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Abstract. In this paper we study the following problem. For € > 0, take u® a solution of

. Vus
Lu® = div <%VUE) = Be(u®), wu®>0.

A solution to (P:) is a function u® € WG (Q) N L>(Q) such that

Vu® "
[ a09u ) o Vodo = - [ peu) e
Q [Vue| Q
for every ¢ € C§°(Q).
Here B:(s) = %,8 (?) , with 8 € Lip(R), 8> 0 in (0,1) and B = 0 otherwise.
We are interested in the limiting problem, when € — 0. As in previous work with £ = A or
L = A, we prove, under appropriate assumptions, that any limiting function is a weak solution to a
free boundary problem. Moreover, for nondegenerate limits we prove that the reduced free boundary
is a C1@ surface. This result is new even for Ay,
Throughout the paper, we assume that g satisfies the conditions introduced by G. Lieberman
in The natural generalization of the natural conditions of Ladyzhenskaya and Ural’tseva for elliptic
equations, Comm. Partial Differential Equations 16 (1991), no. 2-3, 311-361.
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1. Introduction. In this paper we study, the following singular perturbation
problem: For ¢ > 0, take u® a nonnegative solution of,

Luf = B (uf), u® >0, (P:)

where Lv := div (WVU).
v

A solution to (P.) is a function u® € WHE(Q) N L>(Q) (see the notation for the
definition of W1 (Q)) such that

€ VU‘E _ 15
| oV gz vedr == [ opu)ds (11)

for every ¢ € C§°(Q).

Here (.(s) = éﬁ (g), for § € Lip(R), positive in (0,1) and zero otherwise. We
call M = [ B(s) ds.

We are interested in studying the uniform properties of solutions and understand-
ing what happens in the limit as ¢ — 0. We assume throughout the paper that the
family {u®} is uniformly bounded in L*° norm. Our aim is to prove that, for every
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sequence €, — 0 there exists a subsequence ¢, and a function v = lim v+, and that
u is a weak solution of the free boundary problem

Lu = div (g(|Vvu|)
U

|Vu| = \* on O{u >0} NQ.

Vu) =0 in {u>0}NQ (12)

for some constant A* depending on g and M.

This problem appears in combustion theory in the case £ = A when studying
deflagration flames. Back in 1938, Zeldovich and Frank-Kamenetski proposed the
passage to the limit in this singular perturbation problem in [26] (the limit for the
activation energy going to infinity in this flame propagation model). The passage to
the limit was not studied in a mathematically rigorous way until 1990 when Berestycki,
Caffarelli and Nirenberg studied the case of N dimensional traveling waves (see [3]).
Later, in [10], the general evolution problem in the one phase case was considered.
Much research has been done on this matter ever since. (See, for instance, [7, 8, 16,
25]).

(1.2) is a very well known free boundary problem in the uniformly elliptic case
(0 < e¢<g(t)/t < C < 00). This problem has also been studied in the two phase case.
Regularity results for the free boundary in the case of the laplacian can be found in
[1] for one phase distributional solutions and in [4, 5] for two phase viscosity solutions.
See also [2] for one phase distributional solutions in the nonlinear uniformly elliptic
case. The results in [1, 4, 5] were used in [16] to obtain free boundary regularity
results for limit solutions (this is, for v = limwu®*). See also [6, 17] for results in
the inhomogeneous case and [11, 13] for viscosity solutions in the uniformly elliptic,
variable coefficient case.

Recently, this singular perturbation problem in the case of the p—laplacian (g(t) =
tP~1) was considered in [12]. As in the uniformly elliptic case, the authors find, for a
uniformly bounded family of solutions u®, Lipschitz estimates uniform in € and prove
that the limit of u® is a solution of (1.2) for £ = A, and \* = (%M)l/p in a
pointwise sense at points in the reduced free boundary.

See also [24], [22] where the authors treat general elliptic equations of flame
propagation type including the study of the regularity of the free boundary.

The aim of our present work is to study this singular perturbation problem —
including the regularity of the free boundary— for operators that can be elliptic de-
generate or singular, possibly non homogeneous (the p-laplacian is homogeneous and
this fact simplifies some of the proofs). Moreover, we admit functions ¢g in the op-
erator £ with a different behavior at 0 and at infinity. Classically, the assumptions
on the behavior of g at 0 and at infinity were similar to the case of the p—laplacian.
Here, instead, we adopt the conditions introduced by G. Lieberman in [19] for the
study of the regularity of weak solutions of the elliptic equation (possibly degenerate
or singular) Lu = f with f bounded.

This condition ensures that the equation Lu = 0 is equivalent to a uniformly
elliptic equation in nondivergence form with constants of ellipticity independent of
the solution u in sets where Vu # 0. Furthermore, this condition does not imply any
type of homogeneity on the function g and, moreover it allows for a different behavior
of g(|]Vu|) when |Vu| is near zero or infinity. Precisely, we assume that g satisfies

tg'(t)
g(t)

0<6< <go Vt>0 (1.3)
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for certain constants 0 < § < gg.

Let us observe that § = go = p — 1 when g(t) = t*~!, and reciprocally, if § = go
then g is a power.

