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ABSTRACT. In this paper we are interested in propagation phenomena for non-
local reaction-diffusion equations of the type:
ou

E:J*ufquf(x,u) teR, zeRY,

where J is a probability density and f is a KPP nonlinearity periodic in the z-
variables. Under suitable assumptions we establish the existence of pulsating
fronts describing the invasion of the 0 state by an heterogeneous state. We
also give a variational characterization of the minimal speed of such pulsating
fronts and exponential bounds on the asymptotic behaviour of the solution.
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1. INTRODUCTION

In this paper we are interested in propagation phenomena for nonlocal reaction-
diffusion equations of the type:

(1.1) g—?:J*u—UJrf(x,u) teR, z € RY,

where J is a probability density and f is a nonlinearity which is KPP in » and
periodic in the z-variables, that is,

flz,u) = f(x+ku) VeeRY, kezZV, ueck.

More precisely, we are interested in the existence/non-existence and the character-
ization of front type solutions called pulsating fronts. A pulsating front connecting
2 stationary periodic solutions pg, p; of (1.1) is an entire solution that has the form
u(x,t) = P(x - e + ct,x) where e is a unit vector in RV, ¢ € R, and (s, ) is
periodic in the x variable, and such that
lim (s,z) = po(z) uniformly in x
S§——00
lim ¥(s,z) = pi(xz) uniformly in .
s——+o0
Using an equivalent definition, pulsating fronts were first defined and used by
Shigesada, Kawasaki and Teramoto [54, 55] in their study of biological invasions in
a heterogeneous environment modelled by the following reaction diffusion equation
ou

(1.2) -V (A(2)Vu) + f(z,u) inRT xRY,
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where A(x) and f(x,u) are respectively a periodic smooth elliptic matrix and a
smooth periodic function. Using heuristics and numerical simulations, in a one
dimensional situation and for the particular nonlinearity f(z,u) := u(n(z) — pu),
Shigesada, Kawasaki and Teramoto were able to recover earlier results on the min-
imal speed of spreading obtained by probabilistic methods by Freidlin and Gartner
[34, 35].

The above definition of pulsating front has been introduced by Xin [59, 60] in his
study of flame propagation. This definition is a natural extension of the definition of
the sheared travelling fronts studied for example in [10, 11]. Within this framework,
Xin [59, 60] has proved existence and uniqueness up to translation of pulsating fronts
for equation (1.2) with a homogeneous bistable or ignition non-linearity. Since then,
much attention has been drawn to the study of periodic reaction-diffusion equations
and the existence and the uniqueness of pulsating front have been proved in various
situations, see for example [5, 8, 9, 38, 39, 40, 41, 47, 58, 59, 60, 61]. In particular,
Berestycki, Hamel and Roques [8, 9] have showed that when f(z,u) is of KPP
type, then the existence of a unique non trivial stationary solution p(x) to (1.2) is
governed by the sign of the periodic principal eigenvalue of the following spectral
problem

(1.3) V- (A(2)V) + fu(z,0)p + Ay = 0.

Furthermore, they have showed that there exists a critical speed ¢* so that a pul-
sating front with speed ¢ > ¢* in the direction e connecting the two equilibria
0 and p(z) exists and no pulsating front with speed ¢ < ¢* exists. They also
gave a precise characterisation of ¢* in terms of some periodic principal eigenvalue.
Versions of (1.2) with periodicity in time, or more general media are studied in
[5, 6, 7, 50, 51, 52]. Tt is worth noticing that when the matrix A and f are homo-
geneous, then the equation (1.2) reduced to a classical reaction diffusion equation
with constant coefficients and the pulsating front (¢, ¢) is indeed a travelling front
which have been well studied since the pioneering works of Kolmogorov, Petrovskii
and Piskunov [44].

Here we are concerned with a nonlocal version of (1.2) where the classical local
diffusion operator V - (A(z)Vu) is replaced by the integral operator J x u — u. The
introduction of such type of long range interaction finds its justification in many
problems ranging from micro-magnetism [26, 27, 28], neural network [31] to ecology
[16, 19, 29, 45, 48, 57]. For example, in some population dynamic models, such
long range interaction is used to model the dispersal of individuals through their
environment, [32, 33, 42]. Regarding equation (1.1) we quote [1, 2, 18, 20, 21, 23, 25]
for the existence and characterisation of travelling fronts for this equation with
homogenous nonlinearity and [3, 22, 24, 36, 42] for the study of the stationary
problem.

In what follows, we assume that J : RY — R satisfies

J>0, [ J=1,.J(0)>0,
(1.4) = AN )

J is smooth, symmetric with support contained in the unit ball,
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and that f: RN x [0,

f e C3RN x [0,00)),

7.0 =0,

f(z,u)/u is decreasing with respect to u on (0, +00),

there exists M > 0 such that f(z,u) <0 for all u > M and all z.

o0) — R is [0, 1]V -periodic in x and satisfies:
(15)

The model example is
f(a,u) = u(a(z) —u)
where a(z) is a periodic, C? function.
Before constructing pulsating fronts, we discuss the existence of solutions of the
stationary equation

(1.6) Jxu—u+ f(x,u) =0 r e RN,

Under the assumption (1.5), 0 is a solution of (1.6) and, as shown in [22], the
existence of a positive periodic stationary solution p(z) is characterized by the sign
of a generalized principal eigenvalue of the linearisation of (1.6) around 0, defined
by

(1.7)
o =sup{ u € R | 3¢ € Cpe(RN), ¢ > 0, such that J * ¢ — ¢ + fu(z,0)¢ + up < 0}

where Cpe,.(RY) is the space of continuous periodic functions in RY.
More precisely, we have

Theorem 1.1. The stationary equation (1.6) has a positive continuous periodic
solution p(x) if and only if po < 0 and this solution is unique up to translation.

This result is analogous to the characterization of stationary positive solutions
of (1.2) with f of type KPP in w. The main difference is that ug is not always an
eigenvalue, that is, the supremum in (1.7) is not always achieved. Similar results
for (1.6), but assuming that ug is an eigenvalue, have been obtained in [3, 24]. The
first work introducing the definition (1.7) and obtaining Theorem 1.1 for non-local
operators is [22].

The question whether p is really a principal eigenvalue, that is, if there exists
¢ € Cper(RYN), ¢ > 0 such that

(1.8) T#d—¢+ ful@0)p+uop=0  inRY

has been studied in [22, 53] where simple criteria on f,(x,0) have been derived to
ensure the existence of a principal eigenfunction ¢. For instance

1
———————dr =400, where A = max f,(z,0),

Jou 775D R Fu0)
guarantees that p is a principal eigenvalue. Some properties of i and the existence
criteria will be discussed in Section 3.

Our main result on pulsating fronts is the following:

Theorem 1.2. Assume g < 0 and that there exists ¢ € Cper(RY), ¢ > 0 satisfying
(1.8). Then, given any unit vector e € RN there is a number c*(e) > 0 such that for
¢ > c*(e) (1.1) has a pulsating front solution u(x,t) = Y(x.e + ct,x) with effective
speed ¢, and for ¢ < c*(e) there is no such solution.
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The minimal speed ¢*(e) is given by

(1.9) c¢*(e) := inf (‘A’“)

A>0

where p) is the periodic principal eigenvalue of the following problem
(1.10) Inxd—¢+ fu(,0)p+pup=0  inRY

with Jy(x) = J(x)e ¢, We will see Section 3 that this eigenvalue problem is
solvable under the assumptions of Theorem 1.2.

Recently, Shen and Zhang [53] showed that ¢*(e) corresponds to the speed of
spreading for this equation in the following sense. For reasonable initial conditions,
the solution of (1.1) satisfies

limsup sup wu(z,t)=0 if ¢ > ¢*(e),
t—+o0o x-e+ct<0
while

lginﬁg Cl:veanigg(u(ac,t) —p(z)) =0 if ¢ < c*(e).

The nonexistence statement in Theorem 1.2 is a consequence of the these spreading
speed results. Our main contribution is the proof of existence of fronts.

Along our analysis, we also obtain some asymptotic behaviour of (s, z) as
s — Foo where 1 is the pulsating front constructed in Theorem 1.2. More precisely,
let A(c) denote the smallest positive A such that ¢ = —{=.

Theorem 1.3. Assume pig < 0 and that there exists ¢ € Cper(RY), ¢ > 0 satisfying
(1.8). Then, given any unit vector e € RN and ¢ > c*(e) we have
a) For any positive X so that A < A(c) there exist C > 0 such that

Y(s,x) < Ce™ Vo e RY, Vs cR.
b) There is 0,C > 0 such that
0 < p(x) —P(s,z) < Ce % VYo eRYN, Vs >0.

Equation (1.1) can be related to a class of problems studied by Weinberger
in [58]. However, as observed in [23, 53], one of the main difficulties in dealing
with the nonlocal equation (1.1) comes from the lack of regularizing effect of (1.1),
which makes the framework developed by Weinberger not applicable, since the
compactness assumption required in [58] does not hold.

Another difficulty in the construction of pulsating fronts is that the equation sat-
isfied by the function ¢ (see (2.1) below) involves an integral operator in time and
space, which is in some sense degenerate. This difficulty also appears in the classi-
cal reaction diffusion case, and it becomes delicate to proceed using the standard
approaches used in [10, 11, 44].

Finally, we comment on some of the hypotheses made in the construction. Re-
garding smoothness of the data, one can deal with less regularity of J and f, but
some arguments would have to be modified. The hypothesis on the support of J
in (1.4) can be weakened. For example, we believe that the same results are true
assuming that J satisfies the so called Mollison condition:

VA >0, J(2)eM dz < 4o00.
RN
Finally, the hypothesis that pg is an eigenvalue seems crucial in our approach. It
is an interesting open problem to understand whether some type of pulsating front
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exists in the case where p( is not an eigenvalue. We believe that if such solutions
exist, they will be qualitatively different from the ones constructed in Theorem 1.2.

2. SCHEME OF THE CONSTRUCTION

The proof of Theorem 1.1 is contained in Section 5, and follows by now standard
arguments.

To construct a pulsating front solution u of (1.1) in the direction —e with effective
speed ¢ connecting 0 and a positive periodic stationary solution p, we let ¥ (s, z) =
U (S*cx'e,x). Then we need to find v satisfying

Cl/fs:MW’]*erf(xﬂ/’) VSER,I‘ERN
U(s,x+k)=v(s,z) VseR, zcRN, kezZ",

lim ¢(s,z) =0 uniformly in z,
S——00

(2.1)

lim ¢(s,2) = p(x) uniformly in z,
5—00

where M is the integral operator

M) (s, z) = / (@ —y)b(s + (y—2) - e, y) dy.

RN
To analyse (2.1) we introduce a regularized problem, namely, we consider for
e>0

(2.2) s = M[p] — 9 + f(z,9) + €Ay Vs eR, z € RY

where A is the Laplacian with respect to the = variables. The stationary version
of this equation is a perturbation of (1.6):

(2.3) 0=Jxu—u+ f(z,u) +eAu zeRN,

We will see in Section 5 that under the assumption that (1.6) has a positive periodic
continuous solution p, for small € > 0 the equation (2.3) also has a stationary
positive solution p. and p. — p uniformly as € — 0.

As a step to prove Theorem 1.2, for small ¢ > 0 we will find ¢*(e, €) such that
for ¢ > c¢*(e, €) there exists a solution . to (2.2) satisfying

lim ¢(s,2) =0
§——00

(24) lim ’(/)(S,CE) :ps(‘f)

s——+o00
(s, x) is increasing in s and periodic in z,
This is done in Section 6, following in part the methods developed in [9].

A substantial part of this article is devoted to obtain estimates for 1. that will
allow us to prove that 1) = lim._,o . exists and solves (2.1). These estimates are
based on the expected exponential decay of 1) as s = —oo, which we discuss next.
Suppose ¥ is a solution of (2.1). One may expect that for some A > 0

P(s, ) = eMw(x) +o(e?®) ass— —oco, xRV

where w is a positive periodic function. Then at main order the equation in (2.1)
yields

(2.5) cAw = / J(z — )tV Cw(y) dy — w + fo(z,0)w in RV,
RN
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Define
(2.6) Ia(z) = J(x)e A2e

then (2.5) can be written as the periodic eigenvalue problem

2.7) {J,\*w—w—kfu(a:,O)w—F,u)\w:O in RY

w > 0 is continuous and periodic,

which will be studied in Section 3. In particular, under the assumptions of Theo-
rem 1.2, we will see that it has a principal eigenvalue u) in the space of continu-
ous periodic functions. Then the speed of the travelling front should be given by
c = —%, and this leads to the formula for the minimal speed (1.9).

