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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Sobolev and HLS

As it has been noticed by E. Lieb, Sobolev’s inequality in R?, d > 3,
ullfe (moy < Sa [Vullfamey ¥ ue DVA(RY) (1)

and the Hardy-Littlewood-Sobolev inequality

Sq ||v||i%(Rd) > /R v(=A)lvdx Vve L2 (RY) (2)
are dual of each other. Here S, is the Aubin-Talenti constant and
% — 2d
d—2

An additional motivation comes from [Carrillo, Carlen and Loss| and
[Blanchet, Carlen and Carrillo]
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Using a nonlinear flow to relate Sobolev and HLS

Consider the fast diffusion equation

@:Av’" t>0, xeR
ot
If we define H(t) := Hqy[v(t, )], with
Halv] := / v(—A)flv dx — Sy ||VH227
R4 L d+

d
2 (R9)

then we observe that

2
1 d -
—H = —/ v dx + Sy </ v dx> VAV vAVE £ N
2 Rd Rd Rd

d—2

where v = v(t,-) is a solution of (3). With the choice m = 75,

find that m+1 = 2%
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

A first statement

[J.D.] Assume that d > 3 and m = 9=2. If v is a solution of (3) with

= d72-
nonnegative initial datum in 1.24/(4+2)(R9), then
> ar {/Rd v(=A) v dx—Sq |V||Ld2f2(Rd)]

2
d
m 2 5
= (/I%d v +1 dX) |:Sd HVUHLZ(Rd) — ||u||L2*(Rd):| > 0

The HLS inequality amounts to H < 0 and appears as a consequence
of Sobolev, that is H" > 0 if we show that limsup,.oH(t) =0
Notice that 4 = v™ is an optimal function for (1) if v is optimal for (2)
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Improved Sobolev inequality

By integrating along the flow defined by (3), we can actually obtain
optimal integral remainder terms which improve on the usual Sobolev
inequality (1), but only when d > 5 for integrability reasons

Theorem

[J.D.] Assume that d > 5 and let ¢ = $£2. There exists a positive
constant C < (14 2) (1 —e~9/2) 54 such that

q _ a(_A)"Ly9
Sa 171 54,y = [, w7 (—8) 7w e
< CIWIE oy (191 2(a0) — Sa W1 oy |

for any w € D?(RY)
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Solutions with separation of variables

Consider the solution of % = Av"™ vanishing at t = T:

d+2

vr(t,x)=c(T —t)* (F(x))7>
where F is the Aubin-Talenti solution of
—AF =d(d —2) Fld+2)/(d-2)
Let ||v]|« := supyepa(1 + |x]?)92 |v(x)|

Lemma

[M. delPino, M. Saez], [J. L. Vdzquez, J. R. Esteban, A. Rodriguez|
For any solution v with initial datum vy € 124/(d+2)(R9), vy > 0, there
exists T >0, A > 0 and xp € RY such that

Jim (T —6)7%5 ||v(t,)/v(t,) ~ 1]l = 0

with V(t,x) = X922 71 (t, (x — x0)/\)
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A: Sobolev and Hardy tht\ewood Sobolev inequalities: duality, flows

ast diffusion equations: entropy methods
B2: Fast m m sion equations: linearization of the Hv\v()p
B3: Gagliardo-Nirenberg and Sobolev inequalities: improvement

C: Ke H r-Seg H mn\

Improved inequality: proof (1/2)

J(t) == [go v(t,x)™ T dx satisfies

+1
S = ~(m+ 1) [V < — eI

If d > 5, then we also have

J'=2m(m+ 1)/ v (AVT)? dx >0
Rd

Notice that

J m+1 _» 2d T B
< = —d < — ith T =" __ m+1
7= s, J7d < —k with & 125, (/}Rdv0 dx)

Q
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows

Improved inequality: proof (2/2)