Another example of a function that satisfies (1.3) is the function g(t) = t*log (bt +
¢) with a,b, ¢ > 0. In this case, (1.3) is satisfied with § = a and g9 = a + 1.

Another interesting case is the one of functions g € C*([0,00)) with g(t) = c;t®
for t <s, g(t) = cot® +d for t > s. In this case g satisfies (1.3) with § = min(ay, az)
and go = max(ay, az).

Furthermore, any linear combination with positive coefficients of functions sat-
isfying (1.3) also satisfies (1.3). On the other hand, if g; and g satisfy (1.3) with
constants ¢° and g, i = 1,2, the function g = g1 o satisfies (1.3) with § = 6! + 62
and go = g} + g3, and the function g(t) = g1 (g2(¢)) satisfies (1.3) with § = §'62 and
90 = 9593

This observation shows that there is a wide range of functions g under the hy-
pothesis of this work.

In this paper we show that the limit functions are solutions of (1.2) in the weak
sense introduced in [21] where we proved that the reduced boundary of these weak
solutions is a C™® surface. This notion of weak solution turns out to be very well
suited for limit functions of this singular perturbation problem.

We state here the definition of weak solution and the main results in this paper.
DEFINITION 1.1 (Weak solution IT in [21]). We call u a weak solution of (1.2) if
1. w is continuous and non-negative in Q and Lu =0 in QN {u > 0}.
2. For D CC Q there are constants 0 < c¢min < Cmaz, ¥ > 1, such that for balls
B.(z) C D with x € 0{u > 0}

1 1/~
Cmin < — (][ Ufydl‘) < Chaaz
r B (z)

3. For HN=1 a.e 2o € Orea{u > 0}, u has the asymptotic development
U(.’L‘) = A*<$ — Zo, V(x0)>_ + 0(|l’ — .130|)

where v(xg) is the unit interior normal to d{u > 0} at xo in the measure
theoretic sense.
4. For every xg € QN d{u > 0},

limsup |Vu(z)| < A*.

r—xq

u(x)>0

If there is a ball B C {u = 0} touching QN o{u > 0} at xo then,

1 ———— > \".
lfiif}p dist(x, B) —
u(xz)>0

Our first result is a bound of ||Vu®||p«~ independent of e.
THEOREM 1.1. Let u® be a solution of

Luf = (u®)  in
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with ||u¥|| (o) < L. Then, for ' CC Q we have,
[Vus(z)| <C  in Q)

with C = C(N, 4, go, L, | 8]l o0, g(1), dist(Q',09)), if e < eo(2, Q).

Then we have, via a subsequence, that there exists a limiting function u.

The next step is to prove that the function u is a weak solution in the sense of
Definition 1.1 of the free boundary problem (1.2) for a constant A* depending on g
and M. To this end, we have to prove that Lu = 0 in {u > 0} and that we have an
asymptotic development for u at any point on the reduced free boundary.

Here we find several technical difficulties associated to the loss of homogeneity of
the operator £ and to the fact that we are working in an Orlicz space. This is the
case, for instance when we need to prove the pointwise convergence of the gradients.

At some point we need to add the following hypothesis on g:

There exists 19 > 0 such that,

J(t) <sg(ts) if 1<s<l+m and 0<t< <I>‘1(%OM), (1.4)

where ®(A) = Ag(A) — G(N).

We remark that condition (1.4) holds for all the examples of functions satisfying
condition (1.3) described above (see §4).

There holds,

THEOREM 1.2. Suppose that g satisfies (1.3) and (1.4). Let u be a solution to
(P;,) in a domain 2 C RN such that u®i — u uniformly on compact subsets of Q and
gj — 0. Let x9 € QN {u > 0} be such that d{u > 0} has an inward unit normal v
in the measure theoretic sense at xg, and suppose that u is non-degenerate at xq (see
Definition 5.1). Under these assumptions, we have

u(z) = @Y M)z — 20, )" + o(|z — z0|)

where ®(X) = Ag(A) — G(N).

Finally, we can apply the theory developed in [21]. We have that u is a weak
solution in the sense of Definition 1.1 of the free boundary problem.

Then, we have the following,

THEOREM 1.3. Suppose that g satisfies (1.3) and (1.4). Let u be a solution
of (P;) in a domain Q C RN such that u® — w uniformly in compact subsets of
Qase; — 0. Let xyp € QN I{u > 0} such that there is a unit inward normal v to
QN o{u > 0} in the measure theoretic sense at xo. Suppose that u is uniformly non-
degenerate at the free boundary in a neighborhood of xg (see Definition 5.1). Then,
there exists r > 0 such that B,(x¢) N 0{u > 0} is a CH* surface.

Finally, we give two examples in which we can apply the regularity results in
this paper. In both examples the nondegeneracy property is satisfied by the limiting
function u. In the first example the limiting function is obtained by taking a sequence
of minimal solutions of (P.) (see Definition 7.1) . In the second one, by taking a
sequence of minimizers of the functional

J.(v) = /Q[Guwn + B.(v)] dz
where B.(s) = B:(s) (see §7).

