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Figure 1. Different stepsin meshparameterization.

Abstract

In this paper we presenta methodfor remeshingrian-
gulatedmanifoldsby usinggeodesigath calculationsand
distancemaps. Our work builds on the FastMarching al-
gorithm, which hasbeenextendedo arbitrary meshesdy
Sethianand Kimmelin [17]. First, a setof pointsthat are
evenlyspacedacrossthe surfaceis automaticallyfound. A
geodesidelaunaytriangulationof the setof pointsis then
created,using a Voronoi diagram constructionbasedon
FastMarching. At last, we usethe distanceinformationto

nd a simpleparameterizatiorof the manifold. Marching
algorithmmalesthis methodcomputationallyinexpensive
and givesvery goodresults. Examplesare shownfor syn-
theticandreal surfaces.

1 Intr oduction

Theapplicationof 3D manifoldsamplingarenowadays
almosteverywhere It rangesrom nite elementcomputa-
tionsto computegraphicsjncludingall kindsof questions
relatedto surfacereconstructioriechniquesisedin 3D im-
ageseggmentationlik e deformablemodels.Themostcom-
monrepresentatioof 3D objectsis thetrianglemesh,and
the needfor the constructionof a nice triangulationof a
givensurfaceis obvious. Thusit is oftenneededo enhance
agiven3D structure(for exampleobtainedrom a3D med-
ical imageor artistmodeling)usinga so-calledremeshing
algorithm.

The manifold parameterizatioproblemis importantas
it isthebasisfor building “good” mestrepresentationszor
example,obtaininga parameterizatiothatminimizescer

taindistortionmeasuress the rst stepusedn texturemap-
ping or semi-rggularremeshingAlso, oncea semi-rgular
representatiomf the meshis built, it is easyto compute
wavelettransformg19, 15] andperformdatacompression
[11].

1.1 Overview

In this paper we introducein section3 an isotropic
remeshingalgorithm that provides automaticallya set of
points that are spacedon the surfaceeither uniformly or
adaptvely with a given density Thiese points are de-

ned iteratively, addingeachpoint accordingto geodesic
(weighted)distancemap to the currentsetof points. A
fastalgorithmis proposedhat updatesdy FastMarching
the distancemap at eachiteration. BasicfactsaboutFast
Marching and geodesiaccomputationsare recalledin sec-
tion 2. At last,in section4, we proposea novel parameter
izationmethodbasedn geodesidénformation.

In orderto parameterizea manifold, we rst calculate
a coarsemeshby de ning a Voronoi diagramon the sur
face.The parameterizatiors theninterpolatednsideeach
geodesidriangle,by usingappropriatedistancedata. Fig-
ure 1 shows thedifferentstepsinvolvedin the parameteri-
zationprocess:

— Original mesh.

— Automaticdeterminatiorof basispoints.

— Determinatiorof associatedelaunaytriangulation.
— Calculationof the correspondingeodesidriangles.
— Distancedatacalculation.

— Parameterizatiomterpolation.

— Semi-rgularremeshing.



1.2 Relatedwork

Geodesicalculationson manifoldsis a large topic, and
numerousalgorithmshave beenproposed. Someof the
mostinterestingexactmethodsare:

—Chen and Han's shortest path algorithm [3] is of
guadraticorder, anddif cult to implement.

— Polthier and Sdimiess straightestgeodesicalgorithm
[12] allows solving the problemwith initial conditions
(astartingpoint, anddirection). This problemis well de-
ned (uniqueness}ut cannotbeusedfor remeshingand
building surfaceparameterizations.

— Sethianand Kimmels Fast Marching algorithm[17] al-
lows solvingtheproblemwith boundaryconditions(start
andendpoints), which hasnot necessarilya uniqueso-
lution. Thealgorithmis fast,of order in the
numberof verticesonthe manifold.

Someapplicationsof geodesicomputation®n manifolds

have beenproposedsuchas[13], which appliesthe Fast

Marchingalgorithmto obtain Voronoi diagram and offset

curvesonamanifold. Thisideais usedin our algorithmto

calculateDelaunaytriangulations

Remeshingnethodsoughlyfall into two categories:

— Isotropic remeshing a surface density of pointsis de-
ned, andthealgorithmtriesto positionthe new vertices
to matchthis density For examplethe algorithmof Ter-
zopoulosaandVasilescU20] usesdynamicmodelsto per
form theremeshing.

