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Figure 1. Different stepsin meshparameterization.

Abstract

In this paper, wepresenta methodfor remeshingtrian-
gulatedmanifoldsbyusinggeodesicpathcalculationsand
distancemaps.Our work builds on theFastMarching al-
gorithm, which hasbeenextendedto arbitrary meshesby
SethianandKimmelin [17]. First, a setof pointsthat are
evenlyspacedacrossthesurfaceis automaticallyfound.A
geodesicDelaunaytriangulationof thesetof pointsis then
created,using a Voronoi diagram constructionbasedon
FastMarching. At last, weusethedistanceinformationto
�nd a simpleparameterizationof themanifold. Marching
algorithmmakesthis methodcomputationallyinexpensive,
andgivesverygoodresults.Examplesare shownfor syn-
theticandreal surfaces.

1 Intr oduction

Theapplicationsof 3D manifoldsamplingarenowadays
almosteverywhere.It rangesfrom �nite elementcomputa-
tionsto computergraphics,includingall kindsof questions
relatedto surfacereconstructiontechniquesusedin 3D im-
agesegmentation,likedeformablemodels.Themostcom-
monrepresentationof 3D objectsis thetrianglemesh,and
the needfor the constructionof a nice triangulationof a
givensurfaceis obvious.Thusit is oftenneededto enhance
agiven3D structure(for exampleobtainedfrom a3D med-
ical imageor artistmodeling)usinga so-calledremeshing
algorithm.

The manifoldparameterizationproblemis importantas
it is thebasisfor building “good” meshrepresentations.For
example,obtaininga parameterizationthatminimizescer-

taindistortionmeasuresis the�rst stepusedin texturemap-
ping or semi-regularremeshing.Also, oncea semi-regular
representationof the meshis built, it is easyto compute
wavelettransforms[19, 15] andperformdatacompression
[11].

1.1 Overview

In this paper, we introduce in section3 an isotropic
remeshingalgorithm that providesautomaticallya set of
points that are spacedon the surfaceeither uniformly or
adaptively with a given density. Thiesepoints are de-
�ned iteratively, addingeachpoint accordingto geodesic
(weighted)distancemap to the currentset of points. A
fastalgorithmis proposedthat updatesby FastMarching
the distancemapat eachiteration. BasicfactsaboutFast
Marchingandgeodesiccomputationsarerecalledin sec-
tion 2. At last,in section4, we proposea novel parameter-
izationmethodbasedongeodesicinformation.

In order to parameterizea manifold, we �rst calculate
a coarsemeshby de�ning a Voronoi diagramon the sur-
face.Theparameterizationis theninterpolatedinsideeach
geodesictriangle,by usingappropriatedistancedata.Fig-
ure1 shows thedifferentstepsinvolvedin theparameteri-
zationprocess:
– Original mesh.
– Automaticdeterminationof basispoints.
– Determinationof associatedDelaunaytriangulation.
– Calculationof thecorrespondinggeodesictriangles.
– Distancedatacalculation.
– Parameterizationinterpolation.
– Semi-regularremeshing.



1.2 Relatedwork

Geodesiccalculationson manifoldsis a largetopic,and
numerousalgorithmshave beenproposed. Someof the
mostinterestingexactmethodsare:
– Chen and Han's shortest path algorithm [3] is of

quadraticorder, anddif�cult to implement.
– Polthier and Schmies's straightestgeodesicalgorithm

[12] allows solving the problemwith initial conditions
(astartingpoint,anddirection).Thisproblemis well de-
�ned (uniqueness),but cannotbeusedfor remeshingand
building surfaceparameterizations.

– SethianandKimmel's Fast Marching algorithm[17] al-
lowssolvingtheproblemwith boundaryconditions(start
andendpoints),which hasnot necessarilya uniqueso-
lution. Thealgorithmis fast,of order
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in the
numberof verticeson themanifold.

Someapplicationsof geodesiccomputationson manifolds
have beenproposed,suchas[13], which appliesthe Fast
Marchingalgorithmto obtainVoronoi diagram andoffset
curvesona manifold.This ideais usedin ouralgorithmto
calculateDelaunaytriangulations.