Moreover, in the second example we have that H™ 1 (0{u > 0}\Oyea{u > 0}) = 0.
Thus, in this case the set of singular points has zero HY ~'—measure.
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We also have —since the limiting function is a minimizer of the problem considered
n [21]- that in the case of minimizers we don’t need to add any new hypothesis to
the function g. This is, the result holds for functions g satisfying only condition (1.3).
And, in dimension 2 if we add to condition (1.3) that,

There exist constants top > 0 and k > 0 so that g(t) < kt for ¢ < t. (1.5)

then, we have that the whole free boundary is a regular surface (see Corollary 2.2 in
[20]).

Outline of the paper. The paper is organized as follows: In §3 we prove the
uniform Lipschitz continuity of solutions of (P:) (Corollary 3.1).

In §4 we prove that if w is a limiting function, then Lu is a Radon measure
supported on the free boundary (Theorem 4.1). Then we prove Proposition 4.2, that
says that if u is a half plane, then the slope is 0 or ®~1(M), and Proposition 4.3 that
says that if u is a sum of two half planes, then the slopes must be equal and at most
O~L(M).

In §5 we prove the asymptotic development of u at points in the reduced free
boundary (Theorem 5.1) and we prove that u is a weak solution according to Definition
1.1.

In §6 we apply the results of [21] to prove the regularity of the free boundary
(Theorem 6.1).

In §7 we give two examples where the limiting function satisfies the nondegeneracy
property. The first one is given by the limit of minimal solutions (Theorem 7.2) and
the second one is given by the limit of energy minimizers (Theorem 7.4).

In the Appendices we state some properties of the function g, we prove the asymp-
totic development of £-subsolutions and we prove the existence of extremal solutions
to P-..

2. Notation. Throughout the paper N will denote the dimension and,
B,.(z) = {z € RN |z — x| < 7},
Bf (z) ={z e RN zn >0, |z — 20| <7},
B (z) ={z e RN, zn <0, |z —xz0| <7}

For v,w € RY, (v, w) denotes the standard scalar product.

For a scalar function f, f* = max(f,0) and f~ = max(—f,0).
Furthermore, we denote

G(t) = / o(s) ds,
F(t)=g(t)/t,
o(t) = g(t)t — G(1),
A(p) = F(lp))p  for p e RV,
a;; = g;lf for 1 <i,j < N.

We denote by LE(Q) the Orlicz space that is the linear hull of the set of measurable
functions such that [, G(|u|) dz < co with the norm of Luxemburg. This is,

o =int {x>0/ [ (5 ar <1},
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The set WH%(Q) is the Sobolev Orlicz space of functions in lecl(ﬂ) such that
both |lul Lo () and |[|Vul|| Lo (o) are finite equipped, with the norm

l[ullwr.6 ) = max {{|ull Lo @), IIVulllLe @) }-

3. Uniform bound of the gradient. We begin by proving that solutions of
the perturbation problem are locally uniformly Lipschitz. That is, the u®’s are locally
Lipschitz, and the Lipschitz constant is bounded independently of €. In order to prove
this result, we first need to prove a couple of lemmas.

LEMMA 3.1. Let u® be a solution of

Luf = B.(u®)  in By (xo)

such that u®(xg) < 2e. Then, there exists C = C(N,ro, 9, go, |||, g(1)) such that, if
e<1,

[Vuf(xo)| < C.

Proof. Let v(z) = Tu®(xg + ez). Then if e < 1, Lv = B(v) in By, and v(0) < 2.

By Harnack’s inequality (see [19]) we have that 0 < v(x) < Cy in B,/ with C; =
C1(N, go,90,]|8]lec). Therefore, by using the derivative estimates of [19] we have that

[Vu (zo)| = [Vu(0)] < C

WlthO:O(N557g()a||6||OOaT07g(1)) O
LEMMA 3.2. Let u® be a solution of

Lu® = [B.(u®) in By,
and 0 € 0{u® > €}. Then, for x € By N {u® > e},
u®(z) < e+ Cdist(z, {u® < e} N By),

with C = C(N, 6, 9o, [|Blloc, 9(1))-

Proof. For xg € By/y N{u® > e} take, mo = u®(x) — € and §y = dist(zo, {u° <
e} N By). Since 0 € 9{u® > ¢} N By, & < 1/4. We want to prove that, mg <
C(N, 0,90, 1Bl 9(1))do.

Since, By, (zo) C {u® > e}NB; we have that, u*—e > 01in Bs,(z¢) and L(u—¢) =
0. By Harnack’s inequality there exists ¢; = ¢1(N, go,d) such that

min (uf —¢e) > eymy.
Bsy/2(x0)

Let us take ¢ = e~rlel* _ e=n%5 with u = 2K /562, where K = 2N if gg < 1 and
K =2(go — 1) + 2N if go > 1. Then, we have that Lo > 0 in Bs, \ Bs,/2 (see the
proof of Lemma 2.9 in [21]).

