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1. INTRODUCTION

In this paper, we are interested in the space of solutions which are defined in the
plane (i.e. entire solutions) of some class of semilinear elliptic equations and whose
prototype is the Allen-Cahn equation

(1.1) Au+u—u’ =0.

An entire solution of (1.1), which is monotone in one direction, is known to depend
only on one variable and, after a suitable rigid motion, it has the form

uo(z,y) = tanh (\%) .

This result, originally conjectured by de Giorgi, was proven in [9] by Ghoussoub and
Gui. In particular, the nodal set of a solution which is monotone in one direction
is simply given by a straight line.

In [8], the authors of the present paper, together with J. Wei, have constructed
new examples of entire solutions of (1.1). Let us recall this result in more details
since it serves as a motivation for the present paper. For any k > 2, it is proven in
[8] that there exist solutions of (1.1) whose nodal sets are, away from a compact,
asymptotic at infinity to 2k-oriented affine half lines. Moreover, it follows from the
construction in [8] that these solutions are not isolated and in fact that they depend
on a finite number of continuous parameters. Beside these, other entire solutions
of (1.1) are known to exist. For example, solutions with dihedral symmetry have
been constructed in [7] (see also [2], [10] and [5]).

All the solutions which have been constructed so far share the same structure
at infinitely, namely, their nodal sets is, away from a compact, asymptotic to a
finite number of oriented half affine lines. Moreover, they tend to either +1 at
infinity, away from a neighborhood of the nodal set where they are asymptotic to
suitable translated and rotated copies of +ug. In the present paper, we analyze
the structure of the space of all entire solutions of (1.1) which, at infinity, are
asymptotic to 2k copies of +uy (modulo the action of some rigid motion). We show
that, under some nondegeneracy assumption, this space is a smooth manifold whose
dimension is equal to 2k, in agreement with the number of degrees of freedom which
are available in the construction proposed in [8]. We also prove that the solutions
constructed in [8] are smooth points in this space.

1.1. The heteroclinic solution. We start by briefly reviewing the material needed

for our analysis and for a precise statement of our results. We assume that we are

given a double well potential F'. Namely, a function F' which is even, at least of
1
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class C2, is positive and which has only two zeros at the points +1. We further
assume that the zeros of F' are nondegenerate minima. Hence,
(1.2) F(+1)=0, F'(£1)#0 and F(t)>0 forall ¢# +1.

It will be convenient to define

a = /F"(£1).

The unique solution of
(1.3) ilo — F/(U()) = O7
which tends to —1 as x tends to —oo, tends to +1 as z tends to +oo, and which
is equal to 0 when z = 0, will be called the heteroclinic solution (here - denotes
differentiation with respect to the variable x). It is given implicitly by the identity
uo () ds

0 \/QF(S)7

Tr =

which follows from the fact that
(1.4) U2 — 2 F(ug) = 0.
Observe that this last equality also implies that the function ug is strictly increasing.

Example 1.1. A typical (or classical) example is the one where the function F is
given by

1
(15) ) = 3 (1- )2,

in which case we have explicitly

uo(x) = tanh (\%) .

Remark 1.1. For the sake of simplicity, we have assumed that the function F is
even. However, most of the results and technics of the present paper do not require
this assumption but, since notations become quite involved in the general case, we
have chosen to restrict our attention to the case where the potential F is an even
function.

We collect some basic information about the spectrum of the operator
L= —82 + F" (ug),
which arises as the linearized operator of (1.3) about ug and which is acting on
functions defined on R. All the informations we need are included in the :
Lemma 1.1. The spectrum of the operator L is the union of a finite or possibly
infinite number of eigenvalues (1);j>0
po=0< iy < ... < piy < - <a?:=F"(£1),

and the continuous spectrum which is given by [, 00).
Proof. The fact that the continuous spectrum is equal to [a?,c0) is standard. The
fact that the bottom eigenvalue is 0 follows directly from the fact that the equation
for ug is autonomous and hence the function d,ug is in the L?- kernel of L. Since
this function is positive, it has to be the eigenfunction associated to the lowest

eigenvalue of L. Finally, the operator L is of limit-point type the sequence of
eigenvalues is increasing (we refer to [6], [3] or [22] for more details). O
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Remark 1.2. The number of eigenvalues of L included in [0, «?) might be finite or
infinite. For motational convenience, in the case where the sequence of the eigen-
values of the operator L included in (—oo,a?) is finite equal to g < ... < fin,
we agree that p; := o2, for all j > n+1. As such, the sequence (uj);>o0 is defined
for all j > 0 and, if we define the Rayleigh quotient

/ (|00)* + F" (up) v*) da
R

/1)2 dx
R

the values of the sequence (p;);>0 coincide with the values of

inf R : 1 , Vw € EV.
dirsnué):i ve}%(R){ (’U) vV lr2w w }

R(v) :=

as 1 > 0 varies.

Example 1.2. In the case where the nonlinearity is given by (1.5), the spectrum
of L is explicitly known. The eigenvalues are given by

1

cosh?( %)

o =0, with associated eigenfunction wo(x) =

and

sinh(%)

cosh%%)7

while the bottom of the continuous spectrum is a®> = 2. For a proof of this fact, we
refer to [19].

3
=g, with associated eigenfunction w1 (x) =

We will denote by II; the L?(R)-orthogonal projection over the j—th eigenspace
of L. Since the eigenspace associated to the eigenvalue 0 is spanned by the function
Jzug, we have the explicit formula

1
HO(U/) = m (/R a;,{uowdx) (%uo.

2. STATEMENT OF THE RESULT

In this paper, we are interested in the space of solutions of the equation
(2.1) Au— F'(u) =0,

which are defined in R2. For example, given » € R and a unit vector e € S', we
can define

u(x) == uo(x - et — 1),
where | denotes the rotation of angle 7/2 in R?. Clearly u is a solution of (2.1) and
this reflects the invariance of (2.1) under the action of the group of rigid motions
of R2. We will say that du are the model solutions whose nodal set is the affine
line s — ret + se.

As already mentioned in the introduction, the class of solutions we are interested
in are solutions of (2.1) which are defined in the entire space and whose nodal set
is, away from some compact, the union of 2k curves which are asymptotic to 2k-
oriented half affine lines. Moreover, as one goes to infinity along one of these half
affine lines, the solution converges to one of the two model solutions with this affine
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line as nodal set. We will make this definition quantitatively precise in the next
paragraph. In any case, the set of all such solutions will be denoted by Moy and
the main result of this paper asserts that, under some nondegeneracy assumption,
the set Moy, is a smooth manifold of dimension 2k.

2.1. Geometric description of the solutions. As promised, we give a precise
description of the solutions we are interested in. This requires some preliminary
definitions. At the heart of the description of the nodal set of the solutions is the
set A of oriented affine lines in R%. Any element A € A can be uniquely written as

A:=re’ +Re,

for some r € R and some unit vector e € S*, which defines the orientation of the
line. Recall that we denote by L the rotation of angle 7/2 in R2. Clearly, A is
diffeomorphic to R x S! and writing e = (cos 6, sin ), we get local coordinates (r, )
in A. Observe that the affine lines are oriented and hence we do not identify the
line corresponding to (r,6) and the line corresponding to (—r, —6). There is also a
natural symplectic structure on A which, in these local coordinates, is given by

w:=dr Adf.
Note that the map J defined by
Jag = *ar and J@T = 89,

(which corresponds to the rotation by 7/2 in the tangent space) induces an almost
complex structure on A. This map, together with the 2-form w induces the natural
metric on A

g =dr? + do>.

More generally, for all &' > 1, let us denote by A¥ the set of k’-tuples of ori-
ented affine lines in R2. This set is clearly diffeomorphic to R*¥ x (S1)¥ and,
again, there exists a natural symplectic structure on A which, in local coordinates
(ri,... 78,01, ...,0), can be written as
(22) Wy =dri Adfy + ...+ dr A dOy.

The almost complex structure and the metric on A¥" can be introduced in the same
way this was done for A.
We have the definition :

Definition 2.1. A k'-tuple of oriented affine lines A = (A1,...,\p/) € AF s said
to be ordered if each A; can be written as
(2.3) Aji=r; ejL +Rej,
for some r; € R and some unit vector e; € S which can be written as e; =
(cosb;,sinb,;) with

01 <0y <...<0p <27m+064.

We will denote by A’g;d the set of k'-tuples of ordered, oriented affine lines and we
will denote by

1
0y := 5 min{@z —01,...,0 — O 1,27+ 01 —Gk/}7

the half of the minimum of the angles between two consecutive oriented affine lines

My A
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Assume that we are given a k’-tuple of oriented affine lines A = (A\q,..., A\x) as
in (2.3). It is easy to check that for all R > 0 large enough and for all j = 1,...,k/,
there exists s; € R such that :

(i) The point x; :=7; e; + s, €; belongs to the circle dBg, with R > 0.

(ii) The half lines

(24) )\;r = Xj + R+ ej,

are disjoint and included in R? \ Bg.

(iii) The infimum of the distance between two distinct half lines A\]” and )\;' is
larger than 4.

The set of half affine lines \], ..., /\Z', together with the circle dBg induce a
decomposition of R? into &’ + 1 slightly overlapping connected components

R2=0QoUQ U...UQy,
where
Qo := Bry1,
and, for 5 =1,...,k,
(2.5)

Q:i={xeR®: x| >R—1 and dist(x,A\]) <dist(x,\[)+1, Vi#j},
where dist(x, A;) denotes the distance to )\;r. Observe that €2; contains )\;r when
7> 0.

We define Iy, I, ...,z to be a smooth partition of unity of R? which is subor-
dinate to the above decomposition of R?. Hence

y
Y I=1,
§=0

and the support of I; is included in ©Q;, for j = 0,...,k’. Without loss of generality,
we can also assume that I = 1 in

6 = BR717

and I; =1 1in

O :={xeR®: x| >R+1 and dist(x,A]) <dist(x,A\]) =1, Vi#£j},
for j # 0. Finally, we assume that

1Llle2rey < C.
We now take &’ = 2k, for some k > 1 and
A= (A, o) € A%

we write )\;r =x; + Rt e; and we define

2k

(2.6) uy = (=1 T ug(dist™ (-, ),
j=1

where

dist®(x, ;) == (x — x;) ej‘,
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denotes the signed distance of x € R? to ;.

Observe that, by construction, the function u) is, away from a compact, asymp-
totic to copies of the model solutions +ug, whose nodal set are the half affine lines
D )\;rk. A simple computation shows that u) is not far from being a solution
of (2.1) in the sense that Awuy — F’(u)) is a function which decays exponentially
to 0 at infinity.

We are interested in solutions of (2.1) which are asymptotic to uy for some choice
of A € Agfjd. More precisely, we have the :

Definition 2.2. Let Moy, denote the set of solutions u of (2.1) which satisfy
(2.7) u—uy € W% (R?),
for some X\ € A%k,. We also define the decomposition operator J by
J(u) == (u—uy, \) € WH%(R?) x A.
The topology on May is the one for which the operator J is continuous.

