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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

A question by H. Brezis and E. Lieb

[Brezis, Lieb (1985)] Is there a natural way to bound
Sq ||V“||iZ(]Rd) - ||“||i2*(Rd)

from below in terms of the “distance” off from the set of optimal
[Aubin-Talenti] functions when d > 3 ?

o [Bianchi-Egnell (1990)] There is a positive constant « such that

2 2 : 2
Sa [[Vullto@ey — lullie ey = @ «plenﬁ/l IVu = Vol (re

@ [Cianchi, Fusco, Maggi, Pratelli (2009)] (also a version for
||Vu||L,,(R,, ) There are constants o and x such that

Sa [ VulBagey > (14 £ A()*) [|ulZor gy

o
L2*(R4)

— 2**
where A\(u) = infue {”uwlliﬂw) |

=
175

(Rd)}
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Outline

Outline
@ A result motivated by [Carrillo, Carlen and Loss]

@ Sobolev and HLS inequalities can be related using a nonlinear
flow compatible with Legendre’s duality

@ The asymptotic behaviour close to the vanishing time is
determined by a solution with separation of variables based on
the Aubin-Talenti solution

@ The entropy H (to be defined) is negative, concave, and we can
relate H(0) with H’(0) by integrating estimates on (0, T'), which
provides a first improvement of Sobolev’s inequality if d > 5
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Sobolev and HLS

As it has been noticed by E. Lieb, Sobolev’s inequality in R?, d > 3,
ullfes (gey < Sa I Vullfomey ¥ ue DVA(RY) (1)

and the Hardy-Littlewood-Sobolev inequality

Su VI 34, 0 / V(A tvde YveldEY) ()
are dual of each other. Here S, is the Aubin-Talenti constant and
% — 2d
d—2
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Using a nonlinear flow to relate Sobolev and HLS

Consider the fast diffusion equation

@:Avm t>0, xeR
ot

If we define H(t) := Hqa[v(t, )], with

Hy[v] := /R V(=8) k= Sy Iy

then we observe that

2
1 d -
ZH = —/ vl dx + Sy </ vii dx) Vv . Vv dx
2 RY RY Rd

where v = v(t,-) is a solution of (3). With the choice m = 92

d+2°
find that m+1 = dz—fQ
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

A first statement

Proposition

[J.D.] Assume that d > 3 and m = d+2 If v is a solution of (3) with
nonnegative initial datum in 1.29/(9+2)(R9), then

—A d —S Qd
Loyt de-salvip g

2

d
= (/Rd ym+l dx) [Sd HVUHiZ(Rd) = ||u||i2*(Rd)} >0

The HLS inequality amounts to H < 0 and appears as a consequence
of Sobolev, that is H' > 0 if we show that limsup,-oH(t) =0
Notice that u = v™ is an optimal function for (1) if v is optimal for (2)
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Improved Sobolev inequality

By integrating along the flow defined by (3), we can actually obtain
optimal integral remainder terms which improve on the usual Sobolev
inequality (1), but only when d > 5 for integrability reasons

Theorem

[J.D.] Assume that d > 5 and let q = d+2 There exists a positive
constant C < (1+2) (1 — e 9/2) 54 such that

Sallwill? .y  — /Rd w9 (=) tw dx

L 72 (R9)

< CIWIEZ gy [IVW Iy = Sa W12 g

for any w € DH2(R9)
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Solutions with separation of variables

Consider the solution vanishing at t = T:
Vr(t,x) = c(T —t)* (F(x))¥&2 V¥ (t,x) € (0, T) x RY

where v = (d +2)/4, ™" =4md, m= 975, p=d/(d —2) and F is
the Aubin-Talenti solution of

—AF = d(d — 2) Fld+2/(d=2)
Let [[v]l+ 1= sup,epa(1 + |x|2)7*2 |v(x)]

Lemma

[M. delPino, M. Saez], [J. L. Vdzquez, J. R. Esteban, A. Rodriguez]
For any solution v of (3) with initial datum vy € 1.29/(9+2)(R9), v, > 0,
there exists T >0, A > 0 and xp € RY such that

lim (T — )77 [[v(t, )/v(t, ) = 1]l =0

t—T_

with V(t,x) = NID2 71 (t, (x — x0)/\)
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Improved inequality: proof (1/2)

