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The fast diffusion equation

u=Au" xeRY t>0

@ Fast diffusion equations: entropy methods
Barenblatt solutions, relative entropy functional, large time
asymptotics, functional inequalities

Q Fast diffusion equations: linearization of the entropy
weighted L? spaces, spectral gap, and asymptotic rates

© Gagliardo-Nirenberg and Sobolev inequalities: improvements
discarding asymptotic eigenmodes and getting improved
functional inequalities

@ [Sobolev and Hardy-Littlewood-Sobolev inequalities: duality,
flows]
extinction in the regime of separation of variables and concavity
along the flow
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Fast diffusion equations: entropy methods

Fast diffusion equations: linearization of the entropy
Gagliardo-Nirenberg and Sobolev inequalities: improvements
Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Fast diffusion equations: entropy

methods
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Fast diffusion equations: entropy methods

Existence, classical results

u=Au" xeRY t>0

Self-similar (Barenblatt) function: U(t) = O(t=94/(2=d=m)) a5
t — 400
[Friedmann, Kamin, 1980] |Ju(t,-) — U(t,-)||1=~ = o(t~/—d1=m)

heat equation

fast diffusion equation - -
porous media equation

t — > m
d—2 d—1
d d 1

extinction in finite time

global existence in L'

Existence theory, critical values of the parameter m
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Fast diffusion equations: entropy methods

Intermediate asymptotics for fast diffusion & porous media

Some references

Generalized entropies and nonlinear diffusions (EDP, uncomplete):
[Del Pino, J.D.], [Carrillo, Toscani], [Otto], [Juengel, Markowich,
Toscani], [Carrillo, Juengel, Markowich, Toscani, Unterreiter], [Biler,
J.D., Esteban], [Markowich, Lederman], [Carrillo, Vizquez],
[Cordero-Erausquin, Gangbo, Houdré], [Cordero-Erausquin, Nazaret,
Villani], [Agueh, Ghoussoub],... [del Pino, Sdez|, [Daskalopulos,
Sesum]...

Some methods

1) [J.D., del Pino] relate entropy and Gagliardo-Nirenberg inequalities
2) entropy — entropy-production method the Bakry-Emery

point of view

3) mass transport techniques

4) hypercontractivity for appropriate semi-groups

5) the approach by linearization of the entropy

Focus: Fast diffusion equations and Gagliardo-Nirenberg inequalities
We follow the same scheme as. for the heat equation
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Fast diffusion equations: entropy methods

Time-dependent rescaling, Free energy

@ Time-dependent rescaling: Take u(7,y) = R™9(t) v (t,y/R(7))

where OR
— = RI-mM-1 " RO)=1, t=IlogR
57 . R(0)=1, og
@ The function v solves a Fokker-Planck type equation
%:Avm—i—v-(xv), Vir=0 = Uo

@ [Ralston, Newman, 1984] Lyapunov functional:
Generalized entropy or Free energy

Y[v] '—/ v —|—l|x|2v dx — X
T Jee\m—1"2 0

Entropy production is measured by the Generalized Fisher
information

d
EZ[V] =—Iv], Iv]:= /]Rd %

2

Vv dx

v

—+ X
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Fast diffusion equations: entropy methods

Relative entropy and entropy production

@ Stationary solution: choose C such that ||ve| 1 = |lul|p =M >0
_ ~1/(1—
Voo (x) = (C + 32 [x[?) | fmm

Relative entropy: Fix Y so that ¥[v.] = 0. The entropy can be put
in an m-homogeneous form: for m # 1,

S[v] = fpo 0(25) VT dx  with (t) = E=mEED

Voo m—1

@ Entropy — entropy production inequality

dZS,me[%,+oo),m>%,m7é1

Ilv] > 2%[v]

4

Corollary

A solution v with initial data ug € L. (RY) such that |x|* up € L}(RY),
ul € LY(RY) satisfies T[v(t, )] < T[uo] e 2t
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Fast diffusion equations: entropy methods

An equivalent formulation: Gagliardo-Nirenberg inequalities

” 2
Yy —l—x’ dx = % 1[v]

V] = fuo (75 + 3xPV) dx — o < 3 v

Rewrite it with p = v=w? v’ =wPt as

2m—1°
1/ 2m \° ) 1 -
= Vw|“d — —d Pd K>0
2(2m—1) Rd| w| X+(1—m ) Rd|W| xR
0 1< p=51- <% « Fast diffusion case: &2 <m<1;
K <0

