA~!P - D*1)., which will be responsible
for lowering the energy, whereas the other one- and two-photon parts will
help to recover 3.

For short, we denote the 1- and 2- photons terms in ¥, by 1 and )9
respectively. Obviously, the terms (11, P - p11) and (9, P; - ptpo) vanish,
which can be immediately seen by integrating over the field variables, having
in mind (1.2) and the fact that A commutes with the reflection k& — —k.

By means of Schwarz’ inequality and (3.7) we infer

|(2vap- D™ + vao - BIVad™p- Dy, )|+
+ (b2, 24h2)| < [|T[2O(?). (3.11)

Taking into account the negativity of V' and the estimates in the proof of
the upper bound in Section 2 we arrive at

(Ve, HoWe) < (¥, [P + VIYe) — da(e,p- DA™ 'p- D™e)+
+ad|(¢e,p- DA'p- D) + (4,0 DA 'p* A p- D) |+
+ [Za + O(a®? In(1/a))] [T (3.12)
Using the Fourier transform we are able to evaluate explicitly

[GAp) - 1)?

dpdl =
p |2+| |

(e,p- DA 'p- D) = /wg R ) I

A=1,2

2_—1 x(lpl)z 2 2
=t [ D gy = 2w ml? 319

and analogously
_ - « 2
(e, p- DA™'p? A" p- D) = —In(1 + A)[lp*¢c [

2
< Crg-In(l+ A)|lpel®. (3.14)
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Minimizing the corresponding terms in (3.12) with respect to d, leads to the

requirement d = 2(01174_1)

Finally it remains to choose an appropriate € to guarantee that

In(1+A)

2 2 2
(e 0" + Vi) — gt Il < —ewlpull’,  (315)

for some v(e) > 0. By IMS localization formula (see e.g. [CF), Theorem
3.2])

(%e, [P* + VIipe) = (4, [p* + Vo) — (v, [p* + V]gpv)
+ (9, [[Vol* + | Vul’ly).  (3.16)

The first term on the r.h.s. vanishes by assumption, the second one is
positive, and the third one is bounded by

(@, [IVo]? + [Vul2) < C (ca)? / L <Cae,

2(ca) 1> |7/>(za)1 |Z]?
the constant depending on max{[v'(t)| + |u'(t)||t € [1,2]}. Since
lpel|* > |lpw||* = Cea, (3.17)
we obtain (3.15) for € small enough. Consequently
(8e, HaWe)/(Te, U.) < —6(e)? + B + O(”In(1/a))),  (3.18)

which implies our claim.

APPENDIX A. AUXILIARY OPERATORS

For convenience we introduce the operators

(&)
Dl = Y [ e ®a, (A1)

A=1,2
1/2
E = Y / Ikl |k| () -
A=1,2
= x(|%[)
e )\212/27T|k|1/2[|k|+a3]1/2 ax(k)dk . (A.3)

It is easily proved, using the commutation relations between the annihilation
and creation operators, that

IX||X]* = |X[*|X]|+ 27" (A+30° In(1/a) — o In(A + %)) . (A4)

Moreover, analogously to [GLL, Lemma A.4] we obtain the following.
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LEMMA A.1. For (A.1)-(A.3) we have

2
|D|*|D| < =AH;; (A.5)
™
BFIE| < A (4.6)
XPIX] < C[l(1/a)| + (1 + A)[) B . (A7)

REMARK 6. These newly defined operators now act on real functions.
Nevertheless to simplify the notation we shall often write |X|¢ instead of
| X| || for the C?-valued functions we are considering.

Proof. We only prove the inequality (A.7). The proof for the other terms
work similarly and is given in [GLL, Lemma A.4].

Take an arbitrary ¥ € H and fix the photons number n. Then by means
of Schwarz’ inequality

T k) oy
(e X1 ) < 2( [ o k2 X k)
<€ [|m(1/a) + (1 + A)] / pu. (RIKIE , (A8)

since with the usual definition

Py, (k) :n/|¢n(l,k,k2,...,kn)|2dldk2...dkn (A.9)
for the 1-photon density, we have
[ 0 k1 s = (s i) (A.10)
while
/ X([hns])* dkny1 ~ In(1/a) (A.11)
Ikn+1l (|kps1] + ?)
for a small enough. O

From now on, in order to lighten the notation, d"k stands for dk; ... dk,.

APPENDIX B. EVALUATION OF THE CONTRIBUTING TERMS IN (2.46)
Recall our notation
P=p—PF, F=2P-D+o-E. (B.1)

In the momentum representation of the electron space, P is simply a multi-
plication operator and for short we use

Pull by, ..k ( Zk) W =t Puthn (B.2)
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and similarly

Hepn (k- kn) = Y |kilthn =2 Hi by . (B.3)

i=1
We shall also denote
= |Pol® + H" + o .
For the sake of simplicity we will use in the following the convention

HI?:= ) |H? |G = ) |G,

A=1,2 A=1,2
and additionally for all a € R3
la-G|? := Z la - GM2.
A=1,2
These conventions are suggested by our definition of H and G.

Before evaluating in Lemma B.2 below the first term in (2.46a), we need
the following preliminary lemma.

LEMMA B.1. For every n > 0,
| IZG F*4pul* = llnl|* |ATE*(0)]* | <
< C [Vallull? + o V2Pyn|? + n(1/0) (4n, Hrtpn)| . (B4)
Proof. The Lh.s. of (B.4) is the sum of three terms :
Lo F*¢nll® = | Lg 0 - E*ul* + 4| L P - D*op P+
+4Re(Ly o - E*n, L;'P - D*yy) . (B.5)
Each term is separately investigated in the three steps below.

