CONCENTRATION FOR AN ELLIPTIC EQUATION WITH
SINGULAR NONLINEARITY
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ABSTRACT. We are interested in non-trivial solutions of the equation
—Au + X[u>0]u_ﬁ =xP, u>0 inQ
with u = 0 on 99, where Q C RN, N > 2 is a bounded domain with smooth

boundary, 0 < 8 < 1,1 < p < FE2if N > 3 (p > 1if N = 2) and

A > 0. If p > 1 we prove existence of nontrivial solutions for every A > 0. As
A — 4o0o we find that the least energy solutions concentrate around a point
that maximizes the distance to the boundary. We also study the behavior as
A — 0. When p = 1 we have similar results, extending previous works for
radial solutions in a ball.

1. INTRODUCTION

We are interested in non-trivial solutions of the equation
—Au + X[u>0]u_6 =P in Q
(1.1) u>0 in Q
u=20 on 01},
where Q € RV, N > 2 is a bounded domain with smooth boundary, 0 < 8 < 1,
1<p< LI N>3(p>1if N=2)and A > 0. By a solution of (1.1) we mean
a function u € Hg(2), u > 0 such that Jusq) u™? < oo and

/VquO—i—/ ufﬁgo:)\/upgp Yo € C5°(82).
Q [u>0] Q

We use the notation [u > 0] = {z € Q : u(z) > 0}.

1.1. The case 1 <p < ££2 (p>1if N =2).
The radial problem

(1.2) — Au + X[u>0]u_ﬁ =X, u>0 inB;

' u=0 on dBy,

where Bj is the unit ball in RY has been studied by several authors [2, 5, 9, 15, 23,

24]. In [5, 24] it is proved that there exists A > 0 such that (1.2) has a positive radial

solution if and only if 0 < A < A, and this solution belongs to C?(By) N C'(By).

Moreover the radial solution u is unique, u) (1) < 0if 0 < A < XA and w) (1) = 0 if

A=A For XA > X (1.2) still possesses a radial solution, but it has compact support.
In this work we address the existence question for (1.1) in general smooth

bounded domains. We prove
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Theorem 1.1. For all A > 0 problem (1.1) has a nontrivial solution uy € C1(Q2)N
C>=(9).

We prove this result constructing solutions uy . to

u
—A I R
(1.3) RO

u=0 on 0f,
where ¢ > 0, through the mountain pass theorem. Then we prove that uy . is
bounded in L*(Q) and then in CY#(Q) where p = %7 uniformly as ¢ — 0.
Finally we show that for a fixed A, lim._¢ u . is a nontrivial solution of (1.1).
We then study the asymptotic behavior of the solutions uy as A — +oco. For

this it convenient to remark the following. Let @ be the radial solution of (1.2)
corresponding to A = A and extended by zero outside B;. Set

AP u>0 in

w(z) = j\ﬁﬂ(jfﬂ%f@x), r e RN,
Then, since @ has vanishing gradient on 0B; we see that w satisfies
(1.4) —Aw + w_BX[w>0] =wP in RV,
We will call w the radial ground state of (1.4).

Theorem 1.2. For \ > 0 sufficiently large, the solution uy of (1.1) obtained as
the limit uy = lim._,ouy in Theorem 1.1, has the form

1 144
u/\((g) =\ o8 u}()\2(p+ﬁ) (x — ;p)\))
for some point x) € Q. Moreover
dist(zx, 0Q) — max dist(z,0N)
€N
as A — Q.
We note that given a point xg € 2, when A > 0 is sufficiently large the function
1 14p
u(q;) =\ b8 w()\2(p+ﬁ) (.’IJ — gjo))

is a solution of (1.1). However, Theorem 1.2 asserts that the solution constructed
as the limit of least energy solutions of the approximation (1.3) selects the position
of its maximum as the one that maximizes the distance to the boundary. This
is because the energy functional associated to (1.3) has an expansion in terms of
€ and A which in the leading order has a term that penalizes the distance to the
boundary.

The above phenomenon is similar to what happens in other equations. For
instance Flucher and Wei [8] studied

(1.5) —e?Au=g(u), inQ
u=0 on 0f,

where

L6 (u—1)P foru>1

(1.6) 9(u) = 0 for u < 1,

and 1 < p < % and N > 2. For every £ > 0 small, they proved existence of

a positive solution u., which is of mountain pass type. The boundary of the core
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A. = [ue > 1] is a free boundary. They proved also that as e — 0 the mountain pass
solution u. has a unique maximum point x. which converges to a harmonic center
of © and A. is asymptotically spherical. To achieve these results they established
energy estimates, for which they needed to characterize the kernel of the linearized
operator Lv := Av + ¢’(w)v where w is the ground state solving (1.5) in RY.

Concentration at a point that maximizes the distance to the boundary was
proved by Ni and Wei [19] for the least energy solution u. of

{ —2Au+u=f(u), u>0 inQ

1.7
(17) u=0 on 9df)

for a nonlinearity f that includes f(u) = wP with 1 < p < % They have
used similar techniques used by Ni and Takagi [17, 18] for the same equation with
boundary condition du/dv = 0 on Q. The argument in [19] is based on precise
energy estimates of u. and requires to know uniqueness and non-degeneracy of the

ground state

_ — ] N
(1.8) { Av+w=f(w), w>0 inR

w(z) =0 as|z| —0.

Here we adopt the strategy presented in the work of del Pino and Felmer [6], which
does not require uniqueness nor nondegeneracy of w. The estimates of the least
energy of the associated functional are obtained by comparison to the least energy
of solutions in balls.

Finally, we prove

Theorem 1.3. Let uy denote the solution obtained as the limit uy = lim._guy ¢
in Theorem 1.1. Then for A > 0 small enough the solution uy is positive in 2.

1.2. The case p = 1. We consider now
{ —Au+X[u>0]u_5 =X, u>0 inQ

1.
(1.9) u=0 on 0N.

It is readily seen that if A\ < A\, where \; denotes the first eigenvalue of —A with
Dirichlet boundary condition, then a solution is identically 0. Indeed, let ¢ > 0
be an eigenfunction of —A associated to A;. Then multiplying the equation by 3

yields
>\1/u<p1—|—/ uiﬁgplz)\/wpl
Q [u>0] Q

If w # 0 then A > Ap.
_ The radial case in a ball is studied in [2], where it is shown that there exist \* and
A with A; < A" < A such that there exists a positive radial solution if and only if

A € (A%, A]. In the case of dimension N = 1 and ©Q = (—1, 1) the results of [2] imply

that A\ = (155)° and \* > (5)?. He also shows that the solution corresponding

to A has vanishing gradient on the boundary of the ball. Similar results for radial
solutions in an ball are obtained in [15]. They prove that there is a positive radial

solution, provided A; < A < (1+ ]3,((11:_%)) )A1(B), where A1(B) is the first eigenvalue

of —A with Dirichlet boundary condition on the unit ball B.
We have

Theorem 1.4. If A > Ay, then (1.9) has a nontrivial solution.
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We prove this theorem by letting p — 1 in the solution u, » , of (1.3) and then
e —0.

Positive solutions as in [2, 15] can be obtained in a general domain for A > \;
and A close to A\; through the implicit function theorem.

Theorem 1.5. There exists A > \; such that for Ay < X\ < X there exists a unique
nontrivial solution to (1.9), which is positive.

In the above theorem the solution has the behavior uy(x) = c(/\—/\l)fﬁ o1 (z)(1+
0(1)) as A — Ay where ¢, is the positive eigenfunction of —A with Dirichlet bound-
ary condition normalized such that fQ ©? =1, and c is given by

1—
c”ﬁ:/% 6
Q

We conjecture that when A is sufficiently large a concentration phenomenon
similar to the one for the case p > 1 described before takes place. Namely we believe
that the solution uy obtained through the approximation (1.3) takes the form of
a rescaled version of a radial solution, centered at a point, which asymptotically
maximizes the distance to the boundary.

The organization of the paper is the following. In Section 2 we present local and
up to the boundary estimates in C1# for solutions of (1.3), which are uniform in
e. Using these estimates we prove Theorems 1.1 and 1.4 in Section 3. We need to
recall a few properties of the ground state w of (1.4) which we do in Section 4. In
Section 5 we obtain some preliminary results on the asymptotic behavior as A — oo
of the solution uy of (1.1), constructed in Theorem 1.1. Then Section 6 contains
estimates of the energy of mountain pass solutions of (1.3) when the domain is a
ball. Then in Section 7 we perform the proof of Theorem 1.2. In Section 8 we prove
Theorem 1.3. Finally we prove Theorem 1.5 in Section 9.

2. ESTIMATES IN CL#

In this section we shall obtain a local estimate for solutions u to the perturbed
equation (1.3). Actually we will obtain estimates for a slightly more general situa-
tion, useful in later sections.

Let D C RY be an open set with smooth boundary and consider the equation

(2.1) —Autalz) (u+e)tth -

u=0 on 9D N By(0)

f(z) in DN By(0)

where 0 < 8 < 1,a,f € L*®(D),a>0,e>0.

