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Detecting Curves with Unknown Endpoints and
Arbitrary Topology Using Minimal Paths

Vivek Kaul, Anthony Yezzi, Senior Member, IEEE and Yichang (James) Tsai

Abstract—Existing state of the art minimal path techniques work well to extract simple open curves in images when both endpoints
of the curve are given as user input or when one input is given and the total length of the curve is known in advance. Curves which
branch require even further prior input from the user, namely each branch endpoint. In this work, we present a novel minimal path
based algorithm which works on much more general curve topologies with far fewer demands on the user for initial input compared
to prior minimal path based algorithms. The two key novelties and benefits of this new approach are that (1) it may be used to detect
both open and closed curves, including more complex topologies containing both multiple branch points and multiple closed cycles
without requiring a priori knowledge about which of these types is to be extracted and (2) it requires only a single input point which, in
contrast to existing methods, is no longer constrained to be an end point of the desired curve but may in fact by ANY point along the
desired curve (even an internal point). We perform quantitative evaluation of the algorithm on 48 images (44 pavement crack images, 1
catheter tube image, and 3 retinal images) against human supplied ground truth. The results demonstrate that the algorithm is indeed
able to extract curve-like objects accurately from images with far less prior knowledge and less user interaction compared to existing
state of the art minimal path based image processing algorithms. In future, the algorithm can be applied to other 2D curve like objects
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and it can be extended to detect 3D curves.

Index Terms—minimal paths, keypoints, multiple branches, closed cycles, arbitrary topology,curve detection, cracks.
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1 INTRODUCTION

Minimal path techniques are connected with varia-
tional energy minimization principles that were first
introduced into computer vision by Terzopoulos et al.
[14]. Terzopoulos et al. [14] proposed an active contour
model(snakes) that evolves an initially drawn curve in
an image to minimize an energy functional consisting
of two terms: an external energy which is an image-
based term to guide the evolving curve towards desired
features (e.g. edges) and an internal energy term that
keeps the curve smooth as it evolves. Later, a more
geometric version of this model was introduced in [5],
[16] that combined the internal and external energies
into a single term which no longer depended upon the
abitrary parameterization of the evolving curve. How-
ever, the results still strongly depended on the local
placement of the initial contour since the contour evolu-
tion was merely a gradient descent flow which would
stop at the first local minimum encountered. Cohen
and Kimmel [7] introduced a global minimal cost path
approach to tackle this problem. Their approach allowed
the user to simply specify two endpoints of a desired
curve, rather than an entire initial curve, and an Eikonal
equation is then solved to directly determine the curve
that minimizes the same contour dependent energy (as
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[5], [16]) between these two endpoints. Researchers in
different areas like geometric optics, computer vision,
robotics and wire routing have previously solved related
minimum-cost path problems using graph search and
dynamic programming principles. However, the graph
based search method for a digitized image with a Carte-
sian sampling pattern finds only minimal paths with
segments that are vertical, horizontal or diagonal. Thus,
graph search methods like Dijkstra’s algorithm often
suffer from metrication errors as discussed in [7]. The
minimal path method based on the Eikonal equation on
the other hand, given its connection with active contours,
formulates the problem in the continuous domain and is
less susceptible to metrication errors.

The original minimal path technique can be extended
to 3D tree-structured object extraction [10] but not for
general 3D surface extraction. A topology-based sad-
dle search routine is needed to extend the minimal
path technique for closed curve extraction. Ardon et. al.
[2] proposed a more general scheme for 3D surface
extraction between user supplied end-curves. Minimal
path techniques have also been successfully used for
contour completion [6], tubular surface extraction [10],
[13], skeletonization [8], [12], and motion tracking [4].

Almost all prior approaches require precise knowledge
of the desired curve’s endpoints. A notable exception are
the methods in [8] and [12] to extract skeletons of solid
objects. However, the focus of this paper is on the extrac-
tion of thin contour-like features (particularly pavement
cracks) in noisy backgrounds which present a challenge
to skeletonization algorithms. In [3], a variant of the
minimal path approach called Minimal Path Method
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Fig. 1: (a) Desired Curve (b) Results from traditional minimal
path (c) Results from MPWKD (d) Results from proposed
algorithm.

With KeyPoint Detection (MPWKD) was devised to find
curves under less restrictive prior information by pro-
viding just one endpoint on the desired curve that will
lead to detection of representative keypoints along the
curve via front propagation. For closed curves, a stop-
ping criterion was derived that requires no further prior
information from the user. For open curves, however, the
desired length of the curve is required a-priori in order
to terminate the key point propagation process.

The main goal of the current work is to be able
to detect the same types of contour-like image struc-
tures currently extracted by state of the art minimal
path techniques, but to be able to do so with far less
prior knowledge about both the topology as well as
the endpoint locations of the desired curve. Figure 1
contains a branched curve to illustrate this goal. The
traditional minimal path approach [7] requires prior
knowledge of all three endpoints (marked 1,2 and 3).
First, the minimal path between point 1 and point 2
is found. Subsequently, the minimal path algorithm is
run again between points 2 and 3. The results are not
accurate because the minimal path is not able to travel
along the elongated desired curve between 2 and 3 as
shown in Figure 1b. The more recent key-point detection
algorithm in [3] solves this problem as shown in Figure
lc, but it still requires prior knowledge of the three
endpoints. In contrast, the proposed algorithm uses only
one arbitrary initial point 1 (does not even have to be an
endpoint) to find the complete desired curve shown in
Figure 1d. Moreover, while other state of the art methods
require prior knowledge of the topology in addition to
the endpoints for detecting complex curves with closed
cycles and multiple branches, the proposed algorithm
detects the same complex curves still with only the prior
knowledge of just one arbitrary point.

In Section 2, the theory of minimal path techniques
is introduced. Section 3 describes a novel algorithm for
detecting open curves with just one arbitrary input point
(not necessarily an endpoint) even for curves with mul-
tiple branches. Section 4 further extends the algorithm to
curves of more general topology that may contain closed
cycles as well as open segments. In Section 5, we present
two modifications to increase the robustness to noise
and sharp corners at branch points. Section 6 presents
experimental results of the algorithm, and conclusions
and future directions are discussed in Section 7.

2 THEORY OF MINIMAL PATH TECHNIQUES

In the minimal path technique, an energy £ of the form

E() = [ 20s)ds, 0
g

is computed along the curve vy within the image domain
Q. A potential ® : Q — RT is built from a given 2D
or 3D image I : @ — Rt , where & > 0, that takes
lower values near the desired features of the image I.
The choice of the potential ® depends on the application.
For example, the potential function ® for cracks can be
taken to be a function of intensity value at each pixel
because cracks are darker than the background. In some
other applications, edge based potential functions can be
used. The goal is to extract a curve that minimizes the
energy functional F : A, ,, — RT between two user
defined points p; and po

E(y) = 2)

min
YEAD] by

L D(y(s))ds,

where A,, ,, is the set of all paths connecting p; to ps
and s is the arc length parameter. The curve connecting
p1 to py that globally minimizes the energy FE(v) is
called the minimal path between p; and p, or the geodesic.
The geodesic curve is denoted by C,, ,,. The solution
of this minimization problem is obtained through the
computation of the minimal action map U; : @ — R*
associated with p;. The minimal action map is defined
as the minimal energy integrated along a path between
p1 and any point = of the domain 2:

min /@(’y(s))ds.

vy

Vo e QU (z) = L&

®)
In this document, the minimal action map will also be
called the geodesic distance map. All equations here are
derived for isotropic grids. The values of U; are the
arrival times of a front propagating from the source p;
with velocity (1/®) and U;(p1) = 0. U; satisfies the
Eikonal equation:

[|[VU(z)]| = ®(x) x € Q.

