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PlaceduMaréchalDeLattreDeTassigny,
75775Paris,France

May 7, 2007

Abstract

This paperpresentsa new methodto quickly extractgeodesicpathson imagesand3D meshes.We
usea heuristicto drive the front propagationprocedureof theclassicalFastMarching. This resultsin a
modi�cation of theFastMarchingalgorithmthat is similar to theA � algorithmusedin arti�cial intelli-
gence.In orderto �nd very quickly geodesicpathsbetweenany given pair of points,two methodsare
proposedto deviseanheuristicthatrestrictthefront propagation.Themultiresolitionheuristiccomputes
the heuristicusinga propagationon a coarsemap. For applicationswherepre-computationis accept-
able,the landmark-basedheuristicpre-computesdistancemapsto a sparsesetof landmarkpoints. We
introducevariousdistortionmetricsin orderto quantify theerrorsintroducedby theheuristicallydriven
propagations.We show thatbothheuristicapproachesbring a largespeed-upfor largescaleapplications
thatrequiretheextractionof geodesicson imagesand3D meshes.
Keywords: geodesics,FastMarching,shortestpaths,heuristic,A � algorithm.
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Figure1: In order to computethegeodesicpathbetweentwo pointson thesurface, computationis needed
on a large part of the surfacewhenusingclassicalfast marching (left). Whenthe distancemapto a set
of landmarksis pre-computed,andthepropagationis heuristicallydrivenby thesemaps,only thecolored
region is explored,andit becomessmallerandsmallerasthenumberof landmarksincreases.

1 Previous works

The extractionof shortestpathsis a building block for a large classof applicationsrangingfrom graph
theoryto computervision. Thecomputationcanbecarriedin a totally discretesetting(suchasa graph)or
overadiscretizeddomain(suchasanimageor a3D mesh).
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Graphs and discrete computation. The canonicalmethodto computeshortestpathson graphsis the
Dijkstra algorithm(seefor instance[5]). Fastexplorationstrategieshave beenusedto speed-upthecom-
putation. The A � algorithm[15] makesuseof a heuristicto reducethe searchspace.Otherexploration
strategieshavebeenproposedin the�eld of arti�cial intelligence,suchasIDA � [13].

Imagesand continuous setting. In orderto extractgeodesicsfor a continuousmetric, the FastMarch-
ing algorithm[19] usesa front propagationto solve non-iteratively a �nite differenceapproximationof
the Eikonal equation. A similar algorithmwasalsoproposedin [24]. The minimal lengthpropertiesof
geodesicshasbeenappliedin computervision, for exampleto solve globalminimizationproblemsfor de-
formablemodels[3]. Thecontinuousnatureof this methodis particularlyattractive for imageprocessing,
for instanceto extracttubularstructuresandcenterlinesin 3D medicaldata[6].

Path planning: fr om discrete to continuous. Discretecomputationon graphsgivesrise to numerous
schemesto performmotion planningandthe A � algorithmis extensively usedfor path-�nding in video
games[21]. For the caseof Euclideanmetrics,fasteralgorithmshave beendevisedthat exploit speci�c
datastructuressuchasvisibility graphs[18]. The FastMarchingalgorithmcanbe usedto extract paths
with anon-Euclideanmetric[19]. Theauthorsof [14] comparetheFastMarchingandtheA � algorithmsto
performmotionplanning,but they donotproposea heuristicmodi�cation of theFastMarching.

2 ShortestPath: Continuousand DiscreteAlgorithms

In this sectionwe developa unifying framework which includestheFastMarching[19], Dijkstra [5] and
A � [15] algorithmstogetherwith our new heuristicallydrivenpropagation.

2.1 Front PropagationMethods for ShortestPath

We work on a discretesetof pointsandfor eachpoint x we have accessto its neighborsy, de�ning the
relationy � x. Thesepointscanbeembeddedin discretetegrid (for FastMarchingandfor our method)
or can be the verticesof a graph(for Dijkstra and A � ). Our goal is to computethe distancefunction
U(x) = d(x0; x) to somestartingpointx0.

Initialization:
� Ali veset:thestartingpointx0;
� Trial set:theneighborsof x0;
� Far: thesetof all othergrid points.
Loop:
� Let x betheTrial point with thesmallestpriority P(x);
� Move it from theTrial to theAli veset;
� For eachneighbory of thecurrentpointx:

– if y is Far, thenaddit to Ali veandcomputeanew valuefor U(y),
– if y is Ali ve,recomputethevalueU(y), andupdateit if thenew valueis smaller,
– recomputethepriority P(y).