Remeshingmethodsroughlyfall into two categories:
– Isotropic remeshing: a surfacedensityof points is de-

�ned, andthealgorithmtriesto positionthenew vertices
to matchthis density. For examplethealgorithmof Ter-
zopoulosandVasilescu[20] usesdynamicmodelsto per-
form theremeshing.

– Anisotropic remeshing: thealgorithmtakesinto account
theprincipaldirectionsof thesurfaceto align locally the
newly createdtrianglesand/orrectangles.Thealgorithm
proposedin [1] usedlines of curvatureto build a quad-
dominantmesh.Finiteelementmethodsmakeheavy use
of suchremeshingalgorithms[14].

Our methodrelieson anisotropicdistribution of pointsso
thatit canbecastinto anEikonalproblem.

The last point presentedin this paperis meshparame-
terization. Someof the mosteffective methodsavailable
are:
– Energybasedapproach: �rst introducedby Floater [10],

thesemethodsconsistin solvinga linearsystemin order
to minimize a certainenergy measure.Geodesicpaths
areoftenchosenasboundariesto partitionthethemesh.

– Geodesicsurface�attening: in [22] Zigelmanet al use
geodesicinformation. They usemultidimensionalscal-
ing to �atten the manifold while attemptingto maintain
theaccuracy of distanceinformation.

2 GeodesicCalculations

2.1 FastMar ching on an orthogonal grid

The classicalFastMarchingalgorithmis presentedfor
examplein [16, 4] for �nding 2D pathsor in [8, 6] for 3D
extensionandimprovements.A similaralgorithmwasalso

proposedin [21]. FastMarchingenablessolving thenon-
linearEikonalequation:

�����

����


�����

����
��

(1)

where
�

is theweighteddistancefunctionto agivensetof
pointsin theplane,and �

���! "��#%$

is thespeedof front
propagation.In thissection,weconsidertheorthogonaltri-
angulationasrepresentedon the left of �gure 2. TheFast
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Figure 2. Orthogonal and arbitrar y triangula­
tions.

Marchingalgorithmmakesuseof an upwind �nite differ-
encesschemeto computethevalue & at a givenpoint
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This is asecondorderequationthatis solvedasdetailedin
[5]. An optimalorderingof thegrid pointsis chosensothat
thewholecomputationonly takes
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, where
?

is thenumberof points.

2.2 Study over a moregeneraltriangulation

Following [17], to generalizethe above constructionto
an arbitrary triangulation,we considerthe neighborhood
of a point

�

representedby right side of �gure 2. More
speci�cally, we try to calculatea value for

�

����


in the
triangle B

���0�
2

�C�

8!D , if possible. Sinceseveral triangles
around

�

may yield valid solutions,we consideronly the
smallestone. The problemthatwe facein approximating
thegradientof

�

over thetriangle B

�6�C�
2

�C�

8ED is thatthere
is no “natural” coordinatesystemthat we canuse(unlike
the caseof an orthogonalgrid). In [17] sucha systemis
judiciouslychosen,andtrigonometriccalculationsareper-
formed.

In a moregeneralmanner, [18] proposesa gradientcal-
culationmethodin arbitrarydimension.It consistsin con-
sideringthematrix F of size GIHJG whoselines arecon-
stitutedof thevectors.K.ML

�0�
2

and .K.NL

�O�

8 . We canthencalculate
thedirectionalderivativesof

�

in
�

accordingto thevec-
tors .K.ML

�0��2

and .K.ML

�O�

8 with the�rst orderformula:
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UT . Now, thederivative

in thedirectionof .�. L

�O�

� is by de�nition equalto B
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D ,
hencetheformula
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P . By pluggingthis into the
Eikonalequation(1), anddenoting
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This is asecondorderequation,its discriminantbeingpos-
itive by theCauchy-Schwartzformula.Theupwindpropa-
gationconditionweimpose,asis thecasein theorthogonal
grid, is that .
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pointstowardstheinterior of thetri-
angle.We canshow thatif theanglein

�

is acute,thenthe
schemeis monotone.

Figure3 showsthepropagationof a front andthecalcu-
lationof a geodesicpath(see2.3).