By the Cauchy-Schwarz inequality, we have
J/2 2
L 4 - (m-1)/2 . y(mt1)/2
CESCA ||va||L2(Rd) = (/Rd v Ay™.yim dx)
< / Vil (Av"’)2 dx/ v dx = Cst J" )
RY RY

so that Qt) := [TV () [Fx(ae) (Jeo v (1) )~ s
monotone decreasing, and

/ !/
H =2J(S4Q—1), H”:JTH’+2JSdQ’§JjH’§O

, 2d 1 . —2/d
HNS—K/H/ with Ii—d—_’_25—d</]RdV0+ldX)
By writing that —H(0) = H(T) — H(0) < H'(0) (1 — e™*T)/k and
using the estimate k T < d/2, the proof is completed
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BL: Fast diffusion equations: entropy methods

d = 2: Onofri’s and log HLS inequalities

Ha[v] := /Rz(v—u)(—A)_l(v—u) dx_ﬁ/wmog (5) dx

With zi(x) := 2 (14 [x|?)72. Assume that v is a positive solution of

%:Alog(v/u) t>0, xcR?

Proposition

If v = pe“? is a solution with nonnegative initial datum v in L'(R?)
such that [, vo dx =1, vp log vo € L*(R?) and v log 1 € L*(R?), then

EHz[v(t, )] = — /R2 |Vu|” dx — /]R2 (e 1) udu

1
> — |Vu|2dx+/ udu — log / e'du) >0
16 R2 R2 R2
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
: Fast dlffuslon equations: entropy methods

B2: Fast diffusion equations: linearization of the entropy
B3: Gagliardo- N\rcr\bcr& "and Sobolev inequalities: improvements
Keller-Segel model

Fast diffusion equations

@ entropy methods
Q@ linearization of the entropy

@ improved Gagliardo-Nirenberg inequalities
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BL: Fast diffusion equations: entropy methods

Existence, classical results

u=Au" xeRY, t>0
Self-similar (Barenblatt) function: U(t) = O(t=9/(=d1=m)) a5

t — 400
[Friedmann, Kamin, 1980] ||u(t,-) — U(t, )| = o(t~9/(=d1=m)))

heat equation

fast diffusion equation - -
porous media equation

t — > m
d—2 d—1
d d 1

extinction in finite time global existence in L'

Existence theory, critical values of the parameter m
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BL: Fast diffusion equations: entropy methods

Time-dependent rescaling, Free energy

@ Time-dependent rescaling: Take u(7,y) = R=(7) v (t,y/R(7))

where dR
7 _ Rdi—-m)—1 R(0) =1 t=logR
. , R(O)=1, og
@ The function v solves a Fokker-Planck type equation
%:Avm—i—v-(xv), Vir—0 = Uo

@ [Ralston, Newman, 1984] Lyapunov functional:
Generalized entropy or Free energy

— v Lo
Z[v]./}Rd(m_l+2|x| v> dx — X

Entropy production is measured by the Generalized Fisher
information

d
EZ[V] =—Iv], Iv]:= /]Rd %

2
dx

vv™m

—+ X

v

J. Dolbeault Free energies, nonlinear flows and functional inequalities



BL: Fast diffusion equations: entropy methods

Relative entropy and entropy production

@ Stationary solution: choose C such that ||veo|r = |luljp =M >0

1/(1—m)

Voo (%) = (C+ 52 IXI7) |

Relative entropy: Fix g so that X[ve] =0
@ Entropy — entropy production inequality

d23,m€[%,+oo),m>%,m7él

Iv] > 2%[v]

A solution v with initial data ug € L1 (RY) such that |x|? up € L}(RY),
uf' € LY(RY) satisfies [v(t, )] < Z[ug] e~ 2t
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BL: Fast diffusion equations: entropy methods

An equivalent formulation: Gagliardo-Nirenberg inequalities

2
vv™m

4

dx = %I[v]

v 1 1
Y[v] = = |x? Yo < =
[v] /Rd<m_1—|-2|x|v>dx 0_2/Rdv

Rewrite it with p = s2=, v = w?, v™ = wP™! as

Lf_2m 2/ |Vw|?dx + ;—d /|W|1+de—K>O
2\2m—-1 Rd 1-m Rd -

@ for some v, K = Ky (f]Rd vdx = fRd w?2P dx)ﬂy
1/2p

QW= Wy = Vo

is optimal

[Del Pino, J.D.] With 1 < p < 4% (fast diffusion case) and d > 3

HWHLZP (R9) < AHVW”LZ(RC/ ||W||Lp+l(Rd)
2] 2]
_ (y(p=1)%\2 (2y—d % ry) \¢9 d(p—1) +1
A_(ygﬂd ) (y2Y) (r(yf%) » U= matEn 0 Y= e
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BL: Fast diffusion equations: entropy methods