For the solutions of (2.2) and (2.4) on can guess a similar asymptotic behaviour
as § — —oo and a formula for the minimal speed

% R e X
(2.8) c*(e) = Igl;g(—T)

where .  is the principal eigenvalue of —L. » where
Leyw = ecAw + Jyw —w + f,(z,0)w

in the space of C? periodic functions.
Based on the estimates developed in Section 7 for the operator L) .u, we prove
in Section 8 exponential bounds of the form: for 0 < A < A.(¢)

(2.9) Ye(s,x) < Ce* Vo e RY VseR
where A;(c) is the smallest positive A such that ¢ = f%, and C does not depend

on € > 0. This exponential bound is obtained by studying the two sided Laplace
transform of ¢, an idea present in [17].

The exponential estimate (2.9) allows us in Section 9 to obtain uniform control
of local Sobolev norms ||t ||y1.» with p > N, which in turn implies that we obtain
a locally uniform limit ¢ = lim._,¢ . for some subsequence. The final step is to
verify that ¢ satisfies all the requirements in (2.1).

3. PRINCIPAL EIGENVALUE FOR NON-LOCAL OPERATORS
Let us recall the notation
Cper(RY) = {¢p € C(RYN) | ¢ is [0,1]N — periodic}.

For the rest of the article it is crucial to understand the eigenvalue problem (2.7),
and the purpose of this section is to study its properties. We will write (2.7) in the
form

(3.1)

Lad+pup=0 in RY
¢ € Cper(RY), ¢ >0

where
Lyw = Jy xw + a(x)w
and a(z) = fu(7,0) — 1 € Cpe, (RY).
We say that L has a principal eigenfunction if for some 1 € R there is a solution
in Cper(RY) of (3.1).
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As we will see later, it is not true in general that Ly has a principal eigenfunction,
but it is convenient to define in all cases

(3.2) pa =sup{ p € R | 3¢ € Cpe,r(RY), ¢ > 0, such that Ly¢ + u¢ < 0}

and call it the generalized principal eigenvalue of —L). The name is motivated by
the following result.

Proposition 3.1. Let A € R. Ifthereis u € R, ¢ € Cper(RY), ¢ > 0 and nontrivial
satisfying Lax¢ + up = 0, then p is given by (3.2) and it is simple eigenvalue of L.

The proof of this is a direct adaptation of Lemma 3.2 in [22].

The next proposition characterizes the existence of a principal eigenfunction.
Proposition 3.2. Assume that a € Cpe(RY). Then maxa(z) + pux < 0 and
max a(x) + px < 0 if and only if Ly admits a principal eigenfunction.
Proposition 3.3. The function —py is convezx in R and even. In particular, py is
nondecreasing in [0,00) and nonincreasing in (—oo,0].

Corollary 3.4. If Ly has a principal eigenfunction then for all A € R, Ly has a
principal eigenfunction.

In general it is difficult to describe precisely in terms of J and a whether Ly has
a principal eigenfunction, but we have sufficient and necessary conditions.

Proposition 3.5. Assume a € Cper(RY) and let A := maxgn a(z). There are
constants Cy,Co, m > 0 that depend on Jy such that:

a) if
3.3 1 dx > C T
(33) /[0,1]N m x> Cillallf~
then Ly admits a principal eigenfunction,

b) if

1
——dx < C
/[071]N A— a(x) 2

then Ly has no principal eigenfunction.

Finally, we need the next proposition to show that the formula (1.9) is well
defined and gives a positive number.

Proposition 3.6. The function A\ — py is continuous and for all ¢ > 0 there exists
o > 0 such that
—pa > —po —e +oe”MvAeR.

Remark 3.7. Many of the previous results have appeared in similar contexts, or
have been proved under slightly different conditions. Existence of a principal eigen-
function was obtained for symmetric non-local operators in [42], and later also in
[3, 22, 24, 53]. A condition like (3.3) is always explicitly or implicitly assumed in
these works. The motivation for definition (3.2) is taken from [12]. It has been
adapted to many elliptic operators, and was first introduced for non-local operators
in [22]. In this work the author obtained many of the results described here for an
integral operator on a domain in RN . A characterization like Proposition 3.2 for iy
was first obtained in [22]. The convexity of —ux, Proposition 3.3, is proved in [53]
under the assumption that a principal eigenfunction exists. Examples of non-local
operators with no principal eigenvalue are also presented in [22, 53].
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We start with some basic facts about the definition (3.2). The following results
are simple adaptations from results found in [22].

Proposition 3.8. (Proposition 1.1 [22]) Given a € Cper(RY), and J : RN — R,
J >0 in LY(RY) define
pp(J,a) = sup{p € R|3p € Cper.(RY), ¢ > 0, such that J x ¢ + ap + ué < 0},
Then the following hold:
(i) If a1 > ag, then
/’(‘p(']7 0,2) > /’L;D(Ja a/l)~
M;D(J%a) > MP(Jlﬂ a).
(itl) pp(J,a) is Lipschitz in a, more precisely

lp(Jsa1) = pp(J; az)| < [lar — azl|co-

To prove Proposition 3.5 we will need a generalization of the Krein-Rutman
theorem [46] for positive not necessarily compact operators due to Edmunds, Potter
and Stuart [30]. For this we recall some definitions. A cone in a real Banach space
X is a non-empty closed set K such that for all x,y € K and all & > 0 one has
r4+ay € K,and if z € K, —x € K then x = 0. A cone K is called reproducing
if X = K — K. A cone K induces a partial ordering in X by the relation x < y if
and only if x —y € K. A linear map or operator 7' : X — X is called positive if
T(K)CK.

If T: X — X is a bounded linear map on a complex Banach space X, its essential
spectrum (according to Browder [15]) consists of those A in the spectrum of T such
that at least one of the following conditions holds : (1) the range of A\I — T is not
closed, (2) A is a limit point of the spectrum of T', (3) U2, ker(Al —T)™ is infinite
dimensional. The radius of the essential spectrum of T, denoted by r.(T), is the
largest value of |A| with A in the essential spectrum of T. For more properties of
re(T) see [49].

Theorem 3.9. (Edmunds, Potter, Stuart [30]) Let K be a reproducing cone in a
real Banach space X, and let T € L(X) be a positive operator such that T™(u) > cu
for some u € K with ||u| = 1, some positive integer m and some positive number
c. Ifct/m™ > re(T), then T has an eigenvector v € K with associated eigenvalue

p>cY™. and T* has an eigenvector v* € K* corresponding to the eigenvalue p.

If the cone K has nonempty interior and T is strongly positive, i.e. u > 0, u # 0
implies Tu € int(K), then p is the unique A € R for which there exist nontrivial
v € K such that Tv = Av and p is simple, see [62].

Proof of Proposition 3.5.
a) Write the eigenvalue problem (3.1) in the form
(3.4) Iy ku+b(z)u =vu
where
bz)=alx)+k, v=-p+k
and k > 0 is a constant such that inf b > 0. Sometimes we will use the operator

notation Jy[¢] = Jy x ¢. We study this eigenvalue problem in the space CPGT(RN )
with uniform norm, where the operator Jy is compact. Let u € C’per(RN ), u>0
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and m € N . Since u and b are non-negative and J) is a positive operator, we see
that

(3.5) (Jx 4+ b(x)"[u] > J{u + b(x)™
We observe that there are m and d > 0 depending on J such that for u > 0,

JVu > d/ u.
(0,1]%

Let € > 0 and define the continuous periodic positive function
1
ue(x) =

max b™ — b(z)™ + ¢’
We claim that choosing ¢ and C4 in (3.3) appropriately there is § > 0 such that
(3.6) JPue + b(x)™ue > (maxb+0)"u.  in RY.

Indeed, taking C; large in (3.3) and then € > 0 small, we have
d/ 1 dx > 1.
[0,1]v maxb™ — b(x)™ + ¢

Then to prove (3.6) it is sufficient to have
(max b+ 0)™ — b(x)™
max b™ — b(z)™ + ¢

1> in RV,

This last condition holds provided we take § sufficiently small. Therefore, by (3.5)
and (3.6) we have
(Jx + b(x))" [ue] > (maxb+ §)™

Using the compactness of the operator Jy, we have r.(Jy + b(z)) = max,cgn~ b(z),
and by Theorem 3.9 we obtain the desired conclusion. We observe that the principal
eigenvalue is simple since the cone of positive periodic functions has non-empty
interior and, for a sufficiently large p, the operator (Jy + b)P is strongly positive.
Any point v in the spectrum of (Jy + b) with |v| > r.(Jy + b) is isolated, see [15].
In particular the principal eigenvalue is an isolated point in the spectrum.

b) As before, without loss of generality we can assume a > 0. Suppose there
exists a principal periodic eigenfunction ¢ with eigenvalue p. Then max a(z) + p <
0. Let C = [0,1]" and note that

Iy * ¢(x) :/RN J(x —y)e Az—y)- “o(y) dy = Z Jx—z—k )‘(”_Z_k)'eq’)(z)dz

€ kezn

/ ¢) sup J(x — 2z — k)er@=z=k)e

z,z€C kGZN
But then
b(x) < / 6) swp 3 J(w -z — k)N
+ /J z,z€C kEZN

Integrating the above inequality we obtain

/925 </ — /¢ wsggc J(z — 2 — k)eMe—z—k)e,

kezZN
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and hence

1
1< / ————dx - sup J(z — 2 — k)eMz—z—k)e,
e s 2 )

Since p < —maxaf(-)

1 Ao—z—
< - . o (x—z—k)-e
1 / 0 @) dx - sup E J(x—z—k)e

z,z€C

keZN
Let
M = sup Z J(x — 2z — k)er@=z=k)e,
z,z€C
’ kezN
If
1
M / S S—
¢ maxa(-) — a(x)
there can not exist a principal eigenfunction. O

Proof of Proposition 3.2. From the definition we obtain directly max a(z)+uy <
0 for all X € R. If there exists a principal eigenfunction ¢ € Cpe,(RY), then clearly
maxa(z) 4+ uy < 0.

Now suppose that maxa(z) + py < 0. We approximate a by functions a. €
Cper(RY) such that maxa = maxae, ||a — ac||oo — 0 as e — 0, and

(3.7) /[ ;dm = +o00.

0,1)¥ Maxaz — ac(z)
Then, by Proposition 3.5 there exists a positive, periodic ¢., with ||¢¢|| = 1, such
that
Iy x ¢ + (ac(x) + p5) e = 0, in RY.
Since by Proposition 3.8, u5 — w1, there exists 6 > 0 such that a.(z) + p5 < —9
for all x and €. Therefore, by a simple compactness argument, we have that ¢. — ¢

uniformly as € — 0, with ¢ positive satisfying (4.1), which concludes the proof.
O

Remark 3.10. If Ly has a principal eigenfunction ¢ € Cper(RY), and additionally
a€CF, k>1andJ is C*, then ¢ is also C*, which follows from

Ind = (—px —a)g
and —py —a > 0 for some § > 0.
Proof of Proposition 3.3. To prove this result, we will first suppose that a
satisfies (3.7), and then we proceed by an approximation argument. We will prove
the convexity using an idea from [53]. Let A, Ay € R, and ¢ € (0,1). If a satisfies
(3.7) then by Proposition 3.5 there exists ¢1, ¢ positive solutions of (3.1), with
corresponding eigenvalues i1, g2, for A, Ay respectively. Consider ¢ = ¢! é_t.
Then by Holder’s inequality we have that

Inxd < (g 61)" (In, * 2)' "
Using the inequality above and that ¢; and ¢, are solutions of (3.1) we obtain that
I ¢ < ((—a(a) — p)o1) ((—a(z) — p2)¢2)' ™" = (—alw) — m)*(~a(z) — p2)' '

and then using Young’s inequality we obtain that
Iaxd < (H(=a(r) — ) + (1= t)(=a(r) — p2))¢ = (—a(@) + tpr + (1 — )p2)o,
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from where
Ptr 4+ (1—t)xe > tpn + (1 — 1)z,

which gives the convexity.