The existence of the heteroclinic solution ug shows that Ms is non empty. In-
deed, it is enough to consider
u(x) = ug(x - et —7),

for any unit vector field e and any r € R. As we already discussed in the introduc-
tion, the result of [8] provides solutions of (2.1) whose nodal set decomposes into k
nearly parallel lines, very far from each other, this result together with the results
in [7] and [2], imply that Mgy # 0 for any k > 1. It is then natural to investigate
the structure of Mag. The questions which are of interest are the following :

(1) Among the functions v which can be written as
U =1ux+uv,

for some A € A%*, and some v € W2 (R?), what are the solutions of (2.1)
? In particular, what is the dimension of the space of such solutions 7
(2) Obviously, there exists a natural map

P Moy, — A%,

defined by
(2.8) Plu) = A,

if u —uy € W22 (R?). What can be said about this map ?
2.2. The results. We keep the notations introduced above. Given k& > 1 and

A= ()\1, ceey )\Qk) c Aifd,
we write )\j =x;+R"e; asin (2.4). We denote by Qy, ..., Qs the decomposition
of R? associated to this 2k-tuple of half affine lines and Iy, ..., I, the partition of
unity subordinate to this partition. Given v, € R, we define a weight I', 5 such
that
P%(s(x) ~1,
in Qqy and, for j =1,...,2k,
T, 5(x) ~ e (coshr)°.
in Q;, where we write
X = Xj +rej‘ + sey,
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for some r € R and s > 0 (observe that (r,s) are local coordinates which are well
defined in each ;). As usual, the notation f ~ g means that there exists some
constant C' > 1 such that & |g| < |f| < C|g|. The explicit definition of the weight
function I'; 5 is given by

2k
(29) Do) =T+ > Lx)e? “ %)% (cosh((x—x;) - e}))’,

j=1

so that, by construction, « is the rate of decay or blow up along the half lines /\j'
and ¢ is the rate of decay or blow up in the direction orthogonal to )\j.
With this definition in mind, we define the weighted Lebesgue space

(2.10) L2 5(R?) :=T, 5 L*(R?),
and the weighted Sobolev space
(2.11) W23 (R?) :=T,, W2(R?).

Observe that, even though this does not appear in the notations, the partition
of unity, the weight and the induced weighted spaces all depend on the choice of
A€ A2k

ord*
Our first result shows that, if u is a solution of (2.1) which is close to some wuy

(in W22 topology) then u — u) is exponentially decaying at infinity.

Theorem 2.1 (Refined Asymptotics). Assume that u is a solution of (2.1) and
that X € A%%, is chosen so that

or
u—uy € W2(R?).

Then, there exists 6 € (0,a) and v > 0 such that

(2.12) u—uy € W2 _(R?).

More precisely, 6 > 0 and v > 0 can be chosen so that

(2.13) v € (0,/p1), 7%+ 6% < o? and a >0+ cot Oy,

where 20y is equal to the infimum of the angles between two consecutive oriented
affine lines A1, ..., Ao (see Definition 2.1).
In addition, there exists a neighborhood V of u in Moy such that

_ _ 2,2 2
Vour— Jue W2 ;(R%) x A,
15 continuous.

Before, we can state the next result, we have to introduce the notion of nonde-
generacy in this context.

Definition 2.3. A function u € Mgy is said to be nondegenerate if the linearized
operator

—A + F//(u)a
1s injective in the space L%WS(]RZ), for somey € (0,/11,) and some § € R satisfying

72 + 6% < a?.
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As already mentioned, the existence of a family of solutions of (2.1) which belongs
to Moy, is guarantied by the result in [8], for the equation

(2.14) Au+u—ud = 0.

We will prove in §9 that the solutions obtained in [8] are nondegenerate, this will
imply that :

Proposition 2.1. In the case where the nonlinearity is given by F(u) = +(1—u?)?

(and the equation is given by (2.14)), for each k > 1, Moy contains nondegenerate
elements.

For the sake of simplicity, when proving Proposition 2.1, we will restrict our at-
tention to the special nonlinearity F'(u) = 1(1—u?)?, since the existence of solutions
is proven for this special nonlinearity in (2.14). The method used in [8] extends
in a straightforward manner to nonlinear equations of the type (2.1) and hence,
it can be shown that for general nonlinearities, My also contains nondegenerate
elements.

Checking whether a given solution is nondegenerate or not is a hard problem.
For example, in [7], is built for the nonlinearity (1.5) a solution in My, whose nodal
set is the union of two perpendicular lines. The proof of the fact that this solution
is nondegenerate is proven in [13].

The second result of this paper is the following :

Theorem 2.2 (Dimension of the moduli space). Assume that u € Myy is nonde-
generate. Then, close to u, May is a smooth manifold of dimension 2k.

Near any nondegenerate elements of My, we also have some information about
the mapping P.

Theorem 2.3. Assume that u € May is nondegenerate. Then, there exists an
open neighborhood of u in May, whose image by P is a Lagrangian submanifold of
A2F for the symplectic structure defined in (2.2).

Geometrically the meaning of the mapping P should be clear : Given any solution
u € Moy, P(u) € A%! corresponds to the choice of 2k oriented affine lines which
determine the asymptotics of the nodal set of u at infinity. Theorem 2.3 shows that
there is in reality less freedom than what might be initially expected in selecting the
asymptotes for the nodal sets of the solutions of (2.1). Indeed, at regular points of
My, the image of P is a 2k-dimensional submanifold of A which is 4k-dimensional.

Observe that the image of P is naturally constrained. In fact, if u € Mg, and

Pu) = (A1, -5 Aak)s
with
Aj =15 ejl +Rejy,
it follows from [10] that

(2.15) > ej=0.

Moreover, pushing further the analysis in [10], we can also prove that

2k
(2.16) Y=o
i=1
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We will refer to these equalities as the balancing formule and, for the sake of
completeness, we will give a simple proof of these equalities in the Appendix A.
Observe that (2.15) implies that the angle between two consecutive half lines is
always less than or equal to m and that it can only be equal to # when k£ = 1.
Therefore, if u € Mg and A = P(u), we always have

OSQ)\SW/Z

The proofs of our results follow from the implicit function theorem in a suitably
designed weighted function space. The results and the arguments are very much
in the spirit of what has already been done in the study of the moduli spaces of
complete non compact constant mean curvatures surfaces in Euclidean space or
complete non compact constant scalar curvature metrics [14], [17] and [16].

2.3. Comments and open problems. The previous results raise some interesting
questions and comments. The barrier construction in [7] generalizes to yield, for
each k£ > 2, a solution with dihedral symmetry whose nodal set is given by the
union of the oriented half lines

AT =RY (cos(jm/k), sin(jm/k)),

for j = 1,...,2k. These solutions whose existence is proven in [2], [10] and [5],
are referred to as saddle solutions. In [13], it is proven that the saddle solution is
nondegenerate when k£ = 1. Is it true that, for each k > 2, the k-th saddle solutions
are nondegenerate in the sense of Definition 2.3 7

We have strong evidence that, given k > 2, the solutions with k nearly parallel
nodal lines constructed in [8], and the k-th saddle solutions belong to the same
connected component of Moy

Obviously, (2.1) is invariant under the action of translations and rotations of
the plane. When k = 2, Theorem 2.3 implies that, near any nondegenerate ele-
ment, Moy is 4-dimensional, but rigid motions already yield 3 degrees of freedom,
therefore, there is only one free parameter which does not come from the action of
rigid motions. This is in agreement with the result in [8], where solutions of (2.1)
which are even under both the symmetry with respect to both the z-axis and the
y-axis are constructed. Is it true that all elements of My are even with respect to
two perpendicular lines ? Let us mention that, when k > 3, solutions without any
symmetries have been constructed in [8].

There are no example of two distinct solutions of (2.1) whose nodal sets are
asymptotic to the same set of half affine lines at infinity. Is it true that the mapping
P is injective 7 Assuming that any element of My is nondegenerate, the image
of My by the mapping P would then be an embedded Lagrangian submanifold in
AZF,

Finally, to end this introduction, we briefly describe the plan of the paper. We
will start in §3 with the analysis of the mapping properties of the linearized operator
about the heteroclinic solution. This, together with Fourier analysis, will allow us
to derive in §4 the mapping properties of the linearized operator about the model
solution when defined between appropriate weighted space in both the x and y
directions. This part builds up on corresponding analysis for some class of elliptic
operators defined on manifolds with cylindrical ends as in [15] (see also [21] for
a concise exposition of some of these ideas). We will then proceed in §5 and §6
with the analysis of the linearized operator about any u € My, Next, in §7, we
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will prove the Refined Asymptotics theorem. Finally, in §8, we will set up the
correct framework in which the implicit function theorem can be applied to prove
Theorem 2.3. This part borrows ideas which have been used in [14] and which are
by now classical. Section §9, is devoted to the proof of Proposition 2.1 and, in the
last section §10, we give a proof of Theorem 2.3.

3. THE LINEARIZED OPERATOR ABOUT THE HETEROCLINIC SOLUTION

3.1. The linearized operator about ug. We consider the heteroclinic solution
ug which has been defined in §1 and we recall that we have defined the operator

L:= =0+ F"(up).
To simplify notations, we set
S = {—CVS..., - ﬂj,...,—\/ﬁl,\/ﬂ :07\//~L17'~~7\/Mj7"'§a}

where the (1;);>0 are the eigenvalues of L (which form a finite or infinite sequence)
and where we recall that we have defined

a = /F"(%1).

Given any complex number ¢ := v+ £ € C, we define

Le:=L-¢,
and we define n:=d +ip € C, with § > 0 by the identity
0 =a? - 2.

Observe that we have
(3.1) 2= P44 >a -2

The following result classifies the behavior of the solutions of the homogeneous
problem L W = 0 at fo0.

Lemma 3.1. There exist two linearly independent (complex valued) functions Wi,
which are solutions of L¢ Wci =0 in R, such that :
(i) If ¢ # ta, then Wci(m) ~ T s x tends to +oo.

(ii) If ¢ = xa, then Wgr(x) ~1 and W (z) ~ z, as x tends to +oo.
Proof. We give the proof of the result when ¢ # +« the other case can be treated
using similar arguments. When ¢ # 4, one simply uses the fact that
(02 —a® + (%) e =0,

together with the fact that ug tends to 1 exponentially fast at +00. The existence of
I/VCi follows at once from a standard perturbation argument for ordinary differential
equations. 0

Definition 3.1. The indicial roots of L¢ are defined to be

+o¢ = ERvV a2 — 2.
Observe that
65 = 0.

The following simple observation will be crucial :
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Lemma 3.2. The following holds :
(i) Assume that v € [—a, ], then

min by1ie = v/a? — 72
€
(ii) Assume that |y| > «, then

min é~4 ;¢ = 0.
€ER Y+

Proof. This easily follows from (3.1). O

Given § € R, we define the weighted space
L(R,C) := (coshz)’ L*(R, C).
This weighted space is equipped with the natural norm
Wl z2z,c) = l(coshz) ™ W2z c)-
We consider the unbounded operator
Acs: L3(R,C) +— L3(R,C),

W o— LW

The subscripts ¢, keep track of the weights § and the complex number ¢ which
appears in A¢ s. It is easy to check that the operator A. s is an unbounded operator
with dense domain equal to

W3 (R,C) = (coshz)’ W**(R,C),

and also that it has closed graph. The following result is by now well known and
follows from example from [15] (see also [21]) :

Proposition 3.1. Assume that the operator A¢ 5 is injective for some § € (—d¢,d¢),
then A¢ s is an isomorphism for any § € (—d¢,0¢).