Stepl. The first term ||L, o - E*1,||? is the one which contributes, and we
show that

125" - Bl = [l A7 E*(0) | <
< C [Vallunl? + o 2|Pyull? + (g, Hithn)

This term is decomposed into a sum of two terms I, and II,, depending
whether the same photon is created on both sides or not. Thanks to permu-
tational symmetry and the anti-commutation relations of the Pauli matrices,
they are respectively given by

/|H n—|—1 ‘2 |1/Jn(l kla ak'ﬂ)|2
n =

Aldks ... dkngs (B.6)



SELF-ENERGY OF ONE ELECTRON 19

and

II. =n Z / Uj¢n l kla ) n),0i¢n(l,k2,...,kn+1))x
n =
|Pn+1|2 + H 4 a3)?
X Hj(kn+1)gi(k1) dldkl e dkn—f—l s (B7)

,j=1

where the ~ in the second line above refers to the complex conjugate. We
first evaluate I1,, for which it is simply checked that

II <C |H kl HH( n+1)|
|kn-t1] [
X o (L Kty -y k)| [on (U oy - gt )| dE AP R
<C/ |]{|1‘2| dk ’lpnaHfIwn)a

thanks to (A.9) and (A.10). We now examine I, — |1, |? |[A~1E*|0)|? and
observe that
| H (k)[”

A~ B0y = / _HEE gy
| ke (|2 + |K])°

We first write L = Qup1 + |Pul? + H + o® — 2P, - kny1, with Qpyq =
|kn+1)? + |kns1]- The following quantity is then to be evaluated

In = |l9a|® A~ E¥[0)]|* =

1 1
_ 2 2 _ n+1
= /[lff(kn+¢)\ Yn(l Ky, - o) [(LZ+J)2 (2n+&2] drd"tg .
We now point out that
1 1 b?
= - 20 - (B.8)

@Q+02 @ QQ+b?2 @(Q+b)?’

apply this expression with @ = Q41+ |Pn|? and b= H + a3 — 2P, - k1,
and insert the corresponding expression into (B.6). I, then appears as a
sum of three contributions

H 2
An :/ | 2(kn+1)| 2|wn(l’k1""’kn)|2dldn+1k ’
(|P”| + Qn—l—l)

/|H n+1 2Pn knt1 _an_a?))
|7> 2 4+ Quy) (L2H)°

|¢n(la kla LR 7]{;77.)‘2 dldn+1k ’

an

/ |H n—|—1 Hn +a? — 2Py - kn—l—l)z
Cp =

[Yn(l, k1, ..., k)2 dId™ Tk
|7>n| + Qni1)? (L2
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First, applying again (B.8) with Q = Q11 and b = |P,|?, it is a easily
seen that

|[An — ll9nll* | AT E*0)] |<C/L1den+1 1Pynll®

by using 2 ||2 n” < 1. Concerning B, we get on the one hand

Pal®+Qni1

|H (n 1) |* (HP + o)
(1Pal? + Quy1) (L2H)?
<o [ XD gp, [, Hon) +e?lll]

|kn+1|2

while, on the other hand, and with the help of Schwarz’ inequality,

‘ |H (kni1)|? (Pr - kny1)
(|Pnl? + Qn41) (LZH)2

[t (1, Kry .. E) |2 dId™ TR <

|¢n(l,k1,...,kn)|2dld"+1k‘ <

kr
<o [ 25D at 1Pl

For C,,, using Young’s inequality to deal with the cross term, we easily get
1
Cal <€ [ XD i [, Hetn) + 021+

ky,
+C/ X([Fn+1]) “' dkns1 |[Pnl?

H? + o3

since ngﬁ <1.
Step 2. We now show the following bound on the second diagonal term :
(Lg'P - D™y, Ly P - D*tpy) < C In(1/@) (4, Lipn) - (B.9)

This quantity is again the sum of two terms I, + II,. We first consider the
“diagonal” term I, for which the same photon is created in both sides. It is
worth observing that, thanks to our choice of gauge for the potential vector
A, GMk) - k = 0. Then, the first term is bounded from above by

/|G n—|—1 |2|P ‘2‘¢n(l kla ) n)|2
|Pn+1|2 Hn+1+oz3)

|G n+1| 9
/|kn+1| (|knt1] + o )dan) 1Pn

C In(1/a) [|Pyul®
in virtue of (A.11).

I, didk; . .. dkpis

VAN

IN
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2
For the second term, we use WQ-I@—WSV < 2(H; + o®)~! and proceed

as follows

I, <n |G (knt1)| | Prga 2 |G (k1) y

2
A=1,2 (an+1|2 + HPM a3)
X b (L K1y - oo k)| [Wn (L kg, - . k1 )| dEA™ TR
< C (%, | X" X|¢n) < C In(1/a) (%, Hetpy) ,

where the operator |X| has been defined by (A.3) in Appendix A. (B.9)
follows.

Step 3. Finally, we deal with the cross term in (B.5) and show that
Re(Ly'o + B4, Lg' P - D*n)| < C (4, Hrtpn) -

Indeed, the term which corresponds to the case when one photon interacts
with itself vanishes thanks to the fact that G is real-valued while H has
purely imaginary components. Observe now that, thanks to

|P| 1 3y-1/2 o L 2172
= < — (H, <-H B.1
PR Hro? =g Hrte) s g Bt (B-10)

P

1 _ 1. . _3/9
< Z(Hi+o®) 32 < g3
PR+ B+ oo = 2t < o 7,

and (an+1)3/2 > |knt1|?* |k1|Y%. Then the remaining part gives

n+1)] [Prii| |G (k1) y
(Lath)?

