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Abstract

This paperpresentsa new methodto quickly extract geodesigathsonimagesand3D meshesWe
usea heuristicto drive the front propagatiorprocedureof the classicalFastMarching. This resultsin a
modi cation of the FastMarchingalgorithmthatis similarto the A algorithmusedin arti cial intelli-
gence.In orderto nd very quickly geodesigathshetweenary given pair of points,two methodsare
proposedo devise anheuristicthatrestrictthe front propagation The multiresolitionheuristiccomputes
the heuristicusing a propagatioron a coarsemap. For applicationswhere pre-computations accept-
able, the landmark-basetieuristicpre-computeslistancemapsto a sparsesetof landmarkpoints. We
introducevariousdistortionmetricsin orderto quantify the errorsintroducedby the heuristicallydriven
propagationsWe shav thatbothheuristicapproachebring a large speed-ugdor large scaleapplications
thatrequirethe extractionof geodesic®nimagesand3D meshes.

Keywords: geodesicskastMarching,shortespaths heuristic,A algorithm.
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Figurel: In orderto computehe geodesigathbetweertwo pointson the surface computations needed
on a large part of the surfacewhenusing classicalfast marching (left). Whenthe distancemapto a set
of landmarksis pre-computedandthe propagationis heuristicallydriven by thesemaps,only the colored
regionis explored,andit becomesmallerandsmallerasthe numberof landmarksincreases.

1 Previousworks

The extraction of shortestpathsis a building block for a large classof applicationsrangingfrom graph
theoryto computervision. The computationcanbe carriedin atotally discretesetting(suchasa graph)or
over adiscretizeddomain(suchasanimageor a 3D mesh).



Graphs and discrete computation. The canonicalmethodto computeshortestpathson graphsis the
Dijkstra algorithm(seefor instance[5]). Fastexplorationstratgieshave beenusedto speed-upghe com-
putation. The A algorithm[15] makesuseof a heuristicto reducethe searchspace. Otherexploration
stratgieshave beenproposedn the eld of arti cial intelligence suchasIiDA [13].

Imagesand continuous setting.  In orderto extractgeodesicgor a continuousmetric, the FastMarch-
ing algorithm[19] usesa front propagationto solve non-iteratvely a nite differenceapproximationof
the Eikonal equation. A similar algorithmwasalso proposedn [24]. The minimal length propertiesof
geodesichasbeenappliedin computervision, for exampleto solve global minimizationproblemsfor de-
formablemodels[3]. The continuousnatureof this methodis particularlyattractve for imageprocessing,
for instanceto extracttubular structuresandcenterlinesn 3D medicaldata[6].

Path planning: from discreteto continuous. Discretecomputationon graphsgivesrise to numerous
schemedo performmotion planningandthe A algorithmis extensively usedfor path- nding in video

gameg[21]. For the caseof Euclideanmetrics,fasteralgorithmshave beendevisedthat exploit speci c

datastructuressuchasvisibility graphs[18]. The FastMarchingalgorithmcanbe usedto extract paths
with anon-Euclideammetric[19]. Theauthorsof [14] comparghe FastMarchingandtheA algorithmsto

performmotionplanning,but they do not proposea heuristicmodi cation of the FastMarching.

2 ShortestPath: Continuousand Discrete Algorithms

In this sectionwe develop a unifying frameavork which includesthe FastMarching[19], Dijkstra[5] and
A [15] algorithmstogethemwith our new heuristicallydrivenpropagation.

2.1 Front PropagationMethodsfor ShortestPath

We work on a discretesetof pointsandfor eachpoint x we have accesdo its neighborsy, de ning the
relationy  x. Thesepointscanbe embeddedn discretetegrid (for FastMarchingandfor our method)
or can be the verticesof a graph (for Dijkstra and A ). Our goal is to computethe distancefunction
U(x) = d(Xo;X) to somestartingpointXg.