Let now ¥(z) = comoy (x — x¢) for € Bs,(20) \ Bs,/2(w0). Then, again by
Lemma 2.9 in [21], we have that, if we choose ca conveniently depending on N, ¢, go,

LY(x) >0 in Bs,(z0) \ Bs,/2(0)
=0 on 0Bs,(x0)
¢ = C1 My on 6350/2 (JZQ)



Singular perturbation for a degenerate or singular quasilinear operator 7

By the comparison principle (see Lemma 2.8 in [21]) we have,

Y(x) <u(w) —e  in Bs,(20)| \ Bs,/2(w0)- (3.1)
Take yo € OBy, (x0) N O{u® > e}. Then, yo € B2 and
¥(yo) = u®(yo) —e = 0. (3.2)

Let v° = Lu(yo+ex). Then if € < 1 we have that Lv° = B(v®) in By 2 and v°(0) = 1.
Therefore, by Harnack’s inequality (see [19]) we have that maxg, 0" < ¢ and

[Vu(yo)| = |[Vv*(0)] < ¢maxv® < c3. (3.3)
Biya
Finally, by (3.1), (3.2) and (3.3) we have that, |V (yo)| < |Vu®(yo)| < ¢3. Observe
that |V (yo)| = czmoe_“§32u50 < ¢3. Therefore,

2
c5etdo c30e2K/0

T e2uy 4K

0

and the result follows. O

Now, we can prove the main result of this section,

PROPOSITION 3.1. Let u® be a solution of Lu® = B.(u®) in By. Assume that
0 € 9{u® > e}. Then, we have for x € Bys,

|[Vu®(z)] < C

Proof. By Lemma 3.1 we know that if zo € {u® < 2e} N By,4 then,

|VUE($0)| S C()

with OO = CO(N7 57 g0, ||/6H005 g(l))

Let zo € By/g N {u® > ¢} and dg = dist(wo, {u® < €}).

As 0 € 0{u® > e} we have that 6y < 1/8. Therefore, Bs,(20) C {u® > e} N By 4
and then Lu® =0 in By, (z¢) and, by Lemma 3.2,

u®(x) < e+ Cidist(z, {u® <e}) in Bs,(zo)- (3.4)

1. Suppose that e < &5y with ¢ to be determined. Let v(z) = %ue(xo + o).

Then, Lv = dof:(uf(zg + dpx)) = 0 in By. Therefore, by the results of [19]

[Vo(0)] < C'supv,
B1

with C = é(N, 90,9,9(1)). We obtain,

sup u® < 9(5+050) < C(e+O).
Bs, (w0) do

Vs (zo)] <

SdEe}!

2. Suppose that € > ¢dy. By (3.4) we have,
e Gy
W (20) < &+ Chdy < (1 n f)e < 2,
c

if we choose ¢ big enough. By Lemma 3.1, we have |Vu®(z9)| < C, with
C = C(N, 90,6, [|Blloc: (1))
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The result follows. O
With these lemmas we obtain the following,
COROLLARY 3.1. Let u® be a solution of

Luf = B (u®) in L,

with ||uf| gy < L. Then, we have for Q' CC Q, that there exists £9(€2,€') such
that if € < eo(Q, ),

[Vus(z)| <C  in Q)

with C = C(N, 4, go, L, | 8|00, 9(1), dist(Q',09)).
Proof. Let 7 > 0 such that Vo € V', B.(z) C Q2 and e < 7. Let 29 € (.
1. If 6o = dist(zo, O{u® > €}) < 7/8, let yo € O{u® > e} such that |zg—yo| = do.
Let v(z) = Lu®(yo + 72), and z = 2% then |z| < 1/8. As 0 € 9{v > ¢/7} and

Lv = B/;(v) in By, we have by Proposition 3.1

[V (0)] = |Vo(@)] < C.

2. If 69 = dist(xg, 0{u® > e}) > 7/8, there holds that
(i) Brjs(zo) C {u° > e}, or
(ii) Br/s(wo) C {u® < e},

In the first case, Lu® = 0 in B, /s(x0). Therefore,

|Vu8(x0)\ < C(Na 9o, 5a T, 9(1)7 L)
In the second case, we can apply Lemma 3.1 and we have,
|vu€($0)| < C(N7 9o, 67 T, g(1)7 2”5“00)

The result is proved. 0

4. Passage to the limit. Since we have that |Vu®| is locally bounded by a
constant independent of €, we have that there exists a function v € Lip;,.(§2) such
that, for a subsequence €; — 0, u*/ — wu. In this section we will prove some properties
of the function wu.

We start with some technical results.

PROPOSITION 4.1. Let {u®} be a uniformly bounded family of nonnegative solu-
tions of (P.). Then, for any sequence €; — O there exists a subsequence 5} — 0 and
u € Lip,,. () such that,

1. uSi —u uniformly in compact subsets of €2,

2. Lu=01in QN {u>0}

3. There exists a locally finite measure p such that /Befj (usg) — L as measures
n Q, for every Q' CC Q,

4. Assume go > 1. Then, Vusi — Vu in L%’jl(Q),
5.

[ Eqvavave = [ i
Q Q

for every v € C5°(R2). Moreover i is supported on QN {u > 0}.
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REMARK 4.1. We can always assume that gy > 1. If we don’t want to assume
it, we can change the statement in item (8) by Vu® — Vu in ng;jl(ﬂ), where
g1 = maxz (1, go).

Proof. (1) follows by Corollary 3.1.