� If theendpointx = x1 is reached,stopthealgorithm.

Table 1: Pseudo-codefor thecommonframework for front propagation.

Thepropagationmethodslabelthepointsduringthecomputationaccordingto:
� Alive is thesetof pointsat which thedistancevalueU hasbeencomputedandwill not change;
� Trial is thesetof next grid pointsto beexaminedandfor whichanestimateof U hasbeencomputed;
� Far is thesetof all othergrid points,for which thereis not yet anestimatefor U.
Table 1 shows the main stepsof the algorithms. Each algorithm must implementthe following sub-
functions
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� A way to updatethe valueU(y) at a givenTrial point y. This computationusesthevaluesof U at the
adjacentlocations.This computationdependson themetricused,which canbede�ned on a graph(for
discretemethods)or on the whole space(for continuousmethods).We explain in sections2.2 and2.3
speci�c instantiationsfor theDijkstraandFastMarchingalgorithms.

� A priority mapP ordersthesetof Ali ve pointsaccordingto somecomputationalcriterion. In the Fast
Marching and Dijkstra algorithm, P(x) = U(x) is the currentdistanceto the startingpoint. In our
heuristicalfront propagationasin the A � algorithm,P(x) is chosento minimize the numberof visited
points. We explain in sections3 to 5 how to actuallyconstructa priority functionP thatmakesuseof a
heuristic.

2.2 DiscreteCase:Dijkstra

In the discretesetting,a symmetricweight g(x; y) is usedto de�ne the distancebetweentwo adjacent
points x � y of the graph. The length of a path v = [v1 � : : : � vm ], of m adjacentpoints vi is
L (v) =

P
g(vi ; vi +1 ), andwe de�ne thedistancebetweentwo vertices

d(x0; x1) = min
v

f L (v) n v1 = x0; vm = x1g:

ThedistanceU(x) at avertex x in thealivesetis updatedduringthepropagationaccordingto

U(x) = min
y � x

�
U(y) + g(x; y)

�
:

Theshortestpathv from x0 to x1 is trackedbackwardusing

v0 = x1 and vi +1 = argmin
y � v i

U(y):

2.3 ContinuousCase:FastMar ching

In Rd, we aregivena potentialfunctiong(x) > 0, andtheweightedgeodesicdistancebetweentwo points
x0; x1 2 Rd, is de�ned as

d(x0; x1) = min



� Z 1

0
jj
 0(t)jj g(
 (t))dt

�
; (1)

where
 is a piecewise regular curve with 
 (0) = x0 and
 (1) = x1. Wheng = 1, the integral in (1)
correspondsto thelengthof thecurve 
 andd is theclassicalEuclideandistance.

TheFastMarchingmethodusesthefactthatthefunctionU satis�esthenonlinearEikonal equation:

jjr U(x)jj = g(x): (2)

ThedistanceU(x) = u at a point x = x i;j in the trial setis updatedduring thepropagationaccordingto
thesolutionof

max(u � U(x i � 1;j ); u � U(x i +1 ;j ); 0)2 +
max(u � U(x i;j � 1); u � U(x i;j +1 ); 0)2 = h2g(x i;j )2:

This is asecondorderequation(theequationis written in R2 for simplicity) andit canbesolvedasdetailed
for examplein [4].

Thegeodesiccurve
 from x0 to x1 canbecomputedby extractingtheparametriccurveC(t) thatsolves
thebackpropagationequation:

dC
dt

= �
��!
r U with C(0) = x1:

Thisgradientdescentis alocalcomputation,andit onlyusesthevalueof U for asmallfractionof thevisited
grid points.Notethatthesegrid pointsarethoselocatedin theAli vesetat theendof thefront propagation
procedure.

3 Heuristically Dri venFront Propagation

In this sectionwe explain our algorithmin the2D setting,andshow somenumericalresultsthat illustrate
themainfeaturesof this method.
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Figure2: An exampleof 2D path planning. Thesetof alive pointsaccording to increasingheuristic is
shownin red.

3.1 Propagationwith a Heuristic

In orderto minimizethenumberof Ali ve pointsat theendof thefront propagationprocedure,oneshould
usea priority function P that tries to advancethe front toward the goal point x1. In order to do so, we
assumethat, togetherwith the currentweighteddistanceto the startpoint U(x) = d(x0; x), we have an
estimateof theremainingweighteddistanceV (x) � d(x1; x). Our heuristicalfront propagationalgorithm
follows theimplementationof table1 with a priority map

P(x) = U(x) + V (x): (3)

The rationalebehindthe de�nition of P is that d(x0; x) + d(x1; x) is minimal and constantalong the
geodesicpathjoining x0 andx1, see[12].