Figure 3. Front Propagation and geodesic
path (on the right).

If, on the otherhand,the triangulationcontainsobtuse
angles,thenthe numericalschemepresentedabove is not
monotoneanymore,which canleadto numericalinstabil-
ities. To solve this problem,we follow Sethianwho pro-
posesto “unfold” thetrianglesin azonewherewearesure
thattheupdatestepwill work [17].

2.3 GeodesicExtraction

Oncewe have calculatedthe function
�

, which is the
geodesicdistanceto a vertex � , we needto determinethe
geodesicpath starting from a point ��� and reachingthe
point � . To that effect, we look for the parametriccurve
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thatveri�es backpropagationequation[4]:
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We solve this equationby a numericalmethodsuch as
Runge Kutta 4 [9]. To that end,we needto calculatethe
valueof

.�. L

���

at any givenpoint on thesurface.
To obtainacontinuousvariationof

.@.5L

���

overthesurface,
weintroduceanovel interpolationschemethatdiffersfrom
the oneusedin [17]. First, we calculatethe valueof the
gradientof

�

at every vertex � on the surface. Then,we
linearly interpolatethevalueof

.@.5L

���

on eachface.To esti-
matethevalueof

.�.5L

���

at a vertex � , we considerthe1-ring
representedin �gure 4 (left), wherethe �

'

's aretheneigh-
borsof � . By replacingeachangle �

'

by ��

'

in order to

have a sumof G�� , we �atten the neighborhoodof � on a
plane(�gure 4, on theright). We canthusapproximatethe
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Figure 4. Flattening of a neighborhood.
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" . We solve this over-determinedsystem
by leastsquares,which correspondto solving the G<H%G
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representthe coordinatesof
�"'

in a local
frameof the�attening plane.

Figure5 shows thegeodesicpathcalculationfor differ-
entmodels.Wecanalsostartseveralfrontsandmakethem

Figure 5. Geodesic paths.
evolveat thesametime,asit is shown in �gure 6. Thedif-
ferentcoloredregionsform a Voronoidiagramof thestart-
ing points, and the intensity representsthe geodesicdis-
tanceto theclosestpoint.



Figure 6. Front propagation (top), geodesic
distance map (bottom, left), and Voronoi dia­
gram (bottom, right).

3 Isotropic remeshingof a triangulation

Our approachiteratively addsnew verticesbasedon the
geodesicdistanceon the surface. The resultof the algo-
rithm givesa setof verticesuniformly distributedon the
surfaceaccordingto thegeodesicdistance.Takinginto ac-
countalocaldensityof verticeswill bedonein sections3.3
and3.4.

Thisis anextensionof anideaof thealgorithmof [5] that
updateda front propagationfrom a setof points in order
to iteratively �nd pairs of points to link together. In our
context, therearetwo maindifferences.The�rst is thatwe
�nd pointson a triangulatedsurfaceinsteadof an image.
Thesecondis thatwe give a preciseapproximationof the
point wherethemaximalgeodesicdistanceis reached.

3.1 Iterati vechoiceof basispoints

We now describehow to automaticallybuild an evenly
spacedsetof pointson a triangulatedsurface.A �rst point

�
2

is chosenat randomon the meshandits geodesicdis-
tancemap

�

2

computedby fastmarching.A moreelabo-
ratechoiceconsistsin replacingthis randompoint by the
point with maximumdistancefrom it.

Then we assumewe have alreadycomputeda set of
points ���

���

��2"�
=�=E=

� �

��� , togetherwith
�

� thegeodesic
distancemapto ��� . To adda new point

�

�

4 2

, we simply
selecta point on the manifold that is furthestaway from

�
� . To computethe new distancemap

�

�

462
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fact that
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the distancemap to
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. So we simply needto
update

�

� by startinga front from
�

�
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(using the Fast
Marchingalgorithmexposedin section2) and to con�ne
it on the set
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� . This assures
that the whole remeshingprocessroughly takes lessthan
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operations(which would bethecaseif we
desireasmany pointsastheoriginalmeshhas,i.e.

?