In order to prove (2), take E CcC E' cC {u > 0}. Then, v > ¢ > 0 in F’.
Therefore, u%i > ¢/2in E’ for e’ small. If we take e, < ¢/2 —as Lufi = 0in {u > e}
we have that Lu%i = 0 in E’. Therefore, by the results in [19], ||u53 lorem < C.

Thus, for a subsequence we have,

Vui — Vu  uniformly in E.

Therefore, Lu = 0.
In order to prove (3), let us take ' CC , and ¢ € C§°(R2) with ¢ =1in Q' as
a test function in (P.,). Since |[Vui|| < C in €, there holds that

Clo)> [ yhpdo> [ o) da.

Therefore, ﬁé.;_ (uag) is bounded in L}

1oe(£2), so that, there exists a locally finite measure
w such that

’

Be:, (u5) — p  as measures

that is, for every ¢ € Cy(9Q),

/ﬂe;(u€9)wdﬂs—>/<ﬂdu
Q Q

We divide the proof of (4) into several steps.
Let Q' cC €, then by Corollary 3.1, |Vui| < C in . Therefore for a subse-
quence €/ we have that there exists & € (L>°(€))" such that,

Vusi — Vu % — weakly in (L>(Q))N
A(Vusi) = ¢ % —weakly in (L=(Q))N (4.1)

!
Ui —u uniformly in Q’

where A(p) = F(|p|)p. For simplicity we call €} = .
Step 1. Let us first prove that for any v € WOI’G(Q/) there holds that

/,(f — A(Vuw))Vudz = 0. (4.2)

In fact, as A is monotone (i.e (A(n) — A(()) - (n —¢) = 0 Vn,¢ € RY) we have
that, for any w € WhH%(Q),

= / (A(Va) — A(Vw)) (Ve — V) der > 0. (4.3)
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Therefore, if ¢ € C§° (),

-/, B (u)u® dx —/

=— [ B(wudr— [ A(Vu)Vudr+1
Q/ Q/

A(Vu®)Vwdx — / A(Vw)(Vu® — Vw) dz

’ ’

= — Be(u)udx — Be(u®)(u® —u)p de — Be(u®)(u® —u)(1 — ) dx
Q Q Q (4.4)
— | AVu)Vude + 1T
Q

> — N Be(u®)udx —|—/ A(Vuf)V(u® — u)y dx —|—/ A(Vuf)(u® —uw)V dx

’ ’

— | Be(u®)(u® —u)(1 —)dr — / A(Vu®)Vu© de,
@

’

where in the last inequality we are using (4.3) and (1.1).
Now, take ¢ = 9; — xq. If Q' is smooth we may assume that [ |V;|dz —
Per V. Therefore,

‘ // A(Vu®)(u® —uw) Vi dw‘ < COllu® — ul| e (o) /Q/ Vbl de < Cllu® — ul| Lo 1y

So that, with this choice of ¢ = 1); in (4.4) we obtain,

o Be (u)u® dx// A(Vu®)Vw dx/ A(Vw)(Vu® — Vw) dz

/

< Be(u¥)udr — / A(Vus)V(u® —u) dr + Cllu® — ul| g oy + / A(Vu®)Vu© de
Q/

Q

’

= ﬂs(ug)uder/ A(Vu®)Vudz + Cl|u® — ul[ o).
QI

’

Therefore, letting € — 0 we get by using (4.1) and (3) that,

- //ud,u— o EVwdr — /,A(Vw)(Vu—Vw)dz > —//udu— o EVudr
and then,
/ (& — A(Vw))(Vu — Vw)dz > 0. (4.5)

Take now w = u — Av with v € Wol’G(Q’). Dividing by A and taking A — 07 in (4.5)
we obtain,

/ (€ - A(Vu))Vodz > 0.

Replacing v by —v we obtain (4.2).
Step 2. Let us prove that [, A(Vu®)Vu® — [, A(Vu)Vu.
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By passing to the limit in the equation
0= [ AV Vo | pu)ods (46)
we have, by Step 1, that for every ¢ € C§°(§'),
0= o A(Vu)Vo + o odpu. (4.7)

On the other hand, taking ¢ = uft in (4.6) with ¢ € C§°(©') we have that

0:/ A(VuﬂVu%/}dx—{—/ ANVu VY de + | Be(u®)uy de.
’ Q/

Using that,
A(Vu®)u*Vip do — A(Vu)uV dx
o o

B (u)u Y de — uhdp
Q o

we obtain

0= lim ( / A(vuf)vuwdx) + / A(Vu)uVe do + / wbdpt.

e—0

Taking now, ¢ = ui in (4.7) we have,

0= AVu)Vuy dx + | A(Vu)uVidr + / ut) dy.
o o o
Therefore,
lin% AVuE)Vutypder = | A(Vu)Vuy de.
E— Q/ Q
Then,

/ (A(VuE )V — A(Vu) V) da

< / (VW) Vo — A(Vu) V) da| +

[ AV V)1 - v) de

+

A(Vu)Vu(l — o) dx

Q/

< / (A(VuF)Vu® — A(Vu)Vu)yp dx +C/ |1 — | de.
’ Q/

So that, taking ¢ — 0 and then 1) — 1 a.e with 0 < < 1 we obtain,

/ A(Vus)Vuidr — [ A(Vu)Vudz. (4.8)

