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@ Gagliardo-Nirenberg inequalities: old and new

@ Sobolev and Hardy-Littlewood-Sobolev inequalities: duality,
flows, and an improvement of Sobolev based on HLS

© Gagliardo-Nirenberg and Sobolev inequalities: further
improvements, in the spirit of [G. Bianchi and H. Egnell]

Improvements of Sobolev’s inequality have been questioned by
[H. Brezis and E. H. Lieb]

@ [G. Bianchi and H. Egnell]: Compactness methods

@ [A. Cianchi, N. Fusco, F. Maggi, and A. Pratelli]:
Rearrangements techniques

Two new answers:
@ [J.D]: A non-local estimate based on HLS

@ [J.D., G. Toscani]: Entropy methods and matching Barenblatt
approaches
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Gagliardo-Nirenberg inequalities: old and new

Gagliardo-Nirenberg inequalities: old and new

Outline
@ The fast diffusion equation and Gagliardo-Nirenberg inequalities
@ Onofri’s inequality as a limit case in dimension d = 2

@ The Keller-Segel model: relative entropies or free energies and
the logarithmic Hardy-Littlewood-Sobolev inequality

@ A puzzling result of Carlen, Carrillo and Loss on
Hardy-Littlewood-Sobolev inequalities
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Gagliardo-Nirenberg inequalities: old and new

The fast diffusion equation

Consider the fast diffusion equation (FDE)
— =Av" t>0, xeR

with exponent m € (452,1), d > 3, or its Fokker-Planck version

%:Au’"—kv-(xu) t>0, xeR

with ug € L (R?)) such that uf’ € L} (R9)) and |x[? up € L (R7))

Any solution converges as t — oo to the Barenblatt profile

Uso(x) = (Cu + 52 |x[2) ™ x € R?

[A. Friedman, S. Kamin], [M. del Pino, J.D]

J. Dolbeault Sobolev and Hardy-Littlewood-Sobolev inequalities: duality and fast diffusion



Gagliardo-Nirenberg inequalities: old and new

Asymptotic behaviour of the solutions of FDE

[J. Ralston, W.I. Newman]| Define the relative entropy by

Flu] = —ml— ] [um —u™ —m,um (v - uoo)} dx
and observe that
o LFu(t,)] = —(325)° fro u|Vumt = Vum=12 dx = —T[u(t, )]
o Flu(t, )] < 3 Z[u(t,)]

if m is in the range (%, 1), thus showing that
Flu(t,)] < Flu]e™® V>0

o With p = 51—, the inequality F[u] < § Z[u] can be rewritten in

terms of f = u™1/2 a5

”f”LZP (R9) < CP,G’ ||Vf||L2(Rd ||f||Lp+l (R9)

o fo = u™ Y% is optimal
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Gaghardo Nirenherg inequalities; old and new
Lit Sobolev inequalities: duality, flows
Bt e o Cebelay T el iy (R

FDE: old and new, and much more

FluGu@l =0 | w—ul et
U, ugg et f[uoCJ‘Ugg} <o
C C 1
\
; - ; 1 ? > m
d-4  d2 d_ d1
p ) d+2 d Gagliardo-Nirenberg
‘ ‘ ‘ Wme Ly e LY

Bakry-Emery method (relative entropy)

global existence in L'

Mex me my

ug () = (C+ 5

1
2V
ST )m

[A. Blanchet, M. Bonforte, J.D., G. Grillo, J.-L. Vézquez]
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Gagliardo-Nirenberg inequalities: old and new

Gagliardo-Nirenberg inequalities

Consider the following sub-family of Gagliardo-Nirenberg inequalities
||f||L2P(Rd < Cp,d ||Vf||L2 (R9) ||f||Lp+1(]Rd
_ p—1 d
with 8 = 6(p) := o T (a2
9 l<p<y 2 ifd>3
e l<p<ooifd=2
[M. del Pino, J.D.] equality holds in if f = F, with

Fox) = (1+|x[>)"7 1 VxeR?

and that all extremal functions are equal to F, up to a multiplication
by a constant, a translation and a scaling.
o If d > 3, the limit case p = d/(d — 2) corresponds to Sobolev’s
inequality [T. Aubin, G. Talenti]
@ When p — 1, we recover the euclidean logarithmic Sobolev
inequality in optimal scale invariant form [F. Weissler]
e Ifd=2and p— c0...
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Gagliardo-Nirenberg inequalities: old and new

Onofri's inequality as a limit case

When d = 2, Onofri’s inequality can be seen as an endpoint case of
the family of the Gagliardo-Nirenberg inequalities [J.D.]