@ 0 < p <1 <= Porous medium case: m>1, K >0
o for some v, K = Ko ([go vdx = [pq w?P dX)AY

QW= Wy = Voc{ P is optimal

o m=m; = dT. Sobolev, m — 1: logarithmic Sobolev

[Del Pino, J.D.] Assume that 1 < p < - (fast diffusion case) and

d>3
e < AHvW||L2(Rd 1wl e

0 0
_ (y(p=1)*\2 (2y—d ry) \¢9 o d(p—1) _ ptl
A= ( 2nd ) ( 2y ) ( (y—*)) , 0= p(d2—(d-2p) > Y = p—1
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Fast diffusion equations: entropy methods

Intermediate asymptotics

Y [v] < ¥[ug] e+ Csiszar-Kullback inequalities
Undo the change of variables, with

oo (£, %) = R™9(t) veo (x/R(t))

Theorem

[Del Pino, J.D.] Consider a solution of uy = Au™ with initial data
up € L% (RY) such that |x|? up € L*(R?), uf" € LY(RY)
o Fast diffusion case: &5t < m<1ifd >3

1—d(1—m)
limsup t2=d0=m ||[u™ — uZ |2 < 400
t—+o00

@ Porous medium case: 1 < m< 2
1+d(m—1)

limsup t2dm=1 || [u — too] u™ ! |1 < +00

t——+o0
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Fast diffusion equations: entropy methods

Fast diffusion equations: the finite mass regime

Can we consider m < my ¢

@ If m > 1: porous medium regime or m; := % < m<1,the
decay of the entropy is governed by Gagliardo-Nirenberg
inequalities, and to the limiting case m = 1 corresponds the
logarithmic Sobolev inequality

@ Displacement convexity holds in the same range of exponents,
m € (my,1), as for the Gagliardo-Nirenberg inequalities

@ The fast diffusion equation can be seen as the gradient flow of the
generalized entropy with respect to the Wasserstein distance if
~ _ _d
m>m = d+2
@ If m. .= df;z < m < my, solutions globally exist in L' and the

Barenblatt self-similar solution has finite mass
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Fast diffusion equations: entropy methods

..the Bakry-Emery method

We follow the same scheme as for the heat equation

Consider the generalized Fisher information

I[v] ::/ v|Z]? dx with Z:= vV
Rd

+ x
and compute
d
9t 2 1t )] = —2 (m—l)/ (divZ)? dx— 22 / (0,272
dt Rd J 1
@ the Fisher information decays exponentially:
Iv(t,-)] < Huo) e~ 2t
0 limi_oo I[v(t,-)] =0 and lim¢— o X[v(t,-)] =0
° 4 (/[v(t, 3 - 2%[w(t, -)]) < 0 means /[v] > 2[v]
[Carrillo, Toscani], [Juengel, Markowich, Toscani], [Carrillo, Juengel,

Markowich, Toscani, Unterreiter], [Carrillo, Vizquez]

I[v] > 2X[v] holds for any m > mc, at least for radial solutions

J. Dolbeault Improved Sobolev inequalities



Fast diffusion equatlons entropy methods

Fast diffusion equations linearization of the entrc p

Gagliardo-Nire mprovements
Sobolev and Hardy- es: duality, flow

Fast diffusion: flnlte mass regime

Inequalities...

Sobolev
logarithmic Sobolev
/ Gagliardo-Nirenberg

—> m

Lo

v e Ly e L1

Bakry-Emery method (relative entropy)

global existence in L!

. existence of solutions of u; =
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More

Fast diffusion equations: entropy methods

references: Extensions and related results

Mass transport methods: inequalities / rates [Cordero-Erausquin,
Gangbo, Houdré|, [Cordero-Erausquin, Nazaret, Villani], [Agueh,

Ghoussoub, Kang
General nonlinearities [Biler, J.D., Esteban)],

[Carrillo-DiFrancesco,
[Carrillo-Juengel-Markowich-Toscani-Unterreiter] and gradient
flows [Jordan-Kinderlehrer-Otto], [Ambrosio-Savaré-Gigli],

Otto-Westdickenberg] [J.D.-Nazaret-Savaré], etc
on-homogeneous nonlinear diffusion equations [Biler, J.D.,

Esteban], [Carrillo, DiFrancesco]
Extension to systems and connection with Lieb-Thirring

inequalities [J.D.-Felmer-Loss-Paturel, 2006],

J.D.-Felmer-Mayorga]
rift-diffusion problems with mean-field terms. An example: the