Proposition 2.1. Let M > 0, a > 0 and a, f € L>(D). Then there exists a
constant C > 0 such that for every uw € H'(D N Bz(0)) N C(D N Bz(0)), u > 0
satisfying (2.1) and

(2.2) llull Lo (DABa(0)) < M,

we have

IVu(@)llcw prey) < C

where p = %
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The constant C depends on M, || f||L=, ||a|| L=, N, and the smoothness of D,
but is independent of the solution and e.
Another related estimate that we will need is the following

Proposition 2.2. Suppose that u € H'(Bayr(0)) satisfies

ZETE%STiﬁ'::f(z) in By(0)

where 0 < 8 < 1, a, f € L*°(Bag(0)), a >0, € > 0. Then
|Vul? < Cu'™? in Bgr(0)

(2.3) —Au+ a(z)

where C' depends only on R, |[ul|Le(B,r(0)), I fllLo(Bar(0)): @l (Bar(0))-

We emphasize here that the estimates above do not depend on € > 0, which will
be kept fixed in all this section.

The arguments are based on the work of Phillips [21], where optimal interior
regularity is obtained for minimizers of a certain functional. The difference with
that work is that here we do not assume that solutions are minimizers, and we deal
also with regularity up to the boundary, following techniques introduced in [3, 4].

First, we introduce some notation. For £ > 0 we define

—t— fu>0
2.4 (u) = (ute)1+p 1 =
24) 9e(u) {0 if u <0.
and
(2.5) Gulu) = / g.(t) dt.

0
Let
2

l‘OEDﬂBl(O) and a:m

Without loss of generality we may assume in what follows that xo = 0. Given r > 0
let

ur(x) =1 %u(re)
which is defined for )
reD,=-D.
r

By the smoothness of D for a small r > 0 one can construct a smooth domain V.
such that :

D, N Bs;4(0) C V.. C D, N B1(0).

The smoothness of V,. can be made independent of r if we restrict 0 < r < R for
some R > 0.
The proof of Proposition 2.1 involves the construction of a suitable lower barrier.

Lemma 2.3. There exists r1 > 0, mg > 0 such that if 0 <r < ry and h € C(0V,.),

h > 0 satisfies
/ h 2 mo,
oV,

then there exists w > 0 satisfying

—Aw+w <0 inV, w=h ondV,
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and
(2.6) w(z) > ¢ (/ h) dist(xz,0V,.) for all x € V.
oV,

Here r1, mg, c1 are fized positive constants depending only on 3, N and the smooth-
ness of D.

The function w depends on xy and 7, but for simplicity we will write just w. For
the construction of w see [3]. The scaling r is going to be in the range 0 < r < rg
where rq is given by:

(2.7) ro = max { (u(glo)>1/a’ (W)l/(a_l)} |

where C'y > 0 is a universal constant to be specified later. It will be convenient to

note that
'LL(.’L'O) l/a > ’U,(.TO) 1/(&71)
Ch — \ Cidist(xg,0D)

1/«
that is, ro = (%) if and only if

Chdist(z,0D)* > u(zo).

To proceed further we need the following consequence of standard elliptic esti-
mates.

Lemma 2.4. Suppose v € HY(V,) satisfies
-Av<h nV,, v="0 on dV, N Bs,(0),
where h € L= (V,.). Then
olo) < Caist(5.0%) (Il + [ b1} for ity € By,
av,

T

the constant C depends only on r.
Note that u, satisfies
—Au, + ay(2)ge (u,) = fo (&) in D,
where
ar(x) = a(r(z +z0)), fr(x) =r*""f(r(z + 20))
ger(v) =177 (r"0),

Lemma 2.5. Assume 0 <r <ry. Then

/ Uy 2> M.
v,
Proof. Using Lemma 2.4 we have
ur (0 —a
/ ur 2 —# =727 fll e
Vi C dist(0,0V,)
On the other hand from the definitions

1
roR min(dist(xg, 0D),r) < r dist(0,0V,.) < Comin(dist(zg,0D), )
0
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for some constant Cy depending only on the geometry of D. This and u,.(0) =
r~%u(xzo) yields

u(zo) -
/8wu CoC o=t min(dist(xo,0D),r) =l f e
u(zo)

(

> 2 )
CoC 7§~ min(dist(zo,dD), 7o) o “Ifle
1/(a—1)
Suppose that Cydist(zg,dD)* < u(xg). Then ry = (%) and we

deduce

a—1 U(IL‘()) . a—1
=—— =7 > (ist D
"o Cldist(aﬁo,aD) = a8 (x076 )

so that ro > dist(z,dD). It follows that

Ch 9 Ch 2
2.8 > — — « o P —=—= — « .
(28) L= G =Wl = o =

1/«
Suppose now that Cydist(xg, 0D)* > u(zg). Then ro = (%10)) and we deduce
ro < dist(xg,0D). Hence (2.8) is still valid in this case.

1/
To conclude we need to verify that rg has an upper bound. If ry = %ﬁ‘)))
1/(a—1)
from (2.2) it follows that 7o < (M/C’l)l/a Ifro= (%) an upper

bound for u(xg)/dist(xg,0D) follows from Lemma 2.4. By choosing C; large we
see from (2.8) that

/ u,. > mg, forall 0 <r <rg.
av,

O
The main point in the proof of Proposition 2.1 is the following;:

Proposition 2.6. Assume 0 < r < rg and let w be the function constructed in
Lemma 2.3 with w = u, on OV,.. Then

Ur > w in V.
To prove the above result consider the problem

{ —Av + ar(2)ge r(v) = fr(z) inV,

2.
(2.9) V= U, on OV,

where we regard u, as a given boundary data. Notice that v = u, is a solution to
(2.9) and that the solutions of (2.9) are critical points of the functional

50 = [ (G964 )6 ) = fra)0) do

v e H&(VT) + up,

where

%whfﬁwm.
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Lemma 2.7. Suppose u1, ug are subsolutions of (2.9) such that

uy <ug on dV,

/ U1 2 mo.
oV,

Let w be the function constructed in Lemma 2.3 with w = uy on OV, and assume
that

and

up > w in V.

Then
Jr(max(ur, ug)) < Jr(u2) + 5t 175 |V (max(u1, uz) — u2)|”.
mg Ve

Proof. Let u = max(uq, us), which satisfies

—Au+ ar(x)ger(u) < fr(z) inV,
(2.10) { u < u, on OV,.

Multiplying (2.10) by u — us > 0 and integrating by parts we obtain
(2.11)

Vu-V(u—us)de+ / ar(2)ger(w)(u —ug) dr < fr(@)(u — ug) d.
v, : v,

On the other hand

JT(u)—JT(ug):—%/V |V(u—u2)\2dx+/v Vu- V(- us)dz
+/V ar(x) (Ger(u) — Ge p(u2)) dz

- /V Fol@) (u — u3) da.

Combining with (2.11) we find
1
Ip(uw) — Jp(ug) = —5/ IV (u — u)|? dz
Vi

(2.12) —|—/ ar(2) [Ger(u) — Ge p(u2) — ger(u)(u — u2)] da.

r

But we have
(2.13) Ger (1) — Ger(u2) — ger(u)(u — ug) < C(r2 + u_l_ﬁ)(u — U/2)2.

Before proving this we note here that G ,(v) = r*72*G.(r*v). Since 0 < g.(u) <
u~? we see that
V=P

1-p

(2.14) 0<G.r(v) < for v > 0.

109ge,r
2 Ov

Gs,r(u) - GE,T(“Z) - gs,r(u)(u - U2) = (f) (U — u2)2
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for some & € [ug,u]. But from %({) = rz%(ro‘f) and the inquality
‘86% (u)‘ = (;_;3)621:-6 <Cu'P forallu>0,e>0,
we have 5
Je,r ~1-8
<C .
fer)| < ce
If u < 2ug then £ > uy > u/2 and
0ge —1—
I <C B
9oz )] < O

If, on the other hand, v > 2us then u < 2(u — u2) and hence using (2.14) and
ge,r > 0 we find

1-8

Ger(u) — Gep(uz) — ger(u)(u —ug) < r < Cu Py < Cum P (u — ug)?.

This proves (2.13) and combining with (2.12) we obtain

1
Jr(u)—Jr(u2)§—§/ |V(u—u2)|2dx+CHa||Loo/ w B — up)? d
Vi

r

But u > u; > w and w satisfies (2.6) we have
/ uil*ﬁ(u —up)?dr < C’mal_ﬂ / dist(zx, 3%)717’3(11 — u)? du.
v, v,
By Holder’s and Hardy’s inequality

/ u P (u—ug)? de < Cmgl_ﬁ/ IV (u — ug)|?.
Vr Vi
Hence

Jp(u) < Jp(ug) + (; + iﬁ) /V IV (u — u2) %
mg g
]

Proof of Proposition 2.6.

Throughout this proof we assume 0 < r < ry. By Lemma 2.5 we can apply
Lemma 2.3. Henceforth we let w be the function constructed in Lemma 2.3 with
w = u, on AV,.