Q
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With similar ideas we can prove that,

A(Vu®)Vudr — A(Vu)Vudz. (4.9)
(944 Q/

Step 3. Let us prove that
G(IVue]) do — / G(|Vul) da. (4.10)
Q Q

First, by the monotonicity of A we have,

/Q/ G(|Vu|) de — /Q G(|Vul) dz = / /01 A(Vu+ (V- V)V (uf — u) dx

> [ AVu)V(u® —u)dx.
Q/

Therefore, we have
limiélf/ G(|Vu©]|) dx — / G(|Vul)dz > 0.
E— ’ Q

Now, by Step 2 we have,

/,G(|Vu5|)da:—/ﬂ, G(|Vu|)dx:/Q,/OlA(VzH—t(VuE—Vu))V(ug—u)dx
< /Q AV (i — ) dz — 0.

Thus, we have that (4.10) holds.
Step 4. End of the proof of (4).
Let u® = su+ (1 — s)u®. Then,

1
G(|Vul) de —/ G(|Vuf|) dz = / / AV )V (0 — u) ds da
(o) o o Jo
1
d
= / / (A(Vu®) — A(Vu))V(u® — uf) ?S de + | A(Vu®)V(u—u®)de.
rJo QY

(4.11)

As in the proof of Theorem 4.1 in [21], we have that

/ / /01<A<Vu“"> — A(Vu))V(u* = ) ds dz

20( G(|Vu—Vu€\)dx+/ F(|vu|)\vu—vuf|2dx),
A

Az

where
Ay ={x e Q :|Vu—-Vu°| <2|Vul}, Ay ={zeQ :|Vu-Vu°|>2Vul}.

Therefore, by (4.8), (4.9), (4.10) and (4.11) we have,

( G(\Vu—VuEDdaH—/ F(|Vu|)|Vu—Vu€|2dx)—>O.
A2 Al
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Then, if we prove that

(/ G(|Vu — Ve|) dz + / F(IVu))|Vu — Vel ]? d:c) >C [ |Vu— V|t dz
A, A Q
the result follows.

In fact, for every Cy > 0 there exists C; > 0 such that g(t) > Cit9 if t < Cy. Let
Co be such that |Vu| < Cp and |Vu — Vu®| < Cy. Then, by Lemma A.1,

G(|Vuf — Vul|) > C|Vuf — Vu|?H
F(|Vul) > C1|Vul9™! > C|Vu® — Va1 in A;.

and the claim follows.
Finally (5) holds by (4), (3) and (2). d
LEMMA 4.1. Let {u®} be a uniformly bounded family of solutions of (P.;) in
Q such that u*9 — w uniformly on compact subsets of 2 and €; — 0. Let xo, T, €
QNo{u > 0} be such that x, — x¢ asn — oo. Let A, — 0, uy, (x) = )\%Lu(xn—i—)\nw)
and (us), (z) = ﬁusj (Zn + Anx). Suppose that uy, — U as n — oo uniformly on
compact sets of RN . Then, there exists j(n) — oo such that for every j, > j(n) there
holds that €5, /A, — 0 and
1. (ufn)y, — U uniformly in compact subsets of RY.
2. V(usin)y, — VU in LT (RN),
3. Vuy, — VU in L (RV).
Proof. The proof follows from Proposition 4.1 as the proof of Lemma 3.2 follows
from Lemma 3.1 in [7]. |
Now we prove a technical lemma that is the basis of our main results.

LEMMA 4.2. Let u® be solutions to
Luf = B (u®)

in Q. Then, for any 1 € C§° () we have,
—/ G(|Vu®|)ta, dm+/ F(|Vu®|)Vut Vi ug, dm:/Bs(ue)wzl, (4.12)
Q Q Q

where B(s) = [ B=(7) dr.

Proof. For simplicity, since ¢ will be fixed throughout the proof, we will denote
u® = u.

We know that [Vu| < C, for some constant C. Take g,,(t) = g(t) + £, then

/
min{1, 8} < 9”((?; < max{1, go}. (4.13)
In
Take A, (p) = 92UpD - and Ln(v) = div(A,(Vv)). For Q' CC Q let us take u,, the

. [p|
solution of

{Enun = B (u) in O (4.14)

Uy = U on 0.

By (4.13),we have that all the g/, s belong to the same class and then, by the
results of [19] we have that for every Q” CC ' there exists a constant C' independent
of n such that ||u,||c1.e@ry < C.
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Therefore, there exists ug such that, for a subsequence

U, — ug uniformly on compact subsets of €’

Vu, — Vug uniformly on compact subsets of €)'.

On the other hand, A, (p) — A(p) uniformly in compact sets of RN. Thus, Luy =
B:(u) and, as up = u on IQ' in the sense of W (Q). Since Lu = (.(u), there holds
that up = w in ©'. (Observe that in the proof of the Comparison Principle, in Lemma
2.8 of [21] we can change the equation Lu = 0, by Lu = f(x) with f € L>() to
prove uniqueness of solution of the Dirichlet problem).