A � Algorithm. For discretegraphs,it hasbeenshown that if the heuristicsatis�es V (x) 6 d(x1; x),
thentheextractedgeodesicis a pathof minimumlength. This leadsto theA � algorithmof [15]. Various
strategieshavebeenproposedto deviseadmissibleheuristics,see[10] andthereferencestherein.

Heuristically dri ven Fast Mar ching In �gure 2, onecanseea front propagation,wherewe have used
the oracleheuristicV (x) = � d(x1; x), with a parameter� 2 [0; 1]. The value � = 0 correspondsto
the classicalFastMarchingpropagation,which resultsin a large region of Ali ve points(coloredin red).
However, aswe increasethevalueof � toward1, theexploredregionshrinksaroundthegeodesicpaththat
links x0 to x1.

Therearehowever two importantissueswith thisorderingof theTrial set:
� Thisorderingcanbreakthemonotoneconditionthatis requiredby theFastMarchingalgorithmto produce

a valid approximationof thecontinuousunderlyingdistancefunction. We show in thenumericalresults
presentedin sub-section5.2thatthegeometricerroron theextractedgeodesicremainslow.

� We do not have immediateaccessto theremainingdistanced(x; x1), sinceit would involve performing
anotherfront propagationfrom x1. Weexplain in sections4 and5 two methodsto overcomethisproblem.

3.2 Evaluation of a Heuristic

We castthe problemof �nding a goodheuristicinto the problemof approximatingthe distancefunction
d(x; y) betweentwo points(x; y) by somefunction ~d. We de�ne theheuristicusing

V(x) = ~d(x1; x) � d(x1; x):

This approximateddistance~d shouldsatisfy ~d 6 d in ordernot to perturbthe propagationfrom the true
shortestpath (computedwith V = 0). It must be fast to evaluateandcanusea reasonableamountof
pre-computeddata.

Section4 usesa propagationon a coarsemapin orderto computesuchan approximate~d. This mul-
tiresolutionheuristicis fastto computeanddoesnot requirethestorageof additionaldata.Section5 uses
pre-computeddistancesto landmarkpointsto compute~d. Thislandmark-basedheuristicrequiresadditional
databut leadsto highly accurateestimationof therealdistanced while enforcing ~d 6 d.

To evaluatethequalityof theheuristic,we proposetwo metrics
� Theapproximationmetric

E1(d; ~d) =
ZZ

jd(x; y) � ~d(x; y)j2dx dy;
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is approximatedduringevaluationusinga �nite numberof precomputeddistancemapsd(pi ; x) to a set
of pointsf pi gm

i =1 chosenat random

E1(d; ~d) =
1
m

mX

i =1

Z
jd(pi ; y) � ~d(pi ; y)j2dy:

� Thecomputationgainmetric: Wemeasuretheusefulnessof theheuristicfor extractinggeodesicsbetween
a setof pairsof pointsf (x i

0; x i
1)gi . For eachfront propagationfrom x i

0 to x i
1, wemeasuretheareaA i ( ~d)

of the Ali ve setat the endof the propagation.We alsomeasurethe areaA i (0) of the Ali ve set for a
propagationwithout theheuristic.We de�ne thecomputationgainmetricto be

E2(d; ~d) =
1
m

mX

i =1

A i ( ~d)=A i (0):

Whenthegeodesicsqueriesarerandom,thesetwo metricstendto bethesame.However, thecomputation-
gain metric is able to betteradaptto typical applicationswherequeriescanbe highly non-uniform(for
instancein roador tubularstructureextraction).

4 Multir esolutionHeuristic

4.1 Coarse-to-�ne GeodesicComputations

In order to computethe remainingdistanceV (x) � d(x; x1) with a fastalgorithm,we perform a Fast
Marchingfront propagationstartingfrom the point x1, but on a coarsergrid. We thushave introduceda
secondparameterfor ourheuristicalfront propagation:theresolutionR 2 (0; 1) weusefor thecoarsegrid.
If theoriginalpotentialmapg is of sizen � n, thequeryof P(y) thusrequires:
� Thepre-computationof acoarsepotentialmapgR of size(Rn) � (Rn). This is doneby �rst pre-�ltering

g (to avoid aliasingof high frequencies)andthenapplyinga cubic splinere-interpolationon a coarser
grid.