[J.D.] Assume that g € D(RY) is such that [, g di =0 and let

4
fp 1= FP(1+2_p)

With p(x) :== 2 (1 + [x[?)72, and du(x) := p(x) dx, we have

||Vf||L2(JR2) ||f||ip+01((%2) eTer Ju2 VeI dx

£ L2 (r2)  Jwegdu

1< lim Cpo
p—o0

The standard form of the euclidean version of Onofri’s inequality is

1
log(/ egdu) —/ gduﬁ—/ Vg |* dx
R2 R2 167T R2
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Gagliardo-Nirenberg inequalities: old and new

The Keller-Segel model

With t > 0, x € R?, consider the system
ov _ Av—-V(vVy), —-Ap=v
ot
The behaviour of the solution depends on the mass M = fRZ v dx
o [W. Jager, S. Luckhaus] if M > 87 (under technical conditions),
smooth solutions blow-up in finite time because

d M?
p |x|2vdx—4/\/l—4—<0

@ [J.D., B. Perthame] 1f M < 8, the entropy H[v] is bounded from

below )
'H[v]::/ vlogvdx——/ v @ dx
R2 2 Jge

@ In the critical mass case M = 8, H[v] > H[u] > —occ is given by
the logarithmic Hardy-Littlewood-Sobolev inequality
f 2
/ f log (—) dx+— f(x)f(y) log|x—y| dxdy+M (1 +logm) >0
R2 M M R2xR2
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Gagliardo-Nirenberg inequalities: old and new

A puzzling result of Carlen, Carrillo and Loss (d > 3)

[E. Carlen, J.A. Carrillo and M. Loss| The fast diffusion equation

@:Avm t>0, xeR
ot

with exponent m = d/(d + 2), when d > 3, is such that
Hylv] = /Rd v(=A)tvdx — Sy HVHLW(Rd)
obeys to
1d 1d
EEHd[V(L)]: §d_ |:/ V(—A) VdX—Sd ||V||L112d2(]Rd)

d d—2 4/(d—1)
= L83 Sa lulli @) 1Vl oy — 1l ge

with u = vd=1/(d+2) and g = HL If d(d 2 ) Sy = (Cq.q), the r.hs.
is nonnegative. Optimality is achleved blmultaneously in both
functionals (Barenblatt regime): the Hardy-Littlewood-Sobolev
inequalities can be improved by an integral remainder, term
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Gagliardo-Nirenberg inequalities: old and new

. and the two-dimensional case

Recall that (—A)~tv = Gy x v with
0 Gy(x) = 75 S x|2difd >3
0 Go(x) = 5= log x| if d =2

Same computation in dimension d = 2 with m = 1/2 gives

vz d [ 4 / 1 / }
— v(=A)""vdx — v log v dx
8 dt ”VHLl(RZ) R2 ( ) R2 &

= ulltame) IV UllZoey — 7 1VISse)

The r.h.s. is one of the Gagliardo-Nirenberg inequalities (d = 2,
q= 3) 71'((:3’2)6 =1

The Lh.s. is bounded from below by the logarithmic
Hardy-Littlewood-Sobolev inequality and achieves its minimum if
v = p with

._ 1 2
p(x) = T X VxeR
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Gagliardo-Nirenberg inequalities: old and new
Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
Gagliardo-Nirenberg and Sobolev inequalities: further improvements

Sobolev and
Hardy-Littlewood-Sobolev
inequalities:

duality, flows
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Sobolev and Hardy-Littlewood-Sobolev inequalities:
duality, flows

Outline
@ Legendre duality

@ Sobolev and HLS inequalities can be related using a nonlinear
flow compatible with Legendre’s duality

@ The asymptotic behaviour close to the vanishing time is
determined by a solution with separation of variables based on
the Aubin-Talenti solution