Step 1. If r > 0 is small enough then (2.9) has a unique solution.
Suppose that there exists a sequence r; — 0 and different solutions v}, v% to the

] )
problem (2.9). Let w; = vj — v7. Then w; # 0 and satisfies

{ —ij + bj (x)w] =0 inV,

2.1
(2.15) w;j =0 on dV,

where b; is given by

by () = ar, () 2 g )

and &;(z) is in between vj(x) and v3(z). But

09e,r; (0) = 12 e—priv '
Ov J (rjo-‘v +¢)2t8
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Since € > 0 is fixed and a; is uniformly bounded in L* we have
bj — 0 uniformly in V,. as j — oo.
Hence the operator in (2.15) becomes coercive as j — oo and therefore w; = 0 for
large j.
Step 2. Suppose u € H}(V;) + u, is a minimizer of J,. on this set. Then
u>w in V.

To prove this, we apply Lemma 2.7 with u; = w and uy = u. Taking mg large

we see that if u is a minimizer then max(u,w) = u, that is, u > w in V.

Step 3. The functional J, has unique minimum in H(V;) + u,, which we will
write as u,.. By the previous step
Uy > w in V.

Indeed, the existence of at least one minimizer of J,. follows from the lower semi-
continuity and coercivity of the functional in Hg (V;.) +u,. If uy,us are minimizers,
then w1 > w and us > w by the previous step. Taking mg large we deduce, applying
Lemma 2.7, that vy < us and ug < u;.

Step 4. The function wu, is the minimizer of .J, on the set H(V;) + u,. By the
previous steps we conclude that
U, > w in V.

Indeed, problem (2.9) has a unique solution for small » > 0. Thus u, is the
minimizer of J,. for » > 0 small. If 0 < r < 7y the linear operator DJ,.(4,) is
coercive on H}(V;.). Indeed

(DJ, ()0, ) = / (IVel® + ar(2)gl . (itr)p?) dz, for all p € Hy(V;.).

r

But ge . (v) > —Bv~17# and therefore

(DI, (i), ¢) > / (IVel? = Bllar |l P2 da

r

From 4, > w, (2.6) and Lemma 2.5
Uy > cymodist(x,0V,) for all x € V.
Thus
(DJ-(ar)e, ) > / (|Vg0\2 — ﬁ||aT||Loc(clmo)_l_ﬁdist(x,8%)_1_5@2) dx

v,
If we take mg large enough we can apply Hardy’s inequality and obtain the coer-
civity of DJ,.(@,) on H(V,). Hence the branch of minimizers cannot bifurcate if
0 < r < rg, and since the branches u, and ., coincide for small r we must have
u, = U, for 0 < r < rg. O

Proof of Propositions 2.1 and 2.2. By Proposition 2.6 and (2.6) we have
established

U, > c1 (/ uT> dist(xz,0V,) forall z €V,
oV,

and for all 0 < r < rq, where rg is given by (2.7). The estimates for Vu can then be
proved exactly in the same way as in Lemmas 10 and 11 and Theorem 3 of [3]. O
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3. EXISTENCE OF SOLUTIONS: PROOF OF THEOREMS 1.1 AND 1.4

Given 1 < p < ££2 we define the following functionals in H{ (€2)

_1 2 1 1-8 / p+1
(3.1) B =g [[vul+ = [ =2

and

(3.2) Ire(u /|vu|2 / p+1/ |u|PTL

where G¢ is defined in (2.5). Note that

u Bu + e gl=8
Ge(u) = / -(s)ds = -
(= f, 50 = 0 Burep ~ Ba-5)
Let A > 0 be sufficiently large and fixed to ensure

- p+1
3 [ IVl - 2 [ et <o

for all u > 0.

for all A > A1. Then

(3.3) Ire(Apr) <0

for all e > 0 and A\ > Aq.

Lemma 3.1. Let 1 <p< % and A > 0. Then
—Au+ g.(u) = AP in Q

(3.4) u>0 in Q

u=0 on 0N).
has a positive solution ug x p.

Proof. We solve (3.4) using the mountain pass theorem for the functional Jj .
defined in (3.2). Note that since G, > 0 this functional satsfies:

there exist p > 0,¢ > 0 such that Jy-(u) > ¢ V||ullg1) = p.

This and (3.3) give the geometric condition for the mountain pass theorem, and
the Ambrosetti-Rabinowitz condition, namely

360 > 2 such that
A
0 (HUPJFI - Gs(u)) < AP — g (u) for sufficiently large |u|
b

is satisfied since the term that dominates in the nonlinearity for large u is u?.
Therefore there exists a critical point u of Jy . in H}(Q). By standard regularity
theory u is C?(2) and satisfies

—Au+ ge(u) = AMu|’ in Q, u=0 on 0.
We claim that w > 0 in Q. To prove this it suffices to verify that v > 0 in Q.
Suppose on the contrary that w = {z € Q : u(z) < 0} is non-empty. Then
—Au=Aul’ >0 inw, u=0 on dw,

and we deduce v > 0 in w, a contradiction. Thus we have produced a positive
solution u of (3.4) for every A > 0.
O
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Proof of Theorem 1.1. By Lemma 3.1 we know that (3.4) has a solution uy . > 0,
which we write for short u.. We claim that there exists a constant C' independent
of € such that

(3.5) [tell o () < C.

To prove this, we use a blow-up argument. Assuming that m. = maxgu. — +00
as ¢ — 0, define

p—1
2

o) = 2 T o —miTa,
me
Then 0 < v, < 1 and satisfies
1 Ve .
—A’UE + = )\Us mn Qe
(3.6) mit? (ve +&/me)Pto

ve =0 on 0f)..

For a subsequence we may assume that Q. — U where U = RY or U is a half space.
By Proposition 2.1, v is bounded in C1#(Bg(0)NQ.) norm for every R > 0, where
uw= % It follows that v. converges uniformly as ¢ — 0 on compact sets of U to
some function v which is C*(U) and satisfies [|v||p@) = 1 and v(0) = 1. Using
test functions with support in the open set [v > 0] we see that —Av = v in the set
[v > 0]. Using the strong maximum principle we deduce that actually v > 0 in all
U and hence
—Av =P inU
v=0 on U if OU # 0.
0<v<1.

By the results due to Gidas and Spruck [11, 12] we conclude v = 0, which contradicts
v(0) = 1. This proves (3.5).
In addition we also have a fixed lower bound for [uc||;~(q). Indeed, if o is a
maximum of u. then
ue (o) »
(o) + s = Meleo)”
This implies that
ue(z9) > ¢ >0,

Since u, is uniformly bounded in L (), applying Proposition 2.1 we have that
u. is uniformly bounded in C*#(Q). Therefore up to a subsequence u. converges
in C1(Q2) to a non-zero function u € C*#(§). We need to show that u is a solution

o (1.1). Since Vu = 0 on the set Q \ [u > 0] we then need to prove that

(3.7) / VuVy = / (—u™P 4+ xu)p  for all p € CC(Q).
[u>0] [u>0]

First we remark that using test functions supported in the open set [u > 0] we
find that u satisfies
(3.8) —Au+u P =X P infu>0].

Then observe that integrating (3.4) one obtains

Uu
<A PO
/Q(u€+€)1+,8 — /Qua >~
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since u, is bounded in L*°(2). By Fatou’s lemma we find
Xpusoju~” € L'(€Q).
Take ¢ € C§°(R2) and n € C§°([u > 0]). Then, using (3.8) we have

/T]VUVQO—F/ @Van:/(—ufﬁ—l—)\up)(pn.
Q o Q

Let h € C*(R) be such that h(t) =0 for t <1 and h(t) =1 for ¢ > 2. Given e > 0
we take 1. = h(u/e). By dominated convergence

lim nEVchp:/ VuVp
=0 Jq [u>0]

and

lim [ (—u=" 4+ Au)pn. = / (—u=" 4 MuP)p.
=0 Jq [u>0]

Let S be the support of ¢. Then by Proposition 2.2 there exists some constant C'
such that

|Vu|> < Cu'™? in S.
Hence in S

1 c _ _
VuVn.| = g|h'(U/€)HVU|2 < ;Ul ﬁX[s<u<2€] <Cu BX[a<u<2e]-

and it follows that

' / eVuVi,
Q

since X[c<u<2e] — 0 as € — 0 and X[u>0]u_5 € LY(Q). This establishes (3.7).

< C||<P||Loo(9)/ U X fecucae] — 0

[u>0]

O

Proof of Theorem 1.4. By Lemma 3.1 we know that (3.4) has a solution uy ¢, >
0. We let first p — 1. For this we claim that if A > A\; then there exists py =
po(e,A) > 1 such that

(39) Hus7)\7p||Loo(Q) <C. forl< < po(&, )\)
To prove (3.9), let us write u = uy . p. Multiply the equation by ¢; and integrate

A A
A / Py = / wpr + ge(w)pr < 2L / o1+ L 4 max(ge)llga|z-
Q Q P Ja p

which yields

(A—%)/QU”QS%JrC@

/ uPp; < C;
Q

if we take p > A1/A. By a bootstrap argument, if p — 1 is small, we can reach the
estimate ||ul|p~ < C.. The constant C; is independent of p.
As in the proof of Theorem 1.1 we also have

This implies

luxepllLoe@) > ¢

with ¢ > 0 independent of p and e.
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By Proposition 2.1 u. = lim;,_, uy ¢, exists and is a nontrivial solution of

—Au+g(u)=Iu, u>0 inQ
(3.10) { (1)

u=0 on 01,

By the strong maximum principle u. > 0 in €.
We claim that there exists a constant C' independent of € such that

(3.11) el L < C.