(4)

The minimal action map calculation can be generalized
to the case of multiple sources. The minimal action map
or the geodesic distance map associated with the poten-

for

tial ® : Q@ — RT with a set of n sources S = {p1,...,pn}
is the function U : Q@ — R*, where
Ve e QU(x) = 1%1£H{Uj(x)}, (5)
and
Uj(z) = min / O (y(s))ds. (6)
'YEAPj,z Y

U;(x) is given by (3) where p; is replaced by p;. For all
pj € S, U(p;j) = 0 and U satisfies the Eikonal equation
given by (4). Another important quantity important for
the current work is the Euclidean distance map. It is the
function L : Q@ — R™ that assigns the Euclidean length
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of the minimal geodesic between x and the source S to
every point z of the domain €.

Vo € Q, L(x) = / ds, 7)
Copjo
where
Dy, 1221” Cpix and 7 = argmin U;

1<i<n

such that p; is the closest source point to z. Cp, , is
calculated using the potential ¢. In general if ¢ # 1 for
all z € Q, then the geodesic distance map U is always
different from the Euclidean distance map L.

Centered finite difference schemes for solving the
Eikonal equation are unstable. There are three algorithms
described in [7] to compute the map U, and they are all
consistent with the continuous energy formulation im-
plemented in a rectangular grid. These three algorithms
utilize level set methods, shape from shading methods,
and Fast Marching methods. Fast Marching methods
were favored because of their lower complexity com-
pared to the other methods. Sethian [1], [17] proposed
the Fast Marching method to solve the Eikonal equation
that relies on a one-sided derivative that looks in the
up-wind direction of the moving front. An alternate
Fast Marching approach to solve Eikonal equation was
provided by Tsitsiklis [19] in the context of isotropic
optimal trajectory problem in control theory. The fun-
damental difference between the control theory and the
front expansion formulation is that the former interprets
the starting point p; as the exit point and tries to find the
fastest way to reach p; from 2 while the latter one looks
for the time it will take to advance the front originating
from p; to pass point z. Both Fast Marching method
methods compute the values of U in increasing order
consistent with Huygens principle of wavefront propa-
gation. These wavefronts propagate from the source set
S with a velocity (1/®). The structure of the algorithm
is almost identical to Dijkstra’s algorithm for computing
shortest paths on graphs. In the course of the algorithm,
each grid point is tagged as either Solved (a point for
which U has been computed and frozen), Active (a point
for which U has been estimated but not frozen) or Unvis-
ited (a point for which U is unknown). The set of Active
points form an interface between the set of grid points
for which U has been frozen (the Solved points) and
the set of other grid points (the Unsolved points). This
interface may be regarded as a set of fronts expanding
from each source until every grid point has been reached.
Given the source points, the Fast Marching algorithm
helps to calculate geodesic distance map U and the
Euclidean distance map L for every grid point. The Fast
Marching algorithm is computationally efficient because
a priority queue can be used to quickly find the Solved
points at each step. The Solved points are points with
the smallest U (geodesic distance map) value among the
current Active points . If Active points are ordered in a

minimum heap data structure, the computational com-
plexity of the Fast Marching method is O(NlogN ), where
N is the total number of grid points. Benmansour and
Cohen [3] compute the geodesic distance map U and the
Euclidean distance map L, according to the discretization
scheme for Fast Marching method given in [17] . A
number of different modifications have been suggested
to improve the accuracy of the Fast Marching method [9],
[11]. For example, an 8-neighbor scheme was proposed
by Danielsson and Lin in [9]. These modifications adopt
the control theoretic formulation of Tsitsiklis [19]. The
accurate computation of L is essential for the accuracy
of our proposed algorithm to detect curves. Therefore,
we compute the maps U and L following the Tsitsik-
lis’s control theoretic formulation. The control theoretic
framework also provides us options to use modifications
suggested in [9], [11] to improve the accuracy of both U
and L. In the next section, the calculation of the maps U
and L for 4-neighbors is given.

Algorithm FastMarchComputation
Input: Image Im, potential function ® and initial source point set .S.
Output: Geodesic distance map U and Euclidean distance map L.
for all source points py,...,pn € S
do Set U(p;j) =0, L(p;) = 0 and Status(p;) = ACTIVE.
for all other points = €
do Set U(x) = oo, L(p;) = oo and Status(xz) = UNVISITED.
while Number of ACTIVE Points > 0
do Take out point wy,, with minimum U.
Set Status(p;) = SOLVED.
Update neighbors (STATUS # SOLVED) of w,i, with
procedure UpdateNeighbors.
repeat

PN T W

0

2.1

In the Fast Marching algorithm, we first start with the L
and U values at the source points in S to be zero and the
status of the source points is set to Active. At all other
points, U and L values are set to co (a very high value)
and their status is set to Unvisited. All the Active points
are put in a minimum heap data structure according to
the value of U. For each Fast Marching iteration, the grid
point with the lowest U value, which is called w,in,
in the minimum heap structure is removed from the
heap and its status is changed to Solved. Next, the L
and U values at the neighbors of the point are updated.
This corresponds to 4-neighbors in the 2D case and 6-
neighbors in 3D case. The algorithm stops once all points
are labeled Solved. The Fast Marching algorithm is listed
in FastMarchComputation. The UpdateNeighbor method is
used to update the neighbor values at each iteration.
Only neighbors that are Unvisited or Active need to be
updated. The UpdateNeighbor method for the 2D case will
be given in this section. It can easily be extended to the
3D case. We show the UpdateNeighbor computation for
one arbitrary neighbor of the point w,,;,, which we call
c. This procedure is carried out similarly for the other
three neighbors of w;,,;,. Consider point ¢ located at (i, 5)
and the four triangles formed by the neighbors of ¢ as
illustrated in Figure 2a. The Fast Marching boundary
can propagate from any of the four directions given by

Computation of maps U and L
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Fig. 2: (a) neighbors of current point, (b) triangle of interest

the triangles. However, out of the four virtual triangles
formed by the four neighbors of w,,;,, only one will give
the minimum value at (7, j). The triangle that should be
used for computation of U(7,j) is the one formed by
Trmin aNd Ymin. Tmin i the minimum x-neighbor that
corresponds to the x-neighbor ((i+1, j) or (i—1,5))) that
takes a lower U value. Similarly, ¢, is the minimum
y-neighbor that corresponds to the y-neighbor ((¢,j — 1)
or (i,j + 1)) that takes a lower U value. The triangle
identified by this method is minyminc Where c is the
current point (i, j). This triangle is shown in Figure 2b.
The steps in the UpdateNeighbor method are as follows.