A
Rel(Zg'o B, 1P D) <n Y [ 1L

A=1,2
X b (I, ks e e ey k)| [n (L k2, ..oy Epyr)| DA™ T R

(&)
<c / ’fk"s ) ak (s, Hi) -

Lemma B.1 follows collecting all above estimates. O

Let us now turn to the following.
LEMMA B.2. [Evaluating the first term in (2.46a)]
—a Y [ Lg 2P bl = —a(1 - [+ol”) (O[BA E*|0)+
n>0
+a?(0|EALE*|0) A LE*|0)|? + O(a®?1In(1/e)) . (B.11)
Proof. As a direct consequence of (2.41) and (2.36), we first get
- Z |Lg Y 2F* hngt|? =
n>0

= —a (Y Ihaal?) (OEAT'E*(0) + Oe?) . (B.12)
n>0
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(Note that (2.41) remains true with L replaced with L,.) Next, we show
that

Y st = 1= Il = al AT E*O)|* + O(0*? In(1/a)) . (B.13)
n>0

To this extent, using the definitions (2.32) and (2.34) of h,41, we get
D ltnaall® =1 = |[¢hol* =

n>0

= > Nhnyr —vVa L F*op, — a L' D* D |

n>0
= > Nl +a Y LG Fyull® — 2v@)  Re(hnir, Ly Fropn) —
n>0 n>0 n>0
—20 Y "Re(hnt1, Ly D* D4y 1) + O(a?/?)
n>0

where O(a3/2) comes both from the term a? > n>0 | L, D*D*4,_4|%, and
from the term a3/2 2 n>0 Re(L;'F*4,, L' D* D*3,,_1), which is of the or-
der of a3/2, thanks to Schwarz’ inequality and Lemma B.1 and the fact
that
IL3 ' D*D*pna|® < C ([ |* + n(1/@) (Y1, Hipn—1)).  (B.14)
Indeed, the diagonal part is obviously bounded by
2 [ |G (Eni1)? |G (kns1)|?
_ dkpy1dkn o,
H’lﬁn || / |kn—|—1| n |kn—|—2|) +1 +2
whereas the off-diagonal part is estimated by (vn—1, | X|*| X |¥n-1).
With the help of Lemma B.1 in Appendix B, we have

a Y LT F l? = of AT E|0)|? + O(P?) .

n>0

Next, we prove that

Va ) |(hns1, Ly Frpy)| < Co*?In(1/a) . (B.15)

n>0

Let us indicate the main lines of the proof (B.15). Thanks to the permuta-
tional symmetry of the photons variable, we have

|(hn+1a _1F*¢n)‘—
T / 216G (1) - Pt + 1HA (s )]

fyl [Pry1|? + Hf"+1 +ad

X |h’n+1(lakla cee 7k’n+1)||¢n(lak1a cee 7k’n)| didk; ... dkn+1 .
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We begin with analyzing the term involving H which appears to be easier
to deal with than the term involving G. This is due to the two facts that

|HA(kn+1)\ X(|Ens1])
7 <C |kn—|—1|1/2 , (B.16)
whereas \
Puss Clhnall (o g
o |kn41|Y/2 (|knt1| + @)

in virtue of (B.10).
On the one hand, using the fact that P, 1% + Hf"+1 +a® > |kpy1|, the
H-term may be bounded by

A
\/TT Z / |hn+1 l kla n+1)| |H (kn+1)|x

A=1,2 |Pn+1|2 +Hp

X [hn(l, 1y .. kn)|dld" T E

< CW/‘hnﬂ(l,kl,---,an” k[ x

i
< (L s ) ELFt1])
|kn+1‘

< C (hpt1s Heb1) Y2 |9nll,  (B.18)

thanks to Schwarz’ inequality. On the other hand, for the G-term, we shall
make use of (B.10) to deduce the bound

hog1(, kg, .. kn G kpy1) - Pn
‘/—Z/| +1(¢, knt1) |G (kn+1) +1|><

A=1,2 ‘Pn+1‘2+HF+1+0‘3

dld" 1k

x |I¢)n(l kla"'akn)ldldn+lk
< CW/ [ns1(8, K1, "vkn+1)||kn+1|1/2x(|kn+1|)><

|kn+1| + 0‘3)1/2 |kn+1|
X [hn(l, 1y .., kn)| dl AT

S C(hn+1,Hfhn+1 1 2 / (|kTL—|—1|)
‘kn+1‘ (

1/2
|kn—|—1| ¥ 0[3) dkn-l-l) qun”
< C In(1/a)"? (hni1, Hihn1)Y? |9l (B.19)
thanks to (A.11). Gathering together (B.18) and (B.19), we deduce that
(Bt Lo F*a)| < C n(1/)'/? (hyir, Hehr) V2 |4
< Callgnl? +Cn(1/a)a " (hns1, Hehnsr)

hence, (B.15) thanks to (2.36).
Finally, we bound the last term in a similar way by

@Y " |(hni1, Ly D*D*py )| < Co’In(1/a) . (B.20)
n>0
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Indeed, we recall that

2

D D Kty hg1) = e
Yn—1(l, k1 nt1) MEE)

n n+l

S S ST MR - Gy et (s By By Kin)