. a proof by the Bakry-Emery method

Consider the generalized Fisher information

I[v] ::/ v|ZP? dx with Z:= vV
Rd

+ x
and compute
d
= ()21 [v(e, )] = —2(m—1)/ (divZ)? dx— 221/ (0;27)?
i
9 the Fisher information decays exponentially:
Iv(t,)] < Iuo) e™ 2t
8 lime_oo I[v(t,-)] = 0 and lim;—o X[v(t,-)] =0
° 2 (/[v(t, )] - 25[v(t, -)]) < 0 means /[v] > 25[v]

[Carrillo, Toscani], [Juengel, Markowich, Toscani], [Carrillo, Juengel,
Markowich, Toscani, Unterreiter], [Carrillo, Vazquez|
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A: Sobolev and Hardy-| Sobolev inequalities: duality, flows
BL: Fast diffusion equations: entropy methods

B2: Fast diffusion equations: linearization of the entropy

B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

C: Keller-Segel mode

Fast diffusion: finite mass regime

Inequalities...
Sobolev
logarithmic Sobolev
/Gagliardo—Nirenberg
f f ; f —> M
-2 _d_ -1 1
d d+2 d
‘ ‘ ‘ v e Ly e [}

Bakry-Emery method (relative entropy)

global existence in L'

. existence of solutions of u; = Au™
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
Fast diffusion equations: entropy methods

B2: Fast diffusion equations: linearization of the entropy

B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

C: Keller-Segel model

B2 — Fast diffusion equations: the
infinite mass regime by
linearization of the entropy

J. Dolbeault Free energies, nonlinear flows and functional inequalities



B2: Fast diffusion equations: linearization of the entropy

Extension to the infinite mass regime, finite time vanishing

o If m> m. := &2 < m < my, solutions globally exist in L}(R9)

and the Barenblatt self-similar solution has finite mass
@ For m < m., the Barenblatt self-similar solution has infinite mass

FEaxtension to m < m. 2 Work in relative variables !

Z[VD1IVD(J] = Vp, — Vp, € L'
v — VD* c Lt 2[VDllvDo] < o0
VD1 - VD(] ¢ Ll Vo, VD S I/1
1 ; ; : ; > m
d—4 d—2 _d_ -1 1
d-2 d d+2 d Gagliardo-Nirenberg
[ ‘ l v e LY ity e I

Bakry-Emery method (relative entropy)

global existence in L'

My Me mq
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B2: Fast diffusion equations: linearization of the entropy

Entropy methods and linearization: intermediate
asymptotics, vanishing

[A. Blanchet, M. Bonforte, J.D., G. Grillo, J.L. Vazquez|

% =V -(uVu™ 1) = I—Tm Au™ (4)
@ m. <m< 1, T =+o0: intermediate asymptotics, 7 — 400
R(7) := (T + 7)7ma
@ 0 <m< mg, T <+o0: vanishing in finite time lim,; ~7 u(7,y) =0
R(r) = (T — 1) 7

Self-similar Barenblatt type solutions exists for any m

R —m R T R .y
t—lTIOg(REO))) and X.—\/mm
1
Generalized Barenblatt profiles: Vp(x) := (D + |x|?) ™!
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B2: Fast diffusion equations: linearization of the entropy

Sharp rates of convergence

Assumptions on the initial datum vy
(H1) Vp, < vy < Vp, for some Dy > Dy >0

(H2) if d > 3 and m < m,, (vo — Vp) is integrable for a suitable
D e [Dl7 Do]