Proof. As mentioned, the proof of this result follows from the general theory de-
veloped in [15] or also in [21]. Since we are dealing with a second order ordinary
differential equation, a direct proof is also available. We give here the two proofs.

Proof 1. Using the standard Hermitian product on L?(R,C), we can identify the
dual of L2(R,C) with L? 4(R,C). With this identification, the adjoint of A¢ s can
be identified with Az _;, since

/LCWde:/WLc-de,
R R

for all smooth, complex valued functions V and W having compact support. Let
us assume the ¢ is not an indicial root of L (namely § # £6.). In this case, it
follows from [15] or [21] that the operator A¢ s is Fredholm and has closed range.
Moreover, this operator is injective if and only if Az _; is surjective.

Now, let us assume that § < d.. Using Lemma 3.1, we check that any solution of
L¢ W = 0 which is bounded by (cosh x)? is in fact bounded by (coshz)~%. Hence,
if the operator A¢ s is injective for some 6 € (—d¢,d¢) then it is injective for any
0 € (—d¢,0¢). Finally, assume that § € (—d¢,0.) and that A; 5 is injective. Then,
Ag _s is also injective and, by the above duality argument, A¢ s is also surjective.
This completes the proof of the result.
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Proof 2. We assume that d¢; > 0 (otherwise there is nothing to prove) and we
choose ¢ € (—d¢,d¢). The space of solutions of the homogeneous problem L W = 0
is spanned by the two functions VVCi which have been defined in Lemma 3.1. By
construction W~ (x) ~ e~ at 400 and hence it is bounded by a constant times
(coshx)? at +oo. Since we assume that A¢ s is injective, then necessarily we also
have W~ (z) ~ e™"" at —oo. Without loss of generality, we can assume that Wg“
is constructed in such a way that W (z) ~ e at foo.

Let us denote by W, the Wronskian of ng Namely

— - - +
We =W o.We — W o, W7
Given V € L%(R,C), it is easy to check that
1 B x +oo 3
W(z) = W, (WC (x)/ WV de + W (z) W de) ,
is well defined (this uses the fact that § < J;) and is a solution of L. W = V.
Moreover, direct estimates imply that W € LZ(R,C) and also that

HW||E§(R,C) <C ||V||13§(1R,C)7

for some constant C' > 0 independent of V. Details of the derivation of this estimate
are postponed to Appendix B. This completes the proof of the result. O

— 00 x

The main result of this section is the following :
Proposition 3.2. Assume that v € R\ S and § € R are chosen so that
V2462 < o’
Then, for all £ € R, the operator
Aypies: L3R,C) — L}(R,C),

4 — Lrerig VV,

is an isomorphism and the norm of its inverse is bounded by a constant (depending
on v and 0) which does not depend on £ € R. Moreover, there exists a constant
C > 0 (depending on vy and &) such that

C
W20y < TP [ Lytie Wiz e c)-

Proof. We assume that v € R\ S and we choose ¢’ € (—d.,0]. We argue by
contradiction. If A¢ s is not injective, then there exists a nontrivial solution of
L¢ W = 0 which belongs to L2, (R,C) C L*(R,C) and hence W is an eigenfunction
of L. Indeed
LW =CWw.

But the operator L being real and self adjoint, we find that necessarily ¢ € R.
This implies that v € S, which is in contradiction with our hypothesis. Therefore,
A¢ s is injective and by the previous Proposition, we conclude that A¢ s is an
isomorphism for any ¢’ € (—d¢,d¢).

We assume that v € R\ S and § € R are chosen so that 42 + 62 < o2. In
particular v € (—«, &) and it follows from (3.1) and Lemma 3.2 that

6 € (—0¢,0¢),
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for all £ € R. Therefore, we conclude that A¢ s is an isomorphism and this property
holds independently of ¢ € R. It remains to estimate the norm of the inverse of
Acs.

First observe that v and ¢ are fixed and hence £ is the only parameter allowed
to vary. Clearly, the inverse of A¢ 5 is bounded uniformly in £ provided |{| stays in
some compact subset. Therefore, we just have to estimate the norm of the inverse
of Ac s when || is large. To handle this, we consider the equation

LW =V,

which we integrate against (cosh z)™2° U. Since we are working with complex valued
functions, we have to consider the scalar product

1 -
(a,by = 3 (ab + ab).
After an integration by parts, we obtain

/ (192 — 60, W|? tanhz + (F”(ug) — 7> + €2)|W]2) (coshz) 2 da
R

= /(W V) (coshz) ™2 dx .
R
A second integration by parts yields
/ (|0.W|* + (&% + B) |W|?) (coshz) ?dx = /(VV, V) (coshz)% dz,
R R

where we have defined for short
B(z) := F"(ug(x)) —7* 4+ 6 — §(26 + 1) (tanh z)? .

Now assume that £2 > || B||~ and use Cauchy-Schwarz inequality to conclude that
(52 - ||B||L*->O)2 / |VV|2 (coshx)_%dx < / |V|2 (coshx)—25 dz,
R R

which provides the relevant estimate for |£| large enough. This completes the proof
of the Proposition. ([

Remark 3.1. Observe that, given j > 0, the assumption v € R\ S can be replaced
by the assumption v # F\/u; for all i > j + 1, but then the operator A, ;¢ s has
to be restricted to the closed subspace of Wf’Q (R, C), which consists of functions w
that satisfy the orthogonality condition

IL;(w) =0, for i=0,...,7,

where I1; is the projection onto the i-th eigenspace of the operator L.

4. THE LINEARIZED OPERATOR ABOUT THE MODEL SOLUTION
We define
L:=—-0;+L=—-A+F"(up).
We denote by (z,y) the coordinates of x € R%. Given 7,8 € R, we define the
weighted space ~
L375(R2) = €Y (coshz)’ L?(R?),
and similarly, we define

W23 (R?) := €Y (cosh )’ W*?(R?).
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Remark 4.1. From now on all functions spaces considered are spaces of real valued
functions.

These spaces are equipped with the natural norm induced by the weight e?¥ (cosh z)°.
For example
Hw”ig’s(n@) = |le™"Y (coshz)~° w| 2 (r2),

and so on.
4.1. Global invertibility. Given v,d € R, we define the operator
Ay Ei,&(Rz) g 53,5(11%2)»
w — Lw,

which is an unbounded operator with closed graph and dense domain given by
Wi’?(RQ) (this fact follows easily from standard elliptic estimates).

Building on the analysis of the previous section we can prove that A, ;s is an
isomorphism (from its domain into its range) provided the weights v and 0 are
carefully chosen. This is the content of the following proposition which borrows the
arguments from [15] :

Proposition 4.1. Assume that v € R\ S and § € R satisfy
v2 462 < a?
Then, the operator A, s is an isomorphism.

Proof. The proof is based on Fourier transform in the y variable. We want to solve
the equation Lw = v when v € L2 5(R?). We write

w=eYW and v=e"V,
so that the equation we need to solve transforms into
(L—72—278y—3§)W=V.

Now, we perform the Fourier decomposition of W and V in the y variable. Let us
denote by W (-, z) and V (-, z) the Fourier transforms of W (-,z) and V(-,z). Then,
our problem reduces to solving

LW (€)= V(-,9),
which is a family of equations depending on the parameter { = v + i£. To solve

this equation, we use the result of Proposition 3.2 and then take the inverse Fourier
transform. Using Plancherel’s theorem, we can write

w2, ooy = [ (coshaz)™2|W|?dxdy = (cosh )2 [W|2 dz de.
L7 5 (R?) B2 -
The result of Proposition 3.2 then implies that
2 1 oN—28 1772
lolze | gey <€ /]R (coshz) =2 |V|? dx dE .
Using once more Plancherel’s theorem, we conclude that
IIwII%i)é(RQ) <C /R (coshz) ™ |V|*dady = C ”""Fii,s(ﬂv)'

This completes the proof of the result. [
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Observe that, as a byproduct, we have the inequality
(4.1) ||w||i3,5(R2) <C ||/~'w|\£3’6(ﬂa2)’
for some constant C' > 0 only depending on ~ and 6.

Remark 4.2. As in Remark 3.1, given j > 0, we can modify the hypotheses of the
above Proposition assuming only that v # £./ji;, for alli > j+1, but then we have
to consider the operator As., restricted to the closed subspace of W., 5(R?) which
consists of functions w satisfying

IT; (w(-,y)) =0, 1=0,...,7,
for almost all y € R, where I1; is the projection onto the i-th eigenspace of L.

Let G¢ s denote the inverse of A; s which is provided by Proposition 3.2. It is
interesting to observe that the previous proof yields a representation formula for
the solution of Lw = v which can be written formally as the integral over some
contour in C, namely

(4.2) w(x,y) = b ey Ges (/ e Y v(z,y) dy’) dc.
R

29w RC=~
The estimate in Proposition 3.2 shows that the integral over R { = -y is well defined.

4.2. A priori estimates. In this section we explain how a priori estimates can be
obtained for solutions of

(A—d)w=w.
These estimates will be used in the subsequent proofs. Their derivation, which relies
on suitable integration by parts, is quite flexible so that it can be easily adapted in
different context. We will assume that the potential ® is a smooth function such
that

(4.3) d>a® >0,

in R2, for some ¢ > 0.

We also assume that we are given a function I' which is smooth, positive and for
which
(4.4) |VI|? < B212,
with 82 < a? — 2.

Typical examples of weight functions we will consider in applications are of the
form

D(x,y) =T e, D(z,y) := e*® (coshy)?
or
[(z,y) := (coshx)? (coshy)?,
where v and § are chosen so that
P+ <a®—&h

It is straightforward to check that these functions satisfy (4.4) with 2 = §% + ~2
(the fact that the latter does satisfy this inequality follows from the observation
that |sinhy| < coshy).

Let us now explain how a priori estimates can be obtained. We assume that we
are given functions w and v satisfying

(A—d)w=w,
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in R2. We further assume that I'w, I Vw, T V2w € L?(R?) and T'v € L?(R?) . We
compute

—/FQw(A—tb)wdx: /vade.
All integrations are understood over R2. Integration by parts yields
/w2<I>F2dx—|— / |Vw[*T? dx = /va2dx— 2 /I‘quVFdx.
Using (4.3), and the inequality 2ab < a? + b? to estimate the last term, we get
(a?—€?) /w2 r? dx+/ |Vw]?T? dx < /w vT? dx—l—/ |VT|? w? dx+/ |Vw|? T? dx.
Thanks to (4.4) we conclude that
(a® —e? — %) /w2f2dx < /va‘de,

and, using Cauchy-Schwarz inequality, we conclude that we have the a priori esti-
mate

(4.5) (a? —e? — p%)? /w2 I?dx < /02 I'?dx.

Naturally, this argument require some care since all integrations by parts have to
be justified but, in the case under study, this is standard and left to the reader.

Observe that this argument is quite flexible and can also be used when R? is
replaced by a half space or a wedge, provided the function w is controlled on the
boundary of the domain, for example if w vanishes on this boundary.