Now let us prove that the following equality holds,

,/ G ([Vun])tba, d“/ Fo(|Vtn ) Vitn Vo ttny, dz = 7/55(@%11/).
Q Q Q

In fact, for n fixed we have that F,,(t) = ¢,(t)/t > 1/n and then by the uniform
estimates of [14], u, € W2*2(Q). As u, is a weak solution of (4.14) and as u, €
W22(Q), taking as test function in the weak formulation of (4.14) the function ¥, ,
we have that

/Fn(|Vun|)VunV(1/Juml)dx:—/ﬂg(u)unmlwdm.
Q Q

As (Gn(IVunl)e, = gn(|VUn|)|¥ZZ‘(VUn)w1 = F(|Vun|)Vun(Vuy)z, we have
that

- / G| Vttn i, i+ / (V) Vet Vi g, e = — / B (Wi, b
Q Q Q

Passing to the limit as n — oo and then, integrating by parts on the right hand
side we get,

—/ GV, da:+/F(|Vu|)VuV¢uIl do = [ Bo(u)p, dz. O
Q Q Q

Now, we characterize some special global limits.
PROPOSITION 4.2. Let xg € Q and let u* be solutions to

Lu* = Bex (uak)

in Q. If u®* converge to a(x — wo)] uniformly in compact subsets of 2, with e — 0
as k — oo and o € R, there holds that

a=0 or a=o1(M).

Where ®(t) = g(t)t — G(t).

Proof. Assume, for simplicity, that g = 0. Since u** > 0, we have that o > 0. If
a = 0 there is nothing to prove. So let us assume that o > 0. Let ¢ € C§°(Q2). By
Lemma 4.2 we have,

—/G(|Vu8’“|)1pxl dx+/F(|Vu8’“|)Vu8’“V¢u§’; dx:/BEk(uE")szl. (4.15)
Q Q )
(

Since 0 < B, (s) < M, there exists M(z) € L>*(Q), 0 < M(z) < M, such that
B., — M x— weakly in L>(12).
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If y € QN {z; > 0}, then u** > <% in a neighborhood of y for k large. Thus,
ut* > g5, and we have

u®k /ey,
Batua) = [ Blods = M.

On the other hand, if we let K cC QN {z; < 0}, since by Proposition 4.1
Be,, (ut) — 0 in L' (K), we have that [} |VBe, (u)|dz = [, Bc, (u®*)|Vus*| dz — 0.
Therefore, we may assume that B., — M in L}, ({1 < 0}) for a constant M € [0, M].

Passing to the limit in (4.15), using the strong convergence result in Proposition
4.1 we have

—/ G(a),, dx + / F(a) azwwl de =M Ve, + M Ve, -
{x1>0} {11>0} {11>0} {131<0}
Then,
(—G(a) + g(a)a)/ Yy, dr =M g, do + M Yy, d.
{z1>0} {z1>0} {z1<0}

And, integrating by parts, we obtain

(—G(a) + g(a)a) / pdx' =M dr' — M »d'.
{z1=0} {z1=0} {z,1=0}

Thus, (—G(a) + g(a)a) = M — M.

In order to see that a = ®~1(M) let us show that M = 0.

In fact, let K CC {21 < 0} N Q. Then for any 7 > 0 there exists 0 < § < 1 such
that,

|KN{n<B,u)<M-n}| <|KnN{§<u/e; <1-5}|
< |Kﬂ{55j(uaf) > a/aj}{ —0
as j — oo, where a = infj5;_s5 8 > 0, and we are using that g, (u%7) is bounded in
L'(K) uniformly in j.
Now, as B(u®) — M in L*(K), we conclude that
IKn{n<M<M-n}=0

for every n > 0. Hence, M = 0 or M = M and, since o > 0, we must have M = 0.
0

PROPOSITION 4.3. Let xg € Q, and let u* be a solution to Lu = (., (u®*) in
Q. Assume g’ satisfies (4.19) below. If us* converges to a(x — zo)T + v(x — 20)]
uniformly in compact subsets of Q, with o,y >0 and €, — 0 as k — oo, then

a=vy< o (M)

Proof. We can assume that zy = 0.
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As in the proof of Proposition 4.2 we see that B, (u*) — M uniformly on
compact sets of {z1 > 0} and {z1 < 0}. Since u®* satisfies (4.12) we get, after passing
to the limit, for any ¢ € C§°(Q),

‘Amwjﬂww”“‘ﬂh@f*W””$:A”w“

Integrating by parts we obtain,

/ & (o) da’ — / O(y)pdr' =0
{z1=0} {z1=0}

and then, a = .

Now assume that o > ®~1(M). We will prove that this is a contradiction.

Step 1. Let Ry = {z = (z1,7") € RY : |z;| < 2,|2| < 2}. From the scaling
invariance of the problem, we can assume that Ro C Q.

We will construct a family {v } of solutions of (P;) in Ry satisfying v*/ (z1,2") =
v% (—x1,2') in Ra, and such that v% — u uniformly on compact subsets of Ro, where
u(x) = alzy].

To this end, we take b, = supp, |[u% — u| and v*/ the least solution constructed
in Theorem C.1 with 2 = R, and boundary values v*7 = u — b, on ORy. The
supersolution that we are taking when applying Theorem C.1 is a constant A > 1 such
that u® < A, and as subsolution we take a negative constant ¢ such that ¢ < u — b..
Then, we have that ¢ < u® < A, and by this theorem we obtain that v < uf.