� Thepre-computationof theapproximatedistancemapV of size(Rn) � (Rn) is doneby performinga
full FastMarchingona coarsegrid, usingpotentialgR , andstartingfrom point x1.

� During theheuristicalfront propagationstartingfrom point x0, whenP(y) is queried,thevalueof V is
interpolatedwith cubicsplineson thecoarsegrid to retrievea valueon theoriginalgrid.

In �gure 3 onecanseethecoarsemapgR , andhigh frequency detailssuchassmall roadsdisappearasthe
resolutiongetstoo low.

Thereis clearlya tradeoff betweenchoosinga low R to reducethecomputationtime, anda high R so
thatV (x) approximatesd(x; x1) well.

=100%R =30%R =15%R

Figure3: ResultingpotentialmapgR for variousvaluesof R.

The new algorithm we proposeallows us to use multiresolutioncomputationfor the extraction of
geodesiccurves. Using a multiresolutionframework for solving the point-to-pointgeodesicproblemis
not soeasybecauseit is a boundaryproblem,andfor instance,multigrid methodsarenot suitable.Adap-
tive mesh[7] andmultigrid methods[16] have beenusedin conjunctionwith geodesicactive contoursfor
segmentation.
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4.2 Numerical Validation of Multir esolutionHeuristic
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Figure4: In�uence of heuristicstrengthand resolutionon numberof visitedcells, Hausdorff error and
computationtimereduction.

1x0x
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Figure5: In�uenceof theresolutionof theheuristicon theshapeof thegeodesic.

In orderto estimatetheprecisionof theresults,we usetheHausdorff errorbetweenthepathsobtained
by fast marchingwith and without the multiresolutionheuristic. In �gure 6 one can seethe geodesics
extractedfor differentvaluesof � . Figure4 shows theresultof our algorithmfor varioussettingson (a) a
syntheticmapand(b) a satelliteimage.We havedepicted:
� The2D map: Theredcurvesindicatetheboundaryof thevisited region. Onecanseethat thesecurves

shrink toward thegeodesic(centralbluecurve) asoneincreasethestrengthof theheuristicfrom 0% to
100%.

� Hausdorff error vs. heuristicstrength� : We have set the heuristicresolutionR to 50%. Onecansee
that theerror is higherfor thesyntheticmap(a). This is dueto the fact that this mapcontainslarge �at
areas,whereasmallerrorin thecomputedgeodesicdistanceleadsto deviationof theextractedgeodesic.
In contrast,the geodesicin the satelliteimage(b) containsvery anisotropicareas,which stabilizethe
extractedgeodesic.

� Hausdorff error vs. heuristic resolutionR: We have set the heuristicstrength� to 50%. Onecansee
that the syntheticmap(a) is nearly insensitive to the resolutionof the coarsemapusedto computethe
heuristic.This is becausetheunderlyingfunction is very smooth,soonecanreducetheresolutiona lot
without toomuchimpacton theaccuracy of theheuristic.In contrast,onecanseethatthesatelliteimage
suffers from excessive variationwhenthe resolutionparameterR becomessmallerthan60% andthen
againfor 90%.This is dueto strongtopologicalchangesin thepath,asdepictedin �gure 5.
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Figure6: Graphicaldisplayof extractedgeodesicsfor variousheuristicstrengths.

� Computationaltimesavingvs. heuristicstrength� : Thesaving is computedrelative to thetime spentby
classicalFastMarching. In 2D thecomputationtimesdecreaseroughly linearly with thestrengthof the
heuristic.

� Computationaltimesavingvs.heuristicresolutionR (notshown): Thereis aconstantoverheaddueto the
coarseresolutioncomputation(whichresultsin anoffsetbetweenthecurvesfor R = 50%andR = 20%).
For R = 20%, this overheadis balancedby theheuristicsaving assoonas� > 5%.

Thesetestsclearly show thatour algorithmcanbring a largecomputationalspeed-up,but theparameters
shouldbe �nely tunedto adaptto the characteristicof eachmap. For instance,theseexperimentsshow
thattheusermusthave someprior knowledgeaboutthetypical width of thetubular structureshewantsto
extract,andsettheresolutionR sothatthecoarsemapVR still containsthesestructures.

4.3 Applications of a Multir esolutionHeuristic

Volumetric GeodesicExtraction 3D geodesicextractionis veryusefulin medicalvolumetricdataanal-
ysis. It canbeappliedto performtubularstructureextraction,andit is extendedto virtual endoscopy in [6].
In �gure 7 onecanseetheextractionof 3D geodesicsfrom syntheticdata(top andmiddlerows) andfrom
realmedicaldata(bottomrow) for R = 20%. Theredsurfaceshows theboundaryof theexploredregions
of alivecells.Thecomputationaltimegain(Comp.gain)is alsoindicated.