).
At eachiteration, the new point

�

�

462

needsnot to be
a vertex of the original mesh. It canbe positionedaccu-
rately by interpolatingthedistancemap. To be morepre-
cise,we adda new vertex �

�

�

�

462

in oneof the trian-
gles B��

2"�

�

8

�

���

D aroundthevertex of greatestdistance�

2

.
We choose�

8 thepointaround�

2

of greatestgeodesicdis-
tance,andsimilarly for ��� but on theneighborsof theedge

�

�

2"�

�

8�� . It happensmostoftenthatthethreevertices�

'

are
reachedby threedifferentfronts (the othercasesaretriv-
ial). We denote
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� thearrival timesof thethree
fronts at the threevertices. We calculatethe point � � at
which thefronts

�

and G meetby linearly interpolatingthe
distancemapalongedge
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� (herewe assumea front
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We thenchoosefor � thecenterof massof thethreeinter-
sectionpoints �

'

, asshown in �gure 7. Notethat � is also
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t2 = 0 :9

t3 = 0 :8

v

Figure 7. Determination of inter section
points of three propagating fronts.

addedto thesetof verticesof theoriginalmesh.
We chooseto stop the algorithm either when the last

addedpoint
�

�

4 2

satisfy
�

�

���

�

462�
!�#"

, where
"

is agiven
threshold,or whenagivennumberof pointshavebeendis-
tributed.

Figure8 shows threestagesof the processof inserting
points on a square. (in addition to the triangulationob-
tained,which is explainedin thenext section).The inten-
sity re�ects thegeodesicdistanceto thenearestbasispoint
(white for value0).

3.2 Calculation of the geodesictriangles

Oncewe have foundthecompleteset �
��$ , we mustde-

terminewhich verticesto link togetherto obtainour basis



Figure 8. Inser tion of points in a square (top),
and corresponding triangulation (bottom).

triangulation� which is built incrementallyduringtheal-
gorithm. To thatend,duringthepoint distribution process
we keeptrack of saddlepoints, which arevertices � that
satisfythesetwo criterions:
– Whenthevalueof

�

�

�




is setby theFastMarchingal-
gorithm,two frontscomingfrom differentbasispoints

�('

and
� *

mustmeetfor the�r st time at � (see[5]).
– Adding edge

�

��'��C� *

� to the basistriangulation � must
keepthetriangulationvalid (e.g.theedgemusthave less
thantwo adjacentfaces).

Note that whenwe updatea distancemap
�

�

462

, a previ-
ously found saddlepoint � candisappear(if � is reached
by thefront comingfrom

�

�

4 2

), andof coursenew saddle
pointscanbecreated.

The setof saddlepoints tells us which verticesshould
be linked togetherto obtain a valid triangulation � . We
canalsotraceon theoriginal meshthegeodesicpathcor-
respondingto theedgesof � . If we have a saddlepoint �

wheretwo frontsfrom
�

'

and
�

*

meet,we simplyperform
thegradientdescentdescribedin section2.3from � in both
thedirectionof

�
'

andthedirectionof
�

*

.
Figure9 showsprogressiveremeshingof thebunny.
At last,wecannotethatsomeholesmightstill befound

in theresultingtriangulation,for instanceif thereareholes
in theoriginal mesh. If we want to avoid suchholes(e.g.
if wewantto usetheresultingmeshfor parameterizingthe
manifold),we must�ll in thegaps.This canbeperformed
by �rst unfolding andprojectingthe hole on a plane,and
thencomputingaconstrainedDelaunaytriangulation.This
methodis illustratedin �gure 10.

3.3 Adaptive remeshing

In the algorithmpresentedin sections3.1 and3.2, the
fronts propagateat a constantspeedwhich resultsin uni-
formly spacedmesh. Our approachcan be extendedto
work with anarbitraryspeedfunction ���

$

for thefront
propagation,thuscomputinga geodesicdistanceweighted
by

� � �" 

� . Sinceverticesareaddedat maximalvalues
of thegeodesicweighteddistance,the resultingtriangula-
tion will bedensein regionswith smaller� , andin regions
with higher � thetriangulationwill besparse.This is due
to the fact that the algorithm distributespoints in sucha
waythattheirweightedgeodesicdistancesto neighborsare

Figure 9. Geodesic remeshing with
�E$>$

, �

$
$

,
�

$
$

and
���
$
$

points.