Keller-Segel model [J.D-Perthame, 2004],
[Blanchet-J.D-Perthame, 2006], [Biler-Karch-Laurengot-Nadzieja,
2006], [Blanchet-Carrillo-Masmoudi, 2007], etc

.. connection with linearized problems [Markowich-Lederman],
[Carrillo-Vézquez], [Denzler-McCann], [McCann, Slepéev], [Kim,
Me(lannl [Karh Ma(lann Qlanfaoy]
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Fast diffusion equations: entropy methods
Fast diffusion equations: linearization of the entropy
Gagliardo-Nirenberg and Sobolev inequalities: improvements

Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Fast diffusion equations: the infinite
mass regime
Linearization of the entropy

" P
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Fast diffusion equations: linearization of the entropy

Extension to the infinite mass regime, finite time vanishing

@ If m>m.:= % < m < my, solutions globally exist in L!(R9)

and the Barenblatt self-similar solution has finite mass.
@ For m < m., the Barenblatt self-similar solution has infinite mass

Extension to m < m. ¢ Work in relative variables !

X[Vp, VD, = 0 Vp, — Vp, € !
vo— Vp, € ! Z[VDllvDo] <0
VD1 - VDO g Ll ‘ Vo, VD S Ll
! ; ; — > m
d—4 d=2 _d_ a1 1
d—2 d d+2 d Gagliardo-Nirenberg

—

Bakry-Emery method (relative entropy)

vm e Lty e L

global existence in L'

My me my

J. Dolbeault Improved Sobolev inequalities



Fast diffusion equations: linearization of the entropy

Entropy methods and linearization: intermediate
asymptotics, vanishing

[A. Blanchet, M. Bonforte, J.D., G. Grillo, J.L. Vézquez], [J.D.,
Toscani]
@ work in relative variables
@ use the properties of the flow
@ write everything as relative quantities (to the Barenblatt profile)
@ compare the functionals (entropy, Fisher information) to their
linearized counterparts
= FEztend the domain of validity of the method to the price of a
restriction of the set of admissible solutions
Two parameter ranges: m < m < 1and 0 < m < m., where
me = %
@ m. < m<1, T =+o0: intermediate asymptotics, 7 — 400
@ 0 <m< me, T <+o0: vanishing in finite time lim,; ~7 u(7,y) =0

Alternative approach by comparison techniques: [Daskalopoulos,
Sesum]| (without rates)
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Fast diffusion equations: linearization of the entropy

Fast diffusion equation and Barenblatt solutions

u 1-m
% = -V - (uVu™ ) = — Au™ (1)
with m < 1. We look for positive solutions u(r, y) for 7 > 0 and
y € R?, d > 1, corresponding to nonnegative initial-value data
up € Li,c(dx)
In the limit case m =0, u™/m has to be replaced by log u
Barenblatt type solutions are given by

1
y 12y "
),

Q If m>me = (d—2)/d, Up 1 with R(r) := (T +7)7@ 7 describes
the large time asymptotics of the solutions of equation (1) as 7 — oo
(mass is conserved)

Q If m < m. the parameter T now denotes the extinction time and
R(7) = (T — 1)~ 7mem

@ If m= mc take R(t) = e, Up,7(7,y) = e 97 (D + 72" |y|2/2)_d/2

UD,T(Ta }/) = R(l‘-)d (D + 2d|lr;Tmc|

Two crucial values of m: m. := 4=% <« m. .= =2 1
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Fast diffusion equations: linearization of the entropy

Rescaling

A time-dependent change of variables

t:= mlog(EOD and x::,/mﬁ

If m= mc, we take t = 7/d and x = e™ " y/\/2

The generalized Barenblatt functions Up, 7(7,y) are transformed into
stationary generalized Barenblatt profiles Vp(x)

_1
Vp(x) == (D + |x]*)"" xeR?
If u is a solution to (1), the function v(t,x) := R(7)? u(r, y) solves
ov

5= Vv VvET)] £>0, xeR (2)

with initial condition v(t = 0,x) = w(x) := R(0)~9 uo(y)
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Fast diffusion equations: linearization of the entropy

Goal

We are concerned with the sharp rate of convergence of a solution v of
the rescaled equation to the generalized Barenblatt profile Vp in the
whole range m < 1