Heuristic  0%3D data 100%40% 80%

1x

0x

Comp. gain -10% Comp. gain 10% Comp. gain 30% Comp. gain 60%

Comp. gain -10% Comp. gain 15% Comp. gain 40% Comp. gain 80%

Figure7: Extractionof geodesicsin 3D.

Globally Optimal GeodesicActive Contours Theconceptof circulargeodesicswas�rst introducedin
[22]. Theauthorsof [1] proposeda simpleway to computecirculargeodesicsarounda point, in orderto
computea globally optimalgeodesic,with anapplicationto objectsegmentation.Theusersimply selecta
point C insidetheobjectto segment(see�gure 8), andthenthealgorithmvirtually “cuts” theimagealong
a horizontalline that links C to theboundaryof the image.This way, onecanforcea geodesicpathto go
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aroundC by runninga classicalFastMarchingfrom a point S to itself, but forbidding the front to pass
throughthesegmentCD.

Cut
C D CS S

D

Figure8: Cuttingthesquaredomainto computecircular paths.

For an underlyingimageI , theglobally optimalgeodesicaroundC is de�ned asthe closedgeodesic
curvewith minimumlength,wherethemetricis de�ned as

g(x) =
1

jjC � xjj
1

1 + jjr I (x)jj2
+ "; (4)

wherejjC � xjj is thedistancefrom thecurvepoint x to thecenterC.
Theauthorsof [1] proposeda powerful algorithmbasedon thebranch-and-boundparadigm,which is

a binarysearchthatavoidscomputingtheclosedgeodesicfor eachpoint S on thesegmentCD. However,
with our heuristicfront propagation,we have testeda simpleralgorithmthat works well in practice. We
simplycomputethecirculargeodesicsthatpassthoughagiven�x ednumberof pointsalongthecutsegment
CD. Theseextractionscanbeperformedquickly usingour heuristicallydrivenfront propagation,with the
restrictionthatthefront shouldnotpassthoughthecutsegment.

In �gure 9, we have shown a globally optimal circular geodesic,computedwith variousheuristic
strengths� .

Heuristic  0% 40% 100%60% 80%

Figure9: Globallyoptimalcircular pathextractionwith increasingheuristic.

GeodesicExtraction on 3D Meshes The FastMarchingalgorithmhasbeenextendedto 3D meshesin
[20]. Our heuristicalgorithmalsoextendsto 3D meshes,with thefollowing modi�cations with respectto
theEuclideansetting:
� We mustconstructa coarsemeshapproximationof theoriginal 3D mesh.Meshsimpli�cation is a large

topic, andseveral greedymethodsexist, seefor example[11]. In our tests,we usethe farthestpoint
strategy proposedin [17] for remeshing,sinceit usesFastMarchingasa building block.

� Oncetheheuristicfunctionhasbeencomputedonthecoarsemesh,it mustbeinterpolatedon theoriginal
densemesh. Several methodsfor datainterpolationon 3D meshesexist, andwe have useda method
derived from harmonicmeshparameterization[8]. This involvesthe solutionof a sparselinear system
thatdescribesa harmonicfunctionthat�ts thevaluescomputedon thecoarsemesh.

Thesetwo stepsarequitecomputationallyintensive,but notethat:
� Thecoarsemeshcanbepre-computed,andcanbere-usedfor multiplegeodesicextraction.
� To avoid thecomputationaloverheadof computingtheinterpolationon thewholemesh,we usethelocal

parameterizationstrategy of [23]. We computethe interpolationonly on a smallsetof overlappingdisk-
likechartsthatcover theregionof alivevertices.

In �gure 1 and10, onecanseethe algorithmin actionon variousmeshes,andfor variousvaluesof the
parameter� .
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Coarse mesh Heurist ic 0% 50% 100%90%

Figure10: Heuristicallydrivenfront propagationon3D mesheswith a multiresolutionheuristic.

5 Landmark-basedFront Propagation

In this section,we describeanalternateway to implementtheheuristic.This heuristicis computedusing
anapproximateddistance~d evaluatedwith a setof pre-computeddistancesto landmarkpoints.