Theorem

[Blanchet, Bonforte, J.D., Grillo, Vézquez] Under Assumptions
(H1)-(H2), if m <1 and m # m, := 9=3, the entropy decays according
to

E[v(t, )] < Ce2A=mMNaat vt >

where No,q > 0 is the best constant in the Hardy—Poincaré inequality

/\a_,d/ IfI? dte—1 g/ IVFf2due Y f e H(dua)
R4 R4

with o :=1/(m —1) <0, dpg := hs dx, ha(x) := (1 + |x]?)
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
Fast diffusion equations: entropy methods

B2: Fast diffusion equations: linearization of the entropy

B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

C: Keller-Segel model
Plots (d = 5)

A iz Spectrum of Loa

Spectrum of
(L=m) Ly fimr)a

@=5
(@=5)
6
1
Esential st of g
A= dd+ 20 -2
-vEd- 4
Moz -2a —a=—vi-1-4t Essential spectrum

Of (1=m) L1 fim-1)d

a2 1

0
J. Dolbeault Free energies, nonlinear flows and functional inequalities



Improved asymptotic rates

[Bonforte, J.D., Grillo, Vazquez] Assume that m € (mq,1), d > 3.
Under Assumption (H1), if v is a solution of the fast diffusion
equation with initial datum vy such that fRd X vp dx = 0, then the
asymptotic convergence holds with an improved rate corresponding to

vim)

the improved spectral gap.

o m

1
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B2: Fast diffusion equations: linearization of the entropy

Higher order matching asymptotics

[J.D., G. Toscani] For some m € (m¢,1) with m. := (d — 2)/d, we
consider on R? the fast diffusion equation

ou m_1y
E+v-(uvu )=0

Without choosing R, we may define the function v such that

u(7',y—|—xo):,‘i’*dv(t,x)7 R = R(7), t:%logR7 X =

D=

Then v has to be a solution of

%Jrv. {V (g%<mfmc>vvm—1—2x)} —0 t>0, xcR?

with (as long as we make no assumption on R)
dR
) 2

d
2 —g(m—mc) _ led(lfm
7 dr
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B2: Fast diffusion equations: linearization of the entropy

Refined relative entropy

Consider the family of the Barenblatt profiles
B,(x) =0~ 5(CM+1|X|)’"1 V x € RY (5)

Note that o is a function of t: as long as % # 0, the Barenblatt
profile B, is not a solution (it plays the role of a local Gibbs state)
but we may still consider the relative entropy

1

Folv] = —

o

[v"— Bl —mBI' ' (v—B,)] dx
Rd

The time derivative of this relative entropy is

d  do(d s v
el = G () (e e

choose it =0
<= Minimize F,[v] w.rt. 0 <= [, [x]? By dx =[5, |[x[? v dx

J. Dolbeault Free energies, nonlinear flows and functional inequalities



B2: Fast diffusion equations: linearization of the entropy

The entropy / entropy production estimate

Using the new change of variables, we know that

J mo(t)$m—m) S )P
i Felv(t.)] = —W/Rd |9 [t B[ o

Let w := v/B, and observe that the relative entropy can be written as

Folv] = [W—l—%(wm—l)] B dx

1-m Rd

(Repeating) define the relative Fisher information by

I,[v] = /R

so that %ﬁ,(t)[v(t, N=—m(l—m)o(t) Loolv(t,)] V>0

When linearizing, one more mode is killed and o(t) scales out

1 m— m— 2
mV[(W 1—1)80 1}‘ BUWdX
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B2: Fast diffusion equations: linearization of the entropy

Improved rates of convergence

Theorem (J.D., G. Toscani)
Let me (my,1), d > 2, vy € L1 (RY) such that v, |y|> v € L}(RY)
Elv(t, )] < Ce™27Mt vt >0

_ —(d— ? " m m
e EERE ifme (il
Am) = 4(d+2)m—4d ifme [, m)]

4 ifm € [my, 1)
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
B1: Fast diffusion equations: entropy methods