4.3. Linear Decomposition Lemma. We obtain some information about the
solution of the equation £ w = v which is given by the result of Proposition 4.1.

The first result we prove is concerned with the asymptotic behavior of the solu-
tion w in the x variable when the function v has a better behavior than expected
with respect to the function space we use for the inversion of £. Here is the precise
statement :

Lemma 4.1. Assume that w € E?y s(R?) and v € L? s(R?) satisfy Lw = v with
= ; ¥,
0 < 6. Further assume that
P +42<a? and 2 ++% <’
Then, w € L?S(RQ).
Proof. The proof is as follows. First, we choose xg > 0 such that

‘ ilnf F'(ug) > a? — &2 > 62 + 42,
z|>z0
for some ¢ > 0. Next, we take some cutoff function x which is identically equal to
0 for x < zg and identically equal to 1 for x > xg + 1. We have
L(xw)=xv+ [0 x]w,
where
05, X]w := 0% (xw) — x Pw.
We set
Rio ={x=(z,y) € R . x> Zo}
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Elliptic estimates imply that
[w|evu STW22(R2 ) S C(HwHtgj(W) + ||w||ig,5(ﬂ§2)),
and hence, we conclude that
Ix v+ 07, x] wll Srrr®2 ) S C(””Hi:j(RZ’) + ||w||£3)5(R2))~

for some constant ¢ > 0 depending of xg. )
To proceed, we claim that there exists a function w € e e’*L? (RiO,R) such
that

(4.6) Lw=L(xw),

in Rio with @ = 0 on 8Rio. To prove the claim, we first solve the equation in
[0, 21] X [—Y0, yo] under 0 Dirichlet boundary conditions, denote this solution by
Wg, o, and then let x; and yo tend to infinity. To pass to the limit, we use the a
priori estimate of the previous section to get

@21 ,y6 lerw 82 L2 (20,21 ]x [=yo,w0)) < € 1L (X W[ eva 3o L2(R2, )’

where the constant depends neither on 21 > xg+ 1 nor on yy > 1. Elliptic estimate
together with this a priori estimate allows (up to subsequences) to pass to the limit
as r1 and zg tend to infinity. This completes the proof of the claim.

Finally, we use once more the a priori estimate to show that yw = w in Rio.
Indeed, by construction £(w — xw) = 0 and w — yw € €'V e**L*(RZ ). The a
priori estimate of the previous section implies that

H’LD - Xw”e’yy e‘SILz(RiO) <c ||£(’LD - Xw)”e"fy e‘SILQ(]RgO) = 0.
Therefore, we conclude that w € e eg‘”Lz(Rio). A similar argument applies in

R?, ={x=(z,y) €R* : < -z},

—x0

thus ending the proof. a
We define the function space
Li,é(Rz) := (coshy)” (cosh z)? L*(R?).
Observe that when v >0
L2 5(R?) C L2 5(R?).

We are now concerned with the behavior of the solution w in the y variable when
the function v has a better behavior than what could be expected from the function
space we use for the inversion of L.

Let x be a cutoff function which is identically 0 in (—oo,—1) and identically 1
in (1, +00). Then the following result holds :

Lemma 4.2 (Linear Decomposition Lemma). Let p; < pj+1 be two consecutive
eigenvalues of the operator L := —0% + F"'(ug). We assume that \/ﬁj <y < I+

and also that v* + 6% < o®. Further assume that w € E%(IR{?) and

Lw=uvE ]LQ_W;(RQ).
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Then, for i = 0,...,7, there exists w;,w; in the i-th eigenspace of L and w €
]]_427%5(]1%2) such that
J
w(z,y) = o(z,y) + x(y) (wo(z) + ywo(x)) + Y x(y) (wi(z) eV¥:¥ +w;(z) e VFY)
i=1
(we agree that the last sum is not present when j = 0). Moreover,
J
Z(sz’Hm(R) Fllwill2@) + @l ey < cllvlliz | w2)-
i=0

Proof. Recall that II; is the L2-orthogonal projection over the i—th eigenspace of
L. We decompose

J J
w:wl—i—g wll and v:vl—i—g Ul'l
i=0 i=0

where, for all 1 =0,...,j and for almost every y € R
0(wt) =0,  Mi(vt) =0,
and
wy = IL; (w) and 1)1“ = IL;(v).
Recall that, mutatis mutandis, the result of Proposition 4.1 holds when we re-
strict our attention the space of functions u satisfying

(4.7) IL;(w) =0 for almost every y € R and ¢=0,...,j7,

see Remark 4.2. The only difference being that the restriction on v is now given

by ~ # +y/,,, foralli>j.
Thanks to the analysis of the previous section, we can write

1 /
wh(z,y) = — / e_CyGC’(; (/ eV vt (z,y) dy') dc.
21 Jpe=ry R

Let us assume that, in addition, v has compact support (the general result will
follow by density). Observe that the integrand depends analytically on ¢ in {¢ €
C : R¢ € (—/Ij+1,/Ij+1)} since we are working under the assumption that all
functions do satisfy (4.7). Therefore, Cauchy formula implies that

1 ,
_ e CY Ges (/ eCY Ul(x,y')dy’) dc,
21 Jpc=y R

does not depend on v € (—,/I;1,/I;+1). Consequently, we have

1 !’
wl(xay) = 5 / eicyGC,é (/ ecy ’UJ'(‘I,y/) dy/> dC?
27 Jre=—y R

which implies that
wh e L2 5(R*) N L2 5(R%) =12 5(R?).

It remains to prove the result for wz“. Observe that this time the problem reduces
to solving some ordinary differential equation

(—82 + py) w) = ).

1
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It is easy to check that the solution is explicitly given by
(4.8)

Yy y'
—/ / vy (x,y") dy" dy’, wheni = 0,

1
2/

Moreover, it is easy to check that when 0 < ¢ < j, then

wl (z,y) =

y ’ ’
/ (e VI —Y) _ o VEi(y—y )) Ul\ (z,y/)dy’, when0 < i< j.
I

w] =]+ x(y) (w; e/ + ;e VIY),

can be decomposed as

where ﬁ)y € LQ_WS(RQ?R) and w;, w; belong to the i—th eigenspace of L. A similar
decomposition can be done when ¢ = 0. The estimate in the statement of the result
follows at once from the proof and is left to the reader. O

We will only use this result in the case where v € (0, \/f11), namely when j = 0.
Let us examine this case more closely, giving at the same time another consequence
of the Linear Decomposition Lemma. Keeping in mind the applications we are
interested in, we fix v € (0,/%,) and § € R such that 6% 4+ < o?. Tt will be
useful to introduce an operator A_,, 5, defined by
(4.9) A5 L2 5R)eD — L2 5(R?),

w — Lw,

where

D:= Span{ (z,y) — x(y) Oruo(x), (z,y) = (1 = x(y)) Ozuo(z),

(2,9) = X(W) yao(@), (@,y) — (1= x())) yDatio(@) |

is called the deficiency space.

We now prove that the operator A_, ;5 is surjective and that it has a two dimen-
sional kernel. Note that the deficiency space is 4 dimensional and that it can be
decomposed into

D=K&E,
where
K = Span {(z,y) — dyuo(z), (z,y) — y dzuo(z)}.
and
E = Span {(z,y) — x(y) Ozuo(2), (z,y) — x(y) y Ozuo(x)}.
We claim that the result of the Linear Decomposition Lemma implies that the
unbounded operator

A*’Yﬁ : LQ—'y,é(RQ) GOE — ]LQ—'y,(S(RQ)’

w — Lw,

is an isomorphism. Indeed, if v € L%W;(]RQ), then Proposition 4.1 yields the exis-
tence of a solution w of Lw = v withu € Iii’ s(R?). Then, the Linear Decomposition
Lemma implies that w € IL%W;(RQ) @ E and this proves that the operator A—v,é
is surjective. Now, clearly K. To proceed, we assume that w € ]L%W;(RQ) o E
satisfies Lw = 0. Then, w € ig’é(Rz) and Proposition 4.1 implies that u = 0,
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which completes the proof of the claim. As a by product, we have shown that the
operator A_, s is surjective and has a 2-dimensional kernel equal to K.
Naturally, all these considerations can be extended to the case where + is chosen

so that \/i; < v < \/ljt1-
5. THE LINEARIZED OPERATOR ABOUT AN ELEMENT OF My

In this section, we first explain how the previous results can be put together to
obtain similar results for the linearized operator about the function u) defined in
(2.6), where A := (A1,..., A2;). Next, we will show that this result extends for the
linearized operator about any element of Moy.

We denote by £y the linearized operator about uy, namely

Lo=—-A+ F”(u,\).

Now, we derive an a priori estimate for the operator £¢ in the space L’Qw 5(R2)
(see (2.10) for its definition). In the sequel we will also need the weighted space
WVQ”?(RQ) defined in (2.11)). The following result follows from the previous analysis
together with a careful use of cutoff functions :

Proposition 5.1. Assume that v € R\ S, and
2+ 4% <’
Then, there exists R > R and ¢ > 0 such that, for all w,v € Lgﬁ(Rg), satisfying
Low = v,

we have

oz ey < € (I0ll2 ) + lollzasg ) -
Proof. First of all, observe that elliptic estimates immediately imply that
(5.1) leollwz2en) < ¢ (Iolliz e + lwlliz @)

Next, we keep the notation of § 2.1. In particular, the oriented half lines )\j,
which correspond to the asymptotes of the nodal curves of uy, are parameterized
by

(0,00) 3 5+ x; +se; € R?.
For notational purposes, it will be convenient to extend the sequence of oriented half
lines )\f, ey )\;k periodically by setting )\;;2,6 = )\;r, Xjpor = X; and ejyor = €;
for any j € Z.
We denote by )\;_; the oriented half line bisecting the lines containing )\;r and
2

)\;FH parameterized by
s € (0,00) — xj,1 +se;,1 € R?,
where
L ej + €j+1
ejry =T

and x;, 1€ OBpg (this point is contained in the angular arc (with positive orienta-
tion) of OBp starting at x; and ending at xj44).
We define the angular sector .S; which is the connected component of ]Rz\()\]tl U
2

A;;; U 0Bpg) containing )\j. In the notation of §2.2, S; = ;. Similarly, we define
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the angular sector S;, 1 which is the connected component of R2\ (/\;'_ U)\jﬂ UOBR)
containing /\;:_ 1
2
We need to introduce two more angular sectors
! c S’ C S
j+1/2 j+1/2 j+1/25
which are both included in the connected component of R? \ ()\j+ UM, UOBR)

41
which contains )\;'Jr 1- The sector S7, /2 1s limited by dBg and the two half-lines
2

)\;FH /4 and )\;r+3 /4 respectively bisecting )\;r and )‘j++1 /2 for the former and )\;FH /2

and )\;F_H for the latter. The sector S7, , is limited by dBg and the two half-

tines )\;r +3/8 and )\;r+5/ s Trespectively bisecting )‘;r+1/ 4 and )‘;r+1/2 for the former and
+ +
Aft1/o and A7 5, for the latter.

Finally, for all j = 1,..., 2k, we define the cutoff function I;, 1 such that :
(i) L+1 =0 in the set R2\ i i1/a-

(ii) Ij42 =1 in the sector S7, ».
(i) [VLy1 ()] < c(1+[x[)7" for £=0,1,2.