5.1 Landmark-basedheuristic

A new methodfor distanceevaluationonagraphhasbeenintroducedin [10] asanadmissibleheuristicfor
theA � algorithm.Weexplainwhy thismethodcanbeusefulfor ourheuristicallydrivenFastMarchingand
givea quantitativenumericalstudy.

This methodexploits thetriangleinequality, sincewe have,for everypair of pointsx andy,

d(x; y) = sup
z

�
jd(x; z) � d(z; y)j

�
:

This equalityis still valid in the continuousframework of FastMarching,andin orderto derive a useful
heuristic,onecanchosea small set z1; : : : ; zn of Landmarkpoints. The setof distancemapsdk (x) =
d(zk ; x) is pre-computed,andwe de�ne theapproximation

~dz1 ::: zn (x; y) = sup
k=1 :::n

�
jdk (x) � dk (y)j

�
: (5)

In thefollowing, we dropthez1; : : : ; zn dependenciesandcall theapproximateddistance~d. We notethat
thisapproximationalwayssatis�esthecondition ~d 6 d.

Figure11 givesan intuitive explanationof theef�ciency of this approximation.In the ideal case,the
geodesic
 k joining a landmarkzk to x alsopassesthroughy. In this case,we have d(x; y) = ~d(x; y) and
thereis no approximation.But in mostcases,this is not true,but a geodesic
 k passescloseto y and ~d is
indeedagoodapproximationof therealdistance.

°° k ° k

xx

zk
y

y y

k

Ideal case Real life case

d(x
, y

)
d(y

, z k
)¡

d(x
, z k

)

=

d(x
, y

)
d(y,

z k
) ¡

d(x
, z k

)

>

Figure11: Justi�cation of theapproximationpropertiesof ~d.
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5.2 Landmark-basedPath Extraction

This landmark-basedpropagationcanbe usedto speed-upthecomputationof mostpathplaningapplica-
tions,includingpath�nding in videogamesor roboticpathplaning.

No heuristic 1 landmark 3 landmarks 12 landmarks 20 landmarks

Figure12: Exampleof propagationusinga landmark-basedheuristicwith randomseedingof basepoints.

In �gure 12, one can seethe active region exploredby the propagationalgorithm for an increasing
numberof landmarkpoints. Thesepointsarechosenat randomon the 2D image. The exploredregion
progressively shrinkstoward the centralextractedcurve whenwe addmorepoints,sincethe heuristicis
becomingmoreaccurate.
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Figure13: Distortioncausedbyour heuristicpropagationontheextractedgeodesics.Theerror is reported
usingtheHausdorff distanceexpressedin pixels(thesizeof theimage is 256� 256).

In �gure 13, onecanseea numericalevaluationof the precisionof the extractedgeodesic.It reports
thedistortionjj
 � ~
 jjH betweentheoriginalgeodesic
 (computedwithout theheuristic)and~
 (computed
with theheuristic).We usethesymmetricmean-squareHausdorff metric

jj
 � ~
 jj2H =
1
2

� Z



min
y2 ~


jjx � yjj22dx +
Z

~

min
x 2 


jjx � yjj22dx
�

;

sincethis capturesthegeometricdistortioncausedby ourpartialpropagation.
On 2D mapscontainingimportantcurvilinearfeatures(suchastheroadin theexampleon theleft), the

distortioncausedby theheuristicis nearlyunnoticeable.On thecontrary, for relatively �at maps(suchas
theonedepictedon theright) thedistortioncanberelatively high (aboutfew pixelsfor amapof 256� 256
pixels). This is becausethe salientfeaturesof this mapcatchthe geodesicandavoid large lateralmoves
whenthefront propagationis modi�ed.

In orderto improvethequalityof theheuristicandthustheresultingspeed-up,onehasto carefullyseed
the landmarksacrossthe image.In thenext sectionwe setup a completeframework for theevaluationof
thissampling,togetherwith strategiesto geta high-qualityseedingof thebasepoints.
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5.3 Seedingstrategiesfor the landmarks

Thequalityof a samplingcanbemeasuredusingthepreviously introducedmetrics

E i (z1; : : : ; zn ) = E i (d; ~dz1 ::: zn ) for i = 1; 2:

In orderto �nd samplinglocationsf z1; : : : ; zn g for thelandmarks,weusevariousstrategies,amongwhich:
(a) A manualsamplingthatexploits speci�c knowledgeof the2D mapg. This semi-automaticmethodis

not studiedin this paper.
(b) A randomsamplingin theimage.
(c) A uniform samplingaccordingto the distanced. This canbe accomplishedusing the farthestpoint

samplingprocedureproposedin [17], whereonechooses

zn +1 = argmax
z

(argmin
16 k6 n

d(zk ; z)) :

(d) A uniformseedingon theboundaryof thedomain.
(e)A greedystrategy minimizing theE1 metric.We de�ne thelocationsrecursively

zn +1 = argmin
z2 R

E1(z1; : : : ; zn ; z);

whereR is somesmallsetof randomcandidates.
(f) Sameas(e)but usingE2 insteadof E1.