To prove this, we use a similar blow-up argument as in the proof of Theorem 1.1,
except that now the domain stays fixed. Assuming that m. = maxgu. — +00 as
€ — 0. Define

ve(x) = ue(2) x €.
me
Then 0 < v, <1 and satisfies
1 v
—Av, + ° =X, inQ
(3.12) oIt (v +e/m)tHs T

ve =0 on 0f.

By Proposition 2.1, v. is bounded in C1#(2), u = }jr—ﬁ,
subsequence it converges in C'*(Q) to a function v € CH#(Q). Since [|ve|| L) =1
we also have [|v|| (o) = 1. Taking test functions with support in [v > 0] it follows
that v satisfies

and therefore along some

—Av=Xv in [v>0].

Since v > 0 in 2 and v # 0 by the strong maximum principle we deduce that v > 0
in Q. This yields a contradiction with A > A; and establishes (3.11).

Since u, is uniformly bounded in L*°(f2), applying Proposition 2.1 we have that
e is uniformly bounded in C1#(€2). Therefore up to a subsequence u. converges
in C1(Q2) to a function u € C1#(2). We may now prove that u is a solution to
(1.9) following the same steps as in the proof of Theorem 1.1. O

4. GROUND STATES

We recall that there exists a radial solution with compact support of the equation
(4.1) —Aw + X[w>0]w*ﬁ =wP inRY.
More precisely, consider
(4.2) —Au+uP=uP, w>0 inBr, u=0 ondBg
where 1 < p < &2 (p > 1if N = 2) and R > 0. In [5, Corollary 1.2] (see also
[24]) it is proved that there exists R > 0 such that (4.2) has a radial solution w if
and only if 0 < R < R, and it is unique in the class of radial solutions. Moreover
the radial solution to (4.2) with R = R has vanishing gradient on the boundary
and hence satisfies (4.1). For 0 < R < R the radial solution u to (4.2) satisfies
u'(R) < 0. B

Let us write w the solution of (4.2) with R = R. We call this function the radial
ground state of (4.1).
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For uw € HY(RY) N L'=#(RYN) define

(4.3)
B 1 , ul™h yptl
T = [ G+ -,

Proposition 4.1. Let Ry > R. Suppose u € H}(Bg,(0)), u # 0 solves (4.1) in
the sense Xjusoju "’ € L*(RY) and

M(u) = /RN(\VMQ + TP — Pt

(4.4) / VuVe + Xusou P =/ wo Vo e CR(RY),
RN RN

and satisfies
J(u) < J(¢)
for all ¢ € HE(Bg, (0)) such that M(p) = 0. Then up to translation u = w.

Proof. Let u* denote the Schwarz symmetrization of u. Then u* is radially sym-
metric, radially nonincreasing and u* € Hj(Bg(0)). It also satisfies [py (u*)P =

Jan uPtt, Jan (u*)' =P = Jan u'~? and

[ovwps [ e
RN RN

with equality if and only if uw = u* (after translating). For these properties see for
example [16]. Choose tg > 0 such that M (tou*) = 0. Since u solves (4.1) it satisfies
M (u) = 0. Note that there is a unique ¢ > 0 such that M (tu) = 0 and this number
is the one that maximizes ¢ — J(tu). Therefore

J(u) = sup J (tw).

>0
Thus
T(tou*) = / (1%|Vu*|2 n to~"? ()18 — e (u*)p-‘rl) < J(tow) < J(u)
Br(0) \ 2 1-p p+1 - -
with strict inequality unless [,y [Vu*|* = [on [Vu|?, that is, u = u* after transla-

tion. Since u minimizes J with respect to functions ¢ € HE(Bg, (0)) with M (p) =0
we deduce that J(tgu*) = J(u). Therefore u = u* after translating, which means
u is a radial solution of (4.1). Let 0 < Ry < Ry be such that u > 0 in Bg, and
u(r) = 0 for » > Ry. Then u'(Ry) = 0. By the uniqueness of R and the solution
we find Ry = R and v = w. [l

5. ASYMPTOTIC BEHAVIOR AS A — 400, PART 1
Proposition 5.1. Let uy be the solution to
—Au + X[u>0]u*ﬁ =P in Q
u=20 on 0N2.

constructed in Theorem 1.1 or Theorem 1.4 where 1 < p < NE2 Then for some

N—-2
C>0

(5.1) ATFE < luall Lo (o) < CA"55  for all large A.
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Proof. Let ) € Q) be a point where u) attains its maximum. The first inequality

in the statement follows from
u(zx)™? — Mu(zx)? = Au(zy) <0

Let
mx = ”U)\HL‘”(Q)
and assume by contradiction that for some sequence A — +o0o0 we have
(5.2) MAAFPTF — +00.
Define

1-p
U) (az,\ + )\_1/2m>\2px)

Then v, satisfies

1 - .
By sy = in

p=1l p=1
where Q) = )\1/2m>\2 (@ —zy). If my — 400 as A — 400 then )\1/2m)\2 — 400
as well. If my is bounded, then Am% ™" = A\m?™?m ™% — fo0 by (5.2). Thus in

p—1
all cases )\1/2m>\T — 400 as A — 4o00. For a subsequence we may assume that
Q — U where either U = R" or U is a half space.

Observe that 0 < vy <1 and v5(0) = 1. For a fixed A > 0, vy is the limit of vy .
as € — 0 which are uniformly bounded solutions of

—Av + myv) =vP in Q

59
Amk
v=0 on 09,

to which Proposition 2.1 can be applied. Therefore v is bounded in the C1#(Bg(0)N
Q) norm for every R > 0. It follows that vy converges uniformly as A — +o00 on
a bounded set of U to some function v which is C*(U) and satisfies |[v]| o) = 1
and v(0) = 1.

Using test functions with support in the open set [v > 0] we see that —Av = vP
in the set [v > 0]. Using the strong maximum principle we deduce that actually
v > 01in all U and hence

—Av =P inU
v=0 on OU if OU # 0.
0<v<1.

Ifl<pc< % by the results Gidas and Spruck [11, 12] we conclude v = 0. If
p = 1 then also v = 0 because otherwise v is a positive supersolution for the operator
—A — A\ (R) in every large ball Br(xz) C U where the first eigenvalue with Dirchlet

boundary condition is O(R~2). Thus v = 0 which contradicts v(0) = 1. O

Define

px = inf sup Jy(v(1))
RESIDN te[0,1]

where

Tyx={~:[0,1 — H}(Q) : 7 is continuous, v(0) = 0, y(1) = Ap; }
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p+1 1-6
N)\:{uGH&(Q):u;ﬁOand/Q|Vu|2=/ﬂ<)\;b|+1 _fiﬁ>}

In the above definition of I'y the constant A is fixed such that Jy .(Ag;) < 0 for
all e > 0 and all A > ;.

The following lemma is standard for continuous nonlinearities f(u) satisfying the
classical hypotheses for the existence of mountain pass solutions, see [1], and the
the condition f(u)/u increasing, see [7, 26]. The nonlinearity f(u) = Au? —u=?
satisfies the last assumption, but since it is discontinuous we provide the proof.

and

Lemma 5.2. Let Jy be the functional defined in (3.1). We have

Ia(uy) = px = %Af I

Proof. Let u. denote the solution of (3.4) constructed in Lemma 3.1 with the
mountain pass theorem. Multiplying equation (3.4) by u. and integrating we have

/ (IVue* + ge(ue)us — Ml = 0.
Q

B

Since g.(u)u — u}[ uniformly for v on compact sets of R we have

/ (Ve +ul*® — X2t = ofe)
Q

where o(e) — 0 as ¢ — 0. Thus there exists t(¢) = 1+ o(¢) with the property
t(e) ue € N\. Hence

inf Jx < Ja(t(e) ue).

N

But
Ia(t(e) ue) = Ja(ue) + o(e) = Iy (us) + o(e)
where J) . is the functional defined in (3.2). By construction of .

J)\,E(Us) = Uxe
where

pre = inf sup Jy(y(t)).
7€l tefo0,1]

Thus
i\r}f I < e +o(e).

For a fixed v € 'y

e < sup Jy(y(t))
t€[0,1]

and letting € — 0

limsup pxe < sup Jr(y()).
e—0 te[ovl]

Therefore
limsup pxe < pix

e—0
and we deduce
inf Jy < uy.
W A S U
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To prove the converse let u € Ny. Given ¢; > 0, ¢o > 0, ,c3 > 0 we consider the
function

t2 t1=h AR 0
t)=c1— +cy— — t>0.
f@) Cl2+621_ﬁ 83p+1 or t >
Note that ,
f'(®)

;o =a + ot TP — gtP

is a decreasing function with limit 400 as t — 0 and —oco as t — 400. Thus f has
a unique critical point, which corresponds to a maximum and is non-degenerate.
Thus there is a unique t*(u) > 0 which is critical point of

t— J)\(tu)

and hence t*(u) = 1. Thus Jy(tu) < Jx(t*(u)u) for all ¢ > 0. Let t; > t*(u) be
large such that Jy(t;u) < 0. We take as 7 the path that connects 0 with ¢;u with a
straight line and then ¢;u with Ay, on the affine space { s1(t1u) + s2Ag; : 51,82 €
R } along which Jy is negative. Then max;c(o,1) Jx(7(t)) = Jx(u). O

Lemma 5.3. If1 <p< % we have

(5.3) / |Vuy|2 < OX79, )\/ Wt < oaT, / uy P < one
Q Q Q
where q = W.