Observe that (i)-(iii) imply that the support of I 1 is an expanding, wedge-like
set centered around /\;'Jr 1 and which is contained in S; 41/2°
We write

1
vejtoey =11 0518,

where ’yj? 1t 532 1= ~% 4 §2. Elementary geometry implies that

L _ = _F 1
vej1 — e =151 — 010,

since ej4+1 and e; are symmetric with respect to the reflection leaving e; 1 fixed

and
We set

5.1
. g1 (xe;i1) L ity
(5.2) F;’H%"SH% (x) = ¢ 7t5 %3’ (cosh (x ej+%) .
Observe that the weights I'y 5 and I'; | 5 are equivalent in the sector S, 1.
i+5%+%
Now, if £9w = v then

Lol w) =T 1 v+ [, L 1]w,
where, as usual,
(Lo, L1 ]w = Lol 1w) = L1 (Low).
Given € > 0 small enough, there exists R > R > 0 such that

F//(U)\) Z a2 o 62,
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in the support of I, 1 and away from Bp. Making use of an argument similar to
the one we used to obtain (4.5), we get

2 2 32 2 2 2
a —e” = fs <. . I iw|*dx
( g+1/2) /2\ . ,A,H%,fsﬁg j+3 |

(5.3) 2\ Bp
+ F2~ 5 £ ]I 1lw d
/R"’\BR 430795 [0, J+§] | dx
2
+/OBR F—'?JJF%,—SJJFL ar(]I]+1 U})’ ]IjJrl ’Ll)dX)7
where 532‘+1/2 = 5?+% + %ﬁ%. Since I'y s and F&j+%’5;’+% are equivalent in the

sector S 1 the first term on the right hand side can be estimated by a constant
(independent of R) times ||v]| 2 ,(r2)- Using the fact that I;, 1 satisfies property
Y
(iii), we conclude that the second term on the right hand side is bounded by a
constant (independent of R) times R~ ||w]| 2 ,(g2)- Finally, using standard elliptic
Y
estimates together with a trace embedding, one can check that the third term on the
right hand side can be estimated by a constant (depending on R) times ||w||r2(p, , -
Using once more the fact that the weights I'y s and I' 5 .5, are equivalent in the
i+ 505+L
sector we are working in, we conclude that
B—1

(54) g wllrz ey < cllvllrz ey +cr w2y, + R

2 |wHL3’5(R2),

where cp depends on R but ¢ does not.
Now, let us estimate the functions I;w, for j =1,...,2k. We set

Lji=—A+ F"((—1)7 up(dist® (-, \;))).

Without loss of generality, we can assume that the operator £; coincides with the
operator £ defined in §4 (if this is not the case, it is enough to apply some rigid
motion to achieve this). The function I; w satisfies

(55) Ej (HJ w) = ]Ij v+ [So, HJ} w + (ﬁj - £0) (Hj w).

We can then apply the result of Proposition 4.1 and in particular we can make use
of (4.1). To estimate the second term in (5.5), we use the definition of the I; (see
section 2.1), together with elliptic estimates to get

€0, Li]wlrz jrey < ¢ iz w2  re) + crllwllza(sg,,),

where, as usual, c; depends on R while ¢ does not.
Using the definition of uy given in (2.6), one can check that there exists vo > 0
such that

[ (ux) = F/'((=1)7 ug(dist* (-, A7) < €fux = (=1)7 ug(dist(-, \y))| < ce 0k,
in the sector where I; > 0 and where [x| > R. Therefore, we get

(L5 — £o) (I w)”was(]lW) <cpllwll2(Bgg1) Fce™ R ||w||LEY’5(R2)~
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Collecting these estimates, we conclude that
G wllzz wey < cllvllrz ey +crllwliasg,,)
+ cllLiy w”L?M(]RZ) +ce 0k ||w||L?Y)5(R2)-

When j = 0, the corresponding estimate for Iy w is straightforward and left to
the reader. In any case, (5.4) and (5.6) imply that

||w||L§Y6(]R2) < ¢ HUHL;&(R?) +cp |wllL2(Ba+1))
bR R fwl e,

where cp depends on R while ¢ does not. The proof of the main estimate then
follows by taking R large enough. O

As a consequence of the previous Proposition, we obtain the :
Corollary 5.1. Assume that u € Moy and let
£:=—-A+ F"(u),
be the linearized operator about u. Let vy, & be chosen so that they satisfy the
hypothesis of Proposition 5.1. Then, there exists R > R and ¢ > 0 such that, for
all w,v € L,QM(RQ), satisfying
Lw=wv,
the following inequality holds
oz gy < € (I0ll2 ) + lollzagsg ) -

Proof. The proof of the Corollary is a simple consequence of classical perturbation
arguments. Indeed, by definition, if u € Mag, there exists A € A such that u—uy €
W?22(R?). Thanks to Sobolev embedding, for any ¢, there exists R. > R such that

[F"(u) = F" (ux) |l o< g2\ Br, < €
Hence
I(F" () = F"(ux) wllzz ey < cellwllzzzg,) + € llwliez g,

for some constant ¢, > 0 (depending on ¢). Since £gw = v + (F"(uy) — F"(u)) w,
it follows from Proposition 5.1, that

HwHLi‘é(R?) < C||UHL3,5(R2) +ce ||wHLEh5(R2) +ce HwHLf’hg(RQ) + |wllz2(s5,)

where ¢ > 0 does not depend on . The result then follows at once, choosing ¢
small enough so that ce <1/2. g

Thanks to the previous Corollary, we are now in a position to prove the following
important :
Proposition 5.2. Assume that v € R\ S and
2 ++% <’
Then, the operator
RORE L?y,zs(Rz) — LEM(]RQ),
w — Lw,

is Fredholm. In addition A, 5 is injective if and only if A_., _5 is surjective.
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Proof. These are classical results of Fredlhom theory and their proofs follow at once
the proofs in the compact setting together with intensive use of Corollary 5.1. For
example, to prove that the kernel of 2 5 is finite dimensional, we consider the unit
ball of Ker®2l, 5 using the norm of L?(Bp). We use the result of Corollary 5.1 to
show that
By :={w € Ker,s : w2, =1},

the closed unit ball of Ker2(, 5 for the topology induced by L?h s (R?) is compact.
Elliptic estimates then imply that it is also bounded in Wi’?(RQ) and Sobolev
embedding implies that it is compact in L?(Bg), hence Ker 20, 5 has to be finite
dimensional.

The proof that 2l 5 is closed is again based on Corollary 5.1 using similar argu-
ments. For details we refer the reader to [21] were similar results are established.
Finally, the last statement follows from standard results on unbounded operators
(see for example [4]) together with the natural identification of the dual of Lg) s(R?)
with L%%ﬂ;(RQ). O

6. LINEAR DECOMPOSITION LEMMA

In this section, we pursue our investigations of the propertie of the operator 2L, 5.
We assume that £ is the linearized operator about an element u € M. such that
u—uy € WE; _5(R2), for some 7,8 > 0 satisfying (2.13).

First, we derive a Linear Decomposition Lemma for the operator £ in the spirit
of the one we have obtained in § 4.3 and we use this result to compute the dimension
of the kernel of the operator 2 5.

For j =1,...,2k, it will be convenient to define the vector fields
(6.1) X;(x) =1;(x) ej}
and
(6.2) Y;(x) :==L(x) (ej S(x—x5) ejL — ejl - (x—xy) ej) .

To have a betting understanding of these two vector fields, observe that the vector
fields
X j(x) = ejL7
and
Vi(x) = ej - (x—xj)ef —ef - (x—x;)ey,
are the Killing vector fields associated, respectively, to translations in the direction

of the vector el and rotation about x;, expressed in terms of coordinate vectors

{ejyej}. ’
Finally, we define the deficiency space
D := Span {du(X;),du(Y;) : j=1,...,2k}.
Since we assume that u — uy € Wf§7_S(R2), we have
(6.3) du(X;)(x) — 6wu0((x - x;) - ejL) € Wi’ifd(RQ),
du(Y;) — Opuo((x — x;) - e Je; - (x — x;) € W2 _((R?),

for any v € (0,%) and § € (0,0).
The following result is a consequence of the Lemma 4.2.
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Proposition 6.1. Assume that v € (0,4/A1) and § > 0 are fized so that
V2462 < a?,

and § € (0,0), v € (0,7). We further assume that 2A_., _s is injective. Then, for
allv e L2_%_5(R2) there exists a function w € L%)a(Rz) solution of
(6.4) Lw=w.
which satisfies
(6.5) wel?, s(R*)aD.
Proof. We notice that, thanks to Proposition 5.2, the existence of a solution w €
L2 5(R?) of (6.4) follows easily since 2, 5 is surjective and L? | _5(R?) C L2 5(R?).
Therefore, it remains to show that w € LQ_%_(;(R2) P D.

We begin by showing that in those angular sectors which do not contain the
ends )\j, the function u grows exponentially at slightly slower rate then suggested
a priori. To state this precisely we will use the notations introduced in the proof

of Proposition 5.1.
Since we work with one sector at a time, we may well assume that

My N(R*\ Br) = {x=(0,y) : y > R},

(this can always be achieved after a suitable rigid motion) and that the image of
the angular sector S;, 1 N (R?\ Bgr) under this rigid motion is the angular sector

Apg = {x=(z,y) : Blz| <y} N (R*\ Bg),
for some § > 0. Likewise the image of S;+l N (R?\ Bg) is the sector A, s Note
2 )

that if 0,41 — 0; is the oriented angle between )\j‘ and )\;FH then

9j+1 — 9j N 1
cot (2> = 6.

e - (Liﬁ) eJ_ N (:Fﬂa]-)
£6 - mﬂ +3 - m

and we let xﬁ be the points of intersection of the nodal lines y = £z with Bg.
Consider the functionsGE defined by

Gei(x) = (cosh(exp - (x — Xﬁ)))7 (cosh(eiﬁ (x— xﬁ)))éfs.
Choosing M > 0 large enough and ¢ > 0 sufficiently small (so that a? — % — (6 —
€)? > 0), we find that the function
WM ,e = M(G;’_ + GE_),

is a positive supersolution for the equation £w = v in the sector Ar g. Then, by
comparison principle and elementary geometric manipulations, we see that there
exists M > 0 and &’ € (0,¢) such that

w(x)| < M (cosh(e.s - (x — x5)))7~ (cosh(edy - (x — x7)))°~

We define

(6.6) ) )
+M (cosh(e_g - (x —x3)))" "¢ (cosh(efﬁ (x—xp)))°c.

in the sector Ag g/o. Thus, at least as far as the sector Ag g/o is concerned, the
function w is in a better space then then one predicted initially.
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Again, applying a suitable rigid motion, we may assume that the nodal line /\j
is contained in the y-axis, y > 0. In this case, the lines bisecting the angles between
Al and AT, and A] and A]; become respectively

Ly :={(z,y) : y=—p1z, x <0} and Ly :={(x,y) : y= B2z, x>0},

where (1,82 > 0. We denote by A r the sector which i~s outside Br and bounded
by these lines. We consider a smooth cutoff functions I whose support is equal to
Ap and such that :

(i) I(z,y) = 1 whenever =201z < y < 202z.