To conclude when (3.7) does not hold, we just approximate a by a. satisfying
(3.7) and a. — a uniformly in RY. Then the result follows by Proposition 3.8 (iii).

Finally, we claim that the function p) is even. Indeed, suppose first uy is the
principal eigenvalue of Ly, so uy + maxa(z) < 0. Considering Ly in the space
of L} (RY) periodic functions, we have that L_, is its adjoint, and therefore p
is in the spectrum of L_y. Using py + maxa(z) < 0 it is easy to see that py is
the principal eigenvalue of L_y. In the case L) has no principal eigenfunction, we
directly deduce puy = p—x.

Since —puy is even and convex, we obtain, that p is nondecreasing in (0, 00) and
noincreasing in (—o0,0). O

Proof of Proposition 3.6. For the continuity of A — pu) we argue as follows.
Suppose first that a satisfies (3.7) and A\; — M. It is easy to see that puy; is
bounded, so up to a subsequence px; — pu. Let ¢; € Cper(RY) be the principal
eigenfunction associated to px; (j =1,2,...) normalized so that |[¢;|[z = 1. Since
p~+maxa < 0, we have py; +maxa < —9 < 0 for some 6 > 0 and all j large. Then
from

Iy x5 = (—px; — a)d;
we obtain compactness to say that for a subsequence ¢; converges uniformly to a
nontrivial, nonnegative function ¢ € Cpe,.(RY) satisfying the eigenvalue problem
I ¥ O =(—p—a)o.

Because of the uniqueness of the principal eigenvalue, Proposition 3.1, u = py .

If a does not satisfy (3.7) we argue approximating a by a. that satisfy (3.7).
Let 5 denote the principal eigenvalue of —J\ — a.. We note that the convergence
w5 — px as € — 0 is uniform by Proposition 3.8 (iii), so continuity of 5 with
respect to A for all € yields continuity of A — wy.

Next we show the exponential growth of —uy. Observe that if ¢ € Cpe, . (RY)
then

(3.8) Iy k= - kA(x,y)e_A(”_yye¢(y)dy,
0,1]N

where

Ex(z,y) = Z e J(z —y — k).

kezZN
The function ky (-, y) is [0, 1]"-periodic. We consider the following eigenvalue prob-
lem
(3.9) Ing+ (n+e)p=0 with ¢ € C([0,1]V),
where € > 0 and
Ly¢ = o ka(z,y)e XY (y)dy + a(x)d + pog.
0,1

We will assume first that the support of J is large, so that for some constants

b,d > 0:
ka(z,y) > de?*  Va,y € [0,1]V.
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Let w(y) = e~*¥¢. Then
Lyw > (de + a(z) + po + €)w > s w
where 0 > 0 and where we take A large. If A > 0 is large enough, by Theorem 3.9
we obtain a principal eigenfunction ¢ € C([0,1]") of Ly, with principal eigenvalue
—fix > 6eP*. Since kz,\(:v,y)e)‘(’”_y)'6 is periodic in x, we see that ¢ is periodic.
Therefore, extending it periodically to RY, we find that it is the principal eigen-
function of Ly and —py + po + & = —fix > de?*. Now since —pu, is non decreasing
in A we have —uy + po + € > € and by taking § smaller if necessary we achieve for
all A
—pin > —pg — € + 6.

Without the assumption that the support of J is large, we can assume that

a(z) > 0 and work with m large so that the support of J™ is large. Then
(x +ax)™ = JU' + a(x)™.
Notice that
() = AT )

so the previous argument applies and we deduce that the principal eigenvalue of

JU" +a(z)™ grows exponentially as A — +00. Then the same holds for (J)+a(z))™
and therefore for Jy + a(x). O

4. CONVERGENCE OF THE PRINCIPAL EIGENVALUE AND EIGENFUNCTION

Given € > 0 we study here the eigenvalue problem:
(4.1) {5Aw+J>\*ww+fu(x,O)w+uw0 in RY
w > 0 periodic and C?.
We will write
(4.2) Loyw=cAw+ Jy*w—w+ fy(z,0)w

and L)\ = LO,/\'

In this section we will assume that g is a principal eigenvalue for —Ly. Observe
that by Corollary 3.4 u) is a principal eigenvalue of —L). By the Krein-Rutman
theorem, we know that for € > 0, L, » has a principal eigenvalue p. ) and there are
principal C? periodic eigenfunctions ¢. > 0 of L. x and ¢7 \ >0 of L7 ,, that is,

Ls,)\(vbs,)\ + Ns,)\(bs,)\ =0 and L:,)\(b:,)\ + ,u's,)\(ﬁ:,)\ =uU.
Lemma 4.1. Fore >0
(4.3) per =sup {p € R: 3¢ >0 L. ¢+ pg <0}
(4.4) =inf {peR:3¢>0 L. ¢+ pup >0}

where the sup and inf are taken over periodic C? periodic functions if € > 0 and
over continuous periodic functions if € = 0.

Proof. Let us write:
pt =sup {p:3¢ >0 L. ¢+ up <0}

po =inf {p:3¢p >0 L.r¢p+ pup >0}
Using ¢. in the definitions we see that

pe < pen < pl.
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Let us prove pe » = pz. Let u € R be such that there exits ¢ > 0 C? periodic
such that L. v + pp > 0. Then

pe (¥, 02 ) = —(, LI 302 \) = —(Len®, &2 5) < (b, @2 \)

where ( , ) denotes L? inner product on [0, 1]". Since (1, ¢*) > 0 we deduce that

pex < p- Hence pre x < pic.
The proof of p < pe  is similar. O

Lemma 4.2. Let p.\ be the principal eigenvalue of (4.1) in the space of C*
periodic functions. Then
Hex — iy ase — 0.

Let ¢ x be the principal periodic eigenfunction of L. x normalized so that || x| 12 ([0,117) =
1. Then
ber — b i C(RY) ase — 0

where ¢y is the principal periodic eigenfunction of L.

Proof. Under the stated hypotheses (1.4), (1.5) on J and f, ¢y is C? by Proposi-
tion 3.5. Let p > py. Then

Lexdy + pox = eAdy + (. — pa)dxr >0

if ¢ is small. Using formula (4.4) we see that for small €, p. x < . Thus

lim sup i x < fix.
e—0

Using (4.3) we can prove
liminf pe y > px.
e—0

Next we prove the uniform convergence of ¢. ) and for this we derive a prior:
estimates. Since ¢. ) satisfies (4.1) and f,(x,0) is C? we see that ¢.  is in C>*(RY)
for any o € (0,1). Fixi € {1,..., N} and differentiate (4.1) with respect to x;. Let
us write w; = Oy, ¢ x. Then

(4.5) eAw; +g; — w; + fu(@,0)w; + pepw; =0 in RY,
where

(@) = [ (00 =) = 2e)) S0 ) dy -+ 02, (2,000

Let p > 1. Multiplying (4.5) by |w;|?~2w; and integrating on the period [0, 1] we
get

E/ Aw;|w; [P~ w; dm—l—/ gilwi [P~ w; dx
[0,1]~ [0,1]¥

+/ (=14 fu(z,0) + pe2)|w;i|? dx = 0.
[0,1]~

Integrating by parts

o) [l [0 e 0) = )l de
0,1

0,1]¥

= / gi|wi|p_2wi dx
[0,1]N¥
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and therefore

[0 hw0 el do < [ glud
[0,1}¥ N

By Holder’s inequality
(4.6)

1-1/p 1/p
/ (1= Ful,0) = o) fun]? dar < ( / |wi|f’> ( / |gi|”> .
[0,1]¥ [0,1]N [0,1]¥

Since the operator Ly has a principal eigenfunction ¢ > 0 from the relation

Ja*xox = (1 — fu(x,0) — px)oa
we see that

inf (1 — fu(z,0) — py) > 0.
Jnf (1= fu(2,0) — )

Since pe x —+ py as € — 0, for sufficiently small € > 0 we have
(1 — fu(z,0) = pen) > ¢ >0 for all z € RY.
We deduce from this and (4.6) that

[willLe jo,117) < CllgillLr(j0,11%)
with C' independent of €. But

lgill Lo 0,117y < ClldeallLeo,11v)

and therefore, recalling the definition of w;, we obtain

(4.7) Vel o~y < CligellLe o)

with C' independent of . Since we have normalized ||¢c || £2(j0,11~) = 1, using (4.7)
repeatedly and Sobolev’s inequality we deduce that for any p > 1

Ve allLe oy < C

for some constant C. By Morrey’s inequality we deduce that ¢, » is bounded in
C([0,1]") for any 0 < o < 1. Therefore, for a subsequence we have that ¢. x — ¢
uniformly on [0,1]" to some continuous function ¢. Then, multiplying (4.1) by a
periodic smooth function and integrating by parts twice we deduce that ¢ > 0 is
a periodic eigenfunction of Ly with eigenvalue puy. Then ¢ is a multiple of ¢y and
since both have L? norm equal to 1, we conclude that ¢ = ¢y. We also deduce that
the whole family ¢. » converges to ¢ as e — 0. (]

5. THE STATIONARY PROBLEM

The proof of Theorem 1.1 is consequence of the next two propositions.

Proposition 5.1. Assume (1.5). Let po and u. denote the principal periodic eigen-
values of —Lg and —L. respectively where for € > 0 we have

Lep =eAgp+Jxd— ¢+ fu(z,0)0.

a) Then the stationary equation (1.6) has a positive periodic solution if and only
if wo < 0 and this solution is unique up to translation.

b) The perturbed stationary equation (2.3) has a positive periodic solution if and
only if pe < 0 and this solution is unique up to translation.
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Proposition 5.2. Assume pug < 0. Then for e > 0 small p. < 0. Let p be the
positive continuous periodic solution of (1.6) and p. be the positive periodic solution
of (2.3) for e >0 small. Then

pe = p  uniformly as € — 0,
in particular p is continuous.

Proof of Proposition 5.1.

a) Assuming that po < 0 and it is a principle eigenvalue of —Lg one obtains a
positive periodic solution of the result is obtained using sub and supersolutions, we
refer to [3, 24].

When there is no eigenfunction associated to g, we follow the argumentation
developed in [22]. Let us denote a(z) := f,(2,0) — 1 and o := supgn a(z). Since
a(z) is smooth and periodic there exists a point xg such that ¢ = a(zg). By
continuity of a(x), for each n there exists 7, such that for all x € B, (z¢) we have
o — a()| < 2.

Now let us consider a sequence of real numbers (&,,),en Which converges to zero
such that e, < . Next, let (Xn)nen be the following sequence of cut-off functions:
Xn(T) = x(%) where x is a smooth function such that 0 < x < 1, x(x) =0
for |z| > 2 and x(z) =1 for |z| < 1.

Finally, let us consider the following sequence of continuous periodic functions
(an)nen, defined by a,(z) := sup{a(z),ox,} and the associated periodic principal
eigenvalue problem

(5.1) Jx¢+an(r)p+pup=0 inRY.

Observe that by construction the sequence (ay,)nen is such that |a(z) —an(z)]|coc —
0. Let us now proceed to the construction of a non trivial solution.

By construction, for each n, the function a,, satisfies supg, a,, = o and a, = 0 in
B% (20). Therefore, the sequence a,, satisfies the condition of existence of principal
eigenpair for (5.1) (Proposition 3.5) that is there exists a principal eigenpair (u;,, ¢n)
solution of the periodic eigenvalue problem (5.1) with ¢, € Cper(R™).

Next, using that ||a,(x) — a(x)]e — 0 as n — oo, from the Lipschitz continuity
with respect to a(z) (Proposition 3.8) it follows that for n big enough, say n > nq,

we have

Ho
n < = <0.
fn =75

Moreover, by choosing ng bigger if necessary, we achieve for n > nyg

pin + lan(2) = a(@) oo < 2.

Let us now show that o¢, is a subsolution for ¢ small enough. For n > ng, we
have

Jxop, —od, + f(x,00,) = f(x,00,) — (1 + an(x))od, — opindn
= (fu(2,0) = (an(2) +1))0bn — Ttndn + o(cdn)
> (= lla(@) = an(2)lloc = pn)odn + o(0n)

> —%mﬁn + o(odn) > 0.
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Therefore, for ¢ > 0 sufficiently small and n big enough, o¢,, is a subsolution of
(1.6). As above, the monotone iteration scheme gives the existence of a periodic
solution p satisfying the (1.6) a.e.