Convergence is measured in terms of the relative entropy

1
Elv] = —/ V" — VB —mVy~ (v — Vp)] dx
m-—1 R
forall m#0, m<1

Assumptions on the initial datum vy

(H1) Vp, < v < Vp, for some Dy > Dy >0

(H2) if d > 3 and m < m,, (vo — Vp) is integrable for a suitable

D e [Dl, Do]

Q@ The case m=m, = % will be discussed later

@ If m > m,, we define D as the unique value in [Dy, D] such that
Jza(vo — Vp)dx =0

Our goal is to find the best possible rate of decay of E|v] if v solves (2)
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Fast diffusion equations: linearization of the entropy

Sharp rates of convergence

[Bonforte, J.D., Grillo, Vazquez| Under Assumptions (H1)-(H2), if
m < 1 and m # m,, the entropy decays according to

Elv(t,)] < Ce2=mAt vyt >0

The sharp decay rate N\ is equal to the best constant A, 4 > 0 in the
Hardy—Poincaré inequality of Theorem 7 with a.:=1/(m—1) <0
The constant C > 0 depends only on m,d, Dy, D1, D and E[v]

@ Notion of sharp rate has to be discussed

@ Rates of convergence in more standard norms: L9(dx) for
q > max{l,d(1—m)/[2(2—m)+d (1 - m)]}, or CX by
interpolation

@ By undoing the time-dependent change of variables, we deduce
results on the intermediate asymptotics of (1), i.e. rates of decay
of u(t,y) — Up,7(7,y) as 7 — +oo if m € [mc,1), oras 7 — T if

mcecl_~ m
J. Dolbeault Improved Sobolev inequalities



Fast diffusion equations: linearization of the entropy

Strategy of proof

Assume that D = 1 and consider d,ua := hy dx, ho(x) := (14 [x]?)®,
witha=1/(m—-1) < O and L, g := —h1_q, div[h” V-] on L2(dpug):
de a d f d,Ufa 1= de |Vf| d,Ufa
A first order expansion of v(t,x) = ha(x) [1+ € f(t,x) h}~™(x)] solves
of

8—+£adf—0

Theorem

[A. Blanchet, M. Bonforte, J.D., G. Grillo, J.-L. Vidzquez] Let d > 3. For
any o € (—00,0) \ {a.}, there is a positive constant N, 4 such that

/\a_’d/ If1? dpte—1 5/ VPP due Ve HY(duea)
R Rd
under the additional condition fRd fdua—1=0ifa < as
I(d-2+20)? ifae[-42 o) U (a,0)
_ d+2
Nog=1< —4a-2d /fae[—d,—%)
—2a ifo € (—oo. —d)
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Fast diffusion equations: linearization of the entropy

Relative entropy and Fisher information, interpolation

For m # 0, 1, the relative entropy of J. Ralston and W.I. Newmann
and the generalized relative Fisher information are given by

Flw] = %f]&d [W— 1-— %(W’" — 1)] V5 dx
Ilw] = fRd

where w = . If v is a solution of (2): 4 Flw(t, )] = — Z[w(t,")]
@ Linearization: f := (w — 1) V5™, h:=max{hy,1/h1},
hi(t) := infw(t,-), ha(t) := supw(t, ). With |im_ooh(t) =1

v dx

2
mer V[ =1) Vg

2
hm=? le|2 Vp " dx < — Flw] < h7 /le|2 VE dx

/d |VF|? Vp dx < [1 + X(h)]Z[w] + Y (h) / |F12 VA~™ dx

where H°72™ =: 1+ X(h), d (1 — m) [*C=™) —1] =: Y(h)
and limp_1 X(h) = limp—1 Y(h) =0
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Fast diffusion equations: linearization of the entropy

Proof (continued)

@ A new interpolation inequality: for h > 0 small enough

B2 (14 X(B)]
[Aag = m Y (h)]

Flw] < 5 mZ[w]

@ Another interpolation allows to close the system of estimates: for
some C, t large enough,

0< h—1 < Cfd+z d+1)m
Hence we have a nonlinear differential inequality

Aeg — m Y (h)

d
g = =2 [1+ X(h)] h2=m

Flw(t, )]

@ A Gronwall lemma (take h =1+ C Farwm d+1)'") then shows that

limsup e2"¢* Flw(t,-)] < +oo

t—oo
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Fast diffusion equations: entropy methods
Fast diffusion equations: linearization of the entropy
Gagliardo-Nirenberg and Sobolev inequalities: improvements
Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Plots (d = 5)

PHIY Spectrum of £a.x

(@=5)