(ii) I(z,y) = 0, whenever y < —f1x or fax < y.

The function @ := I w solves the equation
(=A 4 F"(up))w =Tv — [A, T w4 (F"(up) — F"(u)) Tw.

This equation can now be considered as an equation in the whole R? with the right
hand side in L2__, ;__.(R?), for some &” > 0. This latter fact follows from (6.6)
together with elliptic estimates. Therefore, Lemma 4.2 and the discussion at the

end of §4 can be used to prove that

wel s (R @D,
From this, considering all other ends in a similar manner, we get the existence of

€ > 0 such that
wel? .5 (R*)oD.

This argument can be now iterated to conclude, after finitely many steps, we obtain
(6.5) and the proof is complete. O

We introduce the following :

Definition 6.1. A solution u € Moy is said to be non degenerate if the linear
operator A_., _s5, associated to —A + F"(u), is injective for all §,v > 0.

Observe that in fact, in order to show that u is non degenerate, it is enough
to prove that 2, s is injective for some v € (0,4/A1) and 6 € R satisfying the
hypothesis of Proposition 6.1. Then according to the result of this Proposition, the
operator 2_. _s will be injective for any ¢,y > 0 satisfying these hypothesis.

We define the operator

Ay 5: L2, _;RH0D — L2 _ (R,

Ys

(6.7)
u — Lu.

Now, as at the end of §4, we compute the dimension of the kernel of the operator
2A_., _s, using Proposition 6.1 in the same way we have used Lemma 4.2 to compute
the dimension of the kernel of the operator A_, 5.

Proposition 6.2. Assume that 2., _s is injective for some v € (0,7) and 0 €
(0,0) such that the hypothesis of Proposition 6.1 are satisfied. Then the operator

A_, s s surjective and has a 2k dimensional kernel.
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Proof. As already mentioned the proof is very close to the one already outlined at
the end of §4. By assumption the operator 2(_, _s is injective. Hence its dual 2L, s
will be surjective. Moreover, Proposition 6.1 implies that

Ker (2(,5) = Ker ([_, _s),
and, by duality, we get
dim Ker(2(, 5) = codimIm(A_, _s).
Thanks to Proposition 6.1), we also have
dim® = dim Ker (2, 5) + codim Im(A_~__5).
From this it follows that
(6.8) dim Ker (A_., _5) = codimIm (A_, _5) = %dim@,
as claimed, since dim® = 4k. O

The formula (6.8) is usually reffered to as the relative index formula.

7. REFINED ASYMPTOTICS, THE PROOF OF THEOREM 2.1

We will use the results of the previous sections, and in particular Proposition 5.1
to prove Theorem 2.1. Thus we assume that u = uy +v € My, and v € W2(R?)
where A = (A1, ..., \ak). Let us denote

(7.1) N(u) := —Au+ F'(u).
Then, we can write
N(u) = N(ux) + £ov + Q(v),
where
Lo := —A+ F"(uy),
has already been defined in §5 and where
Q) := F'(ux +v) — F'(uy) — F" (uy)v,

collects the nonlinear terms.
Now, if N(u) = 0 then, the function v solves

(7.2) Lov = N(uy) — Q).

As we will see later, the function N(uy) belongs to LE%%(RQ) for some v € (0,%)
and & € (0,0). This, together with the Linear Decomposition Lemma and the
quadratic nature of the term Q(v) strongly suggests that the function v should
belong to (Wz’j,ﬂ;(RQ) ® D) N W?22(R?). Then, the fact that the elements of
the deficiency space ® do not belong to W?22(R?) implies that v € Wfsf s(R?).
Unfortunately, the situation turns out to be slightly more complicated since, to
begin with, the only information we have is that v € W22(R?) and hence we do
not have any exponential decay for the function v. In particular, we do not have
any decay property for the term Q(v).

Observe that, if we knew that v had some exponential decay at infinity, then
a simple bootstrap argument would give us the optimal exponential decay for the
function v, comparable with the one of the term N(uy). So the main issue is to
be able to start the bootstrap process. To this end, we will use a scaling argument
inspired by an idea of L. Simon. In [11] a similar argument was used to show the
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refined asymptotics for constant scalar curvature metrics with isolated singularities.
One of the crucial ingredients in the proof will be the balancing formula (2.15)-
(2.16).

Lemma 7.1. Assume that ¥ > 0 and 6 > 0 are fived such that 5> + 6% < o and
(7.3) 7 cot (W) +6<a,
forj=1,...,2k (recall that §; is the angle which defines the oriented half line )\j')
Then,

N@)l < CT_, 5,

for any 4 € (0,7) and § € (0,0) satisfying v2 + 62 < a2, where Iy 5 is the weight
function defined in (2.9).
Proof. We denote for brevity ug ; := uo(dist®(-, A;)). To begin with, we write

2k
(7.4) N(ux) =D [=A, (1)L ug ; + F'(ux)

j=1

I\Mw

]H F/ U;OJ)

To estimate the first of the terms on the right hand side, we consider the set
Op:={xcR?: (I +Ipy1)(x) = 1},

for some 1 < ¢ < 2k. Then, using the fact that I, +I,41 = 1 in Oy, we can write

2k
Z[—A, (—l)jﬂj] Uug,; = (_1)é+1 (2 V(UO,g + u07@+1) - VI, + (UO,E + UO7g+1) A]Ig) .

j=1
in Oy. We recall now that the heteroclinic solution ug, which is odd, satisfies the
following asymptotic formula

lug(x) — 1] < Ce™ %,

for x > 0, with similar estimates for its derivatives. Thus, we get

—y(x—x; ‘e iy
[(uo,j + w0 j+1)(®)| < e Y e 1Ot (cosh((x — xj40) - €]14))
=01

for x € Oy, provided ¥ > 0 and § > 0 satisfy (7.3). Since analogous estimates hold
for the term involving the gradient of ug ; + 4o j+1, we conclude that,

2k

Z[‘A (=1)’T;] uo,; <g

T
i L2 (2

for v € (0,%), § € (0,5). The estimates of the other term in (7.4) can be obtained
using similar arguments and we conclude that

IN@ e @ < e

This completes the proof if the result. (I
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For further use, we assume that 4 is chosen so that 4 € (0, /7). For all R > 0,
we define

(7.5) E(R) := max (e_aR, ||u—u,\||Loo(R2\BR)) ,

where the constant a > 0 will be chosen close enough to 0. We will now state the
main result of this section.

Proposition 7.1. There exists R > 0 and v, > 0 such that for all R > R, we have
1
(7.6) E(R+1y) < §E(R).

Before we proceed with the proof of this Proposition, let us explain why the proof
of Theorem 2.1 follows easily from it. Indeed, assuming we have already proven
this Proposition, we can define

1
T or,

then, using (7.6), we get for any R > R,

a

log2 > 0,

(7.7) E(R) < E(R)e a1,
But, this implies that
||’LL — UAHLOO(]R?\BR) < g(R) e @ (R_R),

from which we get that u —uy € L%W’%(RZ) for some 6,y > 0.

The proof of Proposition 7.1 involves several steps. Using appropriate barriers,
we begin by showing that in those angular sectors which do not contain the ends
)\f, ey )\;k, the function v := u — u) decays exponentially. To state this precisely,
we use once again the notations used in the proof of Proposition 5.1.

Using appropriate barrier functions, we prove that the function u — u) has some
exponential decay, away from the half affine lines )\j. This is the content of the:

Lemma 7.2. There exist constants agp > 0, 6o > 0, C > 0 and Ry > 0 such that,
for all R > Ry, we have

(7.8) lu—uy| < C (670,0 =l 4 (e (IxI-R) 4 To,—s0) l|u — U)\HLOO(]R2\BR)> ,
in R? \ Bg, where I, 5 is the weight function defined in (2.9).

Proof. 1t is enough to work in one sector at a time, say for example S, 41 After a
rigid motion (and possible change of the origin), we may assume that

Ao NV(R*\ Bg) = {x=(0,y) : y > R},

and that the image of the angular sector 5;, 1 N (R?\ Bpg) under this rigid motion
is the angular sector

Ap == {x=(z,y) : Blz| <y} N (R*\ Bg),

for some 8 > 0.
We define the function

Gor(x) = (e eo(xI=R) g —o(x|=-R) 4 o —T(y—B2) 4 ¢ —T(y+Br)) [ — ual| oo 2\ BR)

-+ (Eeg‘xl_i_e_a"xl)’
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where 0,7 > 0 are chosen close enough to 0. Observe that G, > 0in Ar and

(79) GJ,T(X) > Hu - u)\”L‘X’(RZ\BR)’

on JAgR. Moreover, we have

a? a?
7.10 A+ — ) Gyr > —e M
(7.10) ( + 2) rzpe 7,

in Ag provided R is chosen large enough and o,7 > 0 are chosen close enough to
0. We set v := u — uy. Observe that v satisfies the equation

(7.11) (—A+Q)v+ N(uy) =0,

where by definition
F'(u) — F'(uy)

)

P =
U — UuU)

whenever u — u) # 0 and
[ORES F”(U)\),

whenever u = uy. Now, choosing R large enough, we can ensure that ® > o?/4 in
the subset of Agr defined by

AR = {x € Ag : dist(x,0Ar) > R},

for all R > R. This follows at once from the fact that u, converges uniformly to
+1 away from the )\;r and the fact that u — uy tends to 0 uniformly at infinity.

Using the result of Lemma 7.1, we find that, for each € > 0, a constant times
Gy~ is a positive supersolution for problem (7.11) in the sector Ag provided R is
chosen large enough and o, 7 > 0 close enough to 0. Hence, we have

(7.12) 0] < C G.r,

in Ag. The assertion of the Lemma follows from letting € tend to 0 in this pointwise
estimate. 0

Next, we estimate the function v near the half lines )\j. As already mentioned,
there is no loss of generality in assuming that the half line )\;r coincides with the y
axis, if this is not the case, this can be achieved using some proper rigid motion.

So we fix j and R > 0 large enough. We define S; r to be the connected
component of R? which contains the half line )\j N (R?\ Br) and which is bounded
by the half lines lines )\;r_% N (R?\ Bg), )\;FJF% N (R? \ Br) and dBg. The angle
between two consecutive ends is strictly less than 7 and hence S; g C R x (0, 00).
We define I; r to be a cutoff function such that

(i) I g =1 in the subset of S; g such that dist(x,0Bg) > 1.
(ii) I; r =0 in R?\ S &.

(iii) |VT; | <e¢, for £ =0,1 and 2.

Finally, we define the function

Vj,R ‘= ﬁij (u — ’U,)\).
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Since u is a solution of (2.1), one can check that the function v; r is a solution of
(A +F'(u)vir = Ljp N(uy) = [A 1 p] (u—uy)

= L (F'(u) = F/(un) = F(ux) (u = up)) -
Since F is even, so is F”, and hence, close to /\j'7 F"(up) is equal to F"(uy).

Therefore, we can rewrite (7.13) as
(7.14) ) .
(=A+ F"(uw))vjir = Ljr N(ur) = [A L ] (u—ux) + (F"(uo) — F"(ux)) vj,r

— Lir (F'(u) = F'(ux) = F"(ux)(u —uy)) .
‘We will denote for short

(7.13)

th = Ej,R N(U)\),
hi g = =181 r] (u—ux) + (F"(uo) — F"(ux)) vj.r,
and

B2 g i= —Lin (F'(w) = F'(uy) = F(un)(w—ua)).