B2: Fast diffusion equations: linearization of the entropy

B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

C: Keller-Segel model

Spectral gaps and best constants

y(m)
4
my = 41
o did
T A6
2
e Caise 1
— Case 2
e Case 3
0 m

J. Dolbeault

Free energies, nonlinear flows and functional inequalities



A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
1: Fast diffusion equations: entropy methods

B2: Fast diffusion equations: linearization of the entropy

B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

C: Keller-Segel model

B3 — Gagliardo-Nirenberg

and Sobolev inequalities :
improvements

[J.D., G. Toscani]

o F

J. Dolbeault Free energies, nonlinear flows and functional inequalities




B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

Best matching Barenblatt profiles

(Repeating) Consider the fast diffusion equation

du

Y {u (U%m—mc)v“m*l—zx)] -0 t>0, xeR?

with a nonlocal, time-dependent diffusion coefficient
1
o0 =g [ IxFuletydx. K= [ x? Bl
M JRrd
where )
Ba(x) =A% (Cu+Lx>)™" VxeR?
and define the relative entropy

1

Fialu] = —1

) [u™ — By —mBY ' (u— B))] dx
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

Three ingredients for global improvements

Q infaso Falu(x, t)] = Forylu(x, t)] so that

& Fotolute, 0] = ~ Tl 1)

where the relative Fisher information is

Tafu] = ASm=me) [ Vumt - VB;"*1|2 dx
1—m Jpa

Q In the Bakry-Emery method, there is an additional (good) term

Foylu(-
W] jt (]—',,(t)[u(-, t)]) > % (Ja(t)[u('7 t)])

4114+2Cnyqg

© The Csiszdr-Kullback inequality is also improved

m

>
Folul = 5T B dx

Cinllu = Bo [ gy
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

improved decay for the relative entropy

X y
N t f(t) e'/f (0)
08F %'
LN

TR

L el

k 5, Seo
06 M Rl

L R L T

e e e

I e,

02+

I I I I I
0.0 0.2 04 0.6 08 10

Figure: Upper bounds on the decay of the relative entropy: t — f(t)e* /f(0).
(a): estimate given by the entropy-entropy production method

(b): exact solution of a simplified equation.

(c): numerical solution (found by a shooting method)
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

An improved Sobolev inequality: the setting

Sobolev’s inequality on R?, d > 3 can be written as

d—2
2d T
/ |VF|? dx — Sqg </ |f|3—2 dx> >0 VfeD"(RY)
R4 R4

and optimal functions take the form

1
fM,y,U(X) = — Vxe ]Rd

d
ot (Cu+ 2L
Where CM is uniquely determined in terms of M by the condition that

Jge f,\j’,;g dx =M and (M, y,0) € Mg := (0,00) x R? x (0,00). Define

the manifold of the optimal functions as
9;)’td = {fM,y,G : (M7y70) S Md}

and consider the relative entropy functional

Rt g, o (17 ) e ) o

J. Dolbeault Free energies, nonlinear flows and functional inequalities



B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

An improved Sobolev inequality: the result (1/2)

[J.D., G. Toscani] Let d > 3. For any f € DY2(R?), we have

= :
V|2 dx — Sy (/ lit= dx> > CoRIP
R4 R4

|2 £7=2 || L1 (e

The functional R[f] is a measure of the distance of f to 9y and
because of the Csiszar-Kullback inequality, we get

RI[F CCK _2d_
- [ LB I
I Ty A, o

with explicit expressions for Cy and Cox
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B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

An improved Sobolev inequality: the result (2/2)

Corollary

[J.D., G. Toscani] Let d > 3. For any f € DV2(RY), we have

d
V2 dx — S (/ = dx>
R4 R4

Qd . _2d_ _2d_
> inf |||f|72 — g9 || 1.1 ge
2 3432 cMm L1(R9)
Il ey &

@ The expression of €4 is also explicit

@ This solves an old open question of [Brezis, Lieb (1985)] with
(partial) answers given in [Bianchi-Egnell (1990)] and [Cianchi,
Fusco, Maggi, Pratelli (2009)]

@ A similar result holds for Gagliardo-Nirenberg inequalities with

pe(l5%5)

J. Dolbeault Free energies, nonlinear flows and functional inequalities



A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
1: Fast diffusion equations: entropy methods

B2: Fast diffusion equations: linearization of the entropy

B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements

C: Keller-Segel model

C: Keller-Segel model

©@ Small mass results
@ Spectral analysis

@ Collecting estimates: towards exponential
convergence
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C: Keller-Segel model

The parabolic-elliptic Keller and Segel system

0

8_::AU—V-(qu) xER?, t>0
—Av=u xeR2, t>0
u(-,t=0)=ng >0 x € R?