@ The vanishing time T can be estimated using a priori estimates

@ The entropy H is negative, concave, and we can relate H(0) with
H’(0) by integrating estimates on (0, T), which provides an
improvement of Sobolev’s inequality if d > 5
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Legendre duality

To a convex functional F, we may associate the functional F* defined
by Legendre’s duality as

F*[v] = sup (/R uv dx — F[u])

o To Fifu] =1 ||u||ip(Rd), we associate F{'[v] = 5 ||v||Lq(Rd) where p
and g are Holder conjugate exponents: 1/p+1/g=1

o To Ffu] = 1S4 ||Vu||iZ(]Rc,)7 we associate

Flv] = / v dx

where (—A)7lv = Gy x v, Ga(x) = 755 [S97H 7 x> 9 if d >3
As a straightforward consequence of Legendre’s duality, if we have a
functional inequality of the form Fi[u] < F>[u], then we have the dual
inequality F{*[v] > F}[v]
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Sobolev and HLS

As it has been noticed by E. Lieb, Sobolev’s inequality in R?, d > 3,
lullf2r gy < Sa [ VullZagey ¥ u € DH(RY) (1)

and the Hardy-Littlewood-Sobolev inequality

2 AVl 2d md
o IVIE o 2 /Rdv( Ay lvds VveL#®RY) (2)
are dual of each other. Here Sy is the Aubin-Talenti constant and
2% — 2d
d—2
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Using a nonlinear flow to relate Sobolev and HLS

Consider the fast diffusion equation

%:Av’" t>0, xeR (3)
If we define H(t) := Hqy[v(t,-)], with
Hglv] == / v(=A) v dx — Sy ||v]]? 2
RY L

5 (o)

then we observe that

1 Z
—H = —/ vl dx + Sy </ v dx> Vv . Vv dx
2 Rd Rd Rd

d—2

12> we

where v = v(t,-) is a solution of (3). With the choice m =

find that m+1 = 2%
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

A first statement

[J.D.] Assume that d > 3 and m = g—;g. If v is a solution of (3) with
2

nonnegative initial datum in 1.24/(4+2)(R9), then

/ v(=A)"tv dx — Sy ||v|? 2 ]

R 1,972 (RY)

2
g
= (/Rd yml dx) [Sd ||VU||i2(Rd) — ||u||i2*(Rd)} >0

The HLS inequality amounts to H < 0 and appears as a consequence
of Sobolev, that is H" > 0 if we show that limsup, o H(t) =0
Notice that u = v™ is an optimal function for (1) if v is optimal for (2)
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Improved Sobolev inequality

By integrating along the flow defined by (3), we can actually obtain
optimal integral remainder terms which improve on the usual Sobolev
inequality (1), but only when d > 5 for integrability reasons

Theorem

[J.D.] Assume that d > 5 and let ¢ = $£2. There exists a positive
constant C < (14 2) (1 —e~9/2) 54 such that

q|2 _ a(_AY 1,9
Sd |lw ||Ldzd2(Rd) /Rd w9 (—A)" w dx
< C Wl gy [ = Sa W12

for any w € D?(RY)
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Solutions with separation of variables

Consider the solution vanishing at t = T:
Vr(t,x) = c(T — )* (F(x))¥2 VY (t,x) € (0,T)x RY

where a = (d +2)/4, c} ™™ =4md, m= Z—;g, p=d/(d—2)and F is
the Aubin-Talenti solution of

—AF =d(d —2) Fld+2)/(d=2)
Let ||v[|« == sup,ega(l + [x[*)7*2 v(x)]

Lemma

[M. delPino, M. Saez], [J. L. Védzquez, J. R. Esteban, A. Rodriguez|
For any solution v of (3) with initial datum vy € 1.29/(9+2)(R9), v, > 0,
there exists T > 0, A > 0 and xp € RY such that

Jim (T — )75 |lu(t,)/¥(t,) = 1]l =0

with V(t,x) = XID2 71 (t, (x — x0)/\)

4
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

A first set of a priori integral estimates

Let J(t) == [go v(t,x)™ 1 dx. Let d >3 and m = (d —2)/(d + 2)

[J.D.] If v is a solution of (3) vanishing at time T > 0 with vo € L2" (R9)