Uniqueness is proved as in [24, 22].

b) The proof of existence is by sub and supersolutions as in [8, 24] while the

argument for uniqueness is the same as in [8].
g

Proof of Proposition 5.2. We remark that the proof of Proposition 5.1 yields
uniform estimates for p., more precisely, there is C' > 0 such that for all sufficiently
small € > 0 we have

1
5§p5($)§0 vz e RV,

Indeed, let a,, be the coefficient defined in the above proofs and consider its C?
regularization b, (x) := p, * a,(x) where p,, is an adequate sequence of mollifiers
with support in Ben (0). Let ¢, > 0 be the principal eigenfunction of the following
eigenvalue problem

5A¢a,n +Jx ¢s7n + bn(x)¢57n + M57n¢€,n =0 in RY.

By construction, using the Lipschitz continuity of the principal eigenvalue with
respect to a(z) (Proposition 3.8) we have for n big enough say n > ng, for ¢ > 0

I
Hen < 5
For € small enough say € < ¢y we also have for each n € N
Mo,
Pen < 2".
Therefore, we have for ¢ < gy and n > ng
Ho
< —.
Hen = 1

By choosing ng bigger if necessary, using the Lipschitz continuity of the principal
eigenvalue with respect to a(z) (Proposition 3.8) we achieve for € < g

Ho
He,ng + ||b’l’L0 (l’) - (I(.’L’)Hoo < §

Now for ¢ > 0, as above we have

50A¢€,no +J %0 ng — OPeng + f(x7 Uqbs,no) > _(Ha(x) — b, (x)Hoo + ME,no)U¢6,no

+ 0(0 Pz o)
~ _Ho 0
el 7§0¢6,n0 + O(J¢5,7LO) > 0.

Therefore, for o > 0 sufficiently small , 0¢. ,, is a subsolution of (1.6) and

U¢6,no < Pe.
Since ¢¢ n, —+ ¢n, uniformly and ¢,, > 0 we find the lower bound.

Let v = ggf for some j € {1,...,N}. Then v satisfies
J

(5.2) Jxv—v+elv+ fule,p)v+ fo,(x,p:) =0 xR



PULSATING WAVES FOR NONLOCAL DISPERSION AND KPP NONLINEARITY 17

We use that f(x,u)/u is a decreasing function for w > 0. This implies that f(xz,u)—
fu(z,u)u > 0 for all z € RY and all u > 0. Since there is a fixed lower bound for
De > % (e > 0 small) we find a fixed lower bound for the quantity

f(@,pe) — fulz,p)pe > 00 >0 Vo eRY
and all € > 0 small. Then p. satisfies
EAPe + J * pe — pe + ful@,pe)pe = fu(®,p)pe — f(2,pc) < .

By the maximum principle we conclude that

1
\U|§5—p8§0 in RY.
0

Thus p. is uniformly Lipschitz. Up to subsequence p. converges uniformly in [0, 1]V
as ¢ — 0 to a continuous function p which is periodic and solves (1.6). By the
uniqueness of the positive periodic solution of (1.6), Proposition 5.1, 5 = p. Thus
p. — p uniformly in [0, 1] as e — 0 and p is continuous. O
6. CONSTRUCTION OF APPROXIMATE PULSATING FRONTS
Let €1 > 0 be small enough so that
0=Jxp—p+e1Ap+ f(z,p) zeRN

has a positive periodic solution p.,, which is unique.
Here the main result is the following.

Proposition 6.1. Let c¢*(e1) be defined by (2.8). For ¢ > c¢*(e1) there is a solution

to
(6.1) cOsth = M) — 9 + 1A% + f(x,) in R xRY
such that
lim ¢(s,z) =0
(6.2) Jim (s, z) = pe, (2)

¥ (s, x) is increasing in s and periodic in x.

To prove this result, we first work with an elliptic regularization L., of the
operator M — Id+ A, — cOs as it is done in [5, 21, 25] and introduce a truncated
problem as follows. Given e5,7, R > 0, ¢ > 0 and ¢ € R consider the problem

Lo+ f(x, ) + H(s,z) =0 in (—r, R) x RY
P(s,-) =o0¢ fors< —r

P(s,:) =pe, fors>R

(s, ) is [0,1]N-periodic for all s

(6.3)

where
Eazw = / J(x—y)¢(5+(y—$)€7 y) dy—w+€1Az¢+€28&sw—C@Swa
[—r<s+(y—a)-e<R]

¢ is the principal periodic eigenfunction associated to the principal eigenvalue .,
of the following problem

eAp+Jxp— ¢+ fu(x,0)d + pe, ¢ =0,
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and
H(s,2) =0 / J(x — y)éy) dy + / (@ - y)pe, () dy.
[s+(y—z)-e<—r] [s+(y—x)-e>R]

Proposition 6.2. There exists g such that for all 0 < o < gg and for any c € R
there exists a unique solution of (6.3). Moreover, the corresponding solution is
increasing in s, and continuous with respect to o with values in C?([—r, R] x RY).

Proof. Note that by construction, since J is smooth then H(s,z) is also smooth
and the problem (6.3) can be solved by super and sub-solutions techniques. We
call a function ¢ € C?(RY x [—r, R]) a super-solution of (6.3) if
£e2¢+f(9571/))+H(3»$)§07 -r<s<R
V(-r,x) 206, G(R,x)>pe,(2) VoeRY
1 is periodic in x.
Subsolutions are defined similarly reversing the inequalities. If there exist a subso-

lution ¥; € C%([—r, R] x RY) and a supersolution ¥y € C2([—r, R] x RY) such that
W, < WUy, then using monotone iterations one can construct a minimal solution g

and a maximal solution 1 of (6.3) such that ¥; < P < 7 < W¥y. The monotone
iterations can be taken for instance of the form

Yo =¥,
and 1, defined recursively as

(6.4)
— 1Az Yn1+1 — €2055Wn11 + Ostni1 + (A4 D)hpy

= M, + f(2,¢n) + A + H(z,s) in (—r,R) x RN

'(/Jn-l-l(_rv 33) =09, ¢n+1(R’ .I) = Dey (33) Vz € RY
Y41 is periodic in x.

where M denotes the operator

Stis.) = [ T —y)ols + (s — ) -e.y) dy.
[—r<s+(y—=)-e<R]
Here A > 0 is a large constant such that u — f(x,u) + Au is increasing for all
u € [0, max p, | and all z. Then the right hand side of (6.4) is a monotone operator.
Now since, p., and w are bounded and strictly positive functions, the following
quantity ¢* is well defined

*

o :==sup{oc >0|o¢ < p., }.

Take now 0 < o < ¢*. Then from the definition of H(s,z) we see that p., is a
supersolution of (6.3). Indeed, a short computation shows that

Lo,V + f(x, Vo) + H(x,s) < (J *xpey, —pe,) + f(2,0e,) +€180p, = 0.

Working with €1 > 0 sufficiently small we have that p., < 0. Let us now observe
that when 0 < ¢ < ¢* and o is small enough the function o¢ is a subsolution of
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(6.3). Indeed, as above using that 0¢ < p., a short computation shows that
L0+ f(@, W) + H(z,s) = 0(J % 6 — 9) + [(2,00) + £108,0

f(z,09)
Tog @ 0)) :

Since v is uniformly bounded, using the regularity of f(z,s) we have for ¢ > 0
small enough say o < o

f(m,a¢) Hey
(_Mm + 0'(25 - fu(x70)> > _7 > 0.

Thus for o < 0 := inf{o1,0*}, 0¢ is a subsolution to (6.3) with cw < p,,.

We prove now that for all o < o( the corresponding solution %, of (6.3) is
unique. To this end we use a standard sliding method.

First observe that for any 0 < o < 09, then any bounded solution ¢, of (6.3)
satisfies

2 O’¢ <_M51 +

J¢ < wd <p€1’

Indeed, let us start with the proof of the inequality ¢, < p.,. Since p., is bounded
away from 0 the following quantity is well defined

v i=inf{y > 0] ¥y < ype, }-

To prove the inequality, we are reduced to show that v* < 1. Assume by contradic-
tion that v* > 1. From the definition of v*, using the periodicity of the functions 1,
p. and a standard argument we see that there exists a point (sg, ) € (—r, R) x R
such that v*p., (S0, o) = ¥e (S0, Zo)-

Observe that since @ is a decreasing function of s, the function v*p., is a
supersolution of (6.3). Moreover, for some positive constant A big enough, the
function v*p., — ¢, satisfies

Ley(V'Pe, — Vo) — A(Y'Pe, = o) <0, in (—r,R) x RY
(V*pe, — o )(—=7,x) >0, (Y*pe; —ho)(R,z) >0 Va e RY.

Since L., is elliptic in (—r, R) x RY and v*p., (s0, %o) = 1 (50, Zo), from the strong
maximum principle it follows that

Vpey, = Vo in (=r,R) x RY,

which is impossible since v*p., () > pe, () > op(x) = o (—r,z). Therefore we
have v* <1 and ¢, < p.,. The strict inequality comes from the strong maximum
principle. Now observe that to obtain the other inequality ¢ < ¥, we can just
reproduce the above argumentation with o¢ in the role of 1, and 1, in the role of
e, -

We are now in position to prove the uniqueness of the solution of (6.3). Suppose
1, 1y are 2 solutions of (6.3). Define the following continuous functions

op(xr) ifs<-—r andz e RN

Pi(s,z) == y(s,z) if —r<s<R andx €RY
pe, () ifs>R and z € RV
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and
op(x) ifs<—r and x € RN
Po(s,z) = Po(s,z) if —r<s<R andzeRN
D, (T) if s> R and « € RV,

Note that with this notation the equation (6.3) satisfied by ¥ and s can be
rewritten

(6.5) 1AW + £20450; — cOsth; — s + fx,ah) = —Mep; in (=7, R) x RN,
with ¢ € {1,2}.

Let us define B B

¥1(s,2) ==1h1(s + 7,2)
with 7 € R. Obviously, we have
Vi (s,2) =1 (s + 7, ) in (—=r,R—7) xRN

We claim that for all 7 € [0, R + 7]
(6.6) YT (s,2) > ho(s,z) for (s,z) € R x RV,
By construction we easily see that @[;{HT > 1y in R x RY since we know that

o <1p; <p., for (s,x) € R x RV,
Moreover, using that we have a strict inequality in (—r, R), that is to say
op <1 <pe, for(s,x)e (—r,R) xRN,
we can find a positive € such that for any 7 € [R 4+ r — &, R + r] we have
Y7 (s,x) > ha(s,x) for (s,z) € R x RY.

Note also that by construction for all 7 > 0 we have
(6.7) H in ((—o0, =r] U[R — 7, 400)) x RY.

Now let us define

™ =inf{r € [0,R] : 9] >y for 7' € [r,R+7]}
then 0 < 7% < R+ r. Assume that 7* > 0. in this case
U7 >4y in Rx RV
and since J > 0 we have L
M7 —2) 2 0.
Now, fix A > 0 large so that f(z,u) + Au is monotone increasing in [0, max p., |.

Let us denote z := w{* — 1py. Then using the definition of 1] and v in (—r, R —
) x RV, we have

1Az + e90552 — cOsz — (A+ 1)z < —M(z/;f — 1)) <0,
z(=r,x) >0 for all z € RV,
Z(R—7",2) >0 for all z € RV,

By the strong maximum principle, it follows that z > 0 in (—r,R — 7*) x RV,
Therefore, we have )] — 1y > 0 in [—r, R — 7] x RY and by continuity for & small
we have for any 7 in (7% —e,7%)

(6.8) Y] —hy >0 in [—r,R— 7] x RV,
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Combining the later with (6.7) it follows that for any positive 7 in (7* — e, 7*) we
have

(6.9) T — 1y >0 in R x RN,

which contradicts the definition of 7*. Therefore, 7% = 0 and v, > 5. By inter-
changing the role of ¥, and 1) in the above argument we end up with ¢ > 1y > 91,
which prove the uniqueness of the solution of (6.3).