Essential spectrum

of (1 =m) L1fm-1),a

Spectrum of
(L=m) L1fon-1),a

P
me = =]
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Fast diffusion equations: linearization of the entropy

Remarks, improvements

@ Optimal constants in interpolation inequalities does not mean
optimal asymptotic rates

@ The critical case (m = m,, d > 3): Slow asymptotics [Bonforte,
Grillo, Véazquez] If |vg — Vp| is bounded a.e. by a radial L!(dx)
function, then there exists a positive constant C* such that
Elv(t, )] < C*t Y2 forany t >0

@ Can we improve the rates of convergence by imposing restrictions
on the initial data ?

o [Carrillo, Lederman, Markowich, Toscani (2002)] Poincaré
inequalities for linearizations of very fast diffusion equations
(radially symmetric solutions)

¢ Formal or partial results: [Denzler, McCann (2005)], [McCann,
Slepcev (2006)], [Denzler, Koch, McCann (announcement)],

@ Faster convergence 7

¢ Improved Hardy-Poincaré inequality: under the conditions

Jga fdiia—1=0and [,y xfdua—1 =0 (center of mas),
Aos oo [FP ity < [ IVFP dp
¢ Next ? Can we Kkill other linear modes 7
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ons: entropy methods
on of the entropy

sagliarc €
Sobolev and Hardy L\..Uu - 'T\, Ho«,s

Improved asym ptotlc rates

[Bonforte, J.D., Grillo, Vazquez] Assume that m € (my,1), d > 3.
Under Assumption (H1), if v is a solution of (2) with initial datum v
such that fRd X vop dx = 0 and if D is chosen so that
fRd(Vo — VD) dx = 0, then

E[v(t,)] < Ce Mt yi>0

with y(m) = (1 = m) Ay /(m-1),4

J. Dolbeault Improved Sobolev inequalities



Fast diffusion equations: linearization of the entropy

Higher order matching asymptotics

For some m € (mc,1) with m. := (d — 2)/d, we consider on R the
fast diffusion equation

Ou

— +V-(uvu™ ) =0
or ( )
The strategy is easy to understand using a time-dependent rescaling
and the relative entropy formalism. Define the function v such that

u(T,y—i—xo):R*dv(t,x), R = R(7), t:%logR7 X:%

Then v has to be a solution of

%Jrv. {V (U%m—mc)v\,m*l—zx)} -0 t>0, xecRY

with (as long as we make no assumption on R)
dR
) 2=

d
2 —5(m—mc) _ led(lfm
7 dr
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Fast diffusion equations: linearization of the entropy

Refined relative entropy

Consider the family of the Barenblatt profiles

B,(x) =0~ ?(CM+1|X|)’"1 vV x € RY (3)
Note that o is a function of t: as long as dt 2 # 0, the Barenblatt
profile B, is not a solution but we may still consider the relative
entropy

1

m—1
Let us briefly sketch the strategy of our method before giving all
details
The time derivative of this relative entropy is

d do (d m m1 v
Efa’(t)[v(t )] - dt <d0_ f”[v]> |o-:o-(t)+m — 1 R ( B ) 51’ d

Folv] = ) [v™ — Bl

o

—mBI' ! (v —B,)] dx

choose it =0
<
Minimize F_llwrt a7 <= [ IxI2B_dx = [ IxI?2 7 dx

J. Dolbeault Improved Sobolev inequalities



Fast diffusion equations: linearization of the entropy

The entropy / entropy production estimate

According to the definition of B,, we know that
2x = gs(m=—m) ypm-1
Using the new change of variables, we know that

d _ mo(t)smmmo)

Let w := v/B, and observe that the relative entropy can be written as

\Y {vm_l — Bl’j"(;)l} ’2 dx

Folv] = % y [W—l—%(wm—l)] B dx

(Repeating) define the relative Fisher information by

7,[v] = /R

so that %]—'U(t)[v(t, N=—m(l—m)o(t) Loov(t,)] V>0

When linearizing, one more mode is killed and o(t) scales out

ﬁ \Y% [(W’"_1 -1) Bl’j"_l} ’2 B, w dx

J. Dolbeault Improved Sobolev inequalities



Fast diffusion equations: linearization of the entropy

Improved rates of convergence

Let me (my,1), d > 2, vg € L1 (RY) such that v, |y|> v € L}(RY)
E[v(t, )] < Ce 27(Mt vi>0

((d=2) m—(d—4))

where “agem - fme (1, ]
Am) = 4(d+2)m—4d ifme [, m)]
4 ifm e [my,1)