Initialization:
Alive set:thestartingpointXo;
Trial set:theneighborsof x;
Far: thesetof all othergrid points.
Loop:
Letx betheTrial pointwith the smallestpriority P (x);
Moveit from the Trial to the Alive set;
For eachneighbory of the currentpointx:
—if y is Far, thenaddit to Alive andcomputea new valuefor U(y),
—if y is Alive,recomputdhevalueU (y), andupdatet if thenew valueis smaller
—recomputehe priority P (y).
If theendpointx = x; is reachedstopthealgorithm.

Table 1: Pseudo-codéor thecommonframework for front propagation.

The propagatiormethoddabelthe pointsduringthe computatioraccordingto:
Aliveis thesetof pointsat which thedistancevalueU hasbeencomputedandwill notchange;
Trial is thesetof next grid pointsto be examinedandfor which anestimateof U hasbeencomputed;
Far is thesetof all othergrid points,for which thereis notyetanestimateor U.
Table 1 shaws the main stepsof the algorithms. Each algorithm must implementthe following sub-
functions



A way to updatethe valueU(y) at a givenTrial pointy. This computationusesthe valuesof U at the
adjacentocations. This computationdepend®on the metric used,which canbe de ned on a graph(for
discretemethods)or on the whole space(for continuousmethods).We explain in sections2.2 and2.3
speci c instantiationdor the DijkstraandFastMarchingalgorithms.

A priority mapP ordersthe setof Alive pointsaccordingto somecomputationakriterion. In the Fast
Marching and Dijkstra algorithm, P (x) = U(x) is the currentdistanceto the startingpoint. In our
heuristicalfront propagatiorasin the A algorithm,P (x) is chosento minimize the numberof visited
points. We explain in sections3 to 5 how to actuallyconstructa priority functionP thatmakesuseof a
heuristic.

2.2 DiscreteCase:Dijkstra

In the discretesetting, a symmetricweight g(x; y) is usedto de ne the distancebetweentwo adjacent
points Xp Y of the graph. The lengthof a pathv = [v; e Vm], of m adjacentpointsv; is
L(v) =  g(vi;Vi+1), andwe de ne thedistancebetweertwo vertices

d(xo;x1) = mvinfL(v) NVi = Xo;Vm = X10:
ThedistancdJ(x) atavertex x in thealive setis updatedduringthe propagatioraccordingto
U(x) = min U(y) + g(xy) :
Theshortespathv from X to X4 is trackedbackwardusing

Vo = X1 and Vis1 = argmin U(y):
y Vi

2.3 Continuous Case:FastMar ching

In RY, we aregivena potentialfunctiong(x) > 0, andtheweightedgeodesidistancebetweertwo points
Xo; X1 2 RY, isde ned as 7
1

d(xo; X1) = min . i Wigl ()t ; 1)

where is a piecaviseregularcurve with (0) = xp and (1) = Xx;. Wheng = 1, theintegralin (1)
correspondso thelengthof thecurve andd is theclassicaEuclideandistance.
The FastMarchingmethodusesthefactthatthefunctionU satis esthenonlinearEikonal equation:

ir Ui = g(x): )

ThedistanceU(x) = u atapointx = x;; in thetrial setis updatedduring the propagatioraccordingto
thesolutionof

max(u  U(X; 1 );u o UXj+ i );0)2 +

max(u  U(xij 1);u U(Xija );0)? = hzg(xi:j )%
Thisis asecondrderequation(theequatioris writtenin R? for simplicity) andit canbesolvedasdetailed
for examplein [4].

Thegeodesicurve from X tox; canbecomputeddy extractingthe parametricurve C(t) thatsolves

thebackpropagatiorequation:

dc
dt
Thisgradientdescents alocal computationandit only useghevalueof U for asmallfractionof thevisited

grid points. Notethatthesegrid pointsarethoselocatedin the Ali ve setatthe endof thefront propagation
procedure.

[
= ru with C(0) = x3:

3 Heuristically Driven Front Propagation

In this sectionwe explain our algorithmin the 2D setting,andshov somenumericalresultsthatillustrate
themainfeaturesf this method.
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Figure2: An exampleof 2D path planning The setof alive pointsaccomding to increasingheuristicis
shownin red.