T— % T— %71
(BGE)" <30) <), I9v7(t )R ageey > S5 (2552)
T < %(d—|—2 Sd(f]RdVo enril dx)

for any t € (0, T). Moreover, if d > 5, we also have

Lm0 dez [t b 3 9

IV (t, Mgy < 1V I 2o

d+2 m+1 mi—2
T > 24 /., vt dx ||V ||L2(Rd)

J. Dolbeault Sobolev and Hardy-Littlewood-Sobolev inequalities: duality and fast diffusion



Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Proofs (1/2)

J(t) == [go v(t,x)™ T dx satisfies

1 2
V= (m 4 1) [V ey < e I
Sd

If d > 5, then we also have

J'=2m(m+ 1)/ v (AVT)? dx >0
Rd

Such an estimate makes sense if v = V7. This is also true for any
solution v as can be seen by rewriting the problem on S¢:
integrability conditions for v are exactly the same as for vt O

Notice that

1 2d
ms_: .]7g S —k with k:= F

Q|

J/
<
7S

) -
N
—
2
3
+
=
&
\_/
&IN
IN
I\)‘Q
\'
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Proofs (2/2)

By the Cauchy-Schwarz inequality, we have
2
||VVm||i2(Rd) = (/ V(m_l)/2 AVm . V(m-"_l)/2 dX)
Rd

S/ vl (Avm)2 dx/ v dx
Rd Rd

50 that Q(£) = [ Vv™(£,)[22zey (Jra v™H(2,x) dx) ™7 55

monotone decreasing, and

! !
H =2J(5,Q-1), H”:JTH'+2JSdQ'§JjH’§0
2d 1 —2/d
"< _ U : _ il m+1
H" < —xH with & d125, </}Rdv0 dx)

By writing that —H(0) = H(T) — H(0) < H'(0) (1 — e™*T)/k and
using the estimate k T < d/2, we obtain our main result O

J. Dolbeault Sobolev and Hardy-Littlewood-Sobolev inequalities: duality and fast diffusion



Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

The two-dimensional case: Legendre duality

Onofri’s inequality amounts to Fi[u] < Fp[u] with

1
Fi[u] := log / e'du | and Ffu] = —/ |Vul? dx+/ up dx
R2 167 R2 R2

Proposition

[E. Carlen, M. Loss], [V. Calvez, L. Corrias] For any v € L (R?) with
Jgo v dx =1, such that v log v and (1 + log |x|?) v € L(R?), we have

Fi[vl-Fi[v] = /R v log (5) dx—47r/Rz (v—p) (~A) (v — 1) dx >0

Notice that —Alog ;= 87 i1 can be inverted as
(~8) " = - log (r )
8
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

The two-dimensional case: log HLS and...

ol i= [ (=) (-8) v =) b 5= [ viog (;) dx

Assume that v is a positive solution of

ov v 5
— =Al — t R
T og(u) >0, x¢€

Proposition

[J.D.] If v is a solution with nonnegative initial datum vo in L1(R?) such
that [o, vo dx =1, vo log vo € L*(R?) and vo log i € LY(R?), then

d 1 ; .
EHz[V(t,')] T -/]R2 |Vul® dx /]11{2 (e —1)udpu

with log(v/p) = u/2

4
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

The two-dimensional case: ...Onofri's inequality

EHz[v(t,.)] = 16—7T/Rz |[Vul|” dx — /RZ (e 1) udu

The right hand side is nonnegative by Onofri’s inequality:

d 1
2H ) > —— 2 — ) >
o 2[v(t, )] > 167r/}R2|Vu| dx—i—/RZudu og(/Rze du) >0

o If [, udy =1, then

—/ egudu>—log</ e”du)
R? R?

o Corollary: for any u € D(R?) such that [p, e? du = 1, we have

1

_— 2 > 5 _
67 le|Vu| dxf/le(e2 Dudy
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Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

The two-dimensional case: the sphere setting

The image w of v by the inverse stereographic projection on the
sphere S?, up to a scaling, solves the equation