— Anisotiopic remeshing the algorithmtakesinto account
the principaldirectionsof the surfaceto alignlocally the
newly createdrianglesand/orrectanglesThealgorithm
proposedn [1] usedlines of curvatureto build a quad-
dominantmesh.Finite elementmethodsnmale heary use
of suchremeshingalgorithms[14].

Our methodrelieson anisotropicdistribution of pointsso

thatit canbe castinto an Eikonal problem.

The last point presentedn this paperis meshparame-
terization. Someof the most effective methodsavailable
are:

—Enegybasedappmoadc: rst introducedby Floater [10],
thesemethodsconsistin solvinga linear systemin order
to minimize a certainenegy measure.Geodesigaths
areoftenchoserasboundariego partitionthethe mesh.

— Geodesicsurface attening: in [22] Zigelmanet al use
geodesidnformation. They usemultidimensionakcal-
ing to atten the manifold while attemptingto maintain
theaccurag of distancenformation.

2 GeodesicCalculations
2.1 FastMar ching on an orthogonal grid
The classicalFastMarching algorithmis presentedor

examplein [16, 4] for nding 2D pathsor in [8, 6] for 3D
extensionandimprovementsA similaralgorithmwasalso

proposedn [21]. FastMarchingenablessolvingthe non-
linear Eikonal equation:

)
where istheweighteddistancgunctionto a givensetof
pointsin theplane,and is thespeedf front

propagationin thissectionwe consideitheorthogonatri-
angulationasrepresentedn theleft of gure 2. The Fast

Figure 2. Orthogonal and arbitrar y triangula-
tions.

Marchingalgorithmmalkesuseof anupwind nite differ-
encesschemedo computethevalue ata given point
of thegrid:

Thisis asecondrderequationthatis solvedasdetailedin
[5]. An optimalorderingof thegrid pointsis chosersothat
thewholecomputatioronly takes , Where

is thenumberof points.

2.2 Study over a more generaltriangulation

Following [17], to generalizethe above constructionto
an arbitrary triangulation,we considerthe neighborhood
of a point representedby right sideof gure 2. More
speci cally, we try to calculatea value for in the
triangle , if possible. Since several triangles
around mayyield valid solutions,we consideronly the
smallestone. The problemthatwe facein approximating
thegradientof  overthetriangle is thatthere
is no “natural” coordinatesystemthat we canuse(unlike
the caseof an orthogonalgrid). In [17] sucha systemis
judiciously chosenandtrigonometriccalculationsareper
formed.

In amoregeneraimanney[18] proposesa gradientcal-
culationmethodin arbitrarydimension.It consistsn con-
sideringthematrix ~ of size whoselines arecon-
stitutedof thevectors  and . We canthencalculate
the directionalderivativesof in  accordingto the vec-
tors and with the rst orderformula:



where and . Now, thederivative

in thedirectionof is by de nition equalto
hencetheformula . By pluggingthisinto the
Eikonalequation(1), anddenoting ,we
get:

Thisis asecondrderequationjts discriminantbeingpos-
itive by the Caucy-Sdawartzformula. The upwind propa-
gationconditionwe impose asis thecasen theorthogonal
grid, is that pointstowardstheinterior of the tri-

is acute thenthe

angle.We canshaw thatif theanglein
schemds monotone.

Figure3 shaws the propagatiorof a front andthe calcu-
lation of a geodesigath(see2.3).

Figure 3. Front Propagation and geodesic
path (on the right).

If, onthe otherhand,the triangulationcontainsobtuse
anglesthenthe numericalschemepresentedbove is not
monotoneanymore,which canleadto numericalinstabil-
ities. To solve this problem,we follow Sethianwho pro-
posedo “unfold” thetrianglesin azonewherewe aresure
thattheupdatestepwill work [17].

2.3 GeodesicExtraction

Oncewe have calculatedthe function , which is the
geodesidistanceto avertex , we needto determinethe
geodesicpath startingfrom a point  and reachingthe
point . To thateffect, we look for the parametriccurve

thatveri es backpropagatiorequation4]:

We solwve this equationby a numericalmethodsuch as
Rung Kutta 4 [9]. To thatend,we needto calculatethe
valueof atary givenpointonthesurface.