3.1 Propagationwith a Heuristic

In orderto minimize the numberof Alive pointsat the endof the front propagatiorprocedurepneshould
usea priority function P thattries to advancethe front toward the goal point x1. In orderto do so, we
assumehat, togetherwith the currentweighteddistanceto the startpoint U(x) = d(Xo; X), we have an
estimateof theremainingweighteddistanceV (x)  d(Xx1; x). Our heuristicalfront propagatioralgorithm
follows theimplementatiorof table1 with a priority map

P(x) = U(x) + V(x): ®3)

The rationalebehindthe de nition of P is thatd(xo;x) + d(x1;X) is minimal and constantalong the
geodesi@athjoining xo andxq, see[12].

A Algorithm. For discretegraphs,it hasbeenshown thatif the heuristicsatis esV(x) 6 d(x1;X),
thenthe extractedgeodesids a pathof minimumlength. This leadsto the A algorithmof [15]. Various
stratgieshave beenproposedo devise admissibleneuristics see[10] andthereferencesherein.

Heuristically driven Fast Marching In gure 2, onecanseea front propagationwherewe have used
the oracleheuristicV(x) =  d(x1;x), with a parameter 2 [0;1]. Thevalue = 0 correspondso
the classicalFastMarching propagationwhich resultsin a large region of Alive points(coloredin red).
However, asweincreasdhevalueof toward1, theexploredregion shrinksaroundthe geodesigaththat
links xg to X;.

Therearehowevertwo importantissueswith this orderingof the Trial set:
Thisorderingcanbreakthemonotoneconditionthatis requiredby theFastMarchingalgorithmto produce
avalid approximatiorof the continuousunderlyingdistancefunction. We show in the numericalresults
presentedn sub-sectiorb.2 thatthe geometricerroron the extractedgeodesigemaindow.

We do not have immediateaccesgo the remainingdistanced(x; x1), sinceit would involve performing
anotherfront propagatiorirom x;. We explainin sectiongt and5 two methodgo overcomehis problem.

3.2 Evaluation of a Heuristic

We castthe problemof nding a goodheuristicinto the problemof approximatingthe distancefunction
d(x; y) betweertwo points(x; y) by somefunctiond. We de ne the heuristicusing

V(X) = d(x1;x) d(x1;X):

This approximatedlistanced shouldsatisfyd 6 d in ordernot to perturbthe propagatiorfrom the true
shortestpath (computedwith V = 0). It mustbe fastto evaluateand canusea reasonablemountof
pre-computediata.

Section4 usesa propagatioron a coarsemapin orderto computesuchan approximated. This mul-
tiresolutionheuristicis fastto computeanddoesnot requirethe storageof additionaldata. Section5 uses
pre-computedlistanceso landmarkpointsto computed:. Thislandmark-basebeuristicrequiresadditional
databut leadsto highly accurateestimationof therealdistanced while enforcingd6 d.

To evaluatethe quality of the heuristic,we proposewo metrics

Theapproximationmetric 77

Ei(d;d) =  jdixy) dxy)idxdy;



is approximatediuring evaluationusinga nite numberof precomputedlistancemapsd(p;; X) to a set
of pointsf pigZ, choseratrandom

. — 1 )(n Z H . . 2 .
Ea(d;d) = = jd(pizy) d(pi;y)i“dy:

i=1

Thecomputatiorgainmetric: We measurgheusefulnessf theheuristicfor extractinggeodesicbetween
asetof pairsof pointsf (x; x})gi. For eachfront propagatiorfrom x}, to x|, we measurd¢heareaA  (d)
of the Alive setat the end of the propagation.We also measurehe areaA; (0) of the Alive setfor a
propagatiorwithout the heuristic.We de ne thecomputatiorgainmetricto be

X
Eo(di@) = = A(®=AIO):
i=1

Whenthegeodesicgjueriesarerandom thesetwo metricstendto bethe same.However, the computation-
gain metric is able to betteradaptto typical applicationswhere queriescan be highly non-uniform (for
instancen roador tubular structureextraction).