J(t) := Jpa v(t,x)™ dx satisfies

V= =(m+1) | Vv |[Fo(ge) < —

If d > 5, then we also have

J'=2m(m+ 1)/ v (AV™)? dx > 0
Rd

Such an estimate makes sense if v = V7. This is also true for any
solution v as can be seen by rewriting the problem on S¢:
integrability conditions for v are exactly the same as for vt

Notice that

J m+1 _> 2d T B
< i< — i - - m+1
7S S, J < -k with T d125, </Rdv0 dx>

aln
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Improved inequality: proof (2/2)

By the Cauchy-Schwarz inequality, we have
J/2 2
mil ||va||iz(Rd) = </]Rd y(m=172 gym . (mi1)/2 dx)
s/ vl (Av™)? dx/ v dx = Cst )" J
Rd Rd

—(d—-2)/d .
so that Q(t) == [[Vv™(¢,-)|12. ®) (J v L(E, %) dx) (d=2)/d .
monotone decreasing, and

/ /
H =2J(54Q—1), H”ijH’+2JSdQ’ JJ H' <0

, 2d 1 . —2/d
HNS—K/H/ with Ii—d—_’_25—d</]RdV0+ldX)

By writing that —H(0) = H(T) — H(0) < H'(0) (1 — e™*T)/k and
using the estimate k T < d/2, the proof is completed 0
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BL: Fast diffusion equations: entropy methods

d = 2: Onofri’s and log HLS inequalities

Ha[v] := /RQ(V—H)(—A)*l(V—u) dx—%/ﬂvvlog <u> dx

With p(x) := £ (14 |x[?)72. Assume that v is a positive solution of

ov v
— =Alog(—) t>0 R?
ot og (H) >0, xe¢

Proposition

If v = pe'/? is a solution with nonnegative initial datum vy in L*(R?)

such that [o, vo dx =1, v log vo € L(R?) and vo log pu € L*(R?), then

d 1 2 4
dtH2[( )]:16—7r/ |Vul dx—/R(ez—l)Ud,u

> /|Vu|2dx+/ udp— Iog(/ e”du)>0
].67T R2
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
1: Fast diffusion equatlons entropy methods

B2: Fast diffusion equations: linearization of the entropy
B3: Gagliardo- N\rcr\bcr& "and Sobolev mcquﬂ\ ies: improvements

Fast diffusion equations

9 entropy methods
Q@ linearization of the entropy

@ improved Gagliardo-Nirenberg inequalities
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
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B1 — Fast diffusion equations:
entropy methods
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BL: Fast diffusion equations: entropy methods

Existence, classical results

u=Au" xeRY t>0

Self-similar (Barenblatt) function: U(t) = O(t=94/(2=d=m)) a5
t — 400
[Friedmann, Kamin, 1980] |Ju(t,-) — U(t,-)||1=~ = o(t~/—d1=m)

heat equation

fast diffusion equation - -
porous media equation

t — > m
d—2 d—1
d d 1

extinction in finite time

global existence in L'

Existence theory, critical values of the parameter m
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BL: Fast diffusion equations: entropy methods

Time-dependent rescaling, Free energy

@ Time-dependent rescaling: Take u(7,y) = R™9(t) v (t,y/R(7))

where OR
— = RI-mM-1 " RO)=1, t=IlogR
57 . R(0)=1, og
@ The function v solves a Fokker-Planck type equation
%:Avm—i—v-(xv), Vir=0 = Uo

@ [Ralston, Newman, 1984] Lyapunov functional:
Generalized entropy or Free energy

Y[v] '—/ v —|—l|x|2v dx — X
T Jee\m—1"2 0

Entropy production is measured by the Generalized Fisher
information

d
EZ[V] =—Iv], Iv]:= /]Rd %

2

Vv dx

v

—+ X
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BL: Fast diffusion equations: entropy methods

Relative entropy and entropy production

@ Stationary solution: choose C such that ||ve| 1 = |lul|p =M >0
_ ~1/(1—
Voo (x) = (C + 32 [x[?) | fmm

Relative entropy: Fix Y so that ¥[v.] = 0. The entropy can be put
in an m-homogeneous form: for m # 1,

