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Short time behavior for Rayleigh problem

1 Introduction

1.1 Rayleigh Problem and motivation
What is Rayleigh problem?
Consider a flow in the upper half space bounded by a rigid plate coinciding with the X; axis.

At t = 0 the plate suddenly moves in the tangential direction at constant velocity U.
Find the development of the fluid motion in the region X, > 0.
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Short time behavior for Rayleigh problem 4

Rayleigh considered that the fluid is viscous and imcompressible and that its motion is describable by
the Navier-Stokes equation subject to the non-slip boundary condition.
Assume that the flow is uniform in X; and Xs.

81}1 - V82711

ot 0XZ

where v is kinematic viscosity and the boundary conditions and the initial condition are

v = U, Xo=0, t>0,
v — 0, X9 — 00, t>0,

The solution is well-known
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Short time behavior for Rayleigh problem 5

Motivation:

Sone, Y. (1964), Kinetic Theory Analysis of Linearized Rayleigh Problem, J. Phys. Soc. Jpn 19.

Prof. Y. Sone discussed this Rayleigh problem by using the linearized BKW model equation. He shows
e For short time the solution represents a perturbation to the free molecular flow.

e For large time the solution has essential difference from the classical slip flow near the boundary.
In this talk, we concentrate our attention on short time behavior. Prof. Y. Sone gives the result in his

paper:
For \/293R—2T0t < 1,
vi(xe,t) 1 1 To 1 1 1 ) To
S LY - +—— 1 ( +1) .
U 2 PRI/t Y ARTE { N V2log (V2 H

Ty is the initail temperature of the system (or the wall temperature at any instant).
R is the specific gas constant.

A is a constant (collision frequency) related to the mean free path.

~v = 0.577--- is the Euler's constant.

In particular, on the plate

Theory and Applications of Classical and Quantum Kinetic Theory



Short time behavior for Rayleigh problem

1.2 Boltzmann equation and BKW model equation

Let m be the mass of a molecule, £ = (£4,&,,&;) the velocity of a molecule and f = f(X5,t,¢) the
velocity distribution function of the gas molecules. Then the Boltzmann equation with hard sphere

model for the present problem may be written as

e~ g

ot 520)(2
where J(f, f) is the collision integral defined by

7(.5) = [ [ = 1rBV.a)a0z,
= [ [ reBradseds. - [ [ rr0admi.

f:f<X27t7€)7 f*:f(X%tv'S*)a f/:f(X27t7€/)7 fﬂi:f(X27t7£:<)7

2 .
TV -2 (for hard sphere).

V=¢ -6 E=6+Via)a, =6 —(V-a)a, B(V,a)=
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Short time behavior for Rayleigh problem 7

d : the diameter of molecule.
a . a unit vector which expresses the variation of the direction of the molecular velocity owing to a
molecular collsion.
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The BKW(Boltzmann-Krook-Welander) model equation may be written as

of ., of
o gy = A (o= £).

where A. is a constant and f. is the local Maxwellian defined by

P R [_\&—0\2]
“"rrTPP U | 2RT |

Macroscopic variables :
The density p, fluid velocity v = (v1,v9, v3) , and temperature T are given by

X t) = [ £(Xet.6)d
vi(X27t> - %/ng(X%t)é)dé.? 1= 17 2737

(X1 / € — 0P F(Xo t, €)d.
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Short time behavior for Rayleigh problem 9

The initial distribution is an equilibrium state

f=fo=—2"L0 _exp |- €7 att =0.
(27 RTy)*"? 2RTy

At the plate, the velocity and temperature are kept constant at U and 7T, = T;. Also assume the
interaction of the gas with the boundary is described by diffuse reflection condition:

7o) [_(51 —UP+6+6
(27 RT,,)** 2RT,

Folet) = r Xo— 0,6 > 0,

where

or \ V2
ntt) == (7)) [ s

At inifinity, we assume

f—>f() as Xy — 00.
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1.3 Dimensionless

For a physical interpretation, we consider the following scale:

e reference length L = \/7%50 where [ is the mean free path for the initial global Maxwellian.

e reference time ¢y, = VT is relative to mean free time for the initial global Maxwellian.

2 (2RT )12

e reference magnitude of velocity (2RT})"/? is relative to the sound speed in the initial state.

o Define E = 7~3/% exp [—|¢|?] which satisfies f, = arnrE.