1) If x,,;, is Unvisited and y,,;, is Active or Solved,

U(c) = U(Ymin) + @(c). (8)
L(c) = L(Ymin) + 1. )
2) If y,nin is Unvisited and x,,;, is Active or Solved,
U(c) = U(zmin) + ®(c). (10)
L(¢) = L(zmin) + 1. (11)

3) If Zin and Y, are not Unvisited, we compute point
P, which is given by

where ¢ is the parameter for linear interpolation that
lies between 0 and 1. U(c) is given by the solution of
the following minimization problem in ¢:

U(c)= min (1-)U(x

Jnin V+tU (y

Y/ 124 (1—1)20(c)

(13)
The parameter ¢ that minimizes the expression in
(13) is called t,,;,.- The minimum ¢,,;, occurs at the
boundary points where ¢ is 0 or 1, or it occurs at the
local extrema t*, which is obtained by differentiating
the expression in (13).

min min

t° =1/2+ (U(@min) = Uymin) /V/2D1  (14)
where

The two scenarios that arise are described below.

Case 1 : If the discriminant D; > 0 and 0 < t* <
1, the parameter t,,;, is computed first. To identify
timin, the values U~ (c), Uy(c) and Uy (c) are computed,

which correspond to the values of the expression in
(13) at t =t*, t = 0 and ¢ = 1 respectively. U(c) is the
minimum of the values U~ (c), Up(c) and U;(c) and
tmin 1S the parameter ¢ that gives the value of U(c). The
point that corresponds to the parameter value ¢, in
(12) is called Ppin. Prin is the point from which the
Fast Marching front travels to the current point c. We
can use the value ¢,,;, at the point P,,;, to compute
the Euclidean distance L(c) value by replacing ®(c)
with 1 in (13).

4 Rain + (1= i)

Case 2: If D; < 0 or t* ¢ [0,1], then we use the
minimum of U(Zipn) and U (ymin) to compute U(c).

otherwise.

(16)

Ule) = U(Zmin) + ®(c)
U(ymm) + CI)(C)
(17)
L(c) is computed using the same neighbors as Ul(c)

L(e) = {L(I’”i") 18 Ulnin) > Ulmin),

18
L(ymin) +1 otherwise. (18)

2.2 Back Propagation

For a source point set S with a single point p;, the
minimum of U is at the front propagation starting point
p1 where U(p;) = 0. The gradient of U is orthogonal
to the propagating fronts since these are its level sets.
Therefore, the minimal path between any point ¢ and the
starting point is found by sliding back along the gradient
of the map U until arriving at U(p,). This back propa-
gation procedure is a simple steepest gradient descent.
It is possible to make a straight forward implementation
on a rectangular grid: given a point ¢, the next point in
the chain connecting ¢ to p; is selected to be the neigh-
bor p’ of ¢ for which U(p’) is minimum. The tracking
can be made more precise by using the Runge-Kutta
method based gradient descent. The back propagation
approach can be easily extended to the multiple source
points (p1,p2,...,pn) scenario. In the case of multiple
source points, the back propagation procedure gives the
minimal path between point ¢ and the set of source
points S = {p1,p2,...,pn}. In addition, we can also
find the origin point s* € S from which the minimal
path to ¢ originates. The minimal path back propagation
procedure will be important for our algorithm and we
will denote it by MinimalPathbk(S,q), where S is the
set of source points and ¢ is the destination point.

2.3 Minimal Path with KeyPoint Detection

The minimal path procedure described above requires
the knowledge of two endpoints. In addition, it also
assumes that the potential function is not very noisy and
provides enough contrast that can enable the minimal
path to track even convoluted, long curves along desired



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE

(a) (b)

Fig. 3: (a) Image with a curve of interest and point p. (b)
Minimal paths from point p to boundary points (including
keypoint).

features. In many applications, these conditions are not
met and the desired feature points have a lower potential
only in a local neighborhood region. To overcome the
limitations of this approach, Benmansour and Cohen
[3] introduced the Minimal Path Method With KeyPoint
Detection (MPWKD) approach. This algorithm is based
on the idea that among all points on the Fast Marching
boundary that have equal geodesic distance U values,
the points near the desired features will have the max-
imum Euclidean distance L. In Figure 3a, the desired
curve with an initial point p on the curve are displayed.
When the Fast Marching boundary propagates with the
potential ® from a source point set S (S = p initially),
the first point for which Euclidean distance L exceeds
A is identified. This point is referred to as a keypoint.
Figure 3b shows the minimal path from several Fast
Marching boundary points (including the keypoint) to
the initial point p. Among all the minimal paths from
the boundary points to the initial point, the minimal
path from the keypoint has the largest length. The
reason is that the potential ® at the feature points is
lower than the neighborhood points. Therefore the Fast
Marching boundary propagates with high speed 1/® and
travels the furthest Euclidean distance along the feature
points. Keypoints are recursively detected until a known
endpoint is reached or until the detected curve exceeds
a given Euclidean length. At each iteration, the source
point set S is augmented by including the detected
keypoint. The MPWKD requires prior knowledge of both
endpoints or one endpoint plus the total length of the
curve. If the curve has multiple branches then the user
needs to know all endpoints of the curve. To relax these
prior assumptions, we developed a novel algorithm to
detect open curves (even with multiple branches) with
the knowledge of just an arbitrary known point. This
algorithm is described next.

3 OPEN CURVE DETECTION

The keypoints detected in the MPWKD are approximately
equally spaced along the curve. We use this fact to find
a good stopping criterion for curve endpoint detection.
Starting from the initial point p, fronts are propagated
with potential ® and the first point that crosses a Eu-
clidean distance of A is detected. This point is labeled

(a)

(d)

(®) (h) )

Fig. 4: (a) Synthetic image with initial point p. (b) Detection
of first keypoint k;. (c) Detection of second keypoint k2. (d)
Fast March propagation from set s'. (¢) Minimal path on the
curve. (f) Minimal path in background region. (g) Curve and
keypoints detected after 5 iterations. (h) Curve and keypoints
detected after 8 iterations. (i) Final Image with ordered key-
points and terminating point marked by ‘x’.

as the first keypoint k;. The Fast Marching procedure
to find the first keypoint k; is referred as FMM(S,\)
in this document where S is the source point set. The
source point set S includes only the point p initially.
We use a synthetic image that has a curve with lower
mean intensity value than the random background for
illustrating the algorithm. A X\ value of 30 was used
for this image and the potential function was chosen to
be the intensity value. Figure 4a shows the image with
initial source point p on the curve. Figure 4b illustrates
the use of FMM (S, \) to find k1. The points inside the
Fast Marching boundary are scaled to a lower intensity
value for better illustration. The source point set S is
augmented by including the new keypoint k; and the set
S now becomes pU k1. An associative map m : S — S is
generated that defines an origin point for every keypoint
in S. For a new keypoint, the origin point is the point
closest in the set S to the keypoint. Hence, for ki, the
origin point is the initial point p. Though the initial point
p does not have an origin point explicitly because it is
not a keypoint, we assign k; as the origin point of p.
The reason is that the minimal path for two points is
symmetric and can be found by propagating the Fast
Marching algorithm from either point (in this case p or
k1). Therefore, if started with k; as the initial point in
source set S, p would be the keypoint determined by
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the procedure FMM (S, \). Hence

(19)
(20)

m(p) = ki,
m(k1) = p.