Taking ¢2 = 1 in (6.6) shows that ¢ is increasing in s. Finally the map o — v,
is continuous, thanks to the uniqueness of the solution to (6.3) and standard elliptic
estimates. O

Proposition 6.3. Suppose ¢ > c¢*(e1). Then there exists ro > 0, e2(c) > 0 and
k > 0 such that for r > ro, R > rq, €3 < ea2(c) there is o € (0,00) for which the
unique increasing solution ¥ of (6.3) satisfies

o $(0,2) =  minpe,.

Proof. Let 9, denote the unique solution of (6.3) constructed in Proposition 6.2.
Choose k£ > 0, so that

0o max ¢ — min
0 v N Deys

k
where ¢ denote the positive periodic principal eigenfunction associated to the eigen-
value problem

Jxodp—d+e1Ad+ fulz,0)p+ pe, o = 0.

Observe that since 1, is increasing in s, we have maxgn~ 94, (0,2) > % mingw Pe, .
Next we prove that for o = 0, we have max,cpny 1(0,2) < %minRN Dey -

Recall that
* U _,uc‘:‘l,)\
¢ (51)'_i2%( ) )
where ug\gl) is the principal periodic eigenvalue of the problem
Inx¢—¢+e1Ag+ fu(®,0)0 + pe, 2 = 0.

Since ¢ > ¢*(g1) there is A > 0 such that ¢\ + py > 0. Let us denote ¢; the
principal periodic eigenfunction associated with us and consider the function

w = ei(s_s(’)(él,

where sg € R is a parameter.
Choose now sg so that

5 1
—Xso - .
e "¢1 < minpe,,

and take R > 0 large so that

A=)y () = pe, ().
Since w is monotone increasing in s we have
w(s,z)¢p1(x) > pe,(x) for any (s,z) € [R,400) x RV,
Finally, observe that

A s0) gy (£) >0 for any (s,2) € R x RY.
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We claim that the function w is a supersolution of (6.3) with o = 0 for £5 small
enough. Indeed, in (—r, R) we have

Low+ f(x,w) + H(s,z) < (J5 % ¢1 — d1 +£1A¢1 + fu(2,0)1 — cAoy1 + 525\2%)65‘5
< —(px + X — e dHw

Therefore, for e < L% 1= £5(c) we have

Low+ f(z,w)+ H(s,x) <0 for all (s,z) € (—r, R) x RY,

w(—r,z) >0 for all x € RY,

w(R,x) > pe, for all z € RV,
Since 0 is a subsolution of (6.3) with 0 = 0 and w > 0 using the uniqueness of the
solution of (6.3) we must have ¢g(s,z) < w. Therefore

. pEl
max ¥0(0,2) < max w(0,z) < mip ==

With R > 0 fixed, we see that the map o € [0, 0¢] — 1), is continuous, and at oy

satisfies max ¢, (0,2) > min 21 and max (0, 2) < min L. By continuity there
is o € [0, 00] such that max 1), (0,2) = min L. O

Proposition 6.4. For ¢ > ¢*(g1) and g5 < e5(c¢) there is a solution to

(6.10) Dgth = M — o + 1 A + £20550 + f(x,9)  in R x RN
such that

im (s, 2) =0

Jm (s, z) = pe, (2)

Y(s,x) is increasing in s and periodic in x.

Proof. For r > 0 large, let ¢, be the solution of (6.3) with R = r obtained in
Proposition 6.3 where o = o(r) € (0, 0¢) is such that

. ey (@)
(6.11) max P (0,2) = nin =
We let r — oco. Since %, is locally bounded in C'™®, there is a subsequence such
that v, converges locally in O to a function 1 : R x RY which satisfies (6.10)
with the speed c, is increasing in s and periodic in x.

The limit w(z) = lims_, _ o 9(s, z) exists and is a solution of the stationary prob-
lem. By Proposition 5.1 part b) this solution is either 0 or the unique positive sta-
tionary solution pe,. By (6.11) we conclude that w = 0. Similarly lims_, 1 o0 (s, 2) =
Pey (l‘)

O

In the next proposition we establish some a priori estimates satisfied by the
solutions of (6.10). Namely, we have

Proposition 6.5. Let ¢ > ¢*(e1) and €2 < e2(c) then the solution (v, c) of (6.10)
satisfies
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€1 1 ~
o[ ot == [1VepP =g [ F@) @) - pa )P + [ Flapa)
RxC C C2 C

where C = [0,1]N and J = Y okezn J(x —y — k) is a symmetric positive
kernel.

(ii) For all compact set K C R x RN there exists R > 0, a constant v(R) and
n € N so that

/,C'VWeIQ <(®)(2n)".
(iii) Given R >0, let
Qr ={(s,z) e R xRN : |z| < R, |s| < R}.

Then there exists positive constant M, M’ independent of € such that

1
sup [Vathe| < M <c| S (2%11) s (o) 51 |fu<x,o>|)> sup i

QRr/a R

t — t
. Yo (t1, 7) wi 2,7)| < M sup [Vaibe|.
Qrj |t1 _ t2|2N Qr

We give the proof of this Proposition in Appendidx A. We are now in a position
to prove the Proposition 6.1

Proof of Proposition 6.1. Let us first assume that ¢ > ¢*(¢1). Then from the
above construction, for any 2 < £a(c), there exists a function )., (s, x) increasing
in s and periodic in € RY that is solution of (6.10). Without loss of generality,
we can assume that . is normalized as follows

(6.12) r%%xwg(o, x) = rlg]ivn p%
We let ¢ — 0 along a sequence. Thanks to the apriori estimates of Proposition
6.5, we can extract a subsequence of (¢, )nen Which converges locally uniformly in
R xRY to a function ¢ € H} (RV)NC*(R x RY) for some « € (0, 1), that satisfies
(6.1) in the sense of distributions. Since . is periodic in &, monotone increasing in
s, and 0 < 9. < p, we also have that 1 is periodic in x, monotone non decreasing
in s, and 0 < ¢ < p.,. Note also that from the normalization condition, since
e, — ¢ locally uniformly, we also deduce that

(6.13) max (0, 2) = min —=.

Furthermore, using standard parabolic estimate, on can show that ¢ is a classical
solution of (6.1). Thus v satisfies

51A¢—Cas¢+MW}_¢+f($7¢):0 inRXRNv
0<¢<ps, O3>0 inRxRY
(s, ) is [0, 1]N-periodic for all s.

By standard estimates the limit w(z) = lims_, o (s, ) exists and is a solution
of the stationary problem. By Proposition 5.1 part b) this solution is either 0 or
the unique positive stationary solution p.,. By (6.13) we conclude that w = 0.
Similarly lim,_, oo ¥(s, z) = pe, (). O
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7. ESTIMATES FOR L.
Recall the notation from (4.2):
Lycu=cAu+ Jyxu—u+ fy(z,0)u.

Lemma 7.1. Let \ be such that 0 < Ac < —p.. Ifu € C*(RYN), u > 0 is a periodic
solution to

Lycu—Acu=h in RN
then
[wll oo 0,113y < ClIAll Lo 0,177y
Writing C' = C) ¢, for any € > 0 and 0 < Ao < A1 < —pe/c we have

sup Cy . < o0,
Ao<A<N

but the constant depends on e.
Proof. Let ¢} . be the principal eigenfunction of the adjoint operator L} .. Then
multiplying the equation by ¢f _ and integrating we find

(—pe — Ac) / ud,. = / hes, .
[0,1]¥ [0,1]V

Since Ac < —pie, u > 0 and ¢} , is strictly positive and bounded, we obtain

llull L1 o,y~) < CellhllLr 0,17y

The uniform norm follows because of standard elliptic estimates for the operator
L)\,€~ O

Proposition 7.2. There is p > 0, such that for any 0 < p’ < p there is g > 0 and
C such that for any 0 < e < e, any X in the range (—pe —p)/c < A< (—pe—p')/c
and any w > 0 that is a periodic solution to

(7.1) Ly.u—Xeu=h inRY
for some h € L we have

[[ull Lo 0,1135) < Cl|Rl[ Lo (g0,17)-
The constant p > 0 does not depend on € or .

Proof. Let u be the principal eigenvalue of —L. Recall that inf, (g 1n5 (1— fu (2, 0)—
u) > 0, so we can fix p > 0 such that inf, (1 — f,(z,0) —p—p>0). Let 0 < p' <p
and proceed by contradiction. Assume that there exist sequences £, — 0, A\,, in the
interval (—p., — p)/c < Ay < (—pe, — p')/c, periodic functions (hy,) in L™, (uy)
in C2 such that u, solves (7.1) and

Ihnlle =0  and  ||upllL= = 1.
We write equation (7.1) as
(7.2) EnAuy — an(T)uy = —gn

where
an(x) =1- fu(xao) +Apc and g, = J)\nun — hy.
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After extracting a subsequence we may assume that A\, — X\, u, — u weakly-* in
L>([0,1]") and then Jy, u, — Jyu uniformly. Hence g, — g = Jyu uniformly,
and ¢ is continuous. By Lemma 4.2 we have p., — p as n — oco. Since

an(z) =1— fu(z,0) + Ape > 1— fu(2,0) — pe, —p
and 1 — f,(z,0) — p — p > 0, by working with n large we may assume that

infa,(x) > ap >0 for all n.
xT

Note that a, - a = 1 — f,(2,0) + Ac, which is a continuous positive function,
and the convergence is uniform. We claim that u, — g/a uniformly. For the next
argument we will assume that g, > 0, which we can achieve by replacing w, by
un + M and g, by g, + anM where M > 0 is large. Note that (7.2) and g, — g
uniformly still hold. Let 0 < o < 1/2 and o € RY. By uniform convergence
gn — ¢, ay, — a and the continuity of g and a, we have

in gn(-r) — g(l‘o)
f 2 (1=9) )

z€B,(z0) 6 + an(x)
provided we choose 7 > 0, § > 0 small and n > ng with ng large, and this is
uniform in zo. Let z be the principal eigenfunction for —A in B, (x¢) such that

maxg, (z,) 2 = 1 and let v, = C/ r2 be the corresponding principal eigenvalue, that
is

in Br (1‘0)

Az4+v.z=0, z>0 in B,.(xg)
z=0 on 0B, (zo)

Define

Uy = Up — 2d, where d,= inf 9"7(35)
By(z0) VrEn + an ()

Then
EnAU, — AUy = —gn + dp(entr +ay)z <0

by the choice of d,, and z < 1. Since v, = u, > 0 on 9B, (xg) by the maximum
principle we deduce that

: gn(@) .

Up > | inf ————— ]2z in B.(zg)-
" (Br(ro) VrEn + an(m)) r(®o)

In particular, if n > ng is large enough so that v,.e, < 8 we obtain

g(o)
a(xg)’

un () > (1 —0)

This proves that
lim inf inf (u,, — g/a) > 0.

n—oo T

A similar argument shows that

lim sup sup(u,, — g/a) <0

n— oo x

which proves the uniform convergence w,, — g/a. We deduce that u = g/a, and
therefore u solves the equation

Jau —u+ fu(z,0)u — Acu = 0.
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But since ||uy| L~ = 1 and u,, converges uniformly we also deduce that ||u||p~ = 1.
Moreover v > 0. Then necessarily Ac is the principal eigenvalue —u of L, which is
not possible because we assumed \,c < —p. —p'. (]

8. EXPONENTIAL BOUNDS
Suppose we have a solution of
s = AP+ M) — o + f(x,9) Vs €R,z RN
¥(+, z) is nondecreasing for all x
(8.1) (s, -) is [0,1]Y periodic for all s
Y(s,z) >0 ass— —0o0
U(s,z) = pe(x) ass— oc.

Let 6 > 0 be fixed. We assume the following normalization on ):

8.2 0,2) = 6.
(8.2) ,hax, (0,7
Let A.(c) be the smallest positive A such that ¢ = —#3=. The main result in

this section is the following.

Proposition 8.1. For any 0 < A\ < A:(c) there are § > 0, C > 0 such that if ¢
satisfies (8.1) and (8.2), then

(8.3) Y(s,z) < Ce* Vo e RN
where C' does not depend on € > 0.
As a corollary we have:

Proposition 8.2. For each 0 < A\ < A\.(c) there ezists C) independent of £ such
that for e > 0 small, if ¢ satisfies (8.1) and (8.2), then

(8.4) [s(s,2)| < Cre*® Vs <0, Vo € RY
(8.5) 2|V, (s, z)] < Cre*® Vs <0, Vo e RN
(8.6) e|V2y(s, )| < Cre*® Vs <0, Vo e RV,

The proof of this proposition is based on scaling in the x variable and applying
Schauder estimates for parabolic equations. We omit the proof.
The proof has several steps.