Proof. Let ¢ = apg where py € CC(RY), pg > 0 and ¢y # 0. We choose the
constant a > 0 such that

/RN (IVe]? + ' 7 — oPt1) = 0.

For the next calculation we assume that 0 € Q, so that the support of py(x) =

s
Afﬁgo()\?(l:”) x) is contained in  for A sufficiently large. Then

5 —2-N—(N-2)8 5
‘V(p)\| =\ 2(p+0) |Vgp‘
Q RN
1-p | —2=N-wve2p 15
/4)0)\ =\ 2(p+8) %)
Q RN

prl | Z2EN-(Vo2)0 bt
/SOA =\ 2(p+8) % .
Q RN

—2-N—(N-2)8

Hence ¢y € N, and since Jy(py) = CA™ 20+5) we obtain

—2-N—(N-2)8

J)\(u)\) S CA 2(p+8)
Therefore

—2-N—(N-=2)8

—2-N-(N-2)p 1
C\~ 20+8 ZJ)\(U/\):/ §|Vu)\|2+
Q
1 1 1 1
— A2 —— p+1 - = 1-8
A (2 p+1>“A =5 2)

> c)\/ u';'H > c/ |Vuy|?.
Q Q
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Let x) € 2 be a maximum point of uy. Let us introduce the rescaled function
1 _ 148
ua(T) = APHPuy (x,\ + A\ 0t x)
so that vy solves
(54) —Avy + X[w\>0]v;ﬂ = ’Ui in Qy, vy =0 on 9Qy,
148

where Q) = A\2eF5 (Q — xzy).
Lemma 5.4. For a large A > 0 the solution uy has support in a ball Bg, (xx) with
Ry = CA~ 2029 |
Proof. By (5.1)

L < fluallze(o,) £ C
and in particular 1 < v)(0) < C. By Proposition 2.1 for every R > 0 there exists
Cgr > 0 such that for every xz € Q)

[VollLe(Br(2)nes) < Cr

and therefore
(5.5) ||V’U)\||Loo(gk) < +00.
On the other hand by (5.3) there is some constant such that

(5.6) / B <
Qx

Define F'By = 0{x € Q : vx(z) > 0}. There exists ¢, ¢’ > 0 such that if zo € F By
then for every 0 < r < ¢

5.7 there exists z, € Q with |z, — xo| = r such that vy (z,) > /r*.
r r 0 A\dr) =

This is standard, see e.g. [22], but to be self-contained we give the explanation. By
(5.5) we can select ¢ > 0 such that

1
oa(y)PTP < for all y € Qy, |y — zo] < 2¢.

-2
Then on the set {vy > 0} N Ba.(2)

AW = (14 B)1 = o) + (14 B)80) 1| Vus 2 > #.

Let z(y) = %m — Z|? where 7 is a point close to xg, say | — zg| < ¢/2, such
that vy(Z) > 0. Let 0 < r < ¢. If 037" < 2 for y € B,(z) N Qy then by the
maximum principle vy (Z) < z(Z) = 0, which is not possible. Hence there is a point
y € 0B,.(Z) N Q) such that

o)’ = 2(y).

Letting & — x¢ establishes the assertion.

We observe that {z € Q) : vy(z) > 0} is connected. Otherwise let w denote the
connected component containing the origin, and assume that vy > 0 for some point
outside w. Let v; = vy, and va = vxq\z, which are nontrivial solution to (5.4).

Let
p1=8 Pt

1
Jv:/ ~|Vol? + - .
() Q)\2| | 1-8 p+1
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By the characterization of Lemma 5.2
J(wy) < J(v1) and  J(vy) < J(ve).

Since J(vy) = J(v1) + J(v2) we must have J(vy) < 0 and J(vz) < 0, which implies
J(vy) = 0. But this and the fact that vy is a solution gives

11 11
1_ 1 Up+1+<_>vl—ﬁzo
L Gm) e (F53)

which implies vy = 0, a contradiction.

Using the previous properties and (5.5) and (5.6) we can now show that the
support of vy is contained in a ball of fixed radius. Suppose z, € FBy,k=1,...,m
are at distance at least 2¢ from each other. By (5.7) there exists y, € Q with
lyx — x| = ¢ such that

ua(yr) > ¢ > 0.

By the uniform Lipschitz bound we deduce that

/ U§+1 > mc//
Qy

for some ¢” > 0. Thus from the upper bound (5.6) we deduce m < C for some
constant C' independent of A\. This shows that the support of vy is contained in ball
By (0) with M bounded independently of A and this establishes the lemma. (]

6. ENERGY ESTIMATES IN A BALL

Weworkherewith1<p<%amd0<ﬁ<1. Given p > 0 and € > 0 we
consider the equation

w
A+ ———==w’, w>0 inB
(6.1) (w+ )7 :
w=0 ondB,
and its associated functional J, . : Hj(B,) — R defined by
B 1 9 (u+)p+1
Jpelu) = /B SIVuP + Gatwy - B

P
This functional has a least positive critical value ¢, .. Since the nonlinearity f(u) =
uP — o frs satisfies that f(w)/u is strictly increasing for u > 0, then ¢, . can be
characterized by
6.2 Cpe = inf sup J, < (tu),
(62 S s SE
see [7, 26].
For £ > 0 we also consider the equation
w
(6.3) (w+e)t+h
w(r) = 0 as |z| — +oo.

wP, w>0 inRY

Critical points of the functional
1 yt)pt+t
Fevow) = [ 319l + 6ol - L
RN

PEEE ue HY(RY)
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give rise to solutions of (6.3). This functional has a least positive critical value ¢,
characterized by

6.4 Ce = inf sup Jj tu),
(6.4) = e o RN e (fu)

The main result in this section is

Proposition 6.1. There are Ry > 0, C > 0 such that for every § > 0 there is
go > 0 such that for all p > Ry

c- +6—2(5*176_0)1/2@_}%1)—0logp—Clog(l/s)—C < Cpe <
<ec.+ 672(6_1_[’75)1/2(p7R1)+Clogp+C’log(1/5)+C’
Solutions of (6.1) with energy c, . are called least energy solutions, and similarly
for solutions of (6.3) with energy c.. Using the Schwarz symmetrization we can

show that the existence of a radial, decreasing least energy solution of (6.1) that
we call w, . and a radial, decreasing least energy solution w. of (6.3).

Lemma 6.2. Let Ry > 0, 0 > 0 and w be the solution to
1 W

= -
(6.5) o' = 2wt )P r > Ry
(6.6) w(Ry) = o, ligl w(r) =0.

If 0 > 0 is sufficiently small, only depending on (3, there is co > 0 such that
(67) ’lD(RO 4 1) S 6*006_(1‘*'5)/2'

Proof. We write in this proof w instead of w. The solution to (6.5), (6.6) is
obtained by multiplying (6.5) by w’ and integrating:

which gives the relation

(6.8) / _ ds =r — Ry.

w(r) V/Ge(s)

Using the definition of g. we see that

U u ;

ge(u) = (u—l—&)l"’ﬁ > (25)1+5 or0<u<e
and therefore )

GE(U)Z?:;W fOI‘OSUSE.
Similarly
1
gs(u> > W foru>¢
and 1-p 1-p6 1-p8
e u P =
G:(u) > 5278 S =) for u > e.

By choosing o > 0 small we get w(Rog + 1) < e. Indeed, assume w(Ry + 1) > €.
Then the equation (6.8) and the estimates for G¢ imply that

o 1-8 1-8 _ _1-p8\ —1/2
€ s €
+ ds>1
/E(W W(l—m)
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But

O LB gl=B =g T2 7 1 1
- (1+8)/2 <« =
6o [ <2M " 21+ﬁ(1_5)> 1520 [ s Coll < o

if we choose ¢ > 0 small. This gives a contradiction.
Since w(Ry + 1) < € we find from (6.8) and the estimates for G, that

5 1 o 617’6 gl—8 _ 51*:6 —1/2
6.10 05<1+f’>/2/ —ds +/ ( + ) ds > 1
( ) w(Ro+1) S € 22+ 21+ﬁ(1 - ﬁ) N

where C' > 0. Then (6.9) and (6.10) yield
1
Cel+0/21pg (5 ) > 2.
c C\wRo +1)) =2
This estimate implies the inequality (6.7). O

Lemma 6.3. Let w be a radial, decreasing solution w of (6.1) or (6.3). There is
a fired Ry > 0 such that for every § > 0 there is eg > 0 such that for

w(r) < e~ (T2 (r=Ry) forallr > Ry and all 0 < € < g.

Proof. We first remark that there is an apriori bound M for every radial, decreasing
solution w of (6.3), that is, w(r) < M for all r > 0. Moreover given a o > 0 there
is some Ry > 0 such that for every radial solution w of (6.3)

(6.11) w(r) <o forall r > Ry.