S[v] = fpo 0(25) VT dx  with (t) = E=mEED

Voo m—1

@ Entropy — entropy production inequality

dZS,me[%,+oo),m>%,m7é1

Ilv] > 2%[v]

4

Corollary

A solution v with initial data ug € L. (RY) such that |x|* up € L}(RY),
ul € LY(RY) satisfies T[v(t, )] < T[uo] e 2t
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BL: Fast diffusion equations: entropy methods

An equivalent formulation: Gagliardo-Nirenberg inequalities

dx = %/[v]

v 1 vvm 2
Y[v] = ZxPPv ) dx—%y < =
v /Rd(m—1+2|X| V) x 02/]1@,,‘/‘ X

Rewrite it with p =515, v=w?, v"=wP as

1 1 1+p
V + [ — — >

o for some 7, K Ko (fpo vdx = fRd 2p dx)

QW= Wy = voc{ P is optimal

[Del Pino, J.D.] With 1 < p < 5% (fast diffusion case) and d > 3

[wlliney < AT W] Saggey 1wl ey

0 1 0
_ (ye=1’\? (2y=d\ % (_T(») < d(p—1) _ ptl
A= ( 2 ) ( % ) (F(y—% ) V=@ 0 Y = e
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BL: Fast diffusion equations: entropy methods

..the Bakry-Emery method

Consider the generalized Fisher information
I[v] ::/ v|Z|? dx with Z:= v +x
Rd 4

and compute

d
E/[v(t,-)]+2/[v(t,-)]:—2(m—1)/ (divZ)? dx— 22/ (0,27)?

i, j=1
@ the Fisher information decays exponentially:
Iv(t,)] < Iuo) e™ 2t
@ limi_oo I[v(t,-)] =0 and limy— o X[v(t,-)] =0
° 2 (l[v(t, )] - 25[v(t, -)]) < 0 means /[v] > 2%[v]

[Carrillo, Toscani], [Juengel, Markowich, Toscani], [Carrillo, Juengel,
Markowich, Toscani, Unterreiter], [Carrillo, Vazquez|
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
BL: Fast diffusion equations: entropy methods

B2: Fast diffusion equations: linearization of the entropy

B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

Fast diffusion: finite mass regime

Inequalities...
Sobolev
logarithmic Sobolev
/Gagliardo—Nirenberg
f f ; f —> m
-2 _d_ -1 1
d d+2 d
‘ ‘ ‘ v e Ly e L1

Bakry-Emery method (relative entropy)

global existence in L!

. existence of solutions of u; =
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B2: Fast diffusion equations: linearization of the entropy

Extension to the infinite mass regime, finite time vanishing

@ If m>m.:= % < m < my, solutions globally exist in L!(R9)

and the Barenblatt self-similar solution has finite mass.
@ For m < m., the Barenblatt self-similar solution has infinite mass

Extension to m < m. ¢ Work in relative variables !

X[Vp, VD, = 0 Vp, — Vp, € !
vo— Vp, € ! Z[VDllvDo] <0
VD1 - VDO g Ll ‘ Vo, VD S Ll
! ; ; — > m
d—4 d=2 _d_ a1 1
d—2 d d+2 d Gagliardo-Nirenberg

—

Bakry-Emery method (relative entropy)

vm e Lty e L

global existence in L'

My me my
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B2: Fast diffusion equations: linearization of the entropy

Entropy methods and linearization: intermediate
asymptotics, vanishing

[A. Blanchet, M. Bonforte, J.D., G. Grillo, J.L. Vazquez|
% =V -(uVu™ 1) = 1—Tm Au™ (4)
@ m. < m<1, T =+o0: intermediate asymptotics, 7 — 400
R(r) := (T + 7)7@ma
9 0 <m< mg, T <+oo: vanishing in finite time lim,; ~7 u(7,y) =0
R(r) == (T — 1) 7mem

Self-similar Barenblatt type solutions exists for any m
Rescaling: time-dependent change of variables

_ R(T / y
t.= 1Tm |Og (REO;) and x := m m

Generalized Barenblatt profiles: Vp(x) := (D + |x|2)ﬁ
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B2: Fast diffusion equations: linearization of the entropy