Lemma 8.3. There exists A\g > 0 and C > 0 such that if § > 0 is sufficiently small
and v satisfies (8.1) and (8.2), then

(8.7) / / Y(s,x)e Mdsdr <C YO< A< X
[0,1]V J —oc0
where the constants do not depend on € > 0. Moreover,
/ z/;(s,x)e_’\s ds < C. YVO< A<\

where C¢ depends on e.
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Proof. Let n, : R — R be a s smooth function such that 7, (s) =1 for all s > —n,
Nn(s) =0 for all s < —2n, n/, > 0. Let A > 0 and define

Un(z,A) = /fo (s, x)e"n,(s) ds.

We multiply (8.1) by 7,(s)e™* and integrate on (—o0o,00). The term involving
M) yields

/ Mip(s, x)n,(s)e™* ds = / / (x — s+ (y—x)-e,y)n(s)e * dyds
RN
= / J(w —y)e Mo / V(s + (y — ) - e, y)m(s)e T ds dy
RN

:/RNJ(J:— —AMz— y)e/ (T, y)e (1 — (y — x) - e) dr dy
and we write this term as
I\Un(-, A)+/RN J(z—y)e NEmv)e /O:O W(r,y)e ™ (T — (y — 2) - €) —1(7)] dr dy
Hence

(8.8) eAU, + J\Uy, — Un + fulz,0)U, — cAU,, = D,, + E,, + F,,

where

Dy, = /]RN J(x —y)e MNomv)e /_O; U(r,y)e N [ () = (T = (y — 2) - )] dr dy
B- [ T (Fn (s, 2)) — Fulw, 0)(s,2))e o n(s) ds

F,=—-c /OO (s, )l (s)e™* ds.

Observe that in D,,, we can assume that the integral in y ranges on |y — x| <1
(because we assume that J has support contained in the unit ball). Then |(y — z) -
e| <1 and since 7 is nondecreasing

/ J(z —y)e Mrmvre /Oo V(T y)e Mnn(r — (y —2) -e)dr dy
RN —
z/ Ja - >/ P(r, y)e (7 — 1) dr dy
:/ J(z —y)e >/ B+ 1,y)e T (1) dr dy
]RN

> e*)‘/ J(z —y)e M@=y / V(1 y)e N, (1) dr dy
RN
because (-, ) is nondecreasing. It follows that
D, < (1 —e MIUn(-, ).
Thus, from (8.8) and since F,, <0
AU, + \Uy,, — Uy + fulz,0)U, — AU, < (1 —e ) J\Upn(-,\) + Ep,
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0 0o
En:/ ...ds+/ ... ds
—0o0 0

/0 " (Faap(s,2)) = Fula, 0)(s, 2))e=>ma(s) ds < Cy

with C; ~ 1/X as A = 07. We estimate the other integral as follows:

Write

and note that

0 0
/ (f(z,9(s,2)) = fulz,0)9(s, 2))e” ds < Of[ (s, 2)?e” na(s) ds

0
< Cf5/ w(s,x)e*)‘snn(s) ds < CpdUp(x, N)

where Cf is a constant that depends only on f.
In this way we obtain
(8.9)
AU, + J\Uy, — Uy + fu(2,0)U, — AU, < (1 — e ) IaUpn (-, \) + CpoU, + C4

Let p5 - be the principal eigenvalue of the operator —(eA¢ + Jr¢ — ¢ + f,(z,0)9),
®x.e, the principal eigenfunction and ¢3 . be the principal eigenfunction for the
adjoint operator. Since py. — py as e — 0 and py < 0, we can assume that
pixe < 0. Multiplying (8.9) by ¢3 _ and integrating over the period [0, 1]V we find

(—pe — cN) /[0 » U, (x, )\)qbis(z) de < (1-— efA)/ DU (z, )\)d)js(z) dx+

[0,1]¥

408 [ e NG @) et Oy [ 6w de
(0,1]¥ [0.1]¥

But
/ IUn (2, )@ o (7) dx = / (I2)"3 (@) Un(z, ) d
[0,1]¥

[0,1]N
- /[ | [HeGR F O8 — L0068~ 25.] Unla N o
0,1]N

Using the smoothness of ¢3 _, which is independent of ¢, and the fact that it is
uniformly bounded below ¢3 _(z) > ¢ >0 as ¢ — 0 with A > 0 fixed, we see that

(8.10) / TUn(2 NG5 @)de < C [ Unla, N3 () da.
[0, 1]V (0,1}~ l
Therefore
(=) [ Va0 (e)do < (1= N)C+Cy0) [ Ul N (o) do
[0,1]V [0,1]¥
+C1/ (j)j{’e(:c) dx
[0,1]N

Choosing 6 > 0 and A > 0 sufficiently small we deduce that

| UilaNg.@dr <0
[0,1]¥
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and again using that ¢f _ is uniformly bounded below, we find

(8.11) / Un(z,N)de < C
[0,1]N

where C' is independent of ¢ and n. Now letting n — oo, we obtain the conclusion
(8.7).

To prove the last part we observe that
lim U, (z,\) =U(z, )
n—oo

by monotone convergence where

U(z,\) = / Y(s, x)e” ds.
By (8.11), U(+, \) is in L'([0,1]") and is a weak solution of

eAU+ U —-U—-c\U=E inRY
where
B= [ fauso)e s
Note that
1E]| e 0,17y < CINUC Ml Lepo,17v)

for all p > 1. Then, using standard elliptic L? estimates we deduce that U(-,\) €
L for 0 < A < Ag. O

Lemma 8.4. Suppose 1 : (—o00,0] — [0,00) is nondecreasing and let A € R. Then

er

(8.12) P(s) <A

s 0
o / w(T)e_’\T dr Vs <0.

Proof. Let ¢t < 0. Then

0 0
w(t)/t e_’\sdsg/t P(s)e™* ds.

O
We prove first the exponential decay of ¢ for some constant that depends on €.

Lemma 8.5. For any A < A (c¢) there is Cc > 0 such that if ¢ is a solution of
(8.1) then

(8.13) Y(s,x2) < Ce™ Vo e RN VscR.

Proof. In this proof € > 0 is fixed and we find d. > 0 such that if v satisfies
8.14 0,2) < 6.

(8.14) xerr[}%lvw( ) <

then the conclusion (8.13) holds. Given any solution of (8.1) we know already by
Lemma 8.3 that ¢ (s, ) — 0 as to —oo uniformly in x, even at an exponential rate,
so that (8.14) holds provided we replace ¥ (x, s) by ¥(x,s — 7) with 7 sufficiently
large.
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Let n € C*°(R) be such that n(¢) = 1 for t < 1 and 5(¢t) = 0 for ¢ > 2. For
AER, z€[0,1]V, let U be defined by

(8.15) Uz, \) = /_OO Y(s, x)en(s) ds

with values in [0, co]. At this moment we know from Lemma 8.3 that U(x, \) < 400
if we take 0 < A < Ag where \g > 0 is small fixed number. The objective is to
prove that for any A such that 0 < Ac < —pu.

NU (-, Ml zoe 0,17n) < +00.

Then from (8.12) we obtain the desired conclusion.
Assume that A is such that [|U(-, A)||zee(jo,1v) < +o00. We multiply (8.1) by
n(s)e ¢ and integrate on (—o0,00). We obtain

eAU + J\U — U + fu(x,0)U — c\U = Dy(z) + Ex(z) + Fi(x)

where
(8.16)

Dae) = [ o= e [ pta)e o)~ e = () )] drdy

(8.17) Ex(z) = /OO (f(z,9(s,2)) = fulz, 0)9(s, 2))e”*n(s) ds

— 00

(8.18) F\(z) = —c/ (s, z)n'(s)e ™ ds.
Thus
(L)\,E - AC)U = Dy + E\ + F).
Since U is nonnegative, we ma apply Lemma 7.1 and deduce
[U(, Mlzee < Cxe(l|Dx + Ex + Fxllze)
Write U = U; + Uy where

0 oo
(8.19) Uy :[ (s, x)e n(s) ds, ng/o (s, x)e 2 n(s) ds.

Since Us; > 0, we also have
U1l Lo (jo,1%) < Cxe [IDx + Ex + Fxllpo(jo,1~)-
In Dy (z) one can restrict 7 to [0, 3]. Hence
[ DAl Lo (jo,1yv) < C

and the constant remains bounded as A varies in a bounded interval of R. Similarly
the integral in F)(x) is restricted to 1 < 7 < 2 and hence

I[Ex | Loe 0,17y < C

with C' as before. We estimate

[Ex(z)| = /jo (f(z,9(s,2)) = fulz, 0)9(s, ))e”*n(s) ds

—1
< C/ [U(s,z)[2e ™ ds 4+ C
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By (8.12)
|t(s,z)| < Coe’\s||U1(~,)\)||Loo Va € [0, 1]N7 Vs < —1.
Hence, using (8.14),
1
|Ea(z)] < 05;/2/ (s, 2) 2 ds + C

< 52U (- W) |22 / P2 ds + C = O 5Y2|U (, NP2 +
where C, ~ 1/)\o. Therefore

(8.20) UL (s M) | o oayv) < 82202 Cac|UL (- N [32 + C.

If we choose J. > 0 small this 1mphes hat there is a gap for [[Uy(-, A)|[Le([0,17)-
For example we can achieve

(821) either ||U1('7)\)HLOO([071]N) < 201 or ||U1(, A)”Loo([o,l]N) > 361
Indeed, first fix 0 < A\g < A1 < A-(c). Then we know from Lemma 7.1 that

sup Cy . < oo.
Ao <A<

Choose d. > 0 such that

5;/2(301)1/%%( sup cM) <
Ao<A<A

00\»—!

Suppose that [|[Uy (-, A)[|Le(jo,1]¥) < 3C1. Then by (8.20)

102N oy < 022C,OnelUL (N2 + Oy
< 61/2C3, Cr (O V2L (- V) + €y

1
< 10 G M + O < 26,

Using Lemma 8.3 and increasing C; and decreasing ¢, if necessary, we can assume
that
[UL(+, Aol < 2C7.

Since A — ||Ui(+, A)|| = is continuous we see that
NUL( A ) |z <201 Yo <A< Ay
O

Proof of Proposition 8.1. We argue as in Lemma 8.5. In this proof we take
p > 0 as in as in Proposition 7.2 and let 0 < p’ < p. We restrict A to the interval
(—pe —p)Jc <A< (—pe —p')/cand 0 < e < &o.

Let U be defined by (8.15), and Uy, Us defined in (8.19). Following the proof of
Lemma 8.5, if ¢ satisfies (8.1) and (8.2) then

UL, M| e 0.1y < 820 UL NP2 + €,

where C' . now remains bounded for 0 < € < g¢, any A in the range (—u. — p)/c <
A< (=pe —p')/ e
Again, choosing ¢ > 0 small such that

51/2(301)1/20)\,5 < é
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we obtain
either ||U1('a)‘)HL°°([O,1]N) S 2C1 or ||U1(',)\)||Loo([0’1]N) Z 301

Let 9. (s, z) = (s — 7,2) where 7 > 0 and U, denote the corresponding Laplace
transform as in (8.15), (8.19). By Lemma 8.5

U1, A)|lpe — 0 as 7 — +oc.
Since 7+ ||U1,7(+, A)|| L is continuous we see that

1UL0( Al < 2Ch.

9. PROOF OF THE MAIN THEOREM

In this section we prove Theorem 1.2, by establishing a uniform estimate in W,."
of 1., the convergence of 1. to a function v satisfying the equation, and finally
establishing that v solves the full problem.

Proposition 9.1. There is 6 > 0 such that if 1. is a solution of (8.1) satisfying
the normalization condition (8.2), then for any for any 1 < p < oo and bounded
open set D in R x RN there is a constant C independent of € as € — 0 such that:

(9.1) 1ellwie(py < C.