Ty XQ/L o X2/t
e Note that = T T BRI
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Short time behavior for Rayleigh problem

Thus we consider the initial-boundary value problem for the Boltzmann equation:

( o7 e
Ut 2L = F(F ) w2 >0,7>0,
f:E, ﬂf2>07 t: ,
\ /= %2)6_(C1_“w1)2_@_<§ 2y =0, (,>0,t>0
T.u(t) :—2ff<<oc2fo t,0)dC,
| [ — E as xy — oo.

For the BKW model equation, the first equation of (1) is replaced by
e 5(7-7).

where the nondimensional form of local Maxwellian is given by

> p ¢ — ]
fe_A—s/zeXP[—’ f‘]-
(*7)
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Short time behavior for Rayleigh problem

The nondimensional form of density p, fluid velocity v = (v1, 3, v3), and temperature T are given by

p= | Fac.
50, = [ ¢.fdC, i=1,2,3
= [ fac =12

T = [ 1~ o

Theory and Applications of Classical and Quantum Kinetic Theory
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1.4 Perturbation around the Maxwellian

13

Consider a pertubation of (1) around the initial Maxwellian E by f: E + F'¢ and thereby the initial-

boundary value problem

(et (e = LO+T (¢,0), w2 >0, >0,

E+ F¢ =20 (Grm)=G-G gy =0, ¢, >0, T >0,
Fu(t) =1 =27 [ _CF (0,7 ¢)dC,

¢:0,t207 $2>O,

where

Theory and Applications of Classical

L » — 0as xy — oo.

F=+VE,
Lo= / / P (F'¢/ + F'¢, — F.g — Fo,) Bda)dC,,

b, 6) = / / F. (6.6 — 6.6) Bda)dC..
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For the BKW model equation, the first equation of (2) is replaced by
O O

- —7 — (1 _
8t —l_CanQ ( ‘l_CU) (¢e ¢)7
where
1+w — ul?
F¢€: ] 3/2€Xp[—< |]—E
/2 (1+ 1) l+7

The perturbation variables of density w, fluid velocity « = (uq, us, u3) , and temperature 7 are given by

w=/¢Fd<,
(1+w)ui :/C¢¢FdC> 1=1,2,3,

surwr= [ (18- 3) ordc -+l
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1.5 Linearized Boltzmann equation and linearized BKW model equation

When the velocity of the plate U is assumed to be much less than the velocity of sound in the gas (i.e.
Uyl = QRT << 1) so that the equation as well as the boundary condtion may be linearized, we neglect
all higher order terms and consider the linearized Boltzmann equation and BKW model equation:

’a¢+C28¢—£q§, To >0, 1> 0,

¢ UF+2Qqux2 OC@>Q?>Q

O ):A—Q\ffg 0 CoF(0,8,¢)dC, (3)
d=0,t=0, x9 >0,
¢

N\

( @&ﬁ——¢+wF+2m.oF+TQq%—@py@>4L?>Q
¢_0t—o, Ty > 0,
¢ ¢ — 0 as xy — o0, (4)
=0 W) F + 201 F, 20 =0, (>0, >0,
\ Gu(t) =—2ffC<OCzF¢OtC)dC
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Short time behavior for Rayleigh problem 16

The linearized version of the perturbed density w, the fluid velocity u = (u1, us, u3), and the temperature
T are given by

w= [¢FdC,
57 = J (IS = 5)eFdc.

The linearized collision operator is of the form

L(¢) = K(¢) —v(()¢

which K is an integral operator with kernal

(¢ = 1)
4¢P

—|¢. = Clexp [—% (¢ + |<|2)] }

and v(() is a miltiplicative operator

v(¢) =273 |exp(—|¢|? i |<|ex —r?) dr
(¢) =2 [p( |<|)+(2|C|+\C\)/o p( )d].

k(Ca C*) - 2_3/27T_1 {QK* o C‘_l eXp [ o }LK* o C‘Ql
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2 Main Results

Theorem 1 (Linearized BKW model equation) There exists a positive solution ui(-,t) € L* (R*) for
t > 0 which satisfies the integral equation .