J. Dolbeault Improved Sobolev inequalities



Fast diffusion equations: entropy methods
Fast diffusion equations: linearization of the entropy

Gagliardo-Nirenberg and Sobolev inequalities: improvements
Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Gagliardo-Nirenberg and Sobolev
inequalities:

improvements
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Gagliardo-Nirenberg and Sobolev inequalities: improvements

Gagliardo-Nirenberg and Sobolev inequalities:
further improvements

A brief summary of the strategy for further improvements

@ In the basin of attraction of Barenblatt functions: improving the
asymptotic rates of convergence for any m

v

E-I—V-(VVV’"_l):O t>0, xeRY
with m e (452,1),d >3

@ The % factor in the entropy - entropy production inequality can
be explained by spectral gap considerations

@ This factor can be improved for well prepared initial data, if

d—1

m=> =g

@ Global improvements can be obtained using rescalings which

depend on the second moment, even for m = <1

J. Dolbeault Improved Sobolev inequalities



Fast diffusion equations: entropy methods

Fast diffusion equations: linearization of the entropy
Gagliardo-Nirenberg and Sobolev inequalities: improvements
Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Spectral gaps and best constants

J. Dolbeault

~(m) 4
4
— d+1
2= 02
o did
T A6
2
e Case 1
— Case 2
e Caise 3
0 m
1
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Gagliardo-Nirenberg and Sobolev inequalities: improvements

Best matching Barenblatt profiles

Consider the fast diffusion equation

%+v- {u (J;’(m—mc)wm*l—zx)] -0 t>0, xecR?

with a nonlocal, time-dependent diffusion coefficient

1

o(t) = Ko |x|? u(x,t) dx, Ky:= /Rd |x|? Bi(x) dx

Rd
where )

Ba(x) =A% (Cu+Lx*)™" VxeR?
and define the relative entropy

1

]:)\[U] = m-—1 Rd

[u™ — B — mBY " (u— By)] dx

J. Dolbeault Improved Sobolev inequalities



Gagliardo-Nirenberg and Sobolev inequalities: improvements

Three ingredients for global improvements

Q infaso Falu(x, t)] = Forplu(x, t)] so that

qd
dt

where the relative Fisher information is

fa(t)[u(x’ t)] = _Ja(t)[u('v t)]

Tal] = AEmm) [y |yt — Bt dx
1-m R4

Q In the Bakry-Emery method, there is an additional (good) term

Foylul,
%] % (]—"U(t)[u(-, t)]) > % (ja(t)[u('v t)])

4 1—|—2Cm,d

© The Csiszdr-Kullback inequality is also improved

Folu] = Cinllu - Ba“il(]gd)

m
SfRd B dx

J. Dolbeault Improved Sobolev inequalities



Gagliardo-Nirenberg and Sobolev inequalities: improvements

An improved Sobolev inequality: the setting

Sobolev’s inequality on R?, d > 3 can be written as

|Vf|2 dx — Sy (/ |f|% dX) >0 VfED1’2(Rd)
R4 R4

and optimal functions take the form

,y,o(x) = T VXE R

where Cy is uniquely determined in terms of M by the condition that

_2d
Jpa i1y dx =M and (M,y,0) € Mg = (0,00) x RY x (0, 00). Define
the manifold of the optimal functions as

9:)’td = {fM,y,G : (nyva) € Md}

and consider the relative entropy functional

= -7 7% % d 24=1 29=1
= g, [ [ (7120 - (75 5] o

N
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Gagliardo-Nirenberg and Sobolev inequalities: improvements

An improved Sobolev inequality: the result (1/2)

[J.D., G. Toscani] Let d > 3. For any f € DV2(RY), we have

d—2
d f12
/ |Vf|? dx — Sg (/ |f|—fi2 dx) Z%
Re Re IxI2 £ 7% 1 ey

The functional R[f] is a measure of the distance of f to My and
because of the Csiszar-Kullback inequality, we get
R[f] > CCK

it 1F17% — g% ey

[l iy IIfIILz*oRd)

with explicit expressions for C; and Cok
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Gagliardo-Nirenberg and Sobolev inequalities: improvements

An improved Sobolev inequality: the result (2/2)

Corollary

[J.D., G. Toscani] Let d > 3. For any f € DY2(R?), we have

/|Vf|2 i 5 (/ = dx)
R R

Cqy
23432 g'enf H|f|d = _gd 2||L1 (R9)
AL,

@ The expression of €4 is also explicit

@ A similar result holds for Gagliardo-Nirenberg inequalities with
pe(lg%)
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Sobolev and Hardy-Littlewood-Sobolev inequalities:
duality, flows