Proof. For simplicity we write ) = ¢.. We differentiate the equation in (8.1) with
respect to x; and get

(9.2) sz, = €Dy, + My, [Y] — eiM 5] — e, + ful@, V) e, + fo,(2,7)

where

M, [4)(5, 7) = / oz — ypi(s + (v —2) - e,y) dy

RN
and e = (eq,...,en). We write this as
(9.3) + (fu(z, ) = fu(®,0))0, + fu,(7,%)
Let 1 < p < +o00 and 6 > 0 to be fixed later on. Then

8 s — x,0)— c p S — x,0)— c —
% (e P(1=fu(@,0)=0)/ |¢x1|p) = Ee P(1~fu(@0)=6)/ (Czpsxi + (1 - fu(xa O) - 9)%1) |¢xz|p Zwoci
Using (9.3) we obtain

0

o5 (0100 ey ) = BemQue 00/ (cAy,, 4 My, 0] - M)

(@) = Ful@, 0o, + fou (2,) = 0, )l [P,
We integrate now with respect to  over the period [0, 1] and estimate the terms
on the right hand side.
co

-3 P Fu@0 =0/l Pdy =T + I+ Is + Iy + Is + I
[0,1]V
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where
I = 6/ e PU=Tu@O0 =0/ Ay s P24
[071]N k2 T K
I, = / esp(l—fu(ﬂf,o)_e)/cMa:. [1][ 4, |p—2¢w; dx
[0.11% o L

Iy = —ei/ eSp(l_f“(z’o)_e)/cM[’l/Js]|’§/Jz.
0.1]% 1

2, do
I, = / 6810(17]0“(I’O)ig)/c(fu(xa TZJ) - fu(xa 0))|¢xz |p dx
[0,1]¥

Is = / e VUL OO, (2, 9) o [P0,
CRIE

16 E—] €5p(1_fu(m70)_9)/c‘ww’_ |p dx
0,17 l

Integrating by parts we can estimate

L=—ep—1) / e PU=Su(@0=0/c|yy P=2|7y, |2 dz
[0,1]N¥

_ 5/ v <esp(1*fu(m’,0)*0)/c) Vb, |ta, [P~ 20, da
[0,1]N

< glslp

; /[ . esp(lffu(z,o)fe)/c‘vxfu(l,’O)|V1/)xi|¢wi‘z>*1 der.
0,1

By Young’s inequality
I < Q/ esp(l—fu,(1»0)_0)/C|¢%|p dx
[0,1]¥ L
+ Ol / e P Iule0=0/e |7y, [P da
[0,1]~ L

where C' depends on 6 and || f||c2. In a similar way

<!t / P Iu@ 0 =0/l |P dz + C P SueO=0 e M [9]|P da
5 Jo.up 1 j0.1)¥ l
sy [ enenCo Oy, pao [ 0ROy de
- 5 [O,l]N ‘ [071]N
I < 0 / e PA—fu(@0)=0)/e|yy 1P g 4 C e PA—fu@0)=0) e £ (1 )P da:
5 [0,1]N ' [0,1]N '

To estimate I, we write

Pdzx.

Iy < sup | fu(y, ¥(s,9))) — ful(y,0)| / P Fu@0)=0)/e)q,
Y [0,1]N

We work with ¢ > 0 small so that from the normalization condition (8.2) we get

for all s <0.
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Then
I4 < Q/ €Sp(1_f“(w’o)_9)/c|¢x-|p dr
5 [071]N ‘
Combining the previous estimates we obtain

cd / SPU=Lu(@0)=0)/c|y 1P gy
[0.1)¥ z

(9.4) 5

< C€p|s|p/ eSP(lffu(z,O)*G)/qvq/,xi|p dx
[0,1]~

o[ et RO/ n P da
(0,11 1

Lc esp(l_fu(x,o)—g)/C‘M[l/)s]|p dx
[0,1]¥

+C e P ful@0=0/e| £ (2, )P d
[0,1)~

Let tg <t < 0. We integrate with respect to s over [tg,t] and then let t) — —oc.
By (8.5), given any 0 < A < A(c) there is C such that

/[0 . esp(lffu(w,o)%)/cwmi(S’ 2)|P da

C

(9.5) <=5

exp(sp(1 — fu(x,0) — 0 4+ Ac)/c) dx.
(0.1~

We choose now A and 6 as follows. We note that since there is a principal periodic
eigenfunction ¢y € C(RN), ¢ > 0 for

J)\ * (b/\ - ¢)\ + fu(x70)¢A + M)\(bA =0 in RN

we must have
= xiEI}RfN(l — fu(2,0) — px) = xie%&fN Iy x pa(z) > 0.
Since py — py as € — 0, for € > 0 sufficiently small
inf (1 — fu(z,0) — pre) >7/2>0.
z€RN

and since for A = A.(c) we have Ac = —pu . we get
Sulz,0) =1

Take A such that

fu(2,0) =1 i v
9.6 s <A< A - —.
(96) xselﬁgpw c Jr40 S Acle) 4c
Then choose § = /8 > 0 and get
1— fu(z,0) — 0
(9.7) o= inf (W-i-)\) > 0.
zeRN c

Then from (9.5) we obtain

C
eSP(l—fu(m»O)—f?)/ch (s,2)|P dx < . ePos
[071]1\, 517/
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and therefore

(9.8) lim e PU=fu@0)=0)/c|y (s, 2)|P dz = 0.

§——00 [O,l]N

Integrating (9.4) in [to, t] with o < ¢ < 0 and using (9.8) we obtain

(9.9) ; / N e PU=Fu(@0)=0/ely P dr < Ky + Ky + K3 + K,
[0,1]

where

t
K, = Cap/ |s|p/ e PU=Fu(@0)=0)/e| 74, [P da: ds
—o0 [0,1]V
t
Ky = c/ / e PU=fu@0=0)/e| pp []|P da ds
—oo J[0,1]NV
t
Ky—C / / e PO Ful@0=0) /e A1 ||P da ds
—o0 J[0,1]V

t
Ky = O/ / e PU—Fu(@00=0)/e| f (2 )P dx ds
—o0 J[0,1]V

Next we claim that K, K, K3, K4 remain bounded as e — 0. Indeed, by (8.6) and
(9.7),

e P1=Fu@0=0) /|y, | < Cespi=ru@o—0+a/c < C pspo
<

S
for s > 0, z € RY with C independent of € and therefore K is bounded as ¢ — 0.
The other ones can be bounded similarly, using (8.3), (8.4) and the hypotheses
f(x,0) =0, f € C? which imply

|[fo;(z,u)] < Cu for 0 <u<§

for some C. Thus from (9.9) we deduce that there exists C' independent of € for ¢
small such that for all s <0

i

(9.10) /[O . e P ful@0)=0/eyy (s, 2)|P dw < C

This together with (8.4) proves the estimate (9.1) for any bounded open set D C
(—00,0) x R¥. To obtain (9.1) for any bounded open set D C R x RY we proceed
similarly as before. We multiply (9.2) by |, [P~2¢,, and integrate over [0,1]V.
Using that ¢ has a uniform upper bound we obtain

d
Sl wapar<e [ a
ds [0,1]¥ [0,1]N
Then, using Gronwall’s inequality we deduce for s > 0
[ Wataprd e [ ompdc
(0,17 [0,1)~

Since by (9.10) we have a uniform control of the form f[o 1 [z, (0, )P dz < C,
we obtain that for all R > 0 there exists C' > 0 independent of € such that

/[ I~ [z, (s,2)|Pde < C for all |s| < R.
0.1
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Using this and (8.4) we obtain the estimate (9.1) for any bounded open set D C
R x RV, (]

Lemma 9.2. If ¢ > c*(e) there exists a function ¢ : R x RN which is C' in s and
Lipschitz continuous and satisfies

(9.11) s = M| — ¢+ f(z,9) VseER, xRN
and
Er_n P(s,z) =0.

Furthermore 1 > 0 s periodic in x and non-decreasing in s.

Proof. Let ¢ > c¢*(e). If ¢ > c*(e) then ¢ > ¢*(¢) for £ > 0 small and we let,
for small € > 0, . be the solution constructed in Proposition 6.1 with speed c.
If ¢ = ¢*(e) we let ¥ be the solution constructed in Proposition 6.1 with speed
ce = c¢*(¢). In any case we have a solution of (6.1) with speed ¢, — ¢, satisfying
also (6.2).

Let 6 > 0 be from Lemma 9.1 and shift in s so that ). satisfies

(0,2) = 4.
hax ¥e(0, )

Then, choosing p > N in Lemma 9.1 we can find a sequence ¢, — 0 such that
e, — 9 uniformly con compact sets. Using this local uniform convergence we see
that the function v satisfies (9.11) in the following weak form

—c/ /[0 » Yps drds = / /0 I — W+ flz,¥))pdxds

for all ¢ : R x RV — R smooth periodic function with compact support. This
implies that 1 is C! in s and satisfies (9.11) classically. Since 1. is non-decreasing
in s and periodic in x we deduce that 1 is also non-decreasing in s and periodic in
x. Moreover, by Proposition 8.1, if we take 0 < A < A. we have 9.(s,x) < Ce*
with C' independent of €. Letting ¢ — 0 we find the same inequality for ¥ and
hence limg_, oo ¥(s,z) = 0.
The proof that v is Lipschitz continuous follows the same lines as Proposition 9.1.
|

We now prove the exponential convergence (s, z) — p(z) as s — +00, uniformly
in x, by constructing appropriate subsolutions.

Lemma 9.3. Let ¢ be the function constructed in Lemma 9.2. Then there exists
C, o > 0 such that
0 <plx) —¢(s,z) <Ce™7°  forall s > 0.

In particular
lim o(s,z) = p(x) uniformly for x € RN

s—+00
Proof. First we note that
Y(s,2) <p(x) foralls € R, z€RY.

Next we show that 1(s,2) — p(x) as s — +oo uniformly for 2 € RY. For this
we will prove that there exists €9 > 0 such that for any 0 < mg < 1 there is sg € R
such that

(9.12) Ye(s,z) > mope(z) forallz € RN, s> 59, 0 <e < ep.
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The value sg depends on mg but not on e.
Recall that we have normalized 1. by

0,z) =0
o 00

where § > 0 is from Proposition 9.1. By Lemma 9.2
Pe > ase—0

uniformly on compact sets of R x RN, Since ¢y > 0 in RY x R and is continuous
we see that that there is eg > 0 and a > 0 such that for 0 < ¢ < g9

Ve (0,2) > 2ap.(x) Vo e RV,

Note that a < 1. Then we also have
(9.13) Ve (s,2) > 2ap.(x) Vr e RN, s>0,
because ¥, (-, ) is non-decreasing.

Given a < m <1, R > 1, we construct a family of functions

O (8, 7) = Am(s)pe(z) s €R, 2 € RY

where
U505 — R)) + (m a5 — B)
and n € C*(R) is a cut-off function such that n(s) = 0 for s < 0, n(s) = 1 for
s>1,0<np<1and 0<n' <2 Notethat a < A\, (s) < m.

Fix 0 <mg < 1 and let a < m < mg. It can be shown that we can choose R > 0
large enough, independently of ¢, so that v, satisfies

AV, + Mvp] — v + f(@,0m) — c(Vm)s >0

for s> 1 and z € RV,

Using a sliding argument we obtain that a < m < mg

(9.14) Ve > v, foralls>1, zel0,1]V.

Am(s) =a+

Using this inequality with m = mg we establish (9.12). Letting ¢ — 0 we the
deduce that
lim ¢(s,z) = p(x) uniformly for z € RV,

s——+o0

Finally, let us show that there is exponential convergence. For this we construct
a subsolution w,,, with this property. Indeed, let ¢ > 0 to be fixed shortly and
0<m<1. We set

wm(s,x) =m(l —e 7)p(z).
Choosing Sy large and ¢ > 0 small we obtain that
Mwy,] — w + f(2,w,) — c(wy)s >0 in [Sp, +00) x RY.
Let S1 be such that
(s, x) > (1 —e S0t )p(z) Vs> 8, RV,

This can be done because we know that (s, x) — p(z) as s = +oo uniformly for
r € RV,

Using again a sliding argument we can prove that

(9.15) Y(s,x) > wpn(s+ Sy — S1,z) Vs> Sy, z € RY
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and all 0 < m < 1. Letting m — 1 we find
Y(s,x) > (1 —e 6505 p2) for all s > 59, x € RY,

which finishes the proof of the lemma. O
Lastly, to finish the proof of Theorem 1.2 we prove the non-existence of front for
speed ¢ < c¢*(e).