Distanceapproximation evaluation. A goodseedingstrategy shouldbe ableto put a landmarkbefore
any coupleof points in the domain,nearthe geodesicpathconnectingthesepoints. For a constant(i.e.
Euclidean)metric,(d) is thustheoptimalsamplingscheme.However, for acomplex metric,this is nomore
thecase.

In �gure 14,onecanseetheapproximateddistance~d(x1; x) to a targetpoint x1, computedfor n = 32
landmarksusingvariousseedingstrategies.

Real distance to (a) Random sampling (e) Error-based sampling(d) Boundary samplingPotent ial g

1x

1x

1x

Figure14: Graphicaldisplayof theapproximateddistance~d(x1; x) for variousseedingstrategies.

In �gure 15, onecanseea plot of the approximationerror E1(x1; : : : ; xn ). The error-drivenseeding
strategy (e)clearlyperformsthebestasexpectedby its de�nition. For asmoothpotentialg (left) theseeding
strategy on theboundary(d) performswell, but it fails to capturethetopologyof complex 2D maps(right).

Computational saving evaluation. In orderto evaluateour algorithmin a realsetting,we have set-upa
completeframework using500 typical queriesf (x i

0; x i
1)gi for various2D maps. Someresultingshortest

pathsqueriesareshown on the left of �gure 16, they arerelevant for many standardapplicationssuchas
path�nding in videogamesor robotpathplaning.
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Figure15: Decreasingof theapproximationerror E1(z1; : : : ; zn ) for variousseedingstrategies.

Theright of �gure 16 shows how thecomputationalmetricE2(x1; : : : ; xn ) decreasesfor severalsam-
pling strategies. For thegreedysamplingstrategy (f), we have usedanothersetof 100 typical queries,in
ordernot to biasthecomputationof theerrorE2.

Onecanseethat thecomputation-drivensamplingstrategy (f) clearlyoutperformstheotherstrategies.
In particular, theapproximation-basedstrategy (e)doesnotgivegoodresults,mainly becausetypical paths
arenot correlatedto areaswheretheapproximationerrorjjd � ~djj is large.
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Figure16: Computationspeed-upE2(z1; : : : ; zn ) obtainedwith a variousnumberof landmarks.Theareas
coloredin redcorrespondto theexploredregionwithoutheuristic.

5.4 ReducingMemory Usage

CellsRepresentation Classicalmethods,suchasusinganoctreedatastructure,canbeusedto reducethe
memoryusageof level setalgorithms,for examplein orderto performimagesegmentation[7].

We chooseto implementa simpledatastructureto reducethememoryusageby allocatingthegrid cell
on the�y duringthepropagation.A typical cell datastructure,for 2D computation,is:

struct cell {
// current geodesic distance
double distance;
// either alive, trial or far
char state;
// pointers to the 4 neighbors
cell* neighbors[4]; };

To beableto retrieve a givencell in constanttime, we alsostorethe list of allocatedcells in a hashtable.
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This is importantbecausewhena new cell is allocated,we needto connectit to theexisting cells. Figure
17showsagraphicaldisplayof theoveralldatastructures.

This pointer-basedrepresentationof theneighboringrelationis convenientto extractthegeodesicwith
agradientdescent.Thereis somememoryoverheaddueto theexplicit storageof pointersto neighbors,but
thefactthatourschemeexploressigni�cantly fewercellsthanclassicalFastMarchingallowsto savemuch
morememory, asshown in thenext section.Thecomputingtime overheaddueto theuseof a hashtableis
about40%in all our tests.

cellNULL
(0,0)
(1,0)
(1,1) NULL

NULL

NULLHash

NULL

NULL NULL

cell

cell

Figure17: Datastructuresusedfor thepropagation.