So that (7.14) becomes

(7.15) (—A+ F"(uo))vjr=hj g+ h5gr+hig
We we decompose any function f defined in R? into
f=1 gt

where fll := II(f) and f* is L?(R)-orthogonal to d,uq(z) for all y € R. Starting
from (7.15) we decompose vj g = v;|’R+ij:R7 and using natural notations, we obtain

the system of two equations
1, 2, 3,
(A4 F () vy = i+ 5+ e
and
i L, 52,1, 33,1
(—A + F""(ug)) ViR = hj,R + hj,R + hij.
We now estimate each term in the decomposition of v; r. First, we have the :

Lemma 7.3. There exist constants a; > 0, C' > 0 and 1 > 0 such that, the
following pointwise estimate holds

o p] < C (e M o7 (Kl — wy[| e o\ By + T,y (14— uall 2w (g2 ,))-

Proof. This estimate follows at once from Remark 4.2 which ensures that, since we

are working in the orthogonal complement of functions of the form f(y) O, ug(x),

we can choose v € (—y/fi1, /1) in Proposition 4.1 to estimate vj:R in terms of the
L1 52,1 3,1

norm of hj:R, hj:R and hj:R.

To estimate the first term h;”}é‘, we make use of Lemma 7.1 and, applying Propo-
sition 4.1 with § = —4, v = —4 we get a contribution to the estimate of vjl’R which
is bounded by a constant times e~% I*l provided a; > 0 is chosen close enough to
0 (the constants 6 and 4 are the constants defined in Lemma 7.1 and recall that
we have agreed that 4 € (0,,/1,)). To estimate the second term hi’ﬁ, we use the
result of Lemma 7.2 which ensures that u — uy and uy — ug, restricted to the sup-
port of hi’é, decay exponentially at infinity, and apply Proposition 4.1 with some
~v < 0 close enough to 0 and 6 = 0, we obtain that this term contributes to the
estimate of vj-:R by a constant times e T _ ¢ [lu — “/\||2L°°(R2\BR)' Observe that
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the main error comes from the action of the cutoff function when x € S; r satisfies
|x| € [R, R+ 1]. Finally, to estimate the third term h?”é, we apply Proposition 4.1
with v = 0 and 0 < 0 close enough to 0. Details are left to the reader. O

Thanks to the previous Lemma, we have already proven that

Corollary 7.1. There exists r, > 0, R > 0 and ¢ > 0 such that

1
sup lokel < 2 E(R)
|x|>R+7,

provided E(R) < ¢ and R > R.
It remains to understand the solution of
(—A + F” (ug)) v ”R _ hl il »+ h2 S|l + h3 Sl

If we write

V) p(@,) = 6j.0(y) Dpuo(x),  and Kl p(a,y) =
for £ =0,1,2, we find that ¢; r is a solution of

_8§¢j,R = 1/)?,1% + wjl‘,R + 1/132‘,1%

Since v; g has support in R x (R, 00), we conclude that ¢; g has support in (R, c0).
In particular,

—+o0 —+oo Yy t
ounl) = A+B=R)= [ [ @ at)riiaasi= [ [ s dsar

We have the following :

eR(y) Dz uo (),

Lemma 7.4. There exist constants as > 0 and C > 0 such that

o0 +o<>
)+ U () dsd] < C (700407 iy )
2(8)dsdt| < C |lu—uyl|? (14 (maz(0,y — R))?)
J,R = ML (R2\BRr) 'Y )
for ally > 0.
Proof. The proof is a simple consequence of Lemma 7.1 and Lemma 7.2. ([

It remains to estimate the parameters A and B. We start with the :
Lemma 7.5. There exist a constant C > 0 such that the following estimates hold

s 1/2
B < C (7% 4 [lu— urll Lo @\Br)) [t — urllLe @2\ Br)»

provided ||u — ux|| po r2\Br) < 1.

Proof. Using the fact that UJ” r is bounded by a constant times ||u — ux || po ®2\BR)
together with the result of Lemma 7.4, we find

|A| <C (eiaQR -+ ||7.L — U)\”LGO(RQ\BR)) .
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Once this crude estimate is obtained, we can obtain some precise estimate for

B. To this aim, we again use the fact that v]“’ g is bounded by a constant times

lu — ux|| o (r2\ By) and using the result of Lemma 7.4, we get

(- R)1BI < C (¢ 4 Ju— unllzeevmm) + @ — B2 1t = a3 oy )
for all y > R+1 (here we also use the fact that we assume that [|u—ux| £ ®2\Bgy) <
1). This inequality together with little algebra implies that

a 1/2
1B < C (e + lu—uallp=@e\nr) 1w —uallLe@\Br)-

This completes the proof of the estimate. O

In order to derive an estimate for A, we appeal to the balancing formula (11.11)
which follows from Lemma 11.1.

(7.16) /89 (<;|VU|Q+F(U)) X — X (u) Vu) vds=0

for any Killing vector field X and any compact Q@ C R2?. Here v is a outward
pointing unit normal vector field to 9€2. Of interest will be the case where X is the
constant vector field

X: =20y — YOy,

associated to rotations centered at the origin.
Let us briefly digress and consider the case where the function w, solution of
(2.1), is defined on R x (0, 00) and can be expanded as

w(@,y) = uo(x) + Adyuo(y) + v(z,y)

when z is close to 0, where A is small and where the function v is smaller (in a
sense to be made precise). Then, (7.16) implies that

/y_yo ((; |Vul? +F(u)) X — X(u) Vu) vds,

does not depend on yg. On the one hand, when wu is replaced by ug, this quantity is
equal to 0, hence, assuming that u converges fast enough to ug and letting yq tend
to oo, we find that

[ (5192 P) x - X 9u) -vas =0

On the other hand, inserting u = ug + A Oyug + v in this equality and assuming
that A and v are small, we get

. ((319uP + 7)) X=X ) vits = 4 [ (G100 + Fue) )
+0O(4%) + O(|[v])).

Therefore, we conclude that

1 ) 2 _
A /R (2 |Dpuo|? + F(uo)) dz + O(A%) + O(|lv]|) =0,

and this implies that A = O(||v]|). This is this idea we will implement to derive a
precise estimate for the constant A.
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Lemma 7.6. For all e > 0, a3 > 0 and there exists (. > 0, R. > 0 such that

‘A| <e ||7.L — UAHLOC(]RQ\BR) < CeiaSR +e ||u — U)\HLoo(]Rz\BR),

provided R > R. and |[u — ux | Lo gr2\Br) < C--
Proof. Since we have assumed that the half line )\j is equal to the y axis, we have

u) = tug close to this axis and to fixe the ideas, let us assume that u) = ug. Now,
we define

Uj R ‘= Ux —‘r’()j’R =u+ (1 —Hj’R)U
We set

hjr = —Aujr + F'(ujr) = —A(u = uj ) + (F'(uj,r) — F'(u)).
So (7.16) has to be replaced by

1
/zm <<2 |Vuj,R\2 +F(uj,R)> X — X (uj.R) VUj,R) vds

:/hj_’RX('U,j’R)dX.
Q

Writing u; r = uo + w, using the fact that ug satisfies (7.16) and substracting the
two equations, we obtain

/89 (% (IV (o +w)* = [Vuo|* + F(ug +w) — F(uo)) X

—(X (up + w) V(ug + w) — X (up) Vuo)) ‘vds = /th,R X (uj r) dx.

We specialize this to the case where X = 20, —y 9, and Q := R x [yo,y1] and,
letting y; tend to oo, we get

/  (Dao(Daw — Byw) + (F(ug + w) — F(uo)) d = / hyr X (uj.r) d.

Y>Yo
We decompose
Uj R = Up + A0 ug + W
and chose yg > R+ 1. Thanks to the estimates already derived, we conclude, with
little work, that there exosts ag > 0 such that

|A| < C (e_aBR + e—as(yo—R) ||u — UAHL°°(]R2\BR) + (y() — R)2 ||u — u)\”%w(RQ\BR)

—a 1/2
+ o= B) u—uall ey (€7 F + o= ualliensa) ')
provided (yo — R) ||u —ux|| o ®2\Br) < 1. Then it is enough to choose 7 := yo — R
large enough so that C'e=?®0~1) < ¢ and then we choose R, > 0 large enough

_ 1/2
and (. > 0 small enough so that rg (e*‘lzRE + CE) < ¢/2. This completes the
proof of the result. (I

Thanks to the last three Lemma, we get :

Corollary 7.2. There exist . > 0, R>0 and ¢ > 0 such that

1
sup [o) 5l < 7 E(R),
|x| >R+,

provided E(R) < ¢ and R > R.
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The result of Proposition 7.1 follows from Corollary 7.1 and Corollary 7.2. Ob-
serve that one can always choose R > 0 large enough so that £(R) < ¢ where
¢ is the least of the two corresponding constants appearing in the statements of
Corollary 7.1 and Corollary 7.2.

8. THE IMPLICIT FUNCTION THEOREM

We now are in a position to prove Theorem 2.3. To this end, we will apply the
implicit function theorem using the linear analysis derived in the previous sections.
By now, this argument is rather standard and hence, we will only outline the main
points of the proof, leaving the details to the reader.

We start by defining a smooth family of diffeomorphisms of R? as follows : Given
a=(ay,...,az) € R?* and b= (by,...,bax) € R* we define @, to be the value
at time 1 of the flow associated to the vector field

[1]

2k
ap = Y _(a; X; +b; V).
j=1

Here X;,Y; are the vector fields defined in (6.1) and (6.2). Recall that, X; corre-
sponds to a translation the direction transversal to the j-th end while Y} corresponds
to a rotation of the j-th end. The map ®,4, is clearly a diffeomorphism provided
all coefficients a; and b; are small enough. Also, observe that, in most of the sector
where I; = 1, the map ®, is equal to a rigid motion and hence it commutes with
A in the sense that

Alwo Pyy) = (Aw) o Py .

We choose v,d > 0 close enough to 0. Given a function v € WE’,?V_&(RQ) and
a € R?* and b € R?*, we define

N(v,a,b) := ( — Al(u+v) 0 Bayp)) + F'((u+v) o q»aﬂ,)) X -

where u € Moy, is fixed. It is easy to check that the nonlinear map N is well defined
and smooth from a neighborhood of 0 in Wf’i_é(]Rz) x R?* x R?* into L%75(R2).
This essentially follows from the fact that ®, 4 is a rigid motion and in the regions
where it is not, the functions involved are in L2—v-— 5(IR2).

Since ®o o = Id therefore we check directly that

(81) D’L)N(O,O,O) = 2
Moreover, we have
8aj N([),O,O) = E(dU(Xj)>, and abj N(O,O,O) = S(du(Y]))

If we assume that u € Mo, is nondegenerate, the result of Proposition 6.2
implies that the full differential DN(g 0y (Which can be naturally identified with
the operator QNLW,,(;) is surjective and has a kernel whose dimension is 2k. The
implicit function theorem then implies that, close to u = 0, a = b = 0 the set of
zeros of N is a smooth 2k dimensional manifold. This completes the result of the
Theorem.
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9. NONDEGENERACY OF SOLUTIONS WITH NODAL SET WITH NEARLY PARALLEL
COMPONENTS.