2
_ T2 — Y ~
Uq xg, = \/, u1(y, s A_ exp . +s—1

dsdy + u—\/u%/% exp (—7“2 — @) dr,

-
and
W(iUQ,tA) = U2(5U2,tA) = U3($2,tA) = 7(55277?) = 0. (6)
Moreover,
Wiz, 1) < e~ () 14T+ 0@) fort << 1, (7)
! 2
wi(z9,1) > Z—Z;e_(?z) + @e_(%) tfor0 < @y <t<<1, (8)

On the plate,

< ui(0,1) < —+7t+0( t?) fort << 1. (9)
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Short time behavior for Rayleigh problem 18

Theorem 2 (Linearized Boltzmann equation) There exists a unique solution gb(scg,?, ) € L of equa-
tion (3) which satisfies

|02, 2, = sup [6( £0)] < w2 e et Gl gy > 0, F> 0, (10)
€

for some constant C'; > 0. Furthermore, the flow velocity u, in x-direction satisfies

t) < —e 072 w e 4 0, O(82) fort << 1, 11
U1($2,>_ﬁ6 0 (Vor2) +u 1\/71/4 + 1,y O(#?) for (11)
~ 792 4
uy(xe, t) > Cuw16_2”1x2_2(?) — Uy \[16/'11 “Vorap uwlO(?Z) fort << 1, (12)
me
and
w(xz,tA) = UQ(SU%%\) = U3($27tA) = 7(55277?) = 0. (13)

Here Jy(x) is defined as: Jy(z) = [ e~ ~*dr.
In particular, on the plate the ﬂow velocity satisfies

~ Uy 2 oy N
1 (0,7) — 2L =y V20, +u OF) ast << 1. (14)

2 wl\/7 1/4
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Remark 1 (12) shows that near the plate and for short time, 0 < x5 < t << 1
uy (29, 1) > ety > 0 for some € > 0,

and (14) shows at the plate for short time(() <t<< 1)

u1(0,5)>%>0.

Theory and Applications of Classical and Quantum Kinetic Theory
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Short time behavior for Rayleigh problem 20

Theorem 3 (Full Boltzmann equation) For each I" > 0, there exsits o > 0 such that whenever u,, €
(0,6) the solution of (2) exists for 0 < t < I and satisfies

H¢($27%\7 )HLEO S 2U,w102€_1/0$2+2(03+1)01%\, X2 Z 07 0< %\S F) (15)

for some constants C, Cy, C5 > 0 and 0 < t < I. Futhermore

~ N N Uwl _y —v n N
,O(SUQ, t)u1 (CL‘Q, t) ~ \/—%16 0$2J0 (V()ZCQ) + Uw1201026 0x247‘('1/4t + O(ui}l + U?Ult + le%?), (1 6)
D@y, tuy(xg, 1) > Cuwle_Q”l“_z(%) — U1 201 Coe 0247 A — O(ud | + U2t + wun 2), (17)

where C' > (0 is a constant.
In particular, at the plate

U1

15(0, )ui (0,1) — —= U AT CLOE + Ot B + U 7). (18)

Here p=1+w andw = O(u?,).

wl
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3 Compare with the free molecular flow

In our resultes, we condiser short time ¢ = % << 1.
That is, time t is much less than the mean free time #,.
In this case, collision term is not important. Thus we consider the free transport equation

~

» SV EHH&IM

. +g§jz—o vy >0, 1> 0,

E t—O T9 > 0,
%6 (G1—uan)* =G5~ Sy =0, (>0, 1>0,
_2\/7f§ <0<’2 O Czat)dC7

f—>E as Ty — Q.

@> |

By direct computations one can obtain the solution fand the flow velocity in xz; direction

AN AN 1

flze,8,¢) = Efor ¢, <
f(x%ta C) 372 5€ —(Gi- uﬂﬂ) C2 & for CQ

Theory and Applications of Classical and Quantum Kinetic Theory
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Thus we obtain the macroscopic variables

R ~ Uy T Ut [
01(332,75) = TIET]EC (?2) = —1l GXP(_C%)dfza

U3(w2, 1) = 0,

Dlxg,t) =1, or w(zs, 1) =0,

34 3 . ~ - -
§T =5 tu (1 — 1), OF 7(x2,t) = D (w1 — 01) = Olugy),

In particular, in the original scaling v1(0,%) = % on the plate.