Sharp rates of convergence

Assumptions on the initial datum vy
(H1) Vp, < vy < Vp, for some Dy > Dy >0

(H2) if d > 3 and m < m,, (vy — V) is integrable for a suitable
D e [Dl, Do]

Theorem

[Bonforte, J.D., Grillo, Vazquez] Under Assumptions (H1)-(H2), if

m<1and m# m, = %, the entropy decays according to

E[v(t, )] < Ce20=mAadt vyt >0

where N, 4 > 0 is the best constant in the Hardy—Poincaré inequality

/\a,d/ |f? dpa—1 g/ V> dua Ve H (dua)
R4 R4

with o :=1/(m —1) <0, dpg := hs dx, ha(x) := (1 + |x]?)
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B2: Fast diffusion equations: linearization of the entropy

B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

Plots (d = 5)

PHIY Spectrum of £a.x

(@=5)

Essential spectrum

of (1 =m) L1fm-1),a

Spectrum of
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P
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A: Sobolev and Hardy- obolev inequalities: duality, flows
B1 iffusion equations: entropy methods

B2: Fast diffusion equations: linearization of the entropy

B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

Improved asymptotic rates

[Bonforte, J.D., Grillo, Vazquez] Assume that m € (my,1), d > 3.
Under Assumption (H1), if v is a solution of the fast diffusion
equation with initial datum vy such that fRd x vp dx = 0, then the
asymptotic convergence holds with an improved rate corresponding to

Vim)

the improved spectral gap.

J. Dolbeault Improved Sobolev inequalities



B2: Fast diffusion equations: linearization of the entropy

Higher order matching asymptotics

[J.D., G. Toscani] For some m € (m¢,1) with m. := (d — 2)/d, we
consider on R? the fast diffusion equation

Ou

— +V-(uvu™ ) =0

or ( )
The strategy is easy to understand using a time-dependent rescaling
and the relative entropy formalism. Define the function v such that

u(T,y—i—xo):R*dv(t,x), R = R(7), t:%logR7 X:%

Then v has to be a solution of

%Jrv. {V (U%m—mc)v\,m*l—zx)} -0 t>0, xecRY

with (as long as we make no assumption on R)
dR
) 2=

d
2 —5(m—mc) _ led(lfm
7 dr
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B2: Fast diffusion equations: linearization of the entropy

Refined relative entropy

Consider the family of the Barenblatt profiles

B,(x) =0~ ?(CM+1|X|)’"1 vV x € RY (5)
Note that o is a function of t: as long as dt 2 # 0, the Barenblatt
profile B, is not a solution but we may still consider the relative
entropy

1

m—1
Let us briefly sketch the strategy of our method before giving all
details
The time derivative of this relative entropy is

d _ do (d m m 1) Ov
E}"a(t)[V(t,')] = 4 (da fa[V])U_U(:m_ 1 Rd( -5 ) ot dx

Folv] = ) [v™ — Bl

o

—mBI' ! (v —B,)] dx

choose it =0
<= Minimize F,[v] w.rt. 0 <= [, [x]? By dx =[5, |x[? v dx
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B2: Fast diffusion equations: linearization of the entropy

The entropy / entropy production estimate

According to the definition of B,, we know that
2x = gs(m=—m) ypm-1
Using the new change of variables, we know that

d _ mo(t)smmmo)

Let w := v/B, and observe that the relative entropy can be written as

\Y {vm_l — Bl’j"(;)l} ’2 dx

Folv] = % y [W—l—%(wm—l)] B dx

(Repeating) define the relative Fisher information by

7,[v] = /R

so that %]—'U(t)[v(t, N=—m(l—m)o(t) Loov(t,)] V>0

When linearizing, one more mode is killed and o(t) scales out

ﬁ \Y% [(W’"_1 -1) Bl’j"_l} ’2 B, w dx
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B2: Fast diffusion equations: linearization of the entropy

Improved rates of convergence

Theorem (J.D., G. Toscani)

Let m e (my,1), d > 2, v € LL(R?) such that v,
Elv(t, )] < Ce™27Mt v¢>0

y[2 vo € LY(RY)

((d=2) m—(d—4))

where =i ifme (my, my]
v(m) =< 4(d+2)m—4d ifme [my, m)
4 ifm e [m2, 1)
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Spectral gaps and best constants