We apply this property with ¢ > 0 given in Lemma 6.2 and find Ry such that (6.11)
holds. Let w be the function constructed in Lemma 6.2. Then, taking o > 0 smaller
if necessary, we see that @ is a supersolution to (6.3) and we deduce w(r) < w(r)
for all » > Ry. In particular

w(Ry +1) < 6_0067(1+ﬂ)/2,
where ¢y > 0. Set Ry = Ry + 1. Let 6 > 0 be given and define

_ _ —(1+B)/2 _(—1-B_5\1/2()_
,w2(,r) — e—Co¢ e (e )= (r Rl).

Then woy satisfies
w = (e~ oy,

and we can arrange the constants so that ws is a supersolution. Indeed,

e - T e S (R S S
Az +0; — o eyes S T U T <€ 2 (w2 +e)+P
Provided @)~ ' < §/2 and wy/e < 1/2 we have
_ _ Wa _ 0 Wo
A p_ M2 _2 <
W2t W2 g, s = < 2 +0(52+6)> <0
—(+p)/2

if also woy < C6e2HP. But since wo(r) < e~ ¢0¢ for » > R; we can achieve the
inequalities by taking € > 0 small, depending on §. By comparison

w(r) < we(r) Yr > Ry.
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Lemma 6.4. Let w be a radial, decreasing solution of (6.1).

numbers Ry > 0, C > 0 and g9 > 0 such that

There are fized

w(p — e~ HA/2) > o= IPLO=R)=C for 4l > Ry and all 0 < & < .

Proof. There is a uniform lower bound for w, -(0). Indeed, at the origin Aw, . <0
and the equation yields w,, - (0)P~(w, 4+ &)'*# > 1 and this implies w, -(0) > ¢
for some ¢ > 0 independent of ¢ € (0,1] and of p > 1. The uniform estimate for the
gradient Proposition 2.2 imply that if we fix Ry > 0 small, then w, .(R2) > ¢/2 for

all0 <e <1landallp>1.
Let w(r) be the solution of

N-1 1
w" + 7 @/:€1+6w’ r € (0,p)

w(Ry) = ¢, w(p) =0.
Then w is explicitly given by

A eo-r) _ A (o)
") =X om om0/

N1 N 1
U Bt 24 o-1-8,
£= " 9R, \/( °m, ) T

Moreover, w is a subsolution of (6.1). Therefore w, .(p—e(1t9)/2)
S0

w

where

Ape(+0/2 3 040/

wpe(p — 1+9/2) > £

Since
N—-1 c(1+8)/2
+

om0

Ay = £ (1482 _

the conclusion follows.

e>‘+(P*R2) — eA—(P*R2) ’

>

(p—c1+8)/2),

O

Proof of Proposition 6.1. We prove first the upper estimate. Let w. denote a
radial, decreasing least energy solution of (6.3). Let p > 0 and v, be the solution

to

(6.12) Av, = in B, \ B,_1

with v,(p — 1) = we(p — 1) and v,(p) = 0. Define
_ we(r) H0<r<p-1
Wpe(r) = )
vp(r) ifp—1<r<p.

Then

Cpe = Jpe(Wpe) = r{1>ag( Jpe(twpe) < 1?38( Jpe(tWp ) = Jpe(tpcWpe)

where t, . > 0 is the unique ¢ where the last maximum is attained. Since w, . — w.
as p — +oo uniformly for € > 0 small, we have t, . — 1 as p — 400, uniformly for
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€ > 0 small. Then
1 (t, cwe )Pt
_ 2 p,eWe
Joe(tp,eWp,e) < / 2 pe\vw5| + G (tpewe) —
B,

p+1
1
+/ iti,s|v”p|2 + Ge(tp,evp)
BP\BP 1

We have the following expansion for G.

u? u?

(6.13) Ge(u) = DYSEC IR O(w),

where O(Eg—fﬁ) is uniform for u < ¢/2. Let 6 > 0 be given and ¢g > 0, R; > 0

be as in Lemma 6.3. Let us work with p > Ry + 2. Then we have have v,(r) <

e~ 7= for 1 € [p— 1, p|. Thus by taking e > 0 small we have

(tp,8w6)p+1

p+1

+/ Lo v 422 o +Cf3 U
€ v e €
BB, , \2 70 e saits T Ctoe ais

+1
since also 512 _|[Vwe|? + Ge(tycwe) — % >0 for r > p — 1. Therefore

1
Jpeltpciiye) < / L2 IVl + Gty w.) -
]RN

1 B ,
Cpe < Jrn e(tpewe) — Qt/%, no" 11];3([) —Duplp—1) + C€2p+5 /B \B v2
p—1

3
1 e
<ec,— =t v, +C Lo, v,
— P € P P 2 P
2 oB g2+h B,\B,_1

p—1

To estimate the last integral note that v, < w. for p —1 < r < p because w, is a
supersolution of (6.12). Hence

/ 2 < CpN 16—3(5*14’—5)1/2(;)—31—1)
n\Bp 1

SO

3
th’? / 3 <e —3(e" 1P =82 (p—R1—1)4+C1 log p+Cs log(1/e)+C3
240 Up = '
& \B

P p—1

To estimate the boundary integral let z be the solution to
Az=0 inB,\ B,
z(p—1)=1, =2(p)=0.

Then

/ v —/ v,2 — L/ VyZ

P P 1+ P
dB,_1 dB,_1 glth B,\B,-1
As before
1 / v,2 < 67(571”87(5)1/2(pr171)+C1 log p+C> log(l/s)+03.
cl+p B\B,_1

SO

Cpe < Cp +6—2(5*1*/3—5)1/2(,;—1%1—1)+cl log p+Cz log(1/2)+Cs
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To prove the lower bound, let w, . be a radial, decreasing least energy solution
of (6.1). We let also v, be the solution of

. N =
Up m R \ BP76(1+[-3)/2

= ElTﬁer
with §,(p — e+9/2) = w, (p — e1A/2) and lim, . | o 7,(r) = 0. Define
v, (r) woe(r) HO0<r<p-— c(140)/2
w r)=
. v,(r)  ifr>p—e(+A/2,
The for all ¢ > 0

Cpe > Jpe(twpe) > Jpn (t0p )

1 t p+1
+ —t2|Vw,|* + Ge(tw, ) — (twpe)”"
2 P, P, 1
BB, __(1+8)/2 p

1, N
7/ <2t2|V11p|2 +G5(tvp)) .
RVAB,__(1+48)/2

We take now t = ¢, . such that JRN’E(tp’E’II}p’S) > c.. Since w, . — w, as p — +00
uniformly for € > 0 small, we have t,. — 1 as p — 400, uniformly for € > 0 small.
We use the expansion (6.13). Let 6 > 0 be given and g9 > 0, Ry > 0 be as in

Lemma 6.3. Let us work with p > Ry + 2. Then we have w), .(r) < e— (eI
for p — 1 < r < p. Thus by taking € > 0 small we can estimate

t,ew, )Pt
/ G (tp,ewp@) - %
B\B, _1+8)/2 p

2 3
>/ £2 PE__ o3 pE (tp,cWp,e)
= PE o 118 PE 2173
B\B,__(148)/2 2e € p+1

2 1+ 3
_ the / w? (1 _ 2 tp—lw;n—l) B Ct)e / w3
- 1+ PE PE TUPE 243 e
2e Bo\B,__1+8)/2 ptl € Bo\B,__(1+8)/2

+1

2 3
p,€ m w2 _ Ctpﬁ w3
= 145770 pE 2403 PsE
2e B\B,__14p)/2 € B\B,__(1+6)/2
where
261+ﬁ
-1, p—1
My e = max 1-— tP— P .
v SR ( Pl Pe P

We also have 7,(r) < e~ "=9"" for r > p— 1. Then for £ > 0 small we can

estimate
1 . -
/ (2t2va|2 + Gg(tv,,)> <
RN\B __(14p)/2

</ LRIV, + 2 % +Ct) O
— P € N
RM\E, 1402 2 P€ 91+ PE 22+

Let z be the solution to

m _
pE
Az = 814_52 in B,\ B,_.a+s)/2
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with z(p — e(FA/2) = w, (p — e +9)/2) and 2(p) = 0. Then,
2

t m
Cpe 2Ce + %/ (|Vz|2 + 71_7_’; z2)
BB, __a+8)/2 €
t2 1
pE ~ 12 ~2
_ 7/ (|V11p| + HBUP)
RNA\B___(1+8)/2 €

3 3
B Ctye / W Ct, . s
213 pe T 2+8 o
€ Bo\B,__(1+8)/2 < RN\B __(148)/2

2 ~
R
2 BBP7€(1+B)/2 81/ 31/

3 3
. Ctp-,s / w3 Ctp,s 3
243 p,e 213 o
€ Bo\B,__(1+6)/2 € RN\B __(1+5)/2

By similar estimates as for the upper bound

3

tpwf / ’U)3 < 6—3(67175—5)1/2(p—R1—1)+C1 log p+C2log(1/e)+Cs
2+8 pe =

€ Bo\B,__(14p)/2

and

3

Ctl’ﬁ/ @3 < 673(6_1_[.}76)1/2(,071{171)4’01 log p+Ca2 log(1/e)+C3s
243 p =

< RN\B __(148)/2

Using suitable barriers one can prove

N -1 c(1+8)/2
i (p— c1+8)/2y > _—(+8)/2 _
Up(p € )2~ 2(p — 57(1+,8)/2) +0( P2
and
1/2 m1/2 _m1/2
p,e _|_ e p,e
L (p—et8)/2y < _ Mo € )
(p )<~ ombZ _ g—mb?
This implies
ml/2? —ml/2
\E \E C
3 (p — e+MI2) _ (o — cQ+P)/2) > =(140)/2 <m§/fef/2+e:/2 _ 1) -
eMpie — g~ Mp'e