Outline
9 Legendre duality

@ Sobolev and HLS inequalities can be related using a nonlinear
flow compatible with Legendre’s duality

@ The asymptotic behaviour close to the vanishing time is
determined by a solution with separation of variables based on
the Aubin-Talenti solution

9 The vanishing time T can be estimated using a priori estimates

@ The entropy H is negative, concave, and we can relate H(0) with
H’(0) by integrating estimates on (0, T), which provides an
improvement of Sobolev’s inequality if d > 5
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Legendre duality

To a convex functional F, we may associate the functional F* defined
by Legendre’s duality as

F*[v] = sup (/R uv dx — F[u])

@ To Ffu] =1 [} p(ze): We associate Ff[v] = : [IV[1Za(ga) Where p
and g are Holder conjugate exponents: 1/p+1/g=1
@ To Ffu] = 1S4 ||Vu||i2(]Rc,)7 we associate

1
Fylv] = 5 St /Rd v(—A)"tv dx

where (—A)7lv = Gy * v, Ga(x) = 75 [S97H T x[>if d > 3

As a straightforward consequence of Legendre’s duality, if we have a
functional inequality of the form Fi[u] < F>[u], then we have the dual
inequality F[v] > F;[v]
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

ev and HLS

As it has been noticed by E. Lieb, Sobolev’s inequality in R?, d > 3,
ullfes (gey < Sa I Vullfomey ¥ ue DVA(RY) (5)

and the Hardy-Littlewood-Sobolev inequality

Su VI 34, 0 / V(A tvde YvelH®Y) ()
are dual of each other. Here S, is the Aubin-Talenti constant and
% — 2d
d—2
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Using a nonlinear flow to relate Sobolev and HLS

Consider the fast diffusion equation

@:Avm t>0, xeR
ot

If we define H(t) := Hqa[v(t, )], with

Hy[v] := /R V(=8) k= Sy Iy

then we observe that

2
1 d -
ZH = —/ vl dx + Sy </ vii dx) Vv . Vv dx
2 RY RY Rd

where v = v(t, -) is a solution of (7). With the choice m = 922 we

d+2°
find that m+1 = dz—fQ
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

A first statement

[J.D.] Assume that d > 3 and m = Z—Ig. If v is a solution of (7) with

nonnegative initial datum in 129/(d+2)(R9), then

/ v(=A)"tv dx — Sy ||v]? 2 }
Rd L

712 (RY)
2

d
= (/Rd ym+l dx) [Sd HVUHiZ(Rd) = ||u||i2*(Rd)} >0

The HLS inequality amounts to H < 0 and appears as a consequence
of Sobolev, that is H' > 0 if we show that limsup,-oH(t) =0
Notice that u = v™ is an optimal function for (5) if v is optimal for (6)

J. Dolbeault Improved Sobolev inequalities



Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Improved Sobolev inequality

By integrating along the flow defined by (7), we can actually obtain
optimal integral remainder terms which improve on the usual Sobolev
inequality (5), but only when d > 5 for integrability reasons

Theorem

[J.D.] Assume that d > 5 and let q = d+2 There exists a positive
constant C < (1+2) (1 — e 9/2) 54 such that

Sallwill? .y  — /Rd w9 (=) tw dx

L 72 (R9)

< CIWIEZ gy [IVW Iy = Sa W12 g

for any w € DH2(R9)
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Solutions with separation of variables

Consider the solution vanishing at t = T:
Vr(t,x) = c(T —t)* (F(x))¥&2 V¥ (t,x) € (0, T) x RY

where v = (d +2)/4, ™" =4md, m= 975, p=d/(d —2) and F is
the Aubin-Talenti solution of

—AF = d(d — 2) Fld+2/(d=2)
Let [[v]l+ 1= sup,epa(1 + |x|2)7*2 |v(x)]

Lemma

[M. delPino, M. Saez], [J. L. Vdzquez, J. R. Esteban, A. Rodriguez]
For any solution v of (7) with initial datum vy € 1.29/(4+2)(R9), v, > 0,
there exists T >0, A > 0 and xp € RY such that

lim (T — t)" =7 [|v(t,)/¥(t,") — 1], = 0

t—T_

with V(t,x) = NID2 71 (t, (x — x0)/\)
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

A first set of a priori integral estimates

Let J(t) := [go v(t,x)™! dx. Let d >3 and m = (d —2)/(d +2)