J. Dolbeault

~(m) 4
4
— d+1
2= 02
o did
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2
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

Gagliardo-Nirenberg and Sobolev inequalities :
further improvements

A brief summary of the strategy for further improvements

@ In the basin of attraction of Barenblatt functions: improving the
asymptotic rates of convergence for any m

%-FV-(VVv’"‘l):O t>0, xeR?

with m e (452,1),d >3
@ The % factor in the entropy - entropy production inequality can
be explained by spectral gap considerations
@ This factor can be improved for well prepared initial data, if
d—1
m=> =g
@ [J.D., G. Toscani] Global improvements can be obtained using
d—1

rescalings which depend on the second moment, even for m = =
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

Best matching Barenblatt profiles

Consider the fast diffusion equation

%+v- {u (J;’(m—mc)wm*l—zx)] -0 t>0, xecR?

with a nonlocal, time-dependent diffusion coefficient

1
o(t) = Ko /Rd |x|? u(x,t) dx, Ky:= /Rd |x|? Bi(x) dx

where )
Ba(x) =A% (Cu+Lx*)™" VxeR?
and define the relative entropy

1

]:)\[U] = m-—1 Rd

[u™ — B — mBY " (u— By)] dx
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

Three ingredients for global improvements

Q infaso Falu(x, t)] = Forplu(x, t)] so that

qd
dt

where the relative Fisher information is

fa(t)[u(x’ t)] = _Ja(t)[u('v t)]

Tal] = AEmm) [y |yt — Bt dx
1-m R4

Q In the Bakry-Emery method, there is an additional (good) term

Foylul,
%] % (]—"U(t)[u(-, t)]) > % (ja(t)[u('v t)])

4 1—|—2Cm7d

© The Csiszdr-Kullback inequality is also improved

Folu] = Cinllu - Bo”il(]gd)

m
SfRd B dx
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

improved decay for the relative entropy

].(l—r——— —— — —— —— —
™

B\
T3

t— f(t)e/f(0)
081 % S
.,
“\\ \~,
N
0.5; ‘.‘0., \~'~-.
i 00-~ ..........
“-...... -----------------------------

04l .
ol . (b)

____________ (c) t

L L L L L L L L I L L L I L L L I
00 02 04 0.6 08 1.0

Figure: Upper bounds on the decay of the relative entropy: t — f(t)e* /f(0).
(a): estimate given by the entropy-entropy production method

(b): exact solution of a simplified equation.

(c): numerical solution (found by a shooting method)
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

An improved Sobolev inequality: the setting

Sobolev’s inequality on R?, d > 3 can be written as

|Vf|2 dx — Sy (/ |f|% dX) >0 VfED1’2(Rd)
R4 R4

and optimal functions take the form

,y,o(x) = T VXE R

where Cy is uniquely determined in terms of M by the condition that

_2d
Jpa i1y dx =M and (M,y,0) € Mg = (0,00) x RY x (0, 00). Define
the manifold of the optimal functions as

9:)’td = {fM,y,G : (nyva) € Md}

and consider the relative entropy functional

= -7 7% % d 24=1 29=1
= g, [ [ (7120 - (75 5] o

N
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

An improved Sobolev inequality: the result (1/2)

[J.D., G. Toscani] Let d > 3. For any f € DV2(RY), we have

d—2
d f12
/ |Vf|? dx — Sg (/ |f|—fi2 dx) Z%
Re Re IxI2 £ 7% 1 ey

The functional R[f] is a measure of the distance of f to My and
because of the Csiszar-Kullback inequality, we get
R[f] > CCK

it 1F17% — g% ey

[l iy IIfIILz*oRd)

with explicit expressions for C; and Cok
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

An improved Sobolev inequality: the result (2/2)

Corollary

[J.D., G. Toscani] Let d > 3. For any f € DY2(R?), we have

/|Vf|2 i 5 (/ = dx)
R R

Cqy
23432 g'enf H|f|d = _gd 2||L1 (R9)
AL,

@ The expression of €4 is also explicit

@ A similar result holds for Gagliardo-Nirenberg inequalities with
pe(lg%)
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Thank you for your attention
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