Lemma 9.4. Let J and f satisfy (1.4) and (1.5) and let e € R be a unit vector.
Assume pg < 0 and that there exists ¢ € Cper(RY), ¢ > 0 satisfying (1.8). Then
there exists no pulsating front (1, c) connecting 0 and p(x) in the direction e so that
c < c*(e).

Proof:

Assume by contradiction that there exists a pulsating front ¢ with speed ¢ <
c¢*(e). Then up to a shift ¢ is a supersolution of the parabolic problem (1.1) for
any initial data ug > 0 so that

supup < minp(z), iminf inf wug >0, ug =0 for xz.e << —1
RN RN r—+o0o z.e<r
Let u be the solution of the parabolic problem (1.1) with initial data ug satisfying
the above condition then by the maximum principle, we have for all (¢,z) € RT x
RY,
u(t,x) < (z.e + ct + to, x)
for some fixed ¢¢. From Shen and Zhang results, Theorem C in [53], since ¢ < ¢*(e)

we have

it Bt (0(2:0) =) =0

Thus we get the following contradiction

e e it o (ot )
0= lminf, inf (ulet) — (@) < Yminf inf, (W(oe-+ et +i0,2) = p(a)

< (¢(to, ) = p(z)) < 0.

APPENDIX A. UNIFORM ESTIMATES FOR SOLUTIONS SOME REGULARIZED
PROBLEMS

In this section we prove Proposition 6.5. The estimates in this proposition divide
naturally in 2 parts, one consisting in energy type estimates, and the other one are
Schauder type estimates.

Proof of Proposition 6.5 i). We proceed as in Lemma 2.5 in [9]. Let us multiply
equation (6.10) by 0,1 and integrate over [~ R, R] x C where C := [0,1]". Then it
follows that

C/ |8sw€‘2 = 52/ aswsassws + 51/ aswsAzTZ)s
[-R,R]xC [-R,R]xC [-R,R]xC
+ / 331/15(M1/Je - 77Z)s) + / asi/}af(sﬂ/)e)
[-R,R]xC [-R,R]xC

Excepted the term 7 := f[_R RjxC st (M1b.—1).), all the term can be estimated
as in the proof of Lemma 2.5 in [9], so we only deal with Z.
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A simple computation shows that

1 1
OsVehe = = B ()2 = = 525’.
Lo ee=s [ awr =3 [0

So it remains to compute

I:= / st M.
[-R,R]xC

Let us denote Cj, := k+C where k € Z. With this notation, using the periodicity
in z of the function 1. we have

M. = kz / el + =) e dy

> [ Ja k=gl + o=+ ke dy

keZN
Now using integration by parts it follows that

= /C xck;m J(@ —y — B (s Yo + (g — ).e + ke P

.

Let us make the change of variable 7 = s+ (y — x).e + k.e in the last term of the
right hand side. Then we have

R
J@—y—k) / ()0 + (g = ).+ k).

XC penn

R
/C><C [R Z J(x—y—k)¢a(s,x)8sw5(s+(y_x),e+k.e’y)

kezN
/C

R+(y—z).etk.e

J(Jc—y—k’)/ Ve (T4 (x — y).e — ke, x) 050 (T, y)
xC keZN —R+(y—=x).e+k.e

Let R — oo. Using that 1. — p., respectively 0 as s — £o00, . > 0,051 > 0

we obtain

(A1) | owe =3 [ 2

and

Osth- M) = /c > J@—y—k)pe, (@)p-, (y)

RxC XCkeZN
—+oo
- / S Ja-y—k) [ e+ (@ —y)e— ke, )0spu(r,y).
CxC keZN —00

Going back to the definition of M1, and using the symmetry of J we can rewrite
the above equality the following way

/ Osthe M. = / J * pey (2)pe, () do — My (7,9)0- e (1, y) drdy.
RxC c RxC

Thus we have

1
/ Ostpe M), = B} / J * pe, (x)pel (73) dz.
RxC C
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Set J(x,y) == > kezn J(x —y + k), the the above equality rewrites as follows

1 .
(42) | owatve=3 [ | J@wp wpe (@) dyde
RxC cJcC
Finally, combining (A.1) and (A.2), we obtain
1 ~
OsPe(Mepe — 1) = ) T (2, y)(Pe, () — pey (y))2 dxdy.
RxC cxC
Hence,
€ 1 =
o[ gowl =2 [Wapal -5 [ T@n)pe @ - pa @)+ [ Flape)
RxC c c2 c
which proves (i). O

Proof of Proposition 6.5 ii). Let K be a compact set of R x RY. Then since
K is bounded, there exists n € N and R > 0 so that K C (—Rg, Ry) X n@) where

Q:=[-1,1]".

Let us denote £(u) the following energy on the set of periodic function

/|Vu|2—f/\7xy /qu

From (i), there exists R € [Ro, R + 1] so that
(A3) ¢ /c 0,6:12(R) < E(p2,)

Let us now multiply (6.10) by t. and integrate over (—R, R) x Q. Then we have

c

§/~[¢?]§R = 52/[%&%]1}3 - 52/ - |8swa‘2 - LL:1/ - ‘V:vwe|2
Q Q (-R,R)xQ (—R,R)xQ

M e — WYe € )y Ve €
M [ s

Therefore since 1. is uniformly bounded and periodic in x we have,

- / Vatef? = 29(R)
(=R,R)xQ

__¢ 21R_ _ 2 R
WR) =5 [ e [ ol e [ e

M e~ WYe 15 )y Ve oM
+ /<R,R>Xc< Ve — Pe)e + [R,R)ch(x b

Since 0 < . < pe,, 059 > 0 and f is uniformly bounded, using Cauchy-
Schwartz inequality it follows that

V(R) < /C P+ e /C P, /C 0,6 ]2(R, ) + 2R /C (% pe)pes + 2R]| /C Per.

Thus, since ¢ > 0 by (A.3) we have

3 5p1
) < \c|/pEl 2¢ (De )/Cpgl _|_2R/C(J>|<p51)pEl —|—2R\|f||00/cp€1.

Hence the estimate (ii) follows by periodicity.
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d

The proof of Proposition 6.5 iii) is based on the next 2 lemmas. The first one is
a version of a result of [4], on gradient estimates for elliptic regularizations of semi-
linear parabolic equations. The result in [4] is based on Bernstein type estimates
and is nonlinear in nature, while the estimates below have a linear character, and
are based on a technique of Brandt [13] (see also [14, 43] and [37] Chap. 3).

Given R > 0 let

Qr={(t,x) eRxRYN : |t| <R, |z;] <R Vi=1,...,N}.
Lemma A.1. Suppose u € C*(Qg) satisfies
Apu+euy +u = f(z,t) in Qr
where 0 < e <1, f € L®(Qr). Then

(A.4) 105,00, 0] < (2(1\7;1)

foralli=1,... N, where C is independent of R, €.
Proof. Let us write z = (z1,2') € RY with z; € R, 2/ € RV~1. Define
Q={(t,z1,2") eRxRxR¥1:0<u <R, [z;] <1 Vi=2,...,N, |t| <1}

and

R
+2) sup u] + 2 sup| f]
Qr 2 Qr

(u(t,z1,2") — u(t, —zq, "))

N | =

v(t,z1,2") =
for (t,z1,2') € Q. Let us write
Lv = A,v+ vy + 4.

Then L is an elliptic operator and satisfies the maximum principle. We have

Lo(t,zq,2") = % (f(t,x1,2") = f(t,—z1,2")) for (t,z1,2") € Q

and .
|v| <suplu| in Q.
Qr
Let
oty w1, 2') = Azi (R — 21) + B(af + |2']* + )
where )
P
and

1
A== (sup|f|+B(2N+2£+2R)>.
2 \aer

With these choices we see that
lo| <© ondQ.
and .
Lo < —sup|f| inQ.
Qr
By the maximum principle o — v > 0 in Q. Similarly o +v > 0 in Q and therefore
lo| <7 in Q.
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This implies
|02,v(0,0)| < AR
and gives (A.4) for ¢ = 1. The same proof replacing 21 by any of the other variables
Ta,y..., Ty yields (A4). O
Lemma A.2. Suppose u € C%(Q3) satisfies
up — A — euy = f(x,t)  in Qo

where ¢ > 0 and f € L>®(Q2). Then for some 0 < « < 1 there is a constant C
independent of € such that

) —u(z, t
sup [u(z, t1) — u(z, to)|
2| <1,t1,t2€[~1,1] t1 — ta]®

<c (sup £ + sup |u|)
Q2 Q2

Proof. Let us write
M = sup|f| + sup |ul.
Q2 Q2

By Lemma A.1
(A.5) sup |Vyu| < CM.
Q1

Let ¢ € C1(RY) have support in the ball closed ball By of RY. Multiplying the
equation by uy and integrating in By we find
1d

d
—— u?pdr —ec— uutcpd:c—i—e/ uf(pd:c+/ |Vul?p d + VuVpudx

B2
= fupdz.
Ba
Integrating this from ¢ to t1 with —1 <ty < ¢; <1 and using (A.5) gives

—Ei/ u?p da +Ei/ u?p dr +€/t1/ ulpdr = O(M?)
2dt Jp, 14 t=t; 2dt Jp, v t=to to L tP o=

where O(M?) is uniform in . Integrate now with respect to to € [1/2,2/3] and
t; € [5/6,1]. We obtain

1
5/ / g(t)uipdxdt = O(M?)
1/2 /B,

where g(t) is a continuous function which is positive in [1/2,1]. Therefore one can
always select tg € [1/2,1], possibly depending on e, such that

(A.6) 5/ ug(to) ¢ de = O(M?).
Bs
Now multiply the equation by u;p and integrate in By, to obtain
ed 1d d
/B2 uZpdr — °% . ulpde + 3% . |Vulp dx + /32 VuVou, dx = s . fup

Integrating with respect to t € [—1/2,to] with ¢y as above yields

to 5 to 1 to
/ / utp dr dt — 7/ ufnpdx‘ + */ |Vul>p dm‘ + VuVpu, dz
—1/2JB, 2 /B, -1/2 2 Jp, -1/2  Jg,
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Using (A.5) and (A.6) we find

to
(A.7) / / uip dr dt + VuVou, de = O(M?)
1/2 J By Bo
VuVpuy dr

But )
1 \Y% 1
< 7/ |Vu|2&dm+f/ oui dx
B, 2 B, 2 2 Bs

One can select a function ¢ > 0 with support the ball |z| < 1 and positive in |z]| < 1
2
such that % is bounded. So by (A.5)

/ VuVpu, dx
B>

1
§O(M2)+f/ ou? dx
2 Bs

and integrating on [—1/2,ty] we have

to
/ Vquput dx dt
—1/2

<O(M?) + / / u? dx dt.
1/2 J Bs

This combined with (A.?) gives

to
/ / gpufdxdtSC’MQ.
—1/2JB,

We may further restrict ¢ such that ¢ > 1 in the ball || < 1/2 ad deduce

(A.8) / u? dx dt < CM?
Q12
Let t1,ty € [~1/4,1/4], with t; < to. Let x € RY with |z| < 1. Then

u(x, ta) —u(z,ty) = / : ug(z, t) dt.

ty

Now integrate this with respect to  in the ball of center zg, |xg| < 1/4 and radius
T = (tg — tl)l/(QN)Z

to
/ (w(z,ta) — u(z, t1)) de = / / ug(x, t) dz dt.
B(xzg,r) t1 JB(xo,r)

By the mean value theorem there is some T € B(xg, r) such that

T T = Q u(x —ulx X
W@, ta) — (@ 1) = /B ) —ute ) d

rN

and therefore, using (A.8)

ta
lu(z, ta) — u(Z, t1)| < QN / |ue(z, t)| da dt
r tl B(:Eoﬂ‘)

C(ty —t1) 1/2 /t2/ 1/2
2 dz dt
- N2 (Iw

< CM(ty —ty)Y/4,
Since (A.5) holds we deduce
|u($0, tg) — u(l‘o, tl)‘ S CM(tQ — tl)l/(zN).
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