A\p=1,2 i=1 j=i+1

Thus, thanks to permutational symmetry and since |Pp41|2 + Hft + a3 >
2 (|kn| + a®/2)Y2 (|kpy1| + a®/2)Y/?, we may bound this term as follows

|(Ant1, Lyt D*D*4py_q)| <

< > \/Tﬂ/ |G (k)| 1G* (K1) )
B Au=1,2 |k |+Oé3/2 1/2(|kn+1|+a3/2)1/2
X[t 1 (L ks ey k)| |hagr (L K1y - k)| dldky - .. dEp gy

C (I X[ |hnttl, [ XT* [hn—1])
C[a_l In(1/c) (h”_H, Hfhn+1) + a ||1/J"_1||2 +

+ aln(l/a) (¢n_1,Hf¢n—1)] ;

IA A

where the operator | X | has been defined by (A.3) in Appendix A and where
the last inequality follows from Schwarz’ inequality, (A.4) and (A.7). Hence
(B.20) thanks to (2.36).

Hence (B.13). Finally (B.11) follows by inserting (B.13) into (B.12). O

We now prove the following
LEMMA B.3. [Evaluating the second term in (2.46a)] For every n >

0,

L3 2 F* L3 F g |” = |lpul)” (0| BAT EA™'E* A~ 7|0}~
4l OLEA™Pe- DA™P; - DA™ E(0)] <
< C [VallyullP + o™ 2P pul* + n(1/0) (Y, Lthn) | - (B.21)
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Proof. Thanks to the permutational symmetry, we have

n+l n+42

RIS S 5 55 Sl Yl |

Au=1,2 i=1 j=i+1l~v,v" v, =1

(ﬁi‘(kn—l—?)a'y + 2Pp 42 - G* (kn+2)) (I_{7' (kn+1)‘7'y’ +2Ppy1 - G”(km—l))
( LZ“ (LZ+1)2 +
(H (kn11)0y + 2Pnyo - G*(knt1)) (HY (knt2)oy + 2Pni1 - G (kny2))
Lg+2 Lg+1 En+1
Yl ks kn), (H)(ki)ay + Pogr - GM(ki)) (HY (kj)ow + 2Pnys - G*(kj))
wn(l,kl,...,kvi,...,lgj,...,knw)) dld"*2 | (B.22)

+

where Py =1 Y02, L kiand LiH = P2, + 3042 kil + 0. To
avoid confusion corresponding to our notation we restrict our attention to
the first term in (B.22). The proof of the second part works analogously.
The first quantity in (B.22) is decomposed in a sum of three terms I, I,
and I11,, which correspond respectively to the cases : = n+1and j = n+2,
i #n+land j =n+2andi, j € {n+1,n+2}. The terms will be respectively
examined in the three steps below.

Step 1. We first consider the diagonal term I,,. We use the fact that H is
complex valued while G is real valued to cancel all terms which involve an
odd number of H’s terms. In virtue of the anti-commutation properties of
the Pauli matrices, we may write

[Yn(l, k1, e k)2 dld" 2R+ (B.23)

| H (knv2)” [H (knt1)|?
L7L—|—2 Ln—|—1)
+ 4 |H n+1 |2|Pn+2 G( n+2)|
Ln+2 (Ln—|—1)
4 16 |P”+1 ) G( ’n+1)|2 |Pﬂ+2 . G(kn+2)|2
LZ+2 (LZ+1)2
44 |Prs1 - Glkni1)” [H (kny2)|?
Ln+2 (Ln+1)2
4 o4 Z Pr+1 - ’\(kn+1)73n+2-G“(k”+2)2H“(k”+2) - H (kny1) o
Au=1,2 LQ” (LZH)

x|t (1, ks e v vy k) |2 dl A" 2E.

[ (L, k1, k)2 dId™ 2k +  (B.24)

[n(ly k1, ky) |2 Al A" 2R +

[P (L k1, k)2 Al A T2E +
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The first two terms will be the contributing ones and we leave them tem-
porarily apart. The three others are bounded as follows:

G( 2P G 2
/ | n+1L|,rl_12 ”Zfl'—l) ( n+2)| |Pn|2 |¢n(l, ki,... ’kn)|2 dl 4" 2k <

<o ([ X an? ipae.
by using that Ppy1 - GMkpy1) = Pp - GMkpy1), similarly

Pol? |G (K 2| H(k 2
/| n| |L(n:;—zl‘nll)(2 n+2)| |¢Tl(lak1,akﬂ)|2dldn+2ks

xX(|kn11]) 2
<C (|knte|) dk dk P
[ Xl by [ XY s b P

< C In(1/a) [Pyull®,

thanks to (A.11), and

S~ [ G )| Pul G ) Pasal G o)
et (Lgt)?
< (L k. ) Pl
b, ks
<o [Xpman,, [ X g ) 126,

|kn+2|
< C [Vallynl® + o2 [Pynl?]
with the help of (B.10). We now turn to (B.23) and check that

H(k, 2H . 2 }
s ,Lnfl)ﬂ)' (nllokr, . Ko)| 1A

H(k H(k
g [ Ens2)l ”31” dkn+1dkn+2‘
Qn-l—? Qn-l—l)

< C [Vallgull? + a2 |[Pyn|? + (1) (4, Hetpn) |, (B.25)

with Qnio = |kny2 4+ knia|* + [Enge| + [Eng1] and Qnyy = [knia [ + [Engal-
Observe that

Au=1,2

H( 2|H 2
<O|EA IEA lE* IE*|O / ‘ n+2)| | ( ng'l)l dkn+1dkn+2+
Q@n+2 (Qn-l—l)

|H (kn+2)[? [ H (knt1)
Qn+2 Qn+1(|kn+2|2 + |kn+2|)