To obtaina continuousrariationof overthesurface,
weintroduceanovel interpolationschemehatdiffersfrom
the oneusedin [17]. First, we calculatethe value of the
gradientof ateveryvertex onthesurface. Then,we
linearly interpolatethe valueof on eachface.To esti-
matethevalueof atavertex , we considerthe 1-ring
representeth gure 4 (left), wherethe 'saretheneigh-
borsof . By replacingeachangle by in orderto

have asumof , we atten the neighborhoodf ona
plane( gure 4, ontheright). We canthusapproximatehe

Figure 4. Flattening of anelghborhood
gradientalongeachedge

Thegradientat satis esthe equations:

where ——. We solve this over-determinedsystem
by leastsquareswhich correspondo solving the
system:

where representhe coordinateof in alocal
frameof the attening plane.
Figure5 shows the geodesigathcalculationfor differ-

entmodels.We canalsostartseveralfrontsandmake them

Figure 5. Geodesic paths.
evolve atthesametime, asit is shovnin gure 6. Thedif-
ferentcoloredregionsform a Voronoi diagramof the start-
ing points, and the intensity representshe geodesicadis-
tanceto theclosestpoint.



Figure 6. Front propagation (top), geodesic
distance map (bottom, left), and Voronoi dia-
gram (bottom, right).

3 Isotropic remeshingof a triangulation

Our approachteratively addsnew verticesbasedon the
geodesidistanceon the surface. The resultof the algo-
rithm givesa setof verticesuniformly distributed on the
surfaceaccordingo the geodesidistance Takinginto ac-
countalocaldensityof verticeswill bedonein sections3.3
and3.4.

Thisis anextensionof anideaof thealgorithmof [5] that
updateda front propagationfrom a setof pointsin order
to iteratively nd pairsof pointsto link together In our
contet, therearetwo maindifferencesThe rst is thatwe

nd pointson a triangulatedsurfaceinsteadof animage.
The seconds thatwe give a preciseapproximationof the
pointwherethe maximalgeodesidistancds reached.

3.1 lIterati ve choiceof basispoints

We now describehow to automaticallybuild an evenly
spacedsetof pointson atriangulatedsurface.A rst point
is chosenat randomon the meshandits geodesidalis-
tancemap computedby fastmarching.A moreelabo-
rate choiceconsistsin replacingthis randompoint by the
pointwith maximumdistancdrom it.

Then we assumewe have already computeda set of
points , togethemwith  thegeodesic
distancemapto . To addanew point , we simply
selecta point on the manifold thatis furthestaway from

. To computethe new distancemap , we usethe
factthat , wherewe have noted

the distancemapto . Sowe simply needto
update by startinga front from (using the Fast
Marching algorithm exposedin section2) andto con ne
it on the set This assures
that the whole remeshingprocessroughly takeslessthan
operationgwhich would be the caseif we
desireasmary pointsastheoriginalmeshhas,i.e. ).
At eachiteration, the new point needsnot to be
a vertex of the original mesh. It canbe positionedaccu-
rately by interpolatingthe distancemap. To be morepre-
cise,we adda new vertex in oneof the trian-
gles aroundthevertex of greatestlistance
We choose thepointaround of greatesgeodesidis-
tance andsimilarly for ~ but ontheneighborsf theedge
. It happensnostoftenthatthethreevertices are
reachedvy threedifferentfronts (the othercasesaretriv-
ial). Wedenote , ,and thearrival timesof thethree
fronts at the threevertices. We calculatethe point  at
whichthefronts and meetby linearly interpolatingthe
distancemapalongedge (herewe assumea front
speedf 1):

with:

the centerof massof thethreeinter-
is also

We thenchoosefor
sectionpoints , asshavnin gure 7. Notethat

Viet1=1

V3&1;=0:8

Figure 7. Determination of intersection
points of three propagating fronts.

addedo the setof verticesof theoriginal mesh.

We chooseto stop the algorithm either when the last
addedpboint satisfy ,Where isagiven
threshold pr whena givennumberof pointshave beendis-
tributed.

Figure 8 shaws threestagesof the processof inserting
points on a square. (in additionto the triangulationob-
tained,which is explainedin the next section). Theinten-
sity re ects thegeodesidistanceo the nearesbasispoint
(white for valueO0).

3.2 Calculation of the geodesidriangles

Oncewe have foundthe completeset  , we mustde-
terminewhich verticesto link togetherto obtainour basis



Figure 8. Insertion of points in asquare (top),

and corresponding triangulation (bottom).
triangulation whichis built incrementallyduringthe al-
gorithm. To thatend,duringthe point distribution process
we keeptrack of saddlepoints which arevertices that
satisfythesetwo criterions:

—Whenthe value of is sethy the FastMarchingal-
gorithm,two frontscomingfrom differentbasispoints
and mustmeetfor the r sttimeat (seeg[5]).

—Adding edge to the basistriangulation must
keepthetriangulationvalid (e.g.theedgemusthave less
thantwo adjacenfaces).