Now, the Fast Marching propagation is carried out
from the updated set S and the next keypoint ks is
detected as shown in Figure 4c. Using the minimal path
back propagation algorithm MinimalPathbk(S, ks), the
point s* in S that is a part of the minimal path from k;
to S is identified. s* is the origin point of ky and m(k2)
equals s*. In our example, origin point s* is the initial
point p . Next, we find the prior origin point s, which is
the origin point of s*, from the map m (s’ is the point
k1 for our example). If there exists a continuous path of
desired feature points with low potential values between
the points s’ and ks, then the minimal path between
s’ and ko should also pass through the vicinity of s*.
Figure 4e shows the minimal path from s’ and k3 in the
case where the minimal path overlaps with the curve.
When there is no portion of a curve on this minimal
path, the path does not pass through the neighborhood
of s* as illustrated in Figure 4f. We denote the Euclidean
distance from a source point set s’ to a point ko as
L(s',k2). The Fast Marching propagation required to
determine L(s’, ky) is denoted by FMM(s', ks). Figure
4d depicts this Fast March propagation. From Figure 4e,
we conclude that if the minimal path between s’ and k-
lies on the curve, then

L(s' ko) ~ L(s',s") + L(s*, ko).
L(s', k) ~ L(s',8) + L(s, k).

21)
(22)

As all keypoints are detected sequentially with a fixed
Euclidean distance parameter )\, the Euclidean distance
L between neighboring keypoints is close to A. The point
s* is the closest point to the keypoint ky in the set S.
Hence, by definition of the procedure FMM(S,\), the
distance between s* and k; is close to A . Similarly, the
point s’ should be at a distance of A from s* because s’
is the origin point of s*. This fact is clear from Figure
4e. According to (21), the Euclidean distance L(S’, k2)
should then be approximately 2\ if the minimal path
from S’ to ko passes through s*. If (21) does not hold
(like in Figure 4f), then the curve detection procedure
can be terminated and the algorithm outputs that there is
no curve detected. Otherwise, this procedure of finding
keypoints is recursively carried out and the subsequent
keypoints are identified as ks in the OpenCurveDetection
algorithm that is given below. The point s* determined
at each iteration is either the initial source point p or
a keypoint. A tolerance error value ¢ is specified for the
termination. We used an e value of 0.2) or 10% of the
total length 2\ for the algorithm. In Section 6.2, a sensi-
tive analysis of the effect of € and A on curve detection
is presented. The intermediate results of the algorithm
are shown in Figure 4g and 4h. The complete curve
with keypoints (including the initial point) is shown in
Figure 4i. The keypoints are labeled according to the

order of their appearance. The last keypoint for which
(21) does not hold and the algorithm terminates is called
the terminating point (represented by ‘x” in Figure 4i). For
a simple curve with no branches, the estimated length
of the detected curve should lie within A distance of the
actual length. The above algorithm can also be used on

Algorithm OpenCurveDetection

Input: Image I'm, potential function ® and initial source point set S.

Output: Detected Curve C

1. Start with initial source point set S containing an arbitrary point
p on the curve.

2. Set StopDetection = FALSE.

3. Use FMM(S, ) to find keypoint k1.

4. Run Minimal Pathbk(S, k1) and initialize curve C' to contain the
minimal path between S and k.

5 Set S« SUk;.

6. Set m(ki) =p and m(p) = k1.

7. while StopDetection = FALSE

8. do Run FMM(S, A) to find new keypoint ks.

9. Run MinimalPathbk(S, k2) and find the origin point s*
in set S.

10. Set curve C’ to contain the minimal path between S and
k.

11. Get point s’ = m(s*).

12. Use FM M (s', k2) to calculate L(s’, k2).

13. if |L(s',ka2) —2)\| <e

14. then C «+— CUC’,S «+ SUky and m(k2) = s*.

15. else StopDetection = TRUE.

16. repeat

more complex curves. Figure 5a illustrates a synthetic
image that has a curve with branches embedded in
a noisy random background of higher mean intensity.
An arbitrary source point p on the curve is provided
as input to the algorithm. Figure 5b demonstrates the
intermediate result of the algorithm on the image in
which the curve and the keypoints detected are labeled.
Figure 5c shows the final result with the complete curve,
all ordered keypoints and the terminating point. The
next section explores the algorithm for more general
curves that have cycles.

Fig. 5: (a) Curve with branches and initial point p. (b) Interme-
diate result from the algorithm after 9 iterations. (c) Final curve
detection with keypoints and final terminating point labeled by

i

X

4 GENERAL CURVE DETECTION

The self-terminating minimal path algorithm described
in Section 3 can also be extended to curves of general
topology that have cycles. For that we need to keep track
of keypoints that are endpoints. Endpoints are defined
as points that have only one neighbor. Two points are
neighbors of each other if one point is the origin point
of the other. For every point in the source point set S,
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(b)

(d)

Fig. 6: (a) Image with a closed curve of interest and initial
point p. (b) Endpoints e; and ey after first keypoint detection.
(c) Endpoints e; and ez and the origin point m(ez) after 5
iterations. (d) Detected curve from OpenCurveDetection with
ordered keypoints and terminating point labeled by ‘X" . (e)
Endpoints e; and ez and the origin point m(ez) . (f) Complete
curve with closure between e; and ez .

which is augmented each time a new keypoint is added,
the origin point is given by the map m as explained
in Section 3. The map m is a function, so every point
in S has an origin point. Hence, every point in S has
at least one neighbor. For any general point ¢, m(q)
and ¢ are neighbors. We illustrate the algorithm on a
synthetic image with a closed curve and a starting point
p as shown in Figure 6a. When the first keypoint k; is
detected starting from initial point p, both points are
designated as endpoints and added to the endpoint set
E as shown in Figure 6b. These endpoints are labeled
as e; (which is same as p) and e; (which is same as k;)
in Figure 6b. For all subsequently detected keypoints,
it is easy to update the endpoint set E. Whenever a
new keypoint (identified as ko in OpenCurveDetection
algorithm and e, in Figure 6c) is detected from the
current source point set S and the keypoint satisfies (21)
of the OpenCurveDetection algorithm, the keypoint is also
added to the endpoints E. This is because every new
keypoint e; has only one neighbor: the origin point of
es given by m(ez). When a new keypoint originating
from the point m(e2) contained in S is added to the set
S, the point m(e2) has a new neighbor e,. All points in
the source point set S have at least one neighbor, which
is given by the map m. Hence, the point m(e2) has at
least two neighbors now given by m(m(ez)) and e as
shown in Figure 6¢c. If point m(ez) is in the endpoint
set E (that is it had only one neighbor m(m(ez)) pre-
viously), m(ez) should be removed from the set E. For
example, in Figure 6¢, m(e2) was a part of endpoint set
E previously and it has to removed after the detection of
the new keypoint e;. Apart from this additional step of
keeping track of endpoints, we follow the OpenCurveDe-
tection algorithm exactly as before. When the algorithm
OpenCurveDetection terminates, we examine all pairs of

endpoints in the set £. Figure 6d illustrates the results
of the OpenCurveDetection algorithm with the keypoints
and initial point marked in order. Let e¢; and e; be
any two points contained in the endpoint set F, and
m(ez) be the origin point of ey as shown in Figure 6e.
A continuous curve between e; and e, will exist only
if the Euclidean distance L(ej,es) is less than 2. This
is because all keypoints are at a minimum distance of A
from each other and a keypoint cannot be detected on
the curve between e; and ey with the total separation
between e; and es less than 2\. If the distance L(eq,es)
is more than 2), an additional keypoint that lies on the
curve between e; and ey should be detected. For the
curve to exist between e; and e,, an additional condition
similar to (21) should be satisfied. The condition is given
by the following equation:

L(er,m(eq)) = L(ey,ea) + L(ea, m(e2)). (23)

By the definition of the origin point, L(ez,m(ez2)) is

Algorithm GeneralCurveDetection

Input: Image I'm, potential function ® and initial source point set S.

Output: Detected Curve C

1. Start with initial source point set S containing an arbitrary point
p on the curve.

2. Set StopDetection = FALSE.

3. Use FMM(S,\) to find keypoint k1.

4. Run MinimalPathbk(S, k1) and initialize curve C to contain the

minimal path between S and k.

5. Set S« SUFk;.

6. Set m(k1) = p and m(p) = k1.

7. Set E « pUki.

8. while StopDetection = FALSE

9. do Run FMM(S, A) to find new keypoint ko.

10. Run MinimalPathbk(S, k2) and find the origin point s*

in set S.
11. Set curve C’ to contain the minimal path between S and
ka.

12. Get point s’ = m(s*).

13. Use FM M (s, ko) to calculate L(s', k2).

14. if |[L(s',k2) — 2\ < e

15. then C — CUC’,S « SUky and m(ka) = s*.

16. Set E «— EUko and E «+— E — m(k2).

17. else StopDetection = TRUE.

18. for all pairs of points e;,e; in E,

19. if Liei,ej) < 2\

20. Run Minimal Pathbk(e;, ej) and
initialize C’ to contain the minimal
path between ¢; and e;.

21. if [L(e;,m(ej)) — L(ej,ej) — Al < e

22. then C — CuU ('

23. repeat

close to A, so only the other two quantities need to
be computed in the above equation. If (23) is satisfied
within a certain tolerance range, the detected curve is
closed between endpoints e; and ey as shown in Figure
6f. This process is repeated for all pairs of points in F
(there are only two endpoints in the set £ for the image
in Figure 6f). The same tolerance value ¢ is used for
both Equations (21) and (23) in our algorithm. If the
user has prior knowledge that the curve is closed, the
keypoint verification given by (21) can be dropped and
unconstrained keypoint detection can continue until the
two endpoints (there are only two endpoints for a simple
closed curve) become closer than 2\. However, in our
algorithm we do not assume this prior knowledge.
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Fig. 7: (a) Image with a closed curve of interest and initial point
p. (b) Curve, ordered keypoints and terminating point (marked
by ‘x’) detected by GeneralCurveDetection. (c) Minimal path be-
tween branch-point b1 and m(m(b1). (d) Keypoint k2 for which
the origin point m(k2) has only 2 neighbors. (e) Branch-point b;
for which the origin point m(b1) has 3 neighbors branch-point
b1, point ‘6’ and the origin point m(m(b1)). (f) Complete curve
detected by modified algorithm with disconnected branch-
point. (g) Image with open curve of interest and initial point p.
(h) Curve, ordered keypoints and terminating point (marked
by ‘x’) detected by GeneralCurveDetection. (i) Complete curve
detected by modified algorithm with disconnected branch-
point.

5 ROBUST ALGORITHM

In our experimental tests, we found that some mod-
ifications of the algorithm described in Section 4 can
be made to improve the robustness of curve detection.
During the GeneralCurveDetection algorithm, there is a
possibility of generating additional keypoints that are
not on the curve after all the keypoints on the curve
have been identified. Figure 7a shows a synthetic image
with a closed curve and Figure 7b depicts the results of
GeneralCurveDetection with parameter A\ = 30. Point ‘14’
in Figure 7b is the additional keypoint that is generated
and it produces spurious curve portions. We observed
that these additional points that lead to spurious curve
detection have an origin point that has at least 3 neigh-
bors. Such points are called branch-points. In Figure 7c,
the branch-point is labeled b;, which has origin point
m(b1). The point m(b;) has 3 neighbors that includes
its origin point m(m(b1)), the branch-point b; and the
point ‘6’, which is the sixth keypoint detected by the
GeneralCurveDetection algorithm. For the branch-point
b1, Condition (21) is satisfied and GeneralCurveDetection
algorithm is not terminated. This is because b; is located

in a neighborhood of the curve section between m(b;)
and point ‘6". Hence, a major portion of the minimal
path between b; and m(m(b1)) lies on the actual curve
and passes through the vicinity of m(b;) as shown in
Figure 7c . This ensures that (21) is satisfied for the
point b;. Here points b, m(b) and m(m(b)) correspond
to kg, s* and s’ in (21). To overcome the problem of
detection of spurious branch-points, we keep track of
the spurious branch-points using a set B in the modified
algorithm. A map m; : S — Z is generated for all
the points in the source point set S. This map gives
the number of neighbors for each point in S. Whenever
a new keypoint k, is generated using the procedure
FMDM(S, X), the neighbor count given by m (k2) is set to
1. In addition, the neighbor count for the origin point of
the new keypoint is incremented by 1. For a keypoint
ko that is not a branch-point (its origin point m(k2)
has only two neighbors) like in Figure 7d, the earlier
algorithm procedure given in GeneralCurveDetection is
followed without changes. However, if the neighbor
count of the origin point m(ks) is greater than 2 , the
new keypoint is identified as a branch-point (which is
by in Figure 7e) and added to the branch-point set B.
It is also added to the source point set S, but not to
the endpoint set . The minimal path from the branch-
point b; and its origin point m(b;) is not added to the
complete curve so that spurious curve sections are not
detected. A map n : B — A is generated for all branch-
points in B where n stores the minimal path between a
branch-point b and its origin point m(b) for all b € B. A;
is the space of continuous curves in the grid generated
by the input image I. We also wanted to ensure that if
a branch-point b in B corresponds to a genuine branch
of the curve, we add the minimal path given by n(b).
Therefore, whenever a new keypoint k; has an origin
point b in set B, both the minimal path from ks to b
and the minimal path from m(b) to m(m(b)) are added
to the detected curve. In addition, the origin point b is
removed from the set B. Figure 7f shows the complete
curve detected using the modified algorithm where the
branch-point curve section is not detected. Figure 7g
illustrates another image for which the GeneralCurveDe-
tection algorithm detects spurious curve portions. Figure
7h shows the results of GeneralCurveDetection algorithm
and Figure 7i shows the corrected curve detection re-
sults using the modified algorithm. Apart from the
modification described above, we identified another area
of algorithm improvement. We found that for complex
topological curves that have sharp corners at branches
the GeneralCurveDetection algorithm terminates before
the detection of the complete curve. This is illustrated by
Figure 8a that shows a synthetic image with a complex
topological curve with cycles and branches. Figure 8b
depicts the curve detection result of GeneralCurveDetec-
tion algorithm with ordered keypoints and the terminat-
ing point (marked as ‘x’). A A value of 30 was used
for the algorithm. Figure 8b shows that the complete
curve is not detected and the algorithm stops after the
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Fig. 8: (a) Image with complex topological curve and initial
point p. (b) Curve, ordered keypoints and terminating point
(marked by ‘x’) detected by GeneralCurveDetection. (c) Minimal
path between terminating point ¢ and m(m(q)). (d) Incremen-
tal keypoint ~ and Fast Marching boundary of FMM (S, \)
(e) Minimal path between m(q) and r. (f) Complete curve
detected by RobustCurveDetection with ordered keypoints and
terminating point marked by ‘x’.