We make the choice:
1
t = —— I - t d
v(t, x) 27T/Rz og|x — ylu(t,y) dy

and observe that

1 X—y
Vv(t,x) = —— t,y)d
. d
Mass conservation: — [ wu(t,x) dx =0
dt Jpe

J. Dolbeault Free energies, nonlinear flows and functional inequalities



C: Keller-Segel model

Blow-up

M = [, no dx > 87 and [g, |x|? ng dx < co: blow-up in finite time
a solution u of
ou

EZAU—V-(UVV)

satisfies

%/ x| u(t, x) dx

/ 2x Au dx + — // 2Tx(yy|§ u(t,x) u(t,y) dxdy
R2 R2XR?

(x=y)-(y=x)
[x—y[?
M2
=4M—-— <0 if M>8n
27

u(t,x) u(t,y) dxdy

J. Dolbeault Free energies, nonlinear flows and functional inequalities



C: Keller-Segel model

Existence and free energy

M =[5, no dx < 8m: global existence [ Jéger, Luckhaus |, [ JD, Perthame ],
[ Blanchet, JD, Perthame ], [ Blanchet, Carrillo, Masmoudi |

If u solves 9
a_: =V [u (V(logu) — Vv)]

the free energy

satisfies

1
Flu] ::/ ulogudx——/ uv dx
R2 2 Jg2
d

EF[u(t, I =- /RZ u|V (log u) — Vv|* dx

Log HLS inequality [ Carlen, Loss |: F is bounded if M < 87
Existence: ng € L1 (R?, (1 + |x|?) dx), nolog no € L*(R?, dx)

J. Dolbeault Free energies, nonlinear flows and functional inequalities



C: Keller-Segel model

Time-dependent rescaling

1 X X
u(x, t) = 0] n <W,T(t)) and v(x,t)=c¢ (m, T(t))
with R(t) = v/1+ 2t and 7(t) = log R(t)

%:An—v-(n(VC—x)) XxER?, t>0

c=——log|-|*n x€R2, t>0
2m

n(-,t=0)=ny >0 x € R?

[ Blanchet, JD, Perthame | Convergence in self-similar variables

tl'JQO [n(,- 4+ t) = nocll ey =0 and [Ve(, -+ t) = Vool 2ge) = 0

lim
t—o0
means ”intermediate asymptotics” in original variables:

1
lu(x, £) = g oo (R 7(0)) ey N\ 0
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C: Keller-Segel model

The stationary solution in self-similar variables

oo Ix?/2

1
o =M ————7— = —-Acs , 0 = log | - 00
! Jgo €S~ IX2/2 dx ¢ ¢ 2 og| | xn

™

@ A minimizer of the free energy in self-similar variables
o Radial symmetry [ Naito |
@ Uniqueness [ Biler, Karch, Laurengot, Nadzieja |

@ As |x| = +00, Ny is dominated by e=(1=)X/2 for any ¢ € (0,1) |
Blanchet, JD, Perthame ]

@ Bifurcation diagram of |[necl| g2y as a function of M:

M|L”5+ Mool L g2y = O

[ Joseph, Lundgreen | [ JD, Stanczy |
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Parabolic-elliptic case: large time asymptotics

Theorem

[ Blanchet, JD, Escobedo, Ferndndez | Under the above conditions, if
M < M* < 8w, there is a unique solution

Moreover, there are two positive constants, C and ¢, such that

dx

[ Intex) = ne)f 2

Neo

<Ce % Vt>0

As a function of M, ¢ is such that limy_o, (M) =1

Smallness conditions in the proof:
@ Uniform estimate: the method of the trap
@ Spectral gap of a linearized operator £
@ Comparison of the (nonlinear) relative entropy with
f]Rz [n(t, x) — neo(x)[? :TXO
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C: Keller-Segel model