Note thatwhenwe updatea distancemap , aprevi-

ously found saddlepoint candisappeafif is reached

by thefront comingfrom ), andof coursenew saddle
pointscanbecreated.

The setof saddlepointstells us which verticesshould
be linked togetherto obtain a valid triangulation . We
canalsotraceon the original meshthe geodesigathcor-
respondingo theedgesof . If we have a saddlepoint
wheretwo frontsfrom and meet,we simply perform
thegradientdescentlescribedn section2.3from in both
thedirectionof  andthedirectionof

Figure9 shaws progressie remeshingf the bunry.

At last,we cannotethatsomeholesmight still befound
in theresultingtriangulation for instancef thereareholes
in the original mesh. If we wantto avoid suchholes(e.g.
if we wantto usetheresultingmeshfor parameterizinghe
manifold),we must Il in thegaps.This canbe performed
by rst unfolding and projectingthe hole on a plane,and
thencomputinga constrainedelaunaytriangulation.This
methodis illustratedin gure 10.

3.3 Adaptiveremeshing

In the algorithm presentedn sections3.1 and 3.2, the
fronts propagateat a constantspeedwhich resultsin uni-
formly spacedmesh. Our approachcan be extendedto
work with anarbitraryspeedunction for the front
propagationthuscomputinga geodesialistancewneighted
by . Sinceverticesareaddedat maximalvalues
of the geodesiaveighteddistance the resultingtriangula-
tion will bedensdn regionswith smaller , andin regions
with higher thetriangulationwill be sparseThisis due
to the fact that the algorithm distributespointsin sucha
way thattheirweightedgeodesidistanceso neighborsare

Figure 9. Geodesic remeshing with , ,
and points.

Figure 10. Original hole, attened hole, and

constrained Delaunay triangulation.
almostequal. The geodesiaistanceo verticesin aregion
with highervalueof is thussmaller Function can
re ect the needof the userto re ne somespeci c regions
with morevertices.

Figure 11 shaws a uniform distribution of pointson the
headandthe distribution of pointswith a split of themesh
into two regions,onewith high  andthe otherwith low

. Similar resultsareshavn for the bunny ontheleft and
middleimagesof gure 13.

Whenameshis obtainedrom rangescanningapicture
of the model canbe mappedonto the 3D mesh. Using a
function thatis inverselyproportionalto the normof the
gradientof theimage theusercanre ne regionswith high
variationsin intensity Figure12 shovs sucha 3D model.

3.4 Curvature-based emeshing

Thelocal densityof verticescanalsore ect somegeo-
metric proprertiesof the surface. The mostnaturalchoice
is to adapthemeshin orderto be ner in regionswherethe
local curvatureis larger. To thatendwe choosethe speed

to beinverselyproportionako , Where
arethe eigervaluesof the local curvaturetensor This ten-
soris computedn a pre-processingtepusingleastsquare
tting of a quadric. The evaluationof the curvatureten-
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Figure 11. Uniform (left) and user-de ned
remeshing (right).

Figure 12. Original model,  function, adap-
tive distrib ution of points, and triangulation.
Thanks to author s of [22] for providing data.

soris avasttopic we useda robust constructionproposed

recently[7]. Figure 13 shavs on the right a curvature-
basedlistribution of pointson thebunry. Figure14 shavs

Figure 14. Original model (top), uniform
remeshing (middle) and curvature-based
remeshing (bottom).

sucha parameterizationThe functions areafne on
everysmalltriangleof , andtheimageof eachtriangle
of by delimitsaregionof

dened, and

Figure 13. Uniform, user
cur vature-based distrib ution of points.

remeshingf two modelswith sharpfeatures.Clearly the
curvature-basedhethodgivesbetterreconstructiomesults.

4 Application to meshparameterization
4.1 Problem statement

A parameterization of a 3D triangulatedmanifold
correspondso a setof mappings , Wherethe
, andthe arehomeomorphisma/hoseimages
coverall of . To simplify, wewill consideratriangulated
manifold  thatcontainsvery few triangles,but that has
thesameopologyas . Themaps will thenbepiecavise
linear, andthe arethetrianglesof . Figurel5shaws

Figure 15. Piecewise linear parameterization

As basisdomainfor the mapping we choosehebasis
meshconstructedvith our algorithmin section3. Sothe
bordersof eachregion aregeodesipaths,andthese
pathsneedto be addedto the original mesh. Figure 16
shavs how to performthisinclusion.