4 Multir esolutionHeuristic

4.1 Coarse-to- ne GeodesicComputations

In orderto computethe remainingdistanceV (x) d(x; x1) with a fastalgorithm, we performa Fast
Marchingfront propagatiorstartingfrom the point x1, but on a coarsemgrid. We thushave introduceda
secondparametefor our heuristicalfront propagationtheresolutionR 2 (0; 1) we usefor thecoarsegrid.
If theoriginal potentialmapg is of sizen  n, thequeryof P (y) thusrequires:
Thepre-computationf a coarsepotentialmapggr of size(Rn) (Rn). Thisis doneby rst pre- Itering
g (to avoid aliasingof high frequenciesandthenapplyinga cubic splinere-interpolationon a coarser
grid.
The pre-computatiorof the approximatedistancemapV of size(Rn) (Rn) is doneby performinga
full FastMarchingona coarsegrid, usingpotentialgg , andstartingfrom point x;.
During the heuristicalfront propagatiorstartingfrom point xo, whenP (y) is queried thevalueof V is
interpolatedwith cubicsplinesonthe coarsegrid to retrieve avalueon the original grid.
In gure 3 onecanseethe coarsemapgr, andhigh frequeny detailssuchassmallroadsdisappeagasthe
resolutiongetstoo low.
Thereis clearly atradeof betweenchoosinga low R to reducethe computatiortime, anda high R so
thatV (x) approximatesl(x; x1) well.

R =100% R=30%

Figure3: Resultingpotentialmapgg for variousvaluesof R.

The new algorithm we proposeallows us to use multiresolutioncomputationfor the extraction of
geodesiccurves. Using a multiresolutionframework for solving the point-to-pointgeodesigroblemis
not so easybecauset is a boundaryproblem,andfor instance multigrid methodsare not suitable. Adap-
tive mesh[7] andmultigrid methodq16] have beenusedin conjunctionwith geodesiactive contoursfor
segmentation.



4.2 Numerical Validation of Multir esolutionHeuristic
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Figure4: In uence of heuristic strengthand resolutionon numberof visited cells, Hausdorf error and
computatiortimereduction.

Figure5: In uence of theresolutionof the heuristicon the shapeof the geodesic.

In orderto estimatethe precisionof the results,we usethe Hausdorf error betweerthe pathsobtained
by fastmarchingwith and without the multiresolutionheuristic. In gure 6 one can seethe geodesics
extractedfor differentvaluesof . Figure4 shavs theresultof our algorithmfor varioussettingson (a) a
syntheticmapand(b) a satelliteimage.We have depicted:

The2D map Thered curvesindicatethe boundaryof the visited region. Onecanseethatthesecurves
shrink toward the geodesidqcentralblue curve) asoneincreasehe strengthof the heuristicfrom 0% to
100%.

Hausdorf error vs. heuristicstrength : We have setthe heuristicresolutionR to 50% Onecansee
thatthe erroris higherfor the syntheticmap(a). Thisis dueto the factthatthis mapcontainslarge at
areaswhereasmallerrorin the computedjeodesiaistancdeadsto deviation of the extractedgeodesic.
In contrast,the geodesidn the satelliteimage (b) containsvery anisotropicareas,which stabilizethe
extractedgeodesic.

Hausdorf error vs. heuristicresolutionR: We have setthe heuristicstrength to 50% Onecansee
that the syntheticmap (a) is nearlyinsensitve to the resolutionof the coarsemapusedto computethe
heuristic. This is becausehe underlyingfunctionis very smooth,so one canreducethe resolutiona lot
withouttoo muchimpactontheaccurag of the heuristic.In contrastpnecanseethatthe satelliteimage
suffers from excessie variationwhenthe resolutionparameteiR becomessmallerthan 60% andthen
againfor 90%. Thisis dueto strongtopologicalchangesn the path,asdepictedn gure 5.



100%

0%

X

"

Figure6: Graphicaldisplayof extractedgeodesicgor variousheuristicstrengths.