[J.D.] If v is a solution of (7) vanishing at time T > 0 with vo € L2" (R9)

a(T-1)\*? T-5) 2
(B552)° <1 < 30) . 19v7(8, ) Rageey > S5 (2452)
S%(d+2 Sd(fRdvo"'l dx)

for any t € (0, T). Moreover, if d > 5, we also have

3(0) = [ V) dxz [t e 28 eIV IR
Rd R4

IVv™(t, Mgy < 1V I 2o

d+2 m—+1 m||—2
T2 30 o0 XNVl
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Proofs (1/2)

J(t) := Jpa v(t,x)™ dx satisfies
V= =(m+1)[Vv ey < 5, Jima
If d > 5, then we also have
J'=2m(m+ 1)/ v (AV™)? dx > 0
Rd
Such an estimate makes sense if v = V7. This is also true for any

solution v as can be seen by rewriting the problem on S¢:
integrability conditions for v are exactly the same as for vt |

Notice that

J m+1 2 2d 1 B d
< = —d < — 1 = — m+1 < —
7S S, J < -k with & d125, </ dx) <57

aln
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Proofs (2/2)

By the Cauchy-Schwarz inequality, we have
2
IV 2oy = (/ Sm1)/2 A m . (mi)2 dx)
Rd

g/ vl (Av™)? dx/ vl dx
RY RY

—(d-2)/d .
so that Q(t) == [[Vv™(¢,-) |12 (®9) (Jgov™ x) dx) (d=2)/d 1o
monotone decreasing, and

/ /
H =2J(54Q—1), H”ijH’+2JSdQ’ JJ H' <0

, 2d 1 . —2/d
HNS—K/H/ with Ii—d—_’_25—d</]RdV0+ldX)

By writing that —H(0) = H(T) — H(0) < H'(0) (1 — e™*T)/k and
using the estimate k T < d/2, the proof is completed

J. Dolbeault Improved Sobolev inequalities
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

The two-dimensional case: Legendre duality

Onofri’s inequality amounts to F1[u] < Fy[u] with

1
Fi[u] := log / e'du | and Ffu] = —/ |Vul? dx+/ up dx
R2 167 R2 R2

Proposition

[E. Carlen, M. Loss], [V. Calvez, L. Corrias] For any v € L (R?) with
Jge v dx =1, such that v logv and (1 + log |x|?*) v € L}(R?), we have

Ffv]-F[v] = -/]R2 v log (%) dx—47r-/]Rz (v—p)(=A)" v —p)dx>0

Notice that —Alog u = 87 u can be inverted as

(~8) " = 5 log ()
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

The two-dimensional case: log HLS and...

Ha[v] := /Rz(v—u)(—A)_l(v—u)d _%/Wmog (5) dx

Assume that v is a positive solution of
0

v v
— =Alog| — t>0 R?
ot og (H) >0, xe¢

Proposition

[J.D.] If v is a solution with nonnegative initial datum vy in L1(R?) such
that [o, vo dx =1, vo log vo € L*(R?) and vo log i € LY(R?), then

d 1 ) u
EHz[v(t,-)] = l67 -/]R2 |Vul* dx /]11{2 (e —1)udpu

with log(v/p) = u/2
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

The two-dimensional case: ...Onofri's inequality

d 2 u
dtH2[ 1677/ |Vul dx—/( —1udp

The right hand side is nonnegative by Onofri’s inequality:

d 2
u >
dtHz[v( )]*16 /|Vu| dx—|—/ udy— Iog(/Rze du)o

o If [, udu=1, then

—/ egud,uz—log</ e“du)
R2 R2

o Corollary: for any u € D(R?) such that [, e? du =1, we have

1

— Yul? dx > -1V udnu
o7 Jy VY X—/Rz<ez Judn
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

The two-dimensional case: the sphere setting

The image w of v by the inverse stereographic projection on the
sphere S?, up to a scaling, solves the equation

0
W Aglogw t>0, yeS?
ot
More precisely, if x = (x1,x2) € R2, then v and w are related by
_ u(t,x) _ (20a00) 112 o 2
W(tjy)747T‘LL(X) 9 - (1+|X‘2 ’1+‘X|2) GS
The loss of mass of the solution of
ov
— =Alo t>0, xecR?
B g v X
is compensated in case of
0
—V—Alog(ﬁ) t>0, xecR
ot 1

by the source term —A log
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Thank you for your attention !
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