detection of the terminating point, which is located on
a branch with a sharp corner. This is because though
the potential image (the image intensity value is used
as potential for the image) provides a good contrast
between the curve and the background, there exists a
shorter path between the terminal point, which is called
g, and m(m(q)) that does not pass through m(q). This
fact is shown in Figure 8c where m(m(q)) is point ‘11’
and m(q) is point ‘12’. Hence, L(m(m(q)), q) is not close
to 2\ and (21) is violated and the GeneralCurveDetection
algorithm is terminated. ¢, m(¢) and m(m(q)) correspond
to ko, s* and ¢ in (21). To fix this problem, we in-
troduced an extra condition for algorithm termination.
We compute an additional keypoint r and call it the
incremental keypoint. This point r is computed using the
Fast Marching procedure with the terminal point ¢ as
the source point. The incremental keypoint r is the first

Algorithm RobustCurveDetection

Input: Image I'm, potential function ® and initial source point set S.
Output: Detected Curve C

1. Start with initial source point set S containing an arbitrary point
p on the curve, end point set E = (), branch point set B = (.

Set StopDetection = FALSE.

Use FMM (S, ) to find keypoint k1.

Run Minimal Pathbk(S, k1) and initialize curve C' to contain the
minimal path between S and k;.

Set S «— SUE;.

Set m(k1) = p and m(p) = k1.

Set m1 (k1) = 1 (no. of neighbors is given by the map m1.) and
mi(p) = 1.

Set £ «— pU k.

while StopDetection = FALSE

10. do Run FMM(S,\) to find new keypoint ks.

BN

N

el

11. Store STATUS of all points after FMM(S, \).
12. Run MinimalPathbk(S, k2) and find the origin point s*
in set S.
13. Set curve C’ to contain the minimal path between S and
ko.

14. Get point s’ = m(s*).

15. Use FM M (s', ko) to calculate L(s', k2).

16. if [L(s', k2) — 22X <€

17. then S — S Uks and m(k2) = s*.

18. Set my (kg) =1 and m1 (s*) — m (S*) + 1.

19. if s* € B (branch-points set)

20. then C — CUn(s*), B= B — s*.

21. if my (S*) > 2

22. then n(k2) = C’ and B = BU ks

23. else C«—~CUC/', E«— EUky, E «— E — s*.

24. else C" =C’, ¢ =k and m(q) = s*.

25. Use FM M (q, A, STATUS) to compute incremental

keypoint r.
26. Set curve C’ to contain the minimal path between
q and 7.

27. Use FM M (m(q),r) to calculate L(m(q),r).

28. if |L(m(q),r) —2X| <€

29. then S «— SUqUr C «— CUC”UC and
m(r) = q.

30. Set mi(r) = 1, mi(q) = 2 and
m1(m(q)) < mi(m(q)) + 1.

31. E+— EUr, E— E—m(q).

32. else StopDetection = TRUE.

33. for all pairs of points e;,e; in E,

34, if Liei,ej) < 2A

35. Run

Minimal Pathbk(e;, e;)
and initialize C’ to contain
the minimal path between

e; and e;.
36. if |L(ej,m(ej)) — L(ei,ej) — Al <
€/2
37. then C — CuC’
38. repeat

point for which the Euclidean distance L is greater than
A. However, this keypoint r should also lie outside the
Fast Marching boundary derived from the procedure
FMM(S,\). Recall that FMM (S, A) is the Fast Marching
procedure used to compute the terminal keypoint ¢
in the GeneralCurveDetection algorithm where S is the
source point set containing all keypoints apart from gq.
The incremental point  and the Fast Marching boundary
for the procedure F'M M (S, \) is shown in Figure 8d. In
the figure, the region inside the Fast Marching boundary
is scaled to a lower intensity value for better illustration.
The status of all the grid points in an image after the
execution of the FA/M (S, \) Fast Marching procedure is
stored in an array called STATUS. Points inside the Fast
Marching boundary of FMM(S,\) correspond to the
Solved points in the Fast Marching algorithm described
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in Section 2. Hence, the incremental point r should not
be a Solved point in the STATUS array. This condi-
tion ensures that the new keypoint r originates from
the terminal point ¢ and does not correspond to other
keypoints on the curve that are already computed. The
Fast Marching procedure to compute the incremental
keypoint r is called FMM (g, A, STATUS). If a condition
similar to (21) given by

L(m(q),r) =~ L(m(q),q) + L(g,7),

is satisfied then the curve detection algorithm is not ter-
minated. This condition ensures that if the incremental
keypoint r lies along a branch of the curve as shown
in Figure 8e, the curve detection procedure continues.
Since the new point r is restricted to lie outside the
Fast Marching boundary of FM M (S, \), we found that a
lower tolerance value should be used for the validating
Condition (24) compared to Condition (21). According
to the results of the quantitative validation study that is
described in detail in Section 6.2, we chose the tolerance
value to be ¢/2 = 0.1\, half of the value of Condition
(21). In Figure 8e, the incremental keypoint r satisfies
Condition (24) because the minimal path between r and
m(q) passes through the point ¢. The algorithm can
therefore proceed till Condition (24) is not satisfied for a
terminating point ¢. The complete curve detected using
the modified algorithm is shown in Figure 8f. Figure 8f
also shows all the ordered keypoints and the terminating
point (point for which Condition (24) is not satisfied).
The robust curve detection algorithm that was designed
with the two modifications discussed in this section is
described in RobustCurveDetection.

(24)

6 EXPERIMENTAL RESULTS AND ANALYSIS

In order to analyze the novel self-terminating minimal
path algorithm explained in Section 5 (RobustCurveDe-
tection), the algorithm was tested extensively on both
real and synthetic experimental data sets. This section
presents a detailed analysis of these experiments. We
used the true positive rates (TP), false positive rates (FP)
and false negative rates (FN) as defined in [13] to eval-
uate the accuracy of our algorithm. For real images that
have features like cracks, ground truth accuracy itself
is suspect and it is difficult to accurately quantify the
performance of a crack detection algorithm. To overcome
this problem, Kaul et al. [15] devised the scaled buffered
distance (SBD) metric. The SBD is a scaled version of the
buffered Hausdorff distance measure described in [15].
The buffered Hausdorff distance is given by given by
BD(A, B) where A and B are coordinate locations of
the curve in the ground truth image and the processed
image respectively.

where 1
h(A, B) = EZSGH?QEHG_M' (26)

a€A

10

BD(A, B) lies between 0 and L and we normalize this
value to lie between 0 and 1 to get scaled buffered
distance SBD(A, B). The value of SBD approaches 0 if
the curve detected by the algorithm and the curve in the
ground truth image are close to each other.