Theory and Applications of Classical and Quantum Kinetic Theory
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\
uj 4 "-\"I t_D 11:0
.\ Upper bound for BKW
Va/lA L
0.4- L N
\, \\‘
)
. \.Free molecular flow
0.3 4 N
021 Lower bound for BKW.. .
, S,
- ".__\_\I
0.1+
0 0.02 0.04 0.06 0.08
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0.5 -
\Upper bound for BKW

%
0.4 5

va/U |

0.2

01

t=0.05t
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Short time behavior for Rayleigh problem 25

In the case of the linearized BKW model equation, we have, more precisely,
uy( T, T / exp —r? — —) dr + %e_(%) [etA— 1}

and

t > ofx2)?
U (ZUQ, > \/,/ exp r2—7) dr+uw116\/§e_te (%), (20)

Comparing (19) with (20) and (9) in the region % < 1 or 42 < (2RTy)"? (the original scale).
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0.55
0541 Upper bound for BKW
va/lU ]
0.53
0.52 4
0.51 4
-h-mﬁlzower bound for BKW
1 e R
e '-H-?—_\___'f_""-—h.._ﬂ__
Free molecular flow—____
0.49 - .
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0 0.0005 0.0010 0.0015 0.0020
X
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0.52 -
Upper bo for BKW
va/U \
0.51 4
o Lower bound for BKW
b
1511 S
g -H""x.\_'“_\_*\'
Free molecularflew
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; .‘—?_3_‘.14-_
0.49 4 S
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0 0.0002 0.0004 0.0006 0.0008 0.0010

X
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Short time behavior for Rayleigh problem 28

Conclusions:

e The flow velocity is a small perturabtion of the order of 7 to the free molecular flow for short time.

e Due to the collision effect, the flow is more accelerated than the free molecular flow on and near the
plate.

Remark 2 The conclusions above agree with Professor Sone’s results.

Remark 3 We choose a microscopic scale (L ~ mean free path ; t, ~ mean frre time) and hence the
particlelike waves dominate the initail layer. But these scales are not adequate for studying the long
time behavior.
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4 Sketch of Proof

Recall the linearized collision integral £ =K — v.

Lemma 1 There exists a constant C, > 0 such that [ |k(¢,(,)|d¢, < Cy forall ¢ € R,
Lemma 2 There exists constants v, v, > 0 such that vo(1+ |(|) < v({) < vi(1+]|¢]) forall ¢ € R,

Lemma 3 If ¢ solves (3) or (4), then ¢ is an odd function in ;.

Proof. Weset ¢ = ¢, + ¢,. ¢, is odd in (; and ¢, is even in (;. For system (3), from the isotropy
property of £ and linearity, we have

(0 0 N
%e + (gl = L(¢.), @2 >0, >0,
b, =0, 129> 0, =0,
Cb@ - _Qﬁ fg2<0 C2F¢e<07ta C)dCFa xo =0, C? >0, 1>0.

| ¢ — 0 as xg — o0,

N\

Then by uniqueness of the linearized Boltzmann equation, ¢, = 0 and so ¢ = ¢,, odd in ;.
Similar arguments apples for the linearized BKW model. =

Theory and Applications of Classical and Quantum Kinetic Theory
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Theorem 1 (Linearized BKW model equation)

1. By Lemma 3, we have
Gu(t) = w(ws, 1) = up(ws, 1) = us(w2, ) = 7(x2,1) = 0
because (5) and the odd property of ¢. This proves (6). Then we consider equation

(0 9 N

d=0, 29>0, =0,

~ 21
| &= 220G, 22 =0, &> 0,750, &)
\ ¢ — 0 as xy — 0.
and derive the integral form of ¢ :
¢ (12,1,¢) = F [ e 12¢ us(wa — Gt — 8), 5)ds for ¢y < 2, 22

6 (22.1,€) = 220G Fe™ + F fi o 7 2C (12 = o(f — s), s)ds for ¢ > %

Theory and Applications of Classical and Quantum Kinetic Theory
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2. Derive the integral equation for ul(:cg,tA) by (22) and (5)

B L2 —Y ’ >
Uy 3327 — \/7 uy y) eXp 'Z\— S +s—1

and then use iteration method to find the solution.
3. Observe that

ot s %xp! ()] /GXP =) <_exp[ ]

P

and plug this into iteration to find the upper bound and lower bound for (s, )

dsdy + / eXp —r? — —) dr

Theory and Applications of Classical and Quantum Kinetic Theory
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Theorem 2 (Linearized Boltzmann equation)

1. From Lemma 3 we have

Gu(t) = w(ws, 1) = up(we, 1) = ug(w2, 1) = 7(2,1) = 0.