Figure 10. Original hole , �attened hole , and
constrained Delauna y triangulation.

almostequal.Thegeodesicdistanceto verticesin a region
with higher value of

�

is thus smaller. Function � can
re�ect theneedof theuserto re�ne somespeci�c regions
with morevertices.

Figure11 shows a uniform distribution of pointson the
headandthedistribution of pointswith a split of themesh
into two regions,onewith high � andthe otherwith low

� . Similar resultsareshown for thebunny on the left and
middleimagesof �gure 13.

Whenameshis obtainedfrom rangescanning,apicture
of the modelcanbe mappedonto the 3D mesh. Using a
function � thatis inverselyproportionalto thenormof the
gradientof theimage,theusercanre�ne regionswith high
variationsin intensity. Figure12showssucha 3D model.

3.4 Curvature­basedremeshing

The local densityof verticescanalsore�ect somegeo-
metricproprertiesof thesurface.Themostnaturalchoice
is to adaptthemeshin orderto be�ner in regionswherethe
local curvatureis larger. To thatendwe choosethespeed

� to beinverselyproportionalto +�,"-

�

� �

2

�

�

� �
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, where
�

'

aretheeigenvaluesof the local curvaturetensor. This ten-
soris computedin a pre-processingstepusingleastsquare
�tting of a quadric. The evaluationof the curvatureten-



Figure 11. Unif orm (left) and user ­de�ned
remeshing (right).

Figure 12. Original model, � function, adap­
tive distrib ution of points, and triangulation.
Thanks to author s of [22] for providing data.

sor is a vasttopic we useda robustconstructionproposed
recently [7]. Figure 13 shows on the right a curvature-
baseddistribution of pointson thebunny. Figure14shows

Figure 13. Unif orm, user de�ned, and
cur vature­based distrib ution of points.

remeshingof two modelswith sharpfeatures.Clearly the
curvature-basedmethodgivesbetterreconstructionresults.

4 Application to meshparameterization

4.1 Problemstatement

A parameterization� of a 3D triangulatedmanifold �

correspondsto a setof mappings�

'

Q��

'

L�� , wherethe
�

'��	�

8

, andthe �

'

arehomeomorphismswhoseimages
coverall of � . To simplify, we will considera triangulated
manifold � � that containsvery few triangles,but that has
thesametopologyas� . Themaps�

'

will thenbepiecewise
linear, andthe �

'

arethetrianglesof � � . Figure15 shows

Figure 14. Original model (top), unif orm
remeshing (mid dle) and cur vature­based
remeshing (bottom).

sucha parameterization.The functions �

1 2

'

areaf�ne on
everysmalltriangleof � , andtheimageof eachtriangle�

'

of � � by �

'

delimitsa regionof � .

f

f 1
A

B

C

A0

B 0

C0

Figure 15. Piecewise linear parameterization

As basisdomainfor themapping� we choosethebasis
meshconstructedwith our algorithmin section3. So the
bordersof eachregion �

'
�

�

'



aregeodesicpaths,andthese
pathsneedto be addedto the original mesh. Figure 16
showshow to performthis inclusion.

Sinceinsideeachsmall triangleof a region �

'
�

�

'



the
function �

1(2

'

is af�ne, for every vertex
�

of � , we only
needto know thebarycentriccoordinatesof �

1(2

'

����


in the
triangle �

'

. The remainingquestionis how to calculate
thosebarycentriccoordinatesjudiciously.