SBD(A, B) = BD(A, B)/L. 7)

The value of L was chosen to be 50 for our experiments.

In this section, we first present the experimental results
of our algorithm on crack images in pavements and
concrete structures. The consolidated quantitative vali-
dation of several crack images is also presented. Next,
we present the results of a detailed sensitivity study on
the effect of algorithm parameters A and e and effect of
image noise on curve detection. Synthetic images with
varying background intensities were used to conduct the
sensitivity analysis.

6.1

Cracks in structures can be modeled as curves that are
darker in the intensity than the background. Recent
studies [18] show that automatic detection of cracks in
these structures is very challenging because of multi-
ple textures, shadows, variable lighting, irregular back-
ground and high noise present in the images. Most
algorithms use multiple heuristic parameters that help
to detect cracks for only a small data set of images.
Hence, it is useful to have an algorithm that can detect
cracks in local regions using only one user defined crack
point. The objective of the experimental tests was to
detect cracks of different types in images with different
backgrounds (both asphalt and concrete) and lighting
conditions using an arbitrary user defined point on the
crack. We used 120 images provided by Georgia De-
partment of Transportation (GDOT) and Dr Ezzatollah
Salari from University of Toledo to conduct our study.
Figure 9 presents the algorithm results on 5 pavement
images that have different lighting conditions and crack
types, which include longitudinal, transverse, diagonal,
complex crack with branches and a complex crack with
branches and closed cycles, and 1 concrete structure
image with a crack. The RobustCurveDetection algorithm
was used on all the crack images. Some of the pro-
cessed images have branch-points that were discussed
as part of the RobustCurveDetection algorithm. The robust
algorithm avoids false positives associated with these
branch-points. Figure 9h, 9i, 9k and 91 contain branch-
points that have no crack detection associated with them.
The state of the art keypoint detection algorithm devised
by [3] will require a prior knowledge of a minimum of
3 endpoints in Figure 9d and 7 endpoints in 9d to detect
cracks with similar accuracy to the proposed algorithm.
The qualitative analysis of the algorithm on the 120
pavement and concrete structure images gave very good
results for crack detection. A X value of 50 and an € value
of 0.2\ were used for all the crack images in the data set.
Similar results were obtained for a large A range between

Results on Crack Images
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Fig. 9: (a) Longitudinal crack. (b) Transverse crack. (c) Diagonal crack. (d) Complex crack with multiple branches. (e) Complex
crack with multiple branches and closed cycles. (f) Concrete structure crack. (g) Longitudinal crack detected with ordered
keypoints and terminating point (marked by ‘x’). (h) Transverse crack detected with ordered keypoints (including branch-
points) and terminating point (marked by ‘x’). (i) Diagonal crack detected with ordered keypoints (including branch-points)
and terminating point (marked by ‘x’). (j) Complex crack detected with ordered keypoints and terminating point (marked by
x"). (k) Complex crack containing branches and closed cycles detected with ordered keypoints (including branch-points) and
terminating point (marked by ‘x’). (I) Concrete structure crack detected with ordered keypoints (including branch-points) and

terminating point (marked by ‘x").
40 and 60. A more rigorous, quantitative validation
using FN, FP, TP and SBD measures was conducted
on a diverse and representative data set containing 44
pavement and concrete structure images with variable
texture and lighting conditions.

(a) (b) (©

Fig. 10: (a) Complex crack and initial point p. (b) Crack
detection results, ordered keypoints, terminating point (labeled
by ‘x’) and new initial point p on undetected curve portion
(c) Final crack detection with ordered keypoints and final
terminating point labeled by “x’.

For some images that have complex cracks with sub-
stantial breaks between separate sections of the cracks,
the complete crack is not captured by the algorithm
as illustrated in Figure 10a and 10b. For such cases,
the self-terminating algorithm also provides the user
an option of interactively providing additional inputs.
The algorithm can use the curve detection results from
the first run of the algorithm and an additional user
point in the undetected portion of the curve as starting
conditions for next run of the algorithm. Figure 10c
shows the crack detection results after the user provides
an additional point. We also used our algorithm to

TABLE 1: Quantitative validation of crack images.

Image TP(%) | FP(%) | EN(%) | SBD
Figure 9a 91.37 15.31 8.73 0.094
Figure 9b 91.21 3.1 8.79 0.0364
Figure 9¢ 91.38 | 1352 8.62 | 0.1121
Figure 9d 92.35 18.1 7.65 0.121
Figure 9e 81.16 | 10.80 18.84 | 0.0693
Figure 9f 88.55 5.59 11.45 0.092

Average (48 images) | 90.52 14.83 10.52 | 0.0683

(a) (b) (©

(d) (®) (®

Fig. 11: (a) Catheter tube image. (b) Edge based potential
image. (c) Final catheter tube detection with ordered keypoints
and terminating point (marked by ‘x’). (e) Color Retinal image.
(f) Grayscale image. (g) Final optical nerve detection with
ordered keypoints and terminating point (marked by ‘x).

detect features or objects in medical images that can
be modeled as thin curves. Figure 11a shows a medical
image containing a catheter tube. A potential function
based on the Laplacian is used to provide contrast
between the desired feature and the background. Figure
11b illustrates the potential function image. Figure 11c
shows the detected curve (catheter tube), keypoints and
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terminating point for the catheter tube image. We also
applied our algorithm to 3 retinal images containing
optical nerves, one of which is shown in Figure 11d.
The color image is converted to grayscale and shown
in Figure 11e. An intensity based potential function was
used as input for the RobustCurveDetection algorithm.
Figure 11f shows the detected curve (optical nerve),
keypoints and terminating point for the retinal image.
These examples demonstrate the wide applicability of
our algorithm.

A quantitative validation was carried out for 48 im-
ages (44 crack images, 3 retinal images and 1 catheter
tube image). The ground truth for crack data was de-
termined by GDOT engineers for 44 pavement images.
They were asked to represent the crack with zero-width
curves in the local neighborhood of the initial source
point p. Table 1 presents the consolidated validation
results of the crack images shown in this chapter. The
validation results include the TP, FP, FN and SBD values.
The average validation measure values for the 48 images,
which were evaluated, is provided in Table 1. The results
show that our algorithm achieves consistently high TP
rates. The FP rates and FN rates arise because of the fact
that the algorithm adds a minimal path of length A at
every iteration step and this tends to slightly overesti-
mate or underestimate the crack or the desired feature.
The SBD value, which was established in [15] as an
excellent measure for quantitative validation of cracks,
shows consistently good results for all images. The total
average value of SBD is 0.0721, which corresponds to
an absolute buffered distance (BD) value of 3.41 out
of the maximum of 50. As ground truth accuracy of
crack and retinal images is suspect because it is derived
from manual hand markings, the SBD value indicates the
good performance of our algorithm. In the future, more
crack images can be tested to validate our algorithm.