We first apply (B.8) to (LZH)2 with Q@ = Qni1 + |Pn|? and b = —2ky, 11 -
Pn + H' + o®. By simple arguments which are very similar to those used

dk,1dkn o -
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in the course of the proof of Lemma B.1 above (that we skip to reduce the

length of the calculations), we check that

)‘2 di dn+2k—

L’n+2 Ln+1)
H H 2
[ (i y2) (k"“)'Q |¢n(l,k1,...,kn)|2dld"+2k‘ <

Lg+2 (Qn—H + |’Pn‘2)
< C [Valgnl?® + 072 [Pl + (g, Hrtn) ] -

H
/|H n+2| | (n—|—1)| [ (L, K1y ki

Next, we apply
1 1 b
_ - S B.26
Q+b Q@ Q(Q+Y) (B-26)
to L2 with Q = Qnio and b = —2(kpy2 + kny1) - Pa + |Pul? + HF + «
and obtain that

H n 2H n 2
[P H i)
La (Qn+1+ |Pn| )
2 2
|H(k’n+2)| |H(kn+1)| |¢n(l,k1, L. -7kn)|2 dl dn+2k‘ <

Qnt2 (Qni1 + [Pal?)
< C [Valyul® + a2 [Pl + (b, Hethr)] -

)‘2 dl dn+2k—

Finally, applying again (B.8) with Q = Q.1 and b = |P,|?, we get

)‘2 dl dn+2k_

‘ | H (kn2)[” [ H (k1) 5 [Yn (LK,

Qn+2 (QH—H + |P | )
2
/|H n-+2 | |H( n—|—1)| |¢’n(l kla ) n)|2dldn+2k‘ <

Qn+2 Qn+1)
< C [Vallnl +a 2 [Pl + (hn, Hrn)] -

The proof of (B.25) is then over and we now regard the term in (B.24) and

show that

2

/ |H n+1 | |Pn+2 G(kn+2)‘ "lﬁn(l, ki,..., kn)|2 dl d" 2k —
Ln+2 Ln+1)

G )W H (kpir)|?
(kni2 ‘ |H (kn+1)] dk‘n_Hdkn_,_g‘

o [|(kni2 + kng1) -
~ Il | ANGINE
< C [Valgnl? + a2 [Pl + (4, He) |, (B27)
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where

(O|[EA™'P; - DA™P; - D* AT E*|0) =
/\ kni2 + knt1) - Glkny2) |2|H<kn+1)\2
Qn+2 (Qn+1)

/\<kn+2 + knt1) - Glknsa)|*|H (knst)
Qn+2 Qn—H (|kn+2|2 + |kn+2|)

dkpt1dkp o+

dkni1dkn o

The proof is exactly the same as for (B.25), therefore we only sketch the
main lines. Applying (B.8) to (Lg*l)2 with Q@ = |Pn|? + Qpt1 and b =
—2Pp - kpq1 + HE + a3, we first arrive at

|H (kp+1)|* | Prta - Glkng2)? ) -
/ Ln—|—2 Ln-|—1) ‘¢n(lakla;kn)| did"“k—

H n 2 n T
/ | 'f']é | |P +2 G( +2)| |’lpn(l,k1, akn)|2 dldn-{—Zk‘ S
Lg? (Qny1 + |Pul? )

< O [Valgal® + ™2 [Pyl + (o, Hrthn) |

Next, again from (B.26), with Q = Q,,+1 and b = |P,|?, we obtain

H 2
/ | n+; | |Pn+2 G( n-I—Z)‘ ‘1ﬁn(l, kl; . k'n)|2 di dn+2k—
Ln+ Qn—|—1 + |P | )

H n 2 n n
/ | +1 | |2P +2° G( +2)| |¢n(l,k1,...,kn)‘2dldn+2k‘ S
Ln Qn+1)

< C Pyl

and we use (B.26) with Q = Q.42 and b= —2P,, - (ki1 + knyo) + |Pul® +
HP + o to get

H n 2 n n
/' ) B Prse: Olhnsdl g g )l 42—
Ln—|—2 Q +1)

2
/lH n—|—1| |Pn+2 G(k'fH-?)l |¢n(l,k1,,kn)\2dld"+2k‘§
Qn+2 Qn—H)

< O [Va llgull> + 072 [Poul* + (i, Hrthn) | -
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Finally, since Ppyo = Pp — (kni1+kns2) and GMNEpi2) -kni2 = 0, we obtain

2
/|H n+1| |Pn+2 G(kn+2)‘ ‘¢n(l,k1,...,kn)|2dldn+2k:

Q@n+2 Qn-l—l)
||¢n||2/‘ s [(Bng1 + kny2) - G(kng2)| i1 dhn ot
Qn+2 (Qn+1)
+2 Z /|H n—|—1 n—l—l G ( n+2))2(Pn * G)\(kn+2)) %
A=1,2 Qnt2 (Qny1)
X [thn (L, k1, - -, k) [PdE A" 2R+
2 2
/lH 1) [Po - Glbnr2)| (L K1, ... k) |2 Al "2k
Qn+2 Qn—H)

The second term in the r.h.s. vanishes when integrated first with respect
to kn+1 since H and @n4+1 are radially symmetric functions, whereas the
second term is easily bounded by

(K i
o [Pusad ay,,, [XED ap, py

‘kn+2|2 |kn+1|
This concludes the proof of (B.27).