This proves (13) and the diffuse reflection condition is simplified. Thus we consider

+C23$2 Lo,
¢ = 2C1uw1F, T9 = 0, CQ > 0,
$=0,7=0,
¢ — 0 as xy — 0.

2. Rewrite the equation as

0 a(b
a%\ + CQa 5 (C)Qb Kgb

Then use the Picard iteration. That is, define a sequence {¢"} which satisfies
%+<2%+V¢0:0,
N =0,t=0,
¢0 = 2uw1C1F, T9 = O, CQ > O,

Theory and Applications of Classical and Quantum Kinetic Theory
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Short time behavior for Rayleigh problem 33

n+1
8¢ + 4 C23gabx 4+ y¢n—|—1 qun’

¢n+1_07 I’QZO, C2>O

Then ) ¢" converges to the solution ¢ in L for z5,t > 0 and we get a pointwise estimate for ¢
16 (22,7 || < winCrerer2e™ (24)

and the integral representation for ¢ is

b (w2,5,C) = fi el ”K@b)( @(t—s) s)ds for ¢, < 2

6 (02,8.0) = G Fe & + [ DK (6) (a2 — GolF - 5), 8)ds for ¢ > % (5)

3. To estimate the flow velocity , we multiply (25 by (; and integrate over ( to yield

(29, / / / Q1 (CFe™ % d¢ + / / / / Ty — (ot — 8), 8)C FdC,dCsdC,ds

(26)
(a) First we find an upper bound and a lower bound of the above first integral from the boundary
effect. This can be done by Lemma 2 and direct computations.

(b) We then estimate the second integral of (26) by using (24)

Theory and Applications of Classical and Quantum Kinetic Theory
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Theorem 3 (Full Boltzmann equation)

1. To solve the full Boltzmann equation, we consider the iteration
a n+1 a n+1
G+ G = Lo+ T (¢, ¢,
o' =0,t=0,
n+1 _ 1_2ﬁf42<0 C2F¢n+1(07£C)dC (Cl_uwl)

2 .2 2
¢ —F e —C—C3 _ F’ To = O7 C2 > ().

(a) Take ¢" = 0 and so we start with this problem

0 0
5+ g = Lo,

o,
gb = O, t = 07
p = T o0 GROORNG ((unf-G-8 _ 50— ¢, >0,

Lemma 4 When 0 < u,; < 1 there exists a solution of (27) satisfying

92,8 )|| e < Cortane™ =BT for ey >0, 7> 0.

34

(27)

(28)

To prove Lemma 4 we need the following estimates and use similar argument in the case of the

linearized Boltzmann equation.

Theory and Applications of Classical and Quantum Kinetic Theory
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o (C1—wu1)’ =G5 —C3

A= 32 F -4
A _._2V%Jésﬁ§%FQWOJ"_%§CQdQK—@rﬂmf_@_@
2 — 71'3/2F ’

=T [ GEG0.T - 2 )de e G
(2.<0 2

= A9 Ago,

~ T
A21 - / CQ*F*¢(07 t— _27 C*)dC*a
C2*<O 2

Lemma 5 There exists a Cy > 0 such that |A;| < Couy for 0 < u,; < 1.

Lemma 6 Foru,; << 1, Ay = O(1) and there exists C3 > 0 such that

BN RN
| /2 F

Theory and Applications of Classical and Quantum Kinetic Theory
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Short time behavior for Rayleigh problem 36
(b) Next we consider the following problem with ) a given function

(L (52 = Lo+ T, ),

1- 2\/_f <0C2*F¢(0tC)dC* (V222
¢ — 2 32F (Gt =G5 F7 XTo = 07 CQ > 07 (29)

p=0 ,t=0,
. @ — 0 as xy — oo.

Lemma 7 Let Hw(acg,tA, N < Ditgie 0202 with Dy > 2(Cy + 1)Cy — vy. For each time interval
¢

0 <t < T there exists a0 < § = §(I') << 1 such that for u,, € (0,5) the solution of (29) exists and
satisfies

- D R
Hqﬁ(:g% t) ) HLEO < C2uw16—uox2+(03+1)01t 4+ %uwle_yon—‘l_DQt.