Sinceinside eachsmall triangle of a region the
function is afne, for every vertex of , we only
needto know the barycentriccoordinatesof in the
triangle . The remainingquestionis how to calculate
thosebarycentriccoordinategudiciously.

4.2 Parameterization interpolation
last, we needto calculatethe barycentriccoordinates

of insideagiventriangle ,
for eachvertex Note, the points ,



Figure 16. Triangulation before inclusion of
the path (left) and after (right).

, and arethe basispointsdeterminedn
paragraplB.1. To thatend,we will usethe geodesidlis-
tances between andeachofthe . Wewill in
factplacethepoint insidethetriangle
whith conserationof the calculatedgeodesidistances.

Therefore knowing the distances of a point
to thethreevertices of thetriangle,we need
to calculatethe barycentriccoordinates of

in amanneranalogougo the caseof a planartriangle. We
denote thelengthsof thegeodesi@dgeopposite
to eachpoint (for example, is givenby thearrival timein
of thefrontdepartingrom ). Now, in aplane Heron's
formulasaysthatthearea  of thetriangle is:

with . Figure17 shaws thetriangle
consideredSimilarly, we cancalculate and , which

Figure 17. Determination of the barycentric
coor dinates of a point

givesusthefollowing barycentriccoordinates:

Thoseformulasgive us a parameterizationf the point
aslong asthereis no otherpoint thathasthe samevalues
for . This conditionis metin practiceaslong
as istopologicallyequivalentto , andthatthe basis
meshings ne enough.

To computethethreedistances for eachver
tex, we simply starta front andcon ne it to the geodesic
neighborhoodf eachbasisvertex, asdepictedon the left
of gure 18. Doingthis, we aresurethateachpointwill be
reachedy threefrontsandonly three.Ontheright of g-
ure 18, we canseethe geodesigparameterizationbtained.
We simply assignarandomcolor to eachvertex, andinter-
polatethecolor usingthe parameterization.

Figure 18. Examples of parameterizations.
4.3 Application to multir esolutionconstructions

We can sampleeachbasistriangle accordingto a reg-
ular subdvision schemesuchasthosedepictedin gure
19. Theresultingtriangulationis a so-calledsemi-egular
mesh.

Figure 19. Triangle-based and quad-based
subdivision schemes.

Thesekindsof triangulationsareof primaryimportance,
bothbecausehe connectvity is known in advance(which
is agreatadvantagdor compression)andbecaus¢hesub-
division procesgyives a naturalmultiresolutionrepresen-
tation of the mesh. Wavelet transformscanthenbe built
usingthelifting scheme[19]. Waveletcoefcients canbe
encodedisinga zeotreecoder[11], which givesgooddis-
tortionresults.

Figure20 shav the procesf subdvision. Theparame-
terizationof themeshis shovnin gure 18 (bottomright).

5 Final remarks and futur e work

Therunningtimesof our algorithmarevery reasonable,
andit takesabout10 seconddgo distribute 500 pointson
a model of about5000vertices. The distribution of more
pointsis almostimmediatethanksto theincrementaktruc-
ture of our method. The coarsemeshconstructiorandthe



Figure 20. Four steps of regular subdivision.

parameterizatiorstepstake aboutthe sametime. So our
currentimplementatiorallows usto processawholemodel
in lessthanoneminute.

Theisotropicremeshingalgorithmproposecheregives
very goodresults,similar to thosegivenin [20] for a 2D
mesh. The advantageof our methodis thatit is conceptu-
ally simpleandvery fast. The maincomponents the Fast
Marchingalgorithm,whichis prettywell understood.

The meshparameterizatioschemeproposedn this pa-
per gives a smoothmap in regions of the manifold that
are smooth. Testsand distortion measuresemainto be
madeto comparethis methodwith classicalones,suchas
Floater'sschemd10].

Our future directionsof researchncludetakinginto ac-
count special features(such as sharpedges)during the
remeshingand the parameterization.One could de ne a
lineardensityof verticesonthesel D features An interest-
ing questionis nding theoreticalboundsfor the parame-
terizationdistortionin caseof smoothsurfaces.

6 Conclusion

We have describedan iterative algorithm for distribut-
ing a setof pointson a surfaceaccordingto alocal density
function. This algorithmis fastandef cient, andprovides
a simple way to automatically nd a geodesicDelaunay
triangulationof the original surface.We have applyedthis
constructionto build a coarsebasisdomainfor a param-
eterizationof the triangulatedmanifold. This methodpro-
videsasmoothmappingfrom thebasismeshto theoriginal
triangulation, allowing multiresolutionconstructionsand
waveletcompression.
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