Computation fr om CompressedData To reducethestoragerequirementof the distancesto landmark
dk (x), we implementacompressionprocedure.A typical implementationshould
� Allow randomaccessof thevaluedk (x), withoutdecompressingthewholedata.
� Beasymetric,sincewedonotcareaboutthecompressiontime,but weneedfastaccessto distancevalues.
� Give low decompressionerror, sincewe needanaccurateheuristicandwe needto satisfythecondition

~d 6 d asmuchaspossible.
We usea two-stepprocedure:
� Differentialrepresentation:A1(x) = d(x1; x) and

Ak+1 (x) = d(xk+1 ; x) � dx 1 ::: x k (xk+1 ; x);

whereweusetheapproximateddistance~dx 1 ::: x k to giveanestimateof d(xk+1 ; x) usingthe�rst available
k landmarks.This new representationremovestheredundancy thatexistsbetweenthedifferentdistance
maps.

� We codeeachmapA i usinga vectorquantizationscheme[9]. In our tests,we usecodeblocksof size
3� 3, andwequantizetheresultingvectorsof R9 usingacodebookof size256.This resultsin amemory
gainof 36 : 1 with respectto storingsingleprecision�oats.

Theconstraintswe have on thecomputationfrom compresseddataaresimilar to theprocessof rendering
from compressedtextures[2]. Weusethedifferentialcodingstrategy to copewith theparticularredundancy
of distancesfunctions.Thecompressionproducesneithernoticeableartifactsnordistortionof theextracted
geodesics.Thecomputationaltimeoverheaddueto decompressionis about15%in CPUtime.

5.5 Applications of Landmark-basedHeuristics

Our landmark-basedpropagationcanbeappliedverbatimto higherdimensionalpropagationandto trian-
gulatedsurfacesin orderto speed-upshortestpathqueries.

ConstrainedPath Planning Geodesicscanbeusedto computethepathof arobotwith variousshapeand
motionconstraints[19]. Basically, eachadditionaldegreeof freedomaddsa new dimensionto thedomain
in which thefront propagationshouldbeperformed.Solvingsuchhigh dimensionalproblemsis time and
memoryconsuming,so the useof a heuristicis highly desirable.In our experiment,the most important
issueis thememoryusedby the full-grid classicalFastMarching,andthememorymanagementstrategy
exposedin subsection5.4is crucialto scaleto complex problems.
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(a) (b)

Speed funct ion P

Figure18: Examplesof constrainedpathplanning.

In �gure 18, onecanseetwo examplesof pathextractionsin 2D with onerotationaladditionaldegree
of freedom.This resultsin 3D front propagation,andthecorrespondingspeedfunctionis depictedon the
left. Figure19showsthein�uenceof theheuristicstrength� onthecellsexploredby thefront propagation.

0 Landmark 1 Landmark 5 Landmarks 20 Landmarks

Figure19: Exploredareafor constrainedpathplanning.

GeodesicExtraction on 3D Meshes The FastMarchingalgorithmhasbeenextendedto 3D meshesin
[20]. Ourheuristicallydrivenfront propagationextendsto 3D surfacesin astraightforwardmanner. Weuse
aconstantmetricg = 1 andasthesurfacesconsidereddonothaveboundaries,theuniformseedingstrategy
(c) givesthebestresultsfor theE1 metric. In �gure 20,onecanseetheapproximateddistance~d(x1; x) for
variousnumbersof landmarks.In �gure 1, onecanseethefront for variousnumbersof landmarkpoints.

1 landmark 2 landmarks 5 landmarks 10 landmarks 20 landmarks 50 landmarks 100 landmarks

Figure20: Approximationof thedistancefunctiond(x1; x) using ~d(x1; x) ona 3D mesh,with anincreasing
numberof landmarks.

6 Conclusion

In this paperwe have presenteda simple modi�cation of Fast Marching to speed-upthe extraction of
geodesicson images,higherdimensionaldataandtriangulatedsurfaces.This modi�cation usesa heuristic
that drivesthe propagationandreducesthe numberof visited cells. This heuristictakesinto accountthe
remainingdistanceto the endpoint andtwo approachesareproposedto estimatethis geodesicdistance.
The�rst approachperformsa backwardpropagationon a coarsegrid andusesaninterpolationschemeto
retrievetheremainingdistanceonthefull resolutiongrid. Thismethodprovidesanimportantspeed-upand
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numericalevidencesshow its ef�ciently aslongasthecoarsegrid canresolve�ne scaledetailsof themetric.
Theotherapproachusespre-computeddistancesto a setof landmarkpointsthatarecombinedduring the
propagationaccordingto thetriangleinequality. This methodprovidesestimationswith arbitraryaccuracy
whenthenumberof landmarksis increased.

Acknowledgment. We would like to thank Anthony Yezzi for his commentsand correctionson the
manuscript.
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