Since m, . — 1 as p — 400 uniformly for € > 0 we deduce

— “1=-B_N\/2(p—Ri—1)— _ —
Cpe >c.te 2(e C)'/%(p—R1—1)—Clog p—C'log(1/e) C"

7. ASYMPTOTIC BEHAVIOR AS A — 400, PART 2

In this section we prove Theorem 1.2 following the argument of [6]. For A > 0
and € > 0, let uy . denote the solution of (1.3) obtained through the mountain pass
theorem, as in the proof of Theorem 1.1. Let x) . € 2 denote a point where uy .
attains its maximum. It will be convenient to introduce the rescaled functions

1 _ 148
Une(z) = APHPuy . (m,\@ + A7 20D m) T € Qe
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where Q) . = /\Q(IPTB) (@ —zx,). Then vy . solves
v
7.1 —Av+ ———— =P in Ay, v=0 on JdN)..
( ) (U +5Aﬁ)1+ﬁ 1 e e
Associated to (7.1) we have the functional
Tre(v) = Lo+ 6 () Hy(©
re(v) = o, 5\ v” + eAﬁ(U)_pT , veHy(he)

with least energy

Cre = inf sup J (tv)
vEHJ (Q20,6),v#0 >0

Let c. be the value defined in (6.4). Let
d)\,E = dist(m,\’e, 8QA’5)
and
dmaz = max dist(z, 00Q)
€S

so that

) 1458
max dist(z, 00 ) = AN20F9 dppqp.
€N ¢

We will prove that
(7.2)  ene Setexp (=27 IS - O) 2T e — R1)

+ Clog(1/e) + Clog(\) + c)

(7.3) ce + exp ( —2(e= A2\ 26 8 4 C)(dye + 0(1) — R»)
— Clog(1/e) — Clog(\) — C) <ere
where o(1) — 0 as e — 0, and C, Ry, Ry are constants. Inequalities (7.2) and (7.3)
imply that
__1+B

(7.4) lim i(I)lf dist(zxe,00) > dimay — CA™ 20505
for some constant C. B

As in the proof of Theorem 1.1 up to a subsequence uy . converges in C'(Q) as

e — 0 to a non-zero function uy € C1#(Q) which solves (1.1). Let x5 € Q be a
maximum point of uy. Then (7.4) implies that

dist(z, 0Q) > dimag — CN~ 715

By Lemma 5.4, for a large A > 0 the solution uy has support contained in a ball

__1+B
Bg, (z)) with Ry = CA™ 2@+ for some constant C'. Thus by taking A > 0 large,
u) has compact support in 2 and hence solves

—Au+ X[u>0]u*5 =P in RV,
Let
1 __14B
’U)\(f]}) = AptPuy (JU)\ + A\ 2+A) x)
so that v) solves

—Avy + X[’U)\>O]v;ﬁ =0y in RN
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Let J, M be defined by (4.3). By Lemma 5.2
J(v) < J(p)

for all ¢ € H} () where Q) = AT (©Q — x), which satisfies M(p) = 0. By
Proposition 4.1, v = w because we have fixed the maximum of v at the origin. This
concludes the proof of Theorem 1.2, up to (7.2) and (7.3).

The proof of (7.2) and (7.3) are similar to those in [6], except for one estimate of
the energy. For completeness we give the details. To prove the upper bound (7.2)
let T € Q) be a point that realizes the maximum distance to 02 .. Since the
least energy values for the functional Jy . in 2 . and the ball with center Z . and

) _ 146
radius A\~ 2+8) d,,,,, are ordered we have

C) <c 1
€ p,eAPTB

where ¢, . is defined in (6.2) and p = )\_ﬂ%ﬁ?)dmm. By Proposition 6.1 we have
deduce (7.2).

We now derive (7.3). For simplicity of the notation we write v = vy .. Up to
subsequence we can assume that . — ) € Qase— 0. Then

dist(zx.e,00) — dist(zy,0Q) ase— 0.

Let Ry = dist(xye,0) and Ry = dist(xx, Q). Let 6 > 0 be given and take
R{, > 0 such that

vol(Bry (xx)) = vol(Q2 N Bryts())-

Now let 0 < §’ < § be such that Ry < Ry +¢'. Let n be a C*°(R) cut-off function
such that n(s) = 1 for 0 < s < Ry +6', n(s) = 0 for s > Ry + 0, and with

uniformly bounded gradient. We set nx(s) = n()\_ﬂ%ﬁﬁ)s) and
0(x) = v(x) m(lz]), =€ Qe
We claim that for every ¢ € [0, 2]
(7.5)
Ine(t0) < ro(49) + exp (= 2((eAFF) 10— 1)V2((Ry e + AT — Ry)

+ Clog(1/¢) + Clog )\)

Indeed,
~ £ ~12 ~ i ~p+1
Faelth) = /Q <2'W| +C s (10— 77 )
t2
<Dcto)+8 [ a(eDiael o Vol + 5 [ ol (Dl
Q)\,E Q)\,s

i / (Gt ) = Gy, (toma(l21)
tP+i

_|_
p+1

/ VPP = (J2)P )
Qe
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Using the same supersolutions as in Lemmas 6.2 and 6.3 we find R; and ¢g > 0
such that

(7.6) v(@) < exp (~((EAT7) 7 = 1)2(Ja| - Ry))

for all x € Q. with |z] > Ry, and all 0 < ¢ < gy. This implies also a similar
estimate for the gradient, namely

[Vo(z)| < exp (—((aﬁ)—l—ﬁ — 1)Y2(|z| — Ry) + Clog(1/e) + C'log )\)

for all x € Q) with |z| > Ry, and all 0 < € <¢gy. We can write

v? v
Gsmﬁ (tv) = 9e1+8 )\ 515 * 0(52+5)\% )
provided /\% < 1/2. Using (7.6) we see that this holds in . \ B,(x)(0) where
r(\e) = (ERA’6 + 5’))\“%%). So we may estimate
ct?

G 1 (tv)—-G #tvn)\x)gi/ V3
/m,s( s (0) = G o (o (@) 240\ 755 Jar \B(0, Ry AT

< exp (—3((6)\1’4%/3)717ﬁ —1)Y2(r(\€) — Ry) + Clog(1/e) + Clog /\)

Similarly we find the following estimates
tpt1

T [ et
A, e

< exp (f(p F1)((eATP) P DY2(r(0€) — Ry) + Clog(1/e) + Clog )\) ,

£ [ (e)luael) vVl

€

< exp (—2((5/\ﬁ)’1’5 —1)Y2(r(\,e) — Ry) + Clog(1/¢) 4+ Clog A)

and
2

t
L v
Qk,a
< exp (—2((5Aﬁ)—1-ﬁ — 1)Y2(r(\,e) — Ry) + Clog(1/e) + C'log )\)
which combined imply (7.5).
Let R _ > 0 be such that

vol(Bry ) = vol(XN Br, _+6)-
Using the Schwarz symmetric rearrangement we find

J)\,E(tv) > Jp,s)\ﬁ (tv )
1438
where ¢, is defined in (6.2), p = R\ A*®7® and 9" is the radially decreasing

rearrangement of 0. We choose now ¢ € [0, 2] such that .J ot (t0*) is maximized,
pie
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and find, using (7.5) and Proposition 6.1,

Cre > ¢C L —exp ( - 2((5)\ﬁ)_1_5 —D)Y2((Ry - + 5/))\% — Ry)

~ p,eAptB

+ Clog(1/¢) + C'log A)
> c. + exp ( —2(e718 — O)Y2((Ry. + §)ATHO — Ry) — Clogp — Clog(1/e) — c)
— exp ( — 2((eAFF) 1P )V2((Rye + 8)ATEID — Ry) + Clog(1/e) + Clog /\>
> ¢+ exp ( —2(e718 — O)Y2((Ry. + §)ATHTH — Ry) — Clogp — Clog(1/e) — c)

for € > 0 small. This establishes (7.3). O

8. PROOF OF THEOREM 1.3

Let uy be the solution constructed in Theorem 1.1 and let
vy = )\P%lux

Then v, satisfies

8 .
(8.1) { —Av+ ATy BX{U>0} =0, v>0 inQ

v=0 on 9.

Let us recall the classical equation

—Av=v", v>0 inQ
(8.2) {

v=0 on I

which arises as the limit of (8.1) as A — 0. It is well known that (8.2) admits a
nontrivial solution, for example by minimizing the H}(£2) norm on the unit sphere
of LP(£2) or by using the mountain pass theorem [1]. If Q is a ball, it is furthermore
known that positive solutions of that (8.1) are radial [10] and that there is a unique
nontrivial solution, which is furthermore nondegenerate.