A parametrization of the solutions and the linearized
operator

[ Campos, JD ] —L|xPtc

Solve
_(b//_l(b/:e—;rzﬂﬁ’ r>0
r

with initial conditions ¢(0) = a, ¢'(0) = 0 and get
M(a) := 27T/ e 27t gy
R2
e*% r2+¢a(r)

1,2
27 [ re2 "9 dx

With —A ¢f = n, f, consider the operator defined by

= e7% r2+¢a(r)

na(x) = M(a)

Lf:= niv (na(V(f —¢f))), x€R?

a
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A: Sobolev and Hardy-Littlewood-Sobolev inequalities: duality, flows
B1: Fast diffusion equations: entropy ods

B2: Fast diffusion equations: linearization of the entropy

B3: Gagliardo-Nirenberg and Sobolev inequalities: improvements
C: Keller-Segel model

Spectrum of L (lowest eigenvalues only)

T S S S S SR S R SR |
20

25

Figure: The lowest eigenvalues of —L (shown as a function of the mass) are 0,
1 and 2, thus establishing that the spectral gap of —L is 1
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C: Keller-Segel model

Simple eigenfunctions

Kernel Let fy = %CM be the solution of
—Afo=nmfo

and observe that go = fo/cum is such that
1
WV (nuV(fo — cmg)) = LT =0

Lowest non-zero eigenvalues f; ;= iM %Lx“l” associated with

g = % %Lx“l” is an eigenfunction of ﬁr: such that —Lf; = f

With D := x -V, leth, = 1—|—%D Ioganl—i—ﬁDnM. Then
—A(Dcy)+2Acy=Dny=2(h—1)nym

and so gp := $ (—A)"Y(ny ) is such that —LfH =21
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Functional setting...

Fln] :—/}Rznlog<%> dx—%/Rz(n—nM)c—cM) d

achieves its minimum for n = ny; according to log HLS and
1
Q4[f] = lim - Flnmu(l+ef)] >0
e—0¢

if fRZ f npy dx = 0. Notice that fy generates the kernel of Q

For any f € H'(R?, ny dx) such that [g, f ny dx =0, we have

/ V(g cm)[2 s dx < 2/ 2y dx
R2 R2
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. and eigenvalues

With g such that —A(g cpm) = f ny, Qi determines a scalar product
(ff) = [ it dx—/ i vt (g o) dx
R? R?
on the orthogonal to fo in L?(npy dx) and with Gy(x) := —5= log |x|
1
Q2[f] ::/ |V(f — ch)|2 ny dx  with g=— Gy *(f ny)
R2 cm

is a positive quadratic form, whose polar operator is the self-adjoint
operator £
(f,Lf)=Q[f] VFeD(Ly)

In this setting, L has pure discrete spectrum and its lowest eigenvalue is
positive
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Concluding remarks

Q@ The spectral gap inequality of £ is a refined version of

Theorem (Onofri type inequality)

1 2

cm—7 IxI 9 _

e T —— with ey = (—A) "t ny,
I]RZ eM—2 X% gx

dpm = 55 nm dx, we have the inequality

Iog(/Rze¢duM)—/ ¢duM<—/ Vo dx V¥ ¢ € Dy?(R?)

For any M € (0,87), if njy = M

@ [ Campos, JD ] Uniform convergence of n(t,-) to ny can be
established for any M € (0,87) by an adaptation of the
symmetrization techniques of [ Diaz, Nagai, Rakotoson |

Q@ Exponential convergence of the relative entropy should follow
[ Campos, JD, work in progress |
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A: Sobolev and Hardy- thtlewood Sobolev inequalities: duality, ﬂows
8 : entropy

B2: Fast dlfFuslon equatlons linearization of the entropy

gliardo-Ni g and Sobolev inequalities: improvements

C: Keller-Segel model

B3: G

Thank you for your attention !

J. Dolbeault
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