0
a—v::ASzlogw t>0, yeS?
More precisely, if x = (x1,x2) € R2, then v and w are related by
_ u(t,x) _ (20a0) 1P o g2
w(t,)/)—m7 _(1+|X\Z’W>€S
The loss of mass of the solution of
0
a—‘;:Alogv t>0, xecR?
is compensated in case of
v

v
— = Al - t R?
T og(u) >0, x¢€

by the source term —A log
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Gagliardo-Nirenberg and Sobolev
inequalities:

further improvements
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Gagliardo-Nirenberg and Sobolev inequalities: further improvements

Gagliardo-Nirenberg and Sobolev inequalities: further
improvements

A brief summary of a strategy for further improvements

@ Back to the basin of attraction of Barenblatt functions:
improving the asymptotic rates of convergence for any m

%—FV-(VVV’"’l):O t>0, xeRY

with m € (£51,1), d > 3... Refer to M. Bonforte’s lecture
@ The 3 factor in the inequality F[u] < 1 Z[u] can be explained by
spectral gap considerations
@ This factor can be improved for well prepared initial data, if
d—1
m> —
d

@ Global improvements can be obtained using rescalings which

depend on the second moment, even for m = %
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Spectral gaps and best constants

y(m)
4
my = 41
o ded
27 06
2
e Caise 1
— Case 2
e Case 3
0 m
1
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Gagliardo-Nirenberg and Sobolev inequalities: further improvements

Best matching Barenblatt profiles

Consider the fast diffusion equation

%+V- {u (U%(m—mc)vl,m—l_zxﬂ =0 t>0, xeR?

with a nonlocal, time-dependent diffusion coefficient

1

o(t) = o Ix[Zu(x,t) dx, Ky := /Rd Ix|? By (x) dx

Rd
where )

Ba(x) =A% (Cu+ L |x[>)™ VxeR?
and define the relative entropy

1
Falu] == 1 o [u™ — B — mBY ™ (u— By)] dx
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Gagliardo-Nirenberg and Sobolev inequalities: further improvements

Three ingredients for global improvements

Q infaso Falu(x, t)] = Forylu(x, t)] so that

qd
dt

where the relative Fisher information is

fa(t)[u(x’ t)] = _Ja(t)[u('v t)]

Ialu] = A2 (m=mc) _m_ u |vum71 _ VBT_1|2 dx
1—m Jga

Q In the Bakry-Emery method, there is an additional (good) term

Folu(, )] | d d
m] gt FoluC ) = Z (TooluC, 1)])

4 1—|—2Cm,d

© The Csiszdr-Kullback inequality is also improved

Folu] > Collu — Bo ey

__m
8 Jpa By dx
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Gagliardo-Nirenberg and Sobolev inequalities: further improvements

An improved Sobolev inequality: the setting

Sobolev’s inequality on R?, d > 3 can be written as

d—2
2d T
/ |VF|? dx — Sq </ |f|a—2 dx> >0 VfeD"(RY)
R4 R4

and optimal functions take the form

1
,y,o(x) = T VXE R

ot (Cur + E2E)
Where CM is uniquely determined in terms of M by the condition that

Jre f,\;’,yzg dx =M and (M, y,0) € Mg := (0,00) x R x (0,00). Define
the manifold of the optimal functions as

My = {fuyo = (M,y,0) € My}

and consider the relative entropy functional

—1

Rif = inf [ a7 (107 - 67) - 4 (75 - 4759 o
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Gagliardo-Nirenberg and Sobolev inequalities: further improvements

An improved Sobolev inequality: the result (1/2)

[J.D., G. Toscani] Let d > 3. For any f € DY2(R?), we have

= .
/ VFP2 dx - Sq (/ lit= dx> > _ CaRIFF
R £ [[1x12 72 ||La(re)

The functional R[f] is a measure of the distance of f to My and
because of the Csiszar-Kullback inequality, we get

RIf CCK
- el LI Ll
el 772 13y IIfIILz*aRd) '

with explicit expressions for Cy and Cox
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An improved Sobolev inequality: the result (2/2)

Corollary

[J.D., G. Toscani] Let d > 3. For any f € DV2(RY), we have

%
VF[2 dx — Sy Floz dx
|
R4 Rd

(o . 2d_ _2d_
> inf |||f|7—2 — g9 || 1.1 ge
2 3di2 cm L1(R)
IFI2 5, =

@ The expression of Cqk is also explicit

@ A similar result holds for Gagliardo-Nirenberg inequalities with
pe(l %)
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