We will first prove

Lemma 8.1. Suppose €2 is the unit ball in RY. Then the solution vy to (8.1)
converges in the C*(B1) sense to the unique positive solution of (8.2)

Proof. Let vy denote the unique nontrivial solution of (8.2). We can show that
for A > 0 sufficiently close to 0, (8.1) in the ball has a solution close to vy. One
can construct this solution of the form v = vy + w, where w has now to satisfy,
assuming w is small in C1(B;),

- . e .
—Aw — puf w = (vo + w)?P — vk —pod T w = AT (v +w) P in Q

w=0 on JN.

Using the nondegeneracy of vy we may set up a fixed point argument, similar to
the one in the proof of Theorem 1.5 and deduce that (8.1) has a solution vy for
A > 0. By construction vy — vg as A — 0. But radial solutions to (8.1) are unique,
see [5], and this proves the result. O



CONCENTRATION FOR AN ELLIPTIC EQUATION WITH SINGULAR NONLINEARITY 31

Proof of Theorem 1.3. An argument similar to that of the proof of Theorem 1.1

shows that ||vx||zec (o) remains bounded as A — 0 Therefore thanks to Proposi-

tion 2.1, vy is also bounded in C1#(Q) where u = 1+B Up to subsequence vy then

converges to a function v € C1(£2). We have to discard the possibility that v = 0.
Let

+8

p—1 1
nw= | ( o+ lﬁ—|v|p+l>, ve ()
Q

v
-t p+1

so that its critical points give rise to solutions of (8.1). The solution uy constructed
in Theorem 1.1 is a least energy solution and therefore

Jx(vy) = sup Jy(t\v).
>0

Let R > 0 be such that vol(Bg(0)) = vol(2) and let v} be the Schwarz symmetriza-
tion of v. Then for every (777) t > O

Ja(va) = Ia(toy) > Jx(tvy)
and therefore

J > inf S J Br(0)) =J ra ,B 0
2O Z A o b A0 BR(0)) = Ja(vraa s Br(0))

where v,4q,x is the unique radial solution of (8.1) in the ball Bg(0). By Lemma 8.1
Vrad,x — Urado a8 A — 0 in C'(Bg(0)), where v.qq0 is the unique nontrivial
solution of (8.2). Therefore there is ¢ > 0 such that

J,\(U,\) >c

for A > 0. It follows that v = limy_o vy can not be identically zero. Testing the
equation with functions supported on the set [v > 0] we see that

—Av =7 in[v> 0],

But this and the Hopf lemma imply that [v > 0] = Q, that is, v > 0. Since vy — v
in C1(Q), we deduce that in fact vy > 0 for A > 0 small. O

9. POSITIVE SOLUTIONS FOR p =1 AND A CLOSE TO A\
We look for a solution of (1.9) of the form
(9.1) u:efﬁw fore = A —A; > 0 small .

A calculation shows that u is a solution of (1.9) if and only if ¢ solves

{—Agp—i—ap_ﬁ =Xp inQ

9.2
(9:2) =0 ond

which we write as

~Ap—Np=—cp P tep inQ
(9.3) { ¥ 1¢ ¥ Y m

p=0 on 0f)
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We are going to find a solution for (9.3) of the form ¢ = ¢p1 + 2z with z orthogonal
to o1 in L?(), and z small compared to ¢ so that (cp; +2) 7% < /675, for some
constant ¢/ > 0. Inserting the expression of ¢ into (9.2), one finds

(9.4) ~Az—Mz=¢[—(co1+2) P +cp1+2] inQ
. z=0 on 0N.

For a function A : 2 — R we introduce the norm
Bl = sup |h(x)|6(z)"
€N

where
d(z) = dist(x,00).

We recall, see [13], that if |h||g < oo then the problem

Au=h inQ

{ u=0 on Jf)

has a solution u € C(Q) N CH(Q) (every 0 < v < 1). Moreover by the results of
Gui and Lin [14] one also has

HU”cl»lfﬁ(ﬁ) < C||h|p-
We need the following:

Lemma 9.1. If h : Q — R satisfies |||z < co and [,hey = 0 then there is a
solution u to

—Au—XMu=h inQ
(9.5) {

u=0 ondN

with [, up1 =0 and

(9.6) ullon s < Cllhlls:

Proof. If h € L>(Q) and [, h¢1 = 0 then there is a solution u € C* () (every
0 <v <1)to (9.5) with with [, up; = 0. Thus it is sufficient to prove (9.6) in this

situation and then proceed by density.
First we prove that there is C' > 0 depending only on €2, 5 such that

(9.7) lu(x)| < C||h||6(z)~ N  for all z € Q.
By standard arguments, if u solves (9.5) and [, up; = 0, then
lullr @) < CllhllL1@)
with C independent of u and h. Now let xg €  and r = §(z()/2. Solve
—Av— X v="h in B.(x)
v=0 on 0B,(xg).
Then, by standard elliptic estimates

[o(z0)| < Cr? sup  |h(z)] < *7P|h|l
x€By(x0)

and
0]l 1B, o)) < Cr21PllLi (B, o)) < OV 277 Rl
where C' does not depend on h or r. Define w = u — v. Then

Aw+ Mw =0 in B,(xg).
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Again by elliptic estimates

c c C
wa <y [ wlsag [ e [
" JB.(20) " J By (x0) ™" JB.(z0)

< Cr?Pllhllg + Cr~Nullpr o) < Cr=Nh]ls.
This proves (9.7).
Fix a 7 € (0,1) and let 7 > 0 be small so that §(x) is smooth in the region
N, ={zeQ : x)<n}
Let @ = kl||h||gé™. Then
—AG— M = k[|h||g (—7(r = 1)|V5[?67 2 — 767 TAS — X07)
> |h| in N,
if we take > 0 small and k sufficiently large. Now we fix 7. By increasing k if

necessary we have |u| < @ on dN,. By the maximum principle, which is valid for
the operator —A — A; in N,;,, we deduce that |u| < @ in N,,. Thus we have obtained

|Aul < Miful + k| < C|lh|g5~7.
By the estimates of Gui and Lin [14] we deduce (9.6). O

Proof of Theorem 1.5. Let 0 < ¢ < ¢ be arbitrary constants, to be chosen
later on. We are going to prove that for every ¢ € [, ¢] there is a solution z in an
appropriate space and p € R to the problem

(9.8) —Az—)\lz:e[—(c<p1+z)*ﬁ+cg01 +z]+ppr in Q
’ z=0 on 0f)
if £ > 0 is sufficiently small.
To do this consider the spaces E = {h : Q@ — R : |h|lg < oco,h L ¢1},

F ={uecC%(Q) :u L ¢} where the orthogonality is with respect to the L2
inner product. Define S : E — F by Sh = u with u the solution of (9.5) such that
fQ up; = 0. By Lemma 9.1, S is a linear bounded operator.

For p > 0 define B, := {z € C%(Q) : |z]|coa < p,z = 0 on 9O}, where
l[2llco.1(m) is the smallest Lipschitz constant of z.

Let A > 0, B > 0 be such that A6 < ¢1 < Bd in Q. If p > 0 is such that p < cA
and h € B, we have that ||(cp1 + h) 7|3 < +00. Thus, for such p we can define
®: B, — C"(Q) by

®(h) == S(e[~(cp1 +h) ™7 + cor + Bl + ppr)
where ;1 € R is such that

5/ [~ (cpr + )77 + cor + Ml +u/ 1 =0.
Q Q
Thus z = ®(h) solves

—Az—Mz=-¢[—(cpr +h) P +eco1 +h] +up; inQ
z=0 on 0N

with [, z¢1 = 0.
For € > 0 small enough ® is a contraction in B,. Indeed, if h € B, then

1@ (h)con < ISII (ell = (e +h) ™7 + e + hlls + ullerllg) < p
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for € small enough, and
12(21) — @(22)I| < ellS|lI(cr +22) ™7 = (cpr +21) 77 + 21 — 22| < eCll21 — 2.

Applying the Banach fixed point theorem, for ¢ € [c, €] there is a solution z(c) € B,
of (9.8) with a corresponding u(c) € R, provided € > 0 is small. Since @ is
continuous in ¢, by the fixed point characterization of z(¢) we deduce that it is
continuous with respect to ¢, and hence ¢ — p(c) is also continuous.

We proceed to show that if we take ¢ > 0 small and ¢ > 0 is large, then for some
¢ € [¢,¢] we have u(c) = 0. We have the expression

_ Ja—(ep1 +2(0) o1 + (cp1 + 2(c))
Jo et .

p(c)
Let us work with ¢ > 0 small so that
—c (A2 + B)—ﬂA/ 1P (A2 + B)B/ 52 <.
Q Q

and with p < Ac/2. Since z € B, we have |z| < pd, and then cp; + 2 < (4 + B)cd.
Hence

A A
[—(cor+2) P +epr+2] 1 < -5+ B) P PAs P 4 (5 + B)cBé?

This implies p(c) < 0.
Similarly, using that co+ 2z > (cA — p)d > cAd/2, we see that taking & > 0 large
enough p(c) > 0. O
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