In this section, we will check that for each k£ > 1, the set Mo, contains at
least one nondegenerate element, thus proving Proposition 2.1. We recall that for
simplicity we assume here that F(u) = +(1 — u?)? however all the results needed
to prove the proposition generalize directly to the case of a general, smooth even
nonlinearity as described in (1.2). Consequently we expect that the assertion of
Proposition 2.1 holds in this more general framework as well.

The result in [8] implies the existence of a family of solutions {u. }ocece, C Mok
whose ends are nearly parallel, and are graphs over the y-axis for some function
whose derivative is bounded by a constant times e. What is more, the construction
shows that {x € R? : u.(x) = 0}, the nodal set of u., decomposes into exactly k
disjoint curves whose mutual distances tends to co as € tends to 0.

To state our result in precise way, we assume that we are given a solution q :=

(g1,-..,qk) of the Toda system

(9.1) o] = eV2(4i-1747) _ oV2(ai—a41)
for j =1,...,k, where ¢ = g and we agree that
go = —00 and Q41 = +00.

The Toda system (9.1) is a classical example of integrable system which has been
extensively studied. It models the dynamics of finitely many mass points on the
line under the influence of an exponential potential. We recall some of the results
which are concerned with the solvability of (9.1) and which will be needed for our
purposes. We refer to [12] and [18] for the complete description of the theory (see
also [20], [23], [1]). Of importance for us is the fact that solutions of (9.1) can be
described (almost explicitly) in terms of 2k parameters. Moreover, if q is a solution
of (9.1), then the long term behavior (i.e. long term scattering) of the g; at +oo is
well understood and it is known that, for all j = 1,...,k, there exist aj,b;r € R,
a;,b; € Rand 79 > 0, all depending on the solution q, such that
02) 0)(t) = aF [t + b5 + Oy (™),

as t tends to +oo. Moreover, aﬁ_l > a;-t forall j=1,...,k— 1.
Given € > 0, we define the vector valued function q., whose components are
given by
+1

(9.3) gje(x) :=qjlex) — V2 (j — %) loge.

It is easy to check that the g; . are again solutions of (9.1).

Observe that, according to the description of the asymptotics of the functions g;,
the graphs of the functions g; . are asymptotic to a set of 2k oriented half lines. In
addition, for € > 0 small enough, these graphs are disjoint and in fact their mutual
distance is given by —/2 loge + O(1) as ¢ tends to 0.

It will be convenient to agree that x* (resp. x~) is a smooth cutoff function
defined on R which is identically equal to 1 for z > 1 (resp. for x < —1) and
identically equal to 0 for x < —1 (resp. for x > 1) and additionally x~ + x™ = 1.
With these cutoff functions at hand, we define the 4-dimensional space

(9.4) D := Span {z — xF(z), z — zxF(2)},
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and, for all u € (0,1) and all 7 € R, we define the space C2#(R) of C?* functions
h which satisfy
1Bl g2y = I (cosh 2)" Blleancay < oo

Keeping in mind the above notations, the following is proven in [8]:

Theorem 9.1. For all € > 0 sufficiently small, there exists an entire solution
ue € Moy of the Allen-Cahn equation

(9.5) Au+u—u =0,

in R2, whose nodal set is the union of k disjoint curves Cies..-Ce. These curves
are the graphs of the functions

> qje(v) + hjc(ex),
for some functions hj. € C2*(R) © D satisfying
hjellcz®yep < Ce®

for some constants C,a, 7, > 0 independent of € > 0.

In other words, given a solution of the Toda system, we can find a one parameter
family of 2k-ended solutions of (9.5) which depend on a small parameter € > 0. As
€ tends to 0, the nodal sets of the solutions we construct become close to the graphs
of the functions g, ..

Using also Proposition 1.1 and Proposition 5.4 in [8] one can be more precise
about the description of the solution u. If Ac := (A{_, ..., /\;k’e) denotes the half
affine lines associated to the ends of u. and if uy_ denotes the associated function
defined in (2.6), we know that u, = uy_ + v., where v, € sz57_5(R2) with some

8,7 > 0 such that 62 + v2¢2 < o?. In addition we have
(9.6) Hvenwffs)_é(]}ga <Cef,

with some a > 0.

Proof of Proposition 2.1. Our goal is to show that there exists €y > 0 such that for
all € € (0,eg) the solution u. of (9.5) which is given by Theorem 9.1 is nondegener-
ate. We fixe 7, > 0 such that 62 < o?. We claim that, for £ > 0 sufficiently small,
the unique solution of the equation

(—A+ F"(u:))w = 0,

which belongs to L%%’i(;(RQ), is w = 0 (observe that 252 + 62 < o2 for ¢ > 0
close enough to 0). To prove the claim, we will use an argument similar to the one
used in the proof of the Linear Decomposition Lemma (i.e. Lemma 4.2).
To begin with, since the problem is linear we may well assume that
(0.7 hollge o = 1.
. . . 2,2
Then, elliptic estimates imply that u € WJYE’%(R% and

lwliwzz | ge) < Cllwllzz | @2

For j =1,... &k, we define f[j to be a smooth cutoff functions such that

V2

Support ﬁj C {x € R? : dist (x,Cj ) < dist (x,Cic) — T loge, Vi# j} ,
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and T;(x) = 1 when dist (x,C;.) < dist (x,C;.) for i # j. Using (9.7), we can
assume that for some jo € {1,...,k}, we have

- 1
(9.8) Mo wlirz . @2y 2 o
We define wg := I;, w. Observe that
25 Wo = [A, ﬁjo] w.

where £. := —A + F"(ug).

Let (t,s) be Fermi coordinates associated to Cj, c, so that s is the arc length on
Cj,.= and t(x) := dist® (x,C;, ) denotes the signed distance to Cj, .. We change the
coordinates from (z,y) to Fermi coordinates (t, s) (this change of variables is quite
standard and we refer the reader to calculations in Section 5 of [8] for details).

Using (9.3), (9.6) together with the assumption on the function w, we check that

he 1= (=02 = 97 + F" (uo(t))) wo,

satisfies

o1
(9.9) 1ellz ., @2y <C (E + 10g1> lwllzz—,r2),

€

for some 7 > 0. Thanks to the Linear Decomposition Lemma (Lemma 4.2), we
know that wq € Lz_;ﬁ’_é(R% and also that

S|
funlks. e <€ (& + o ) Tollzn, e
IS

For € small enough this inequality is not compatible with (9.8) and (9.7). Having
reached a contradiction, we conclude that wg = 0 and hence w = 0. This completes
the proof of the result. O

10. THE LAGRANGIAN STRUCTURE AND THE PROOF OF THEOREM 2.3

We assume that we are given a function w which is a nondegenerate element of
Moy.. The tangent space T, Moy, is spanned by the functions w which satisfy

Lw=0.

According to the result of Proposition 6.1 and Proposition 6.2, we know that such
a function w can be decomposed into

2k
(10.10) w =Y a;du(X;) +b; du(Y;) + w,
j=1

where a;,b; € R and w € Wz’jﬁé(RZ) for some ~,d > 0. Let us consider two such
functions w®,w® e T, Moy (the coefficients and functions in the corresponding
decompositions will be adorned with superscripts (1) and (2)). For all R > 0, we
integrate (w™® Lw? —w® w®) over the ball of radius R to get

0= / (w(l) Cw®@ — @ gw(l))dx _ / (w(l) 8,w® — ® 8Tw(1))ds
BR 8BR
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But, using (10.10) and letting R — oo we conclude that
2k

Z (agl) bf) — agz) b;l)) =0.
j=1

This completes the proof of Theorem 2.3.

11. APPENDIX A

Let u be a solution of (2.1) in R?. Assume that X is a vector field in R?. If
X =3.X"0,,,Y =>,Y"9,, and f is a smooth function, we will use the following
notations

X(f) =) X7, f, V=Y 0u,f0x,
J J
divX =)0, X",
and )
X =5 > (00, X7 + 0y, X*) da; @ da;,
)
so that

IXYY)=> 0, X/ Y'Y,
i,
We claim that :

Lemma 11.1. (Balancing formula) The following identity holds

1 1
div ((2 |Vu|2+F(u)> X — X (u) Vu) = (2 Vu|2+F(u)) div X
—d* X (Vu, Vu).
Proof. This follows from direct computation. O

Observe that (2.1) is invariant under the action of isometries of R?. Translations
of R? correspond to the constant vector field

X =X
where X is a fixed vector, while rotations correspond to the vector field
X =20y —y0,.
In either case, we have div X = 0 and d* X = 0. Therefore, we conclude that

div ((; |Vu|? +F(u)> X — X(u) w) =0,

for these two vector fields. The divergence theorem then implies that

(11.11) /m <<;|Vu|2+F(u)) X — X(u) w) vds =0,

where v is the (outward pointing) unit normal vector field to 9f.

We set
+oo 1
co = / <2 (Dpug)? + F(u0)> dzx,

— 00
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o = /+OO <; (Oy0)? — F(uo)) 2 da.

— 00

and

We now assume that v € Mo, and we keep the notations introduced in §2. We use
(11.11) with € equal to the ball of radius R centered at the origin and we then let
R tend to oo. Taking X = X, and using (1.4), we find with little work

2k
Co E e - XO =0.
j=1

Taking X =z 0, — y 0, we find
2%k

Z (=1)7 ¢1 — corj) = 0.

j=1
Hence

2k
Z r; = 0.
j=1

This completes the proof of (2.15) and (2.16).

Remark 11.1. Observe that these conservation laws also hold when the nonlinear-
ity F' is not even.

12. APPENDIX B

We keep the notations of the proof of Proposition 3.1 and we define
1 _ T

W)= o We@ [ W v

Since |W<i\ < Ce®%? we can write

W (z)| < CW(x),

where
T

W(x) = e / e‘s<y|V(y)|dy.

— 00

Obviously, it is enough to prove that
(12.12) Wz ey < ClIVIzzre)
since this will imply that

Wz ey < ClIVIE2 w0y

The result will then follow from this estimate, together with a similar estimate for

the function N
. 1 RN
W(z) := We Wi () ) W (y) Vi) dy.
To prove (12.12), we argue as follows. First, the following pointwise estimate
follows from Cauchy-Schwarz inequality

(12.13) [(coshy) " W(y)| < ¢|Vlz2gg.c)
for all y € R.
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Next, we estimate

0 - 0 x 2
/ 25 W2 (a) dr = / (20-50)a ( / e5<y|v<y)|dy) do
— 00 — 00 — 00

0
— : s 28z 112
- [y W]
S ' eQ‘sIV(:v)W(x)dx
§—d¢

IN

(IIVIILQ ro T IWlzee) IV Izeo):

where we have used (12.13) together with Cauchy-Schwarz inequality to obtain the
last estimate. Using similar arguments, we also get

+o0 ~ T
/0 W @) de < C (VI g ) + IWlzzro Viizawe):

Hence, we conclude that

1200 < C (IV1agcy + W 22y 1V 22000 ) -

which implies that

HWHLZ R,C) < C ||V||L2 (R,C)"

This completes the proof of the estimate.
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