Computationatime savingvs. heuristicstrength : Thesaving is computedelative to thetime spentby
classicalFastMarching. In 2D the computationtimesdecreaseoughlylinearly with the strengthof the
heuristic.
Computationatime savingvs. heuristicresolutionR (notshown) Thereis aconstanbverheadlueto the
coarseesolutioncomputatiowhichresultsn anoffsetbetweerthecurvesfor R = 50%andR = 20%).
For R = 20% this overheads balancedy the heuristicsaving assoonas > 5%.
Thesetestsclearly shav that our algorithmcanbring a large computationabpeed-upbut the parameters
shouldbe nely tunedto adaptto the characteristiof eachmap. For instance theseexperimentsshav
thatthe usermusthave someprior knowledgeaboutthe typical width of the tubular structureshe wantsto
extract,andsettheresolutionR sothatthecoarsemapVg still containghesestructures.

4.3 Applications of a Multir esolutionHeuristic

Volumetric GeodesicExtraction 3D geodesiextractionis very usefulin medicalvolumetricdataanal-
ysis. It canbeappliedto performtubular structureextraction,andit is extendedo virtual endoscop in [6].
In gure 7 onecanseetheextractionof 3D geodesicérom syntheticdata(top andmiddle rows) andfrom
realmedicaldata(bottomrow) for R = 20%. Theredsurfaceshovs the boundaryof the exploredregions
of alive cells. Thecomputationatime gain (Comp.gain)is alsoindicated.

,’Comp. galni(/)% il N

é‘om p. gain=10% Co mp.gain15%  Comp.gain40% Comp. gain-80%
Heuristic 0% 40% 80% 100%

Figure7: Extractionof geodesicsn 3D.

Globally Optimal GeodesicActive Contours The conceptof circulargeodesicsvas rst introducedin
[22]. Theauthorsof [1] proposeda simpleway to computecircular geodesicsarounda point, in orderto
computea globally optimalgeodesicwith anapplicationto objectsegmentation.The usersimply selecta
point C insidethe objectto segment(see gure 8), andthenthe algorithmvirtually “cuts” theimagealong
a horizontalline thatlinks C to the boundaryof theimage. This way, onecanforce a geodesigathto go



aroundC by runninga classicalFastMarchingfrom a point S to itself, but forbidding the front to pass
throughthe segmentCD.

Figure8: Cuttingthe squae domainto computecircular paths.

For anunderlyingimagel , the globally optimal geodesicaaroundC is de ned asthe closedgeodesic
curve with minimumlength,wherethe metricis de ned as

1 1
90 = iC Xj1+jr [(X)j2 T “)

wherejC  xj is thedistancefrom the curve pointx to thecenterC.

The authorsof [1] proposedh powerful algorithmbasedon the branch-and-boungdaradigmwhich is
a binary searchthatavoids computingthe closedgeodesidor eachpoint S onthesggmentCD . However,
with our heuristicfront propagationwe have testeda simpleralgorithmthat works well in practice. We
simply computethecirculargeodesicthatpasghoughagiven x ednumberof pointsalongthecutsegment
CD. Theseextractionscanbe performedquickly usingour heuristicallydrivenfront propagationwith the
restrictionthatthe front shouldnot passthoughthe cut sggment.

In gure 9, we have shavn a globally optimal circular geodesic,computedwith various heuristic
strengths .

Heuristic 0% 40% 60% 80% 100%

Figure9: Globally optimalcircular pathextractionwith increasingheuristic.

GeodesicExtraction on 3D Meshes The FastMarchingalgorithmhasbeenextendedto 3D meshesn
[20]. Our heuristicalgorithmalsoextendsto 3D mesheswith the following modi cations with respecto
the Euclideansetting:
We mustconstructa coarsemeshapproximationof the original 3D mesh.Meshsimpli cation is alarge
topic, and several greedymethodsexist, seefor example[11]. In our tests,we usethe farthestpoint
strat@yy proposedn [17] for remeshingsinceit usesFastMarchingasa building block.
Oncetheheuristicfunctionhasbeencomputedn the coarsemesh it mustbeinterpolatecn the original
densemesh. Several methodsfor datainterpolationon 3D meshesxist, and we have useda method
derived from harmonicmeshparameterizatiof8]. This involvesthe solutionof a sparsdinear system
thatdescribes harmonicfunctionthat ts thevaluescomputecon the coarsemesh.
Thesetwo stepsarequite computationallyintensie, but notethat:
Thecoarsemeshcanbe pre-computedandcanbere-usedor multiple geodesiextraction.
To avoid the computationabverheadf computingtheinterpolationon the whole mesh we usethelocal
parameterizatiostrateyy of [23]. We computethe interpolationonly on a small setof overlappingdisk-
like chartsthatcovertheregion of alive vertices.