Step 2. We now regard the term II,, which, thanks to permutational sym-
metry, can be bounded by

H(ky, 2\Ppio - GH(kny2)|)’
con Y [LHenl - 2APrsa - GHlhnia))”
Au=1,2 Lo (La )
X (|H)\(kn+1)| + 2|’Pn—|—1 ’ G)‘(kn+1)|) (‘HA(k1)| + 2|,Pn+1 ) G)\(kl)D X
X [ (K1, kn)| [0 (L Ko, Rpgr) | AT A" 2K
We are going to show that
1| < C In(1/a)(%n, Hrpn) -
First observe that it is enough to study the case of
|H(kn+2)|2 + 4:|Pn_|_2 - G(k‘n_|_2)|2. Since
[H(kni2)? o XUknto])
Lat(rath)? T (et
whereas, using P12 - GMkna2) = Pyt - GMkna2),

|Prto - Glkny2)|? X(|En+2|)
<c -
Lnt? (LZH) |knto|? Lot

in virtue of (B.10), it is easily seen that the |H|? contribution is the most
delicate to handle since it involves a higher power of |ki| + |kn+1| at the
denominator. We thus concentrate on this term. Moreover, comparing
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(B.16) and (B.17) it is easily seen that the “worse” term may be bounded
as follows

n Z /\Pn+1 G kn41)| [Pny1 - G (k1)|

A=1,2 Ln+1)
X b (L k1, - oo k)| [n (L, ks e v By ) dId™ TR <
)\ A k
con [ (Ol [CUR) -
aote? |Enga V2 (|kngt] + 03) 7|k [V2 ([Kke| + 03)

X |tn (L K1,y k)| [¥n (L Koy oo Bpgr) | dEA™ TR <
<C ln(l/a)(¢naHf¢n) 3
thanks to Schwarz’ inequality and (A.11).
Step 3. We finally consider the full off-diagonal term that we first roughly
bound by
[ITI,| <Cn(n—1) >
Au=1,2
(HA(Kn2)| + [Potz - GAkno)]) (H" (nt)] + [Posr - G (kni)])
Lnt? (LZ—H)?
 (IH(k1)| + [Paga - G (k1)) (IH" (k2)| + [Pagr - GH(k2)]) %
X |hn (L k1, oo k)| [n (L, 3y - - -y kngo)| dI A" T2k .
The term only involving the H’s is bounded by

|Z 1 1 | < C’n(n — ]_) E |‘HA( n+2)‘ “H ( 7l—|—1)‘ ‘-H)‘(k'l)” (k2)|
n|f = li“
Au=1,2 H 1|k2“kn 1|

X |t (L, ks e e e k)| |Un (L, k3, . . . ko) | Al A T2E
< C||E|H; /| D|[pn] |7 < C(sbn, Hrtpr),
and the corresponding term with the G’s reads
Gk G*(k G (k1)| |GH (K
(I, < Cn(n—1) Y G o 2) 16" ()| 1G7 (k1) G (Ra) )
Ln—|—2 (Ln+1)
Apu=1,2 ] a
X ‘Pn+1|2 |Pn+1|2 |¢n(lv kla v 7kn)| |wn(la k37 R 7kn+2)‘ dl dn+2k

-1y \GA(kn+2)|IG"(kn;éllllGA(kl)lIG“(kQ)I) X

< Cn(n

Au=1,2
X | (k1o k)| [ (L, k3, . . .y kngo)| Al A" T2k
< C||D|H; | Dghn||2 < C(4hn, Hyy).-

The mixed terms then are estimated by means of Schwarz’ inequality. [
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Finally, we recover the last contributing term by proving the following.

LEMMA B.4. [Evaluating the term in (2.46¢)] For every n > 0,

Re(Ly F* Ly F'tn, D" D*n) — llnl* (0[EA™' EA™' D D*|0) | <

< C [0 2 10(1/0) (Y, L) + Va ltnl®] . (B.28)

Proof. Step 1. We first observe that, by Schwarz’ inequality,
(L5 F*Lg'P - D*4n, D*D*y,)| <
C L3 P - D*¢ul| |F Ly D*D*4py|
Ca L' D*yul* + C Ve | FLg ' D* D™y
C [0 2 In(1/0) (Y, Ltpn) + V& [$al* + V@ (n, Hrpn)|

ININ

IN

thanks to (B.9) and since the other £2 norm is easily checked to be bounded
due to the fact that

F*F < C (H; + |P|? Hy)
in virtue of [GLL, Lemma A.4].
Step 2. We now look at the term

3
Re(L,'P-D*Ly'o - E*pn, D" D¥*pp) =2 > Y x

Au=1,2v=1
X Re/P"+2 G (kny2) HY (k1) Yooy Z;h?ﬂ A(ks) - GH(K;)
[Patil? + HE ' + 03] [[Payal? + HF 2 + ]
X (0"7¢n(l,k1,.. s ) "pn(l ki, .. k iy - "7kjﬁ"'akn+2)) didm 2k .

X

The diagonal term, when ¢+ = n+1 and j = n+ 2, vanishes since H is purely
imaginary while G is real. We then have three off-diagonal terms to deal
with, I,,, 11, and I11,, which correspond respectively to the cases j = n+2,
j=n+1landj¢&{n+1,n+2}.