Theory and Applications of Classical and Quantum Kinetic Theory
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To prove this lemma we need the following two lemmas:
We define the function

(22,1, ¢) = t“5t<wwmm Q@—@sCMMN@

w('x??ta C) — ¢ (O t - QT )6 CQ + f (¢a¢)($2 - CQ( - 8)7 S,C)dS if CQ > =

t Y

where

- 1207 [ o G Fp(05-22.¢,)dC,
D07 2, = el R

BO.F-2,0) = fy @ e TR T, ) (~F — 2 — 5),5,C)ds

Lemma 8 Let Dy, D, > 0 and for any v with W(azz,f ) < Dy e vor Dot

» HLgO
Foreach " > 0 there exists a 9 = §(I') > 0 such that the function v satisfies

D B n
< CQuwle 1/0.172_|_ lee V0x2+D2t

(2o, 1,
H¢(33’2, ) ) > = 4

whenever u,,; € (0,6) and 0 <t <T.

Theory and Applications of Classical and Quantum Kinetic Theory
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Short time behavior for Rayleigh problem 38

Next for a given function ¢ we define a function ¢

p(22,1,() = f V5D [ oy — - Cz(t—s) s, C)ds for (5 < 2,

P(2,1,¢) = 5, (0,1 — & Ge s +f = "D [ o2y — Cz(f— s),5,()ds for ¢, > %

where
~ o~ 2\/_f <0G2s *§0< 2,¢.)dc, w22
QOU)(O,t — —, C ) <2+ T C e —(Cr—uu1)" =G5 C37 C2 > (),
BO.T—2.0) = fy e TDRG (<G -2~ 0),5.0.) ds.

Lemma 9 If || To, 1, < Dyuge "%+ D then

e

D

HQO 332, HLOO — 21uw16—uox2+D2tA for Dy > 2(03 + 1)01 — .

Theory and Applications of Classical and Quantum Kinetic Theory
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(c) Reture to the iteration. Therefore, from Lemma 4 we have
H¢ (x% )HLOO < CQlee—yoangr(Ogﬂ)Olf_
By Lemma 7, taking D; = Csy, Dy = 2(C5 + 1)C, we have
H¢ (3:2, )HLOO < ;wale—ymm(cgﬂ)c@
Apply Lemma 7 repeatedly we obtain the convergence of {¢"} to the solution ¢ satisfying

H¢ (;Uz, )HLOO < QCQlee—uomz+2(03+1)c£_
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2. The integral representation for ¢ is

(20 = fy e fMw@am@(>sxao+3ﬁm@@x—@@—@ﬁxﬂdﬁm<f<7
\ ¢(Ax27%\ ) = ¢,(0, >C)€ @+
fiz e [Ko(ws - @@—%&O+Jw@@rfﬁ?$@OW“m@>7
[ 6,(0,7—2,¢) = SO0 GGG _
| 00T 2.¢) =y ¢ e

| [K oz = Gt = )5, C) + T (0, 0) (s — Gl — 9),5,¢,)] ds
Multiply (31) by ¢, and integrate with respect to ¢ , we have

332, Ul an

/F//Q“”th@2<ﬂ $),5,C) + T (6, 6)(w2 = Colf = 5), 5, Q)] dC1dCsdCods

/ @—2J‘ Co F(0,1 C@d%& A
(2>

(2.<0
E]1+]2+B1—|—BQ.
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Short time behavior for Rayleigh problem 4
3. Expand e~ (=) jn U1
e~ (Gmt)” = =G 1+ 2C w1 + (267 — Vg + Ouyy)]
whence
B, — / . {W—3/26—<<1—uw1>2—<§—<§ _ E} e dC
>
- /c>x2 CLE [2C1un + (2 — 12 + O(ul)] e @ d¢

— [ 2Gun BT ac+ 0y,
§2>$72

(a) The integral in B; is the same as the first integral of (26) and then follow the result in the case of
the linearized Boltzmann equation we have

Cuwle_z”lxr?(T) — O(uful) < B < Me_”‘)”“"QJQ (voxe) + O(uil)

\/E

forsome C' > 0andt << 1.
(b) We then estimate the other integrals of (33) by using (30).
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Thank you for your attention !
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