In gure 1 and 10, one canseethe algorithmin actionon variousmeshesandfor variousvaluesof the
parameter .
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Figure10: Heuristicallydrivenfront propagationon 3D meshesvith a multiresolutionheuristic.
5 Landmark-basedFront Propagation

In this section,we describean alternateway to implementthe heuristic. This heuristicis computedusing
anapproximatedlistanced evaluatedwith a setof pre-computedlistancego landmarkpoints.

5.1 Landmark-based heuristic

A new methodfor distanceavaluationon a graphhasbeenintroducedn [10] asanadmissibleheuristicfor
theA algorithm.We explain why this methodcanbe usefulfor our heuristicallydrivenFastMarchingand
give a quantitatve numericalstudy

This methodexploits thetriangleinequality sincewe have, for every pair of pointsx andy,

d(x;y) = sup jdx;z) d(z;y)j :
This equalityis still valid in the continuousframenork of FastMarching,andin orderto derive a useful
d(zk; x) is pre-computedandwe de ne theapproximation

Giizy (OGY) = SUP - jck(X)  ck(y)] (5)

thisapproximatioralwayssatis estheconditiond 6 d.

Figure 11 givesan intuitive explanationof the ef ciency of this approximation.In theideal case the
geodesic i joining alandmarkzy to x alsopasseshroughy. In this casewe have d(x;y) = d(x;y) and
thereis no approximation.But in mostcasesthis is nottrue, but a geodesic x passeslosetoy andd’is
indeeda goodapproximatiorof therealdistance.

Ideal case Real life case

Figurel11: Justi cation of theapproximationpropertiesof d:



5.2 Landmark-based Path Extraction

This landmark-baseg@ropagatiorcanbe usedto speed-ughe computationof mostpathplaningapplica-
tions,includingpath nding in videogamesor robotic pathplaning.

No heuristic 1 landmark 3 landmarks 12 landmarks 20 landmarks

Figure12: Exampleof propagationusinga landmark-basetheuristicwith randomseedingof basepoints.

In gure 12, one canseethe active region explored by the propagationalgorithm for an increasing
numberof landmarkpoints. Thesepoints are chosenat randomon the 2D image. The exploredregion
progressiely shrinkstoward the centralextractedcurve whenwe add more points, sincethe heuristicis
becomingmoreaccurate.
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Figurel3: Distortioncausedyyour heuristicpropagationontheextractedgeodesicsTheerror is reported
usingthe Hausdorf distanceexpressedn pixels(the sizeof theimageis 256 256).

In gure 13, onecanseea numericalevaluationof the precisionof the extractedgeodesic.It reports

thedistortionj ~jn betweertheoriginalgeodesic (computedvithouttheheuristic)and~ (computed
with the heuristic).We usethe symmetricmean-squarelausdorf metric
Z Z
Ioodk=5 0 minix yjedx+ minjxyjadx

sincethis captureghe geometriadistortioncausedy our partial propagation.

On 2D mapscontainingimportantcurvilinearfeaturegsuchastheroadin the exampleon theleft), the
distortioncausedy the heuristicis nearlyunnoticeable On the contrary for relatively at maps(suchas
theonedepictedon theright) the distortioncanberelatively high (aboutfew pixelsfor amapof 256 256
pixels). This is becausehe salientfeaturesof this map catchthe geodesicandavoid large lateralmoves
whenthe front propagatioris modi ed.

In orderto improve thequality of the heuristicandthustheresultingspeed-uppnehasto carefullyseed
thelandmarksacrossthe image. In the next sectionwe setup a completeframework for the evaluationof
this samplingtogethemith strategjiesto geta high-qualityseedingf thebasepoints.

10



5.3 Seedingstrategiesfor the landmarks

Thequality of asamplingcanbe measuredisingthe previously introducedmetrics

Ei(z1;:::;20) = Ei(d;6z,::2,) for i=1;2

(a) A manualsamplingthat exploits speci ¢ knowledgeof the 2D mapg. This semi-automatienethodis
not studiedin this paper

(b) A randomsamplingin theimage.