First, using (B.10) and 7 lﬁz—f—kgtﬁl—i— - < |GAMknt1)l,

IN

2 A A
|T,,| n Z/ i Prto| |G (knt2)|” [H” (ko) |G (K1)

= 122+ HP? + 03] [[Ppya |2 + HP + 03]

|Ilpn(la kla LR kn)| |¢ﬂ(la k27 s akﬂ+1)| dldn+2k

G(k 2
) Ak D] I < C 4, Hovh)
n

IN

C
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thanks to Lemma A.1 and (B.10). Secondly, thanks again to (B.10) and
Lemma A.1, we have

L] < n Y /'GA wer2)| P (ks ) 1G* (R )] |G (R

hu=t [H7+2 4 0] 2 [+ 4 o]
|¢n(l kl, LY )l |wn(l kz, "’kn+1akn+2)|dldn+2k
|G (k1) | |H? (k1) 2
< C / D
/\2122 |knt1[3/? nt1 ||D] |l
S (/lpn’Hf/l/)n) .

Finally, the full off-diagonal term reads
/ |G (k)| |H¥ (1) |G (k)| |G* (Ra)]
Ap=12 [HP2 4+ o8]/ [HP ! + o]
X| V(U k1, .o k)| |¢n(l,k3, ey knyo)| dldky ... dkpio
C|(1X| Hy ' |D| 4pn, |DIH; 7 |B] 4h0)
C In(1/a)"/? (4, Hytpn) -

[III,| < n(n—1)

ININA

Step 3. To conclude the proof of the lemma, we are thus lead to prove that
Re(L,'o-E*L; 0 - E*n, D*D*y,) — |9 (0| EA™EA~D* D*|0)
< C Vol + C a2 (4, Lepy)

On the one hand, using the explicit formulations of the operators E, D and
their adjoints, we recall that

(0|EA~'EA™'D*D*|0) =
=2 / H(ky) - H (kz) G7 (k1) - G (k)
it o Jrexms [[Bal? + K] ([ + kol + [ka| + [k2]]

On the other hand

dk1dks .

Re(L,'o - E*L,'o - E*t,, D*D*¢,,) =

—2 ¥ Re Z /HA 2) B 1) S0 S0 G i) - GM ()
Au=12  yy=1 [|Prel? + HF? + 03] [|Prg1 |2+ HP T + 03]

X (Oq W (L k1y ey kin)y O n (L b1y e e iy oo Ejy e b)) A1 A" 2K

This term may again be decomposed as a sum of three terms according to
the same convention as above. Nevertheless it is easily checked that only the
first term, which corresponds to ¢ = n+ 1 and j = n + 2, contributes, while
the other ones may be bounded from above by exactly the same method as
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before. Following the scheme of proof of Lemma B.1 and Lemma B.4, we
introduce further simplifying notation :

Rnyo = L3 — Quio = —2Py - (kns1 + knso) + [Pol* + Hf + 0,
and
Rpp1 = L2 — Qi1 = —2Py - kny1 + |Pol® + H + 02 .
The following difference is then to be evaluated

1 1 - )
B HH(E - HM(k X
)\; 2/ [Lg+2 L T Qnig Onit (kny2) (k1)

X GMEpy1) - G*M(Epg2) [Un (L k1, - . k)2 didky ... dkypo . (B.29)
It is straightforward to check that
1 1
L2700 T Quio Ot

_ 2’Pnn'+(1kn+2 + kn—i—l) + 2 n+’§n . kn—|—1 _ (B.30a)
La Qn+2 Qn+1 La Qn—f—Z Qn+1
? L?
— = + = + B.30b
|:L3+1 Qn—f—Z Qn+1 LZ+2 Qn+2 Qn—f—l] ( )
R,i1 Ryyo

+ . B.30c

LT LE™ Qnio Qnpt ( )
We now insert this expression into (B.29) and simply bound |G*(k,11)|x
X|H*(kny1)| by C x(|kna1|) and similarly for |GH(kpyo)| |H* (kny2)|- It is
then very easy to bound the two terms in (B.30a) by C |||l ||Pvn]|| and
the terms in (B.30b) by C (1, L), ) + C |9 |*. Concerning (B.30c), the

2
term involving 2zl +1‘k",f +12Hk"+1+k"+2| is also easily bounded by ||P4,||* while
La La Qn+2 Qn+1

all the terms involving H}' + o® admit simple bounds by C ||[¢b, || [|Ptn] or
C (¢, Lby) + C & ||[,||%. To deal with the remaining terms

2|Pn| |kn+1| |’Pn|2 2|Pn| |Pn|2 |kn+1 + kn+2| ‘Pn|4
Lyt LE™ Qnio Onst’ Lot ' LG2 Quio Qnit Lat La*? Quye Q(n+1 ’)
B.31
we observe that, from (B.26),
1 _ 1 . _2Pn . (kn—f—l + kn+2) + ‘kn—f—l + kn+2|2 (B 32)
Lit? L2+ Qnio L2 (L2 + Qnio) ' '

Since L7 = |P,|? + HP + o3, inserting (B.32) in (B.31) and using the two
bounds

2
1
L7+ Qnyo L&+ Qni2 ™ 2(HP + 03 + Qnyo)
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it is a tedious but easy exercise to bound the contribution of all the terms
in (B.31) by ||Pyy,||?, except for one term which comes from the last term
in (B.31) and which is precisely bounded by

|Pnl® [knt1 + knyol
Lot LAT2(L0 + Qny2) Qny2 Qntt

To handle this term, we plug in (B.32) once more, and with the same two
bounds as above, we again bound the contribution by ||P,||.

We now turn to the bound on the non-contributing terms. Using first
that L2H L2F2 > |k, 1|2, we check that

H’\ /\
mj<n Y [ B O Rl )60 )
=t |knt1]

X |l gy Bngts kngo)| [ (s s oo k)| dldk . dkpo
CMkpy)| | H (kr,
<C Z /| +1)| [H (knt1)| s ‘(|D||¢n|, B |¢n|)|

) kg1 ?