4.2 Parameterization interpolation

last, we needto calculatethe barycentriccoordinates
�
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Figure 16. Triangulation before inc lusion of
the path (left) and after (right).
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, and � �
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arethebasispointsdeterminedin
paragraph3.1. To that end,we will usethe geodesicdis-
tances
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�2 � 
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between� andeachof the �

'

. Wewill in
factplacethepoint �

1 2

�
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insidethetriangle B

�(2 �C�

8

�C�
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D

whith conservationof thecalculatedgeodesicdistances.
Therefore,knowing thedistances
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of a point
�

to thethreevertices
��� 2"�C�

8

� �
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of thetriangle,weneed
to calculatethe barycentriccoordinates
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of
�

in a manneranalogousto thecaseof a planartriangle.We
denote
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thelengthsof thegeodesicedgeopposite
to eachpoint(for example,

�
2

is givenby thearrival timein
�

� of thefront departingfrom �

8 ). Now, in aplane,Heron's
formulasaysthatthearea�

� of thetriangle B
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G . Figure17 shows the triangle
considered.Similarly, we cancalculate�
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and �

8 , which
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Figure 17. Determination of the barycentric
coor dinates of a point �

givesusthefollowing barycentriccoordinates:
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Thoseformulasgive usa parameterizationof thepoint
�

,
aslong asthereis no otherpoint thathasthesamevalues
for
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. This condition is met in practiceas long
as � � is topologicallyequivalent to � , and that the basis
meshingis �ne enough.

To computethethreedistances
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for eachver-
tex, we simply starta front andcon�ne it to the geodesic
neighborhoodof eachbasisvertex, asdepictedon the left
of �gure 18. Doingthis,wearesurethateachpointwill be
reachedby threefrontsandonly three.On theright of �g-
ure18,wecanseethegeodesicparameterizationobtained.
We simplyassigna randomcolor to eachvertex, andinter-
polatethecolor usingtheparameterization.

Figure 18. Examples of parameterizations.

4.3 Application to multir esolutionconstructions

We cansampleeachbasistriangleaccordingto a reg-
ular subdivision schemesuchas thosedepictedin �gure
19. Theresultingtriangulationis a so-calledsemi-regular
mesh.

Figure 19. Triangle­based and quad­based
subdivision schemes.

Thesekindsof triangulationsareof primaryimportance,
bothbecausetheconnectivity is known in advance(which
is agreatadvantagefor compression),andbecausethesub-
division processgivesa naturalmultiresolutionrepresen-
tation of the mesh. Wavelet transformscanthenbe built
usingthe lifting scheme[19]. Wavelet coef�cients canbe
encodedusingazerotreecoder[11], whichgivesgooddis-
tortion results.

Figure20show theprocessof subdivision. Theparame-
terizationof themeshis shown in �gure 18(bottomright).

5 Final remarks and futur e work

Therunningtimesof our algorithmarevery reasonable,
and it takesabout10 secondsto distribute 500 pointson
a modelof about5000vertices. The distribution of more
pointsis almostimmediate,thanksto theincrementalstruc-
tureof our method.Thecoarsemeshconstructionandthe



Figure 20. Four steps of regular subdivision.

parameterizationstepstake aboutthe sametime. So our
currentimplementationallowsusto processawholemodel
in lessthanoneminute.

The isotropicremeshingalgorithmproposedheregives
very goodresults,similar to thosegiven in [20] for a 2D
mesh.Theadvantageof our methodis that it is conceptu-
ally simpleandvery fast.Themaincomponentis theFast
Marchingalgorithm,which is prettywell understood.

Themeshparameterizationschemeproposedin this pa-
per gives a smoothmap in regions of the manifold that
are smooth. Testsand distortion measuresremainto be
madeto comparethis methodwith classicalones,suchas
Floater'sscheme[10].

Our futuredirectionsof researchincludetakinginto ac-
count special features(such as sharpedges)during the
remeshingand the parameterization.Onecould de�ne a
lineardensityof verticeson these1D features.An interest-
ing questionis �nding theoreticalboundsfor the parame-
terizationdistortionin caseof smoothsurfaces.

6 Conclusion

We have describedan iterative algorithm for distribut-
ing a setof pointsonasurfaceaccordingto a local density
function. This algorithmis fastandef�cient, andprovides
a simple way to automatically�nd a geodesicDelaunay
triangulationof theoriginal surface.We have applyedthis
constructionto build a coarsebasisdomainfor a param-
eterizationof thetriangulatedmanifold. This methodpro-
videsasmoothmappingfrom thebasismeshto theoriginal
triangulation,allowing multiresolutionconstructionsand
waveletcompression.
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