6.2 Sensitivity Analysis of Parameters \ and ¢

We conducted an extensive quantitative study on sensi-
tivity of parameter A\ using synthetic images and kept
parameter e constant at 0.4\. Four basic synthetic im-
ages that contain a simple curve, closed curve, curve
with multiple branches and a complex topology curve
(similar to Figures 4a, 5a, 6a and 8a used for algorithm
illustration) were used for this validation study. The
curves were chosen to be of mean intensity u. = 0.2
and variance 0. = 0.05. As we used a potential function
based on intensity for our algorithm, we varied the mean
intensity p;, of the background to see its impact on the
curve detection rate. The background variance o, was
chosen to be 0.1. We found that when p;, > 0.5, the curve
detection was very accurate and there was no impact of
varying u;, beyond a value of 0.5. Therefore, we chose
iy to be 0.3,0.4 and 0.5 for our study. To determine the
impact of the Euclidean length parameter A on the curve
detection, we varied A\ between 20 to 60. y, and A were
varied for each of the four synthetic images and the

12

(a) Image 1 (u, = 0.3) (b) Image 2 (up = 0.4) (c) Image 3 (up = 0.5)

(d) Result (A = 20) (e) Result (A = 20)

(g) Result (A = 40) (h) Result (A = 40)

(j) Result (A = 60) (k) Result (A = 60)

i) Result (A = 40) '

(I) Result (A = 60)
Fig. 12: Synthetic Images corresponding to different back-
ground mean intensity p, = 0.3,0.4,0.5 and algorithm results
for A = 20, 40, 60.

average TP, FP, TN and SBD values for the detected
curves were calculated. The plots for TP, FP, TN and
SBD values are shown in Figure 13. Figure 12 shows
one of the four synthetic images that contains a curve
with multiple branches. The curve detection results for
A values 20, 40 and 60 are illustrated for each of the
three images generated using different j;,. The plots and
Figure 12 indicate that for higher y;, values (0.4 and 0.5),
a smaller A value gives better curve detection results as
indicated by the TP, FP, TN and SBD values, though the
overall results are fairly good even for higher A values.
This is because the potential provides enough contrast
between the curve and the background and a smaller A
can help to terminate the RobustCurveDetection algorithm
near the endpoints of the curve. Recall that the Euclidean
length X is the Euclidean distance L between detected
keypoints and the curve is detected in minimum incre-
ments of A. However, when p; is 0.3, a smaller A\ value
of 20 leads to a high FN rate. The reason for this is
that a lower p;, value provides poor contrast between
the curve and the background, and a small interval A
is not sufficient for the keypoints to lie on the desired
curve. Hence, Equations (21) and (24) are not satisfied
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Fig. 13: Plots indicating variation of true positive, false posi-
tive and false negative rates, and scaled buffered distance with
changes in parameter A and background intensity

and the algorithm is terminated before the entire curve
is detected. On the other hand as we increase the value
of ), the FN rate reduces and the FP rate increases. For
upy = 0.3 and X values 50 and 60, the curve detection
algorithm shows very high FP rates. The SBD plot in
Figure 13d indicates that a value of A between 30 and 40
gives the lowest value of SBD for p;, = 0.3. Therefore,
for images with a poor potential function that does
not provide enough contrast between the curve and the
background, an optimal A that minimizes SBD can be
picked. In general, the results indicate that a fairly good
potential function that provides enough local contrast
between the curve and the background is essential for
the high accuracy of our algorithm. This is true for all
minimal path based techniques.

We also assessed the impact of the tolerance value e
on the curve detection algorithm. Recall that we used
a tolerance ¢ for Condition (21) and (23) and tolerance
€/2 for the incremental keypoint Condition (24). Our
sensitivity study showed that e values between 0.2\
and 0.6\ had very little impact on Conditions (21) and
(23). On the other hand, ¢ value had an impact on
Condition (24) because the incremental keypoint r in the
(RobustCurveDetection) algorithm is restricted to originate
only from the previous keypoint ¢. Hence, a higher ¢
value leads to more false positives because many points
that were not on the actual curve were able to meet a
relaxed tolerance value for Condition (24).

6.3 Noise Analysis

We also examined the effect of noise variance o, on the
algorithm results. 3 synthetic images were used that had
intensity values in the range [0,1], desired curve mean
intensity p. of 0.2, noise mean intensity x;, of 0.5. Gaus-
sian noise variance o, was varied between 0.2 to 0.5 for
each of the three synthetic images. One of the synthetic

13

images that was used in the tests is shown in Figure 14.
The algorithm results are very accurate for o between
0.2 and 0.45. Even for ¢ = 0.5, a large portion of the
curve is detected. Similar results were obtained for the
other two synthetic images. The results demonstrate that
the algorithm is robust to noise variance and can detect
curves fairly accurately for images with low Signal-to-
Noise (SNR) ratio.

7 CONCLUSION

The primary objective of the paper was to develop
an algorithm that detects complex curves with less
user interaction and prior knowledge compared to the
prior state of the art minimal path methods, most of
which require all desired curve enpoints as initial input
for open curves. The proposed algorithm requires the
knowledge of just one arbitrary point (not necessarily an
endpoint) to achieve the same results. In addition, the
proposed algorithm, with no additional input, is also
able to capture complex curves containing both closed
cycles and multiple branches, something which the prior
state of the art could not accomplish with a significant
amount of additional prior knowledge to separate the
open and closed parts of the curve. Experimental results
that contain quantitative evaluation for 48 images that
include crack images and retinal images demonstrate
the efficacy of the algorithm. In addition, the algorithm
results are fairly robust to the addition of noise in the
image. Sensitivity studies on the algorithm parameter
A in Section 6.1 indicate that a good potential function
that provides enough local contrast between the curve
and the background is essential for high accuracy of our
algorithm. This limitation also applies, however, to prior
state of the art minimal path methods. Pre-processing
of the image and better segmentation of the potential
function can help to overcome this limitation.

There are several future research directions that can
be pursued. First, the self-terminating minimal path
algorithm can be extended to detect higher dimensional
curves. In particular, it will be useful to detect tubu-
lar structures like vessels where these structures are
modeled as 3D and 4D curves [13] (2D structures as
3D curves and 3D structures as 4D curves). An extra
dimension is introduced to model the width of tubular
structure. Even wide cracks can be modeled as higher
dimensional curves to capture crack width information.
Currently, further user interaction is needed to detect
these structures using the method formulated by Hua
and Yezzi [13]. Our novel algorithm has the potential
to substantially reduce this user interaction. Second,
work can be done on complete automation of the curve
detection process where the user does not have to supply
any point on the curve. More extensive testing on image
that have complex structural cracks and features like
thin capillaries and bone cracks in medical images can
be conducted. Finally, code optimization can be done to
improve the computational speed of the current algo-
rithm. The current algorithm implementation does not
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