< C (Y, Hythy)
while, with LE*! L2 > [knsal (15 g hil) /2 (7, [kil) /2, we have

[ H? (ko) [HY (kn1)]
\I1T,| < n(n—l))‘X:IZ s (2 k) [n (L, k3, - -« s knyo) X
su=1,

|G* (k1)] |G (k2)

(X, k)72

C [(ID|H; | B 4, | D|H;/?| D) )|
C(wnaHprn) .

| Wl kr, .. k)| didEy ... dkp o

IA A

O

APPENDIX C. EVALUATION OF THE TERMS OF HIGHER ORDER IN (2.46)

First, we investigate the cross-terms in (2.46) which appear with a factor
3/2
e,

LEMMA C.1. [Bound on (2.46d)]

‘(LEIF*LEIF*¢R>F*hn+1)| <C [a||¢n”2 + a(¢naHf¢n) + al|P¢n||2
+ o (hpia, Hfhn+1)] . (C.1)

Proof. For shortness we restrict ourselves to the case F' = 2P - D, which is
the most delicate one. The other cases work similarly.
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By permutational symmetry the first part of the Lh.s. of (C.1) is bounded
from above by

2
/— n—|—2) Pn—}-? ‘Gu(kn—i—l) . Pn+1|
2 / |7>n+2|2 +H{ P 03] [| P2+ HPH + o)

Ap=1,2
|I¢}n(l kla ) )||hn+1(l kla "7k’fZ+1)|dldn+2k
G
<3 [t ks | (P, 1Dlns)
A=1,2 [En-t2]

< C|Pull (hgr, Hihn i)', (C.2)

since G (k n+1) Ppi1 = GMkny1) - P and where we used (B.10) and addi-
tionally 7)2 7 < L
The second off-diagonal, part can be estimated by

|(IDIn, [DIH 1 Dlbnis)| < € (s Hiton)* (B, Hikni2) ' (C:3)

< Cla($n Hitpn) + 0 (hnsr, Hibnin)]
again with Schwarz’ inequality and Lemma A.1. a

LEMMA C.2. [Bound on (2.46¢)]
|(La D" D 4, F*hoia)| < C |allnll® + Va(ipn, Hrtpn)+
+a_1(hn+1,Hfhn+1)] . (C4)

Proof. We restrict once again to F' = 2P - D. The absolute value of the
diagonal part is bounded by

‘G n+2 Pn+2| |G)\ n+2)| |Gu(kn+1)|
vn+1 X
" > / [[Pasal? + HY? + 03]

Au=1,2
X (1, ks ooy kn)|[hng1 (L Ky e ooy k)| dIA™T2E
2
<3 [t 2t
A=1,2

< Cll9nll (hn+1aHfhn+1)1/2 , (C.5)

with the help of (B.10), whereas the off-diagonal term can again be bounded
by

—-1/2 1/2

(hms1s Hehngr) > . (C.6)
O

| (D1, 1DV 1Dl < © (s, Ho)

For the term appearing with o in (2.46h) we derive
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LEMMA C.3. [Bound on (2.46h)]
|(Ly'F*Ly' D*D*pyy 1, F*hp1)| < C [04||¢n—1||2 + (Yn—1, Hrtpp—1)+
+ o n(1/a) (hny1, Hbnsr) + (hn+1,Hfhn+1)] . (C.7)
Proof. Consider again F' = 2P - D. The main term reads
|5 [ gl el Gl
PO R by v o ey

X [thn 1 (k1 k) a1 Ky o k)| ™2
< C(IX*¢pn1, | X |hn11)

< C (1/0)Y? (b1, Hikngr) 2 [+

+ 1n(1/0) 2 (-1, Hrtp1) /7]

whereas the totally off-diagonal term can be estimated by

—1/2 —-1/2
|(1Dlpu—1, IDIH; | DIH | Dlhys)| <

< C (o1, Hepn1)""? (hny1, Helinyr) '

O

In the following we consider the cross terms in (2.46) which appear with
a factor a®/2, for which a rough estimate is enough. Therefore we merely
indicate the proofs.

LEMMA C.4. [Bound on (2.46f)]

(B3 F LG F o, FP LD D™ 1) | < C [V lna]? + V|l +
+ a2 (Y, Htpn) + 0772 (Yo, Hitpr) |- (C8)

Proof. We restrict again to F' = 2P - D and regard only one diagonal term,
namely

(n+1)Y2 > / [GM(Ens2) - Prga] | GH(knt1) - Pt
Aobiv=1,2 ([P 2+ HP T+ 03] [|Prgol? + HF P + 03]
% |GP (ki 1)|| G (k) [ (1 s o) |1 (ot )| I 2E

|G* (kn+1)? | 2
< > W'G (knt2)[*dkns1dkns2| ($n—1, | Dltpn) |
A\u=1,2 n

< Cllpn 1]l (Whn, Hygpa) /. (C.9)

The remaining terms are estimated similarly. ]
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By similar methods the following concluding lemma concerning the error
term (2.46g) is obtained.

LEMMA C.5. [Bound on (2.46g)]

(L3 F* L3 D* D 1, D D) || < C [V b |2 + v [+
+ 02 (pn, Hrpn) + a2 (s, Hyn 1) ] (C.10)

Notice that in the last two lemmas simple Schwarz’ estimates would suf-
fice.
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