(c) A uniform samplingaccordingto the distanced. This canbe accomplishedising the farthestpoint
samplingprocedureproposedn [17], whereonechooses

Zn+1 = argmax(argmin d(zx; z)):
z 16 k6 n

(d) A uniform seedingon the boundaryof thedomain.
(e) A greedystrateyy minimizingthe E; metric. We de ne thelocationsrecursvely

z2R

whereR is somesmallsetof randomcandidates.
(f) Sameas(e) but usingE, insteadof E; .

Distanceapproximation evaluation. A goodseedingstratgy shouldbe ableto put a landmarkbefore
ary coupleof pointsin the domain,nearthe geodesigath connectingthesepoints. For a constant(i.e.
Euclidean)metric, (d) is thusthe optimal samplingschemeHowever, for a complex metric,thisis nomore
thecase.

In gure 14,onecanseethe approximatedlistanced(x; x) to atargetpointx;, computedor n = 32
landmarksausingvariousseedingstrategjies.

*X1

*X1

Potential g Realdistanceto X1 (&) Random sampling (d) Boundary sampling (€) Error-based sampling

Figurel4: Graphicaldisplayof the approximateddistanced(x ; X) for variousseedingstrategies.

strat@y (e) clearlyperformsthebestasexpectedy its de nition. Forasmoothpotentialg (left) theseeding
stratgy ontheboundary(d) performswell, but it failsto capturethetopologyof complex 2D maps(right).

Computational saving evaluation. In orderto evaluateour algorithmin arealsetting,we have set-upa
completeframavork using500 typical queriesf (x}; x})g for various2D maps. Someresultingshortest
pathsqueriesare shovn on theleft of gure 16, they arerelevantfor mary standardapplicationssuchas
path nding in videogamesor robotpathplaning.

11
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Onecanseethatthe computation-dirensamplingstratay (f) clearly outperformshe otherstratayies.
In particular theapproximation-basestratgy (e) doesnot give goodresults mainly becauseypical paths
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5.4 ReducingMemory Usage

CellsRepresentation Classicaimethodssuchasusinganoctreedatastructure canbeusedto reducethe
memoryusageof level setalgorithms for examplein orderto performimagesegmentatior{7].

We choose&o implementa simpledatastructureto reducethe memoryusageby allocatingthegrid cell
onthe y duringthepropagationA typical cell datastructurefor 2D computationjs:

struct cell {

/I current  geodesic distance
double distance;

/I either alive, trial or far

char state;
/I pointers to the 4 neighbors
cell*  neighbors[4]; %

To beableto retrieve a givencell in constantime, we alsostorethelist of allocatedcellsin a hashtable.

12



This is importantbecausavhena new cell is allocated we needto connectit to the existing cells. Figure
17 shavs agraphicaldisplayof the overall datastructures.

This pointerbasedepresentationf the neighboringrelationis cornvenientto extractthe geodesiavith
agradientdescentThereis somememoryoverheadiueto theexplicit storageof pointersto neighborshut
thefactthatour schemeexploressigni cantly fewer cellsthanclassicaFastMarchingallowsto save much
morememory asshavn in the next section.The computingtime overheaddueto the useof a hashtableis
about40%in all ourtests.

' Hashi NULL

NUL——-cell —NUL

. NULcell J«—Jcell }-~NuL
©O) . T ! A

S NULL..~" NULL

Figurel17: Data structuesusedfor the propagation.

Computation from CompressedData To reducethe storagerequiremenof the distancego landmark
dk (x), weimplementa compressiomprocedureA typicalimplementatiorshould
Allow randomacces®f thevalued (x), withoutdecompressinthewholedata.
Be asymetricsincewe do notcareaboutthecompressiotime, but we needfastaccesso distancevalues.
Give low decompressiorrror, sincewe needan accurateheuristicandwe needto satisfythe condition
@6 dasmuchaspossible.
We usea two-stepprocedure:
DifferentialrepresentationA1(x) = d(X1;x) and

Ak+1 (X) = d(Xk+15X) dxl:::xk (Xk+1 3 X);

wherewe usetheapproximatedlistancedy, - x, to giveanestimateof d(xk+1 ; X) usingthe rst available
k landmarks.This new representatiomemovesthe redundanyg thatexists betweerthe differentdistance
maps.
We codeeachmapA; usinga vectorquantizationschemd9]. In our tests,we usecodeblocksof size
3 3, andwe quantizetheresultingvectorsof R® usinga codeboolof size256. This resultsin amemory
gainof 36 : 1 with respecto storingsingleprecision oats.
The constraintsve have on the computationfrom compressedataare similar to the procesof rendering
from compressetextures[2]. We usethedifferentialcodingstrateyy to copewith theparticularedundang
of distancedunctions.Thecompressioproduceseithernoticeableartifactsnor distortionof theextracted
geodesicsThe computationatime overheaddueto decompressiois about15%in CPUtime.

5.5 Applications of Landmark-based Heuristics

Our landmark-basegropagatiorcanbe appliedverbatimto higherdimensionalpropagatiorandto trian-
gulatedsurfacesn orderto speed-ushortespathqueries.

Constrained Path Planning Geodesicsanbeusedio computehepathof arobotwith variousshapeand
motionconstraintg§19]. Basically eachadditionaldegreeof freedomaddsa new dimensionto the domain
in which the front propagatiorshouldbe performed.Solving suchhigh dimensionajproblemsis time and
memoryconsuming so the useof a heuristicis highly desirable.In our experiment,the mostimportant
issueis the memoryusedby the full-grid classicalFastMarching,andthe memorymanagemenstrateyy
exposedn subsectiorb.4is crucialto scaleto complex problems.
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(@) (b)
Speed function P

Figure18: Exampleof constainedpathplanning

In gure 18, onecanseetwo examplesof pathextractionsin 2D with onerotationaladditionaldegree
of freedom. This resultsin 3D front propagationandthe correspondingpeedunctionis depictedon the
left. Figure19shavsthein uence of theheuristicstrength onthecellsexploredby thefront propagation.

0 Landmark 1 Landmark 5 Landmarks 20 Landmarks

Figure19: Exploredareafor constainedpathplanning

GeodesicExtraction on 3D Meshes The FastMarchingalgorithmhasbeenextendedto 3D meshesn

[20]. Ourheuristicallydrivenfront propagatiorextendsto 3D surfacesn astraightforvardmanner We use
aconstantmetricg = 1 andasthesurfacesconsideredio nothave boundariesthe uniformseedingstratayy
(c) givesthebestresultsfor theE; metric.In gure 20, onecanseethe approximatedlistanced(xs; x) for
variousnumbersof landmarksin gure 1, onecanseethefront for variousnumbersof landmarkpoints.

1 landmark 2landmarks 5landmarks 10 landmarks 20 landmarks 50 landmarks 100 landmarks

Figure20: Approximationofthedistanceunctiond(x;X) usingd(X1; X) ona 3D meshwith anincreasing
numberof landmarks.

6 Conclusion

In this paperwe have presenteda simple modi cation of Fast Marchingto speed-uphe extraction of
geodesic®nimageshigherdimensionablataandtriangulatedsurfaces.This modi cation usesa heuristic
that drivesthe propagatiorand reduceghe numberof visited cells. This heuristictakesinto accountthe
remainingdistanceto the end point andtwo approachesre proposedo estimatethis geodesiaistance.
The rst approachperformsa backward propagatioron a coarsegrid andusesaninterpolationschemeo
retrievetheremainingdistanceonthefull resolutiongrid. This methodprovidesanimportantspeed-upand
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numericalevidenceshaw its ef ciently aslongasthecoarsegrid canresole ne scaledetailsof themetric.
The otherapproachusespre-computedlistancedo a setof landmarkpointsthatare combinedduring the
propagatioraccordingto thetriangleinequality This methodprovidesestimationswith arbitraryaccurayg
whenthe numberof landmarkss increased.

Acknowledgment. We would like to thank Anthory Yezzi for his commentsand correctionson the
manuscript.
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