We may apply the uniform estimates of the previous section in order to pass to
the limit for a subsequence that we still call v*/ and we get, v = limv%7 < u.

Another property that we obtain by using the extremality of v/ is that it is
symmetric with respect to the variable z1. In fact, if we take the function o(z1,2") =
v¥i (—xq,2’) this is again a solution. Therefore, by Theorem C.1, v%i(—xy,2’) =
(z1,2") < v% (x1,2"). Changing x1 to —z; we reverse the inequality, thus obtaining
the desired symmetry result.

In order to prove that u < v, we considered two cases.

First suppose that o > ®~1 (%‘)M). Let w € CY8(R), be the weak solution to

(F(|w’|)w')':‘%oﬂ(w) inR, w0) =1, w'(0)=oa.

Observe that, when w'(s) > 0, the equation is locally uniformly elliptic so that,
as long as w’ > 0, there holds that w € C? and a solution to

(9(w)’ = L B(w).

Suppose that there exists an s € R such that w’(s) = 0. Take s; as the supremum
of the s’s such that this happens. Then, s; < 0 and, in (s1,0], w’" > 0 and F(|w'|) w’ =
g(w’). Multiplying the equation by w’ and integrating in this interval we get,

0 0

- [ s+ gw| = B Bw)

S1 S1
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. /
Since g(w")w” = (G(w'))" we get,

o) = LM — L B(w(s) < LM
) ) 1)
which is a contradiction.

Then, w’ > 0 everywhere. By the same calculation as before, we obtain that for
any s € R we have,

(w/(s)) = B(a) + L B(w(s) - LM < d(a),

and
D(w'(s)) = ®(a) + %OB(w(s)) - ‘%OM > &(a) — ‘%OM — d(a), (4.16)
for some a > @ > 0. Thus, a < w'(s) < a.

Therefore, w'(s) = « for s > 0 and there exists § < 0 such that w(5) = 0. This
implies, by (4.16), that w'(3) = &, and then w’'(s) = & for all s < 5. Therefore,

1+ as s>0
w(s) =9 _
a(s—3) s <3
Let w® (z1) = qw(?—; - (I%J + §> then,
be . be.
w(0) = ajw( -4 §> = Ejo?(E— =5 §> = —b,
Qg4 Qe

and w®’(s) < a. Therefore, w® < u — be, in R so that, w* < v on ORo.
Then, by the comparison principle below (Lemma 4.3), we have that wi < v
in RQ.
be., be, . _ _
Take z1 > 0. Then, for j large rq — 2> > 5. Thus, %(:cl— I)+5> L 4+5>0
J

a 2¢;

for j large.

Therefore, w® (z) = ¢; + ary — £b.; + ag;5. Hence, w* — wu uniformly on
compact set of {z; > 0}.

Passing to the limit, we get that v < v in Ra N {z; > 0}. Observe that, since
v (21, 2') = v¥i (—x1,2'), we obtain that u < v in Ra.

This completes the first case.

Now, suppose that o < @_1(%M). Let w € C1#(R), satisfying
(F(lw')w") =B(w) inR, w(0)=1, w'(0)=a.

Again, when w’(s) > 0 the equation is locally uniformly elliptic and then w € C?.
Proceeding as in the first case we see that & < w'(s) < a in R where, in the
present case, ®(a) = ®(a) — M.

1+ as >0
w(s) =9 _
{a(s—s) s <s.
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be _
Let wi (z;) = qw(z—; — a2+ 5), then
be .

)

QEj

w9 (0) =egjw(— —=+5) =¢c;a(s—

and w®’(s) < a. Therefore, w® < u — be, in R, so that, w® < v% on OR; and since

ws' < a < <I>_1(%°M) we have, by the comparison principle below (Lemma 4.3),
that w® < v% in Ry. We can conclude as in the previous case that, u < v in Rs.

Step 2. Let RT = {z:0 < 1 < 1, |2| < 1}. Define,
F = / F(Vo™ |)(v3)? da’ + / F(|Vo™ o3, dS,
OR+TN{z1=1} OR*TN{|z’|=1}

where v, is the exterior normal of v%7 on OR™ N {|2'| = 1}. We first want to prove
that,

F < / (G ) + B, (o)) d
OR+N{z,=1}
In order to prove it, we proceed as in the proof of Lemma 4.2. This is, we can
suppose that F'(s) > ¢ > 0, by using an approximation argument. Therefore, we can

suppose that v¥i € W22(R,). Multiplying equation (P:,) by vy, in Rt and using the
definitions of G and F' we have,

8 E4 _ Ej Ej Ej
E; ._//wa—xl(a(wv |)) dx_//R+F(|w VoI Vs da

:// diV(F(\VUSJ\)Vz}EWfEi)d:ﬂ—// Be, (v vy = Hy — Gj.
R+ R+

Using the divergence theorem and the fact that v5?(0,2') = 0 (by the symmetry in
the x; variable) we find that, H; = F).
From the convergence of v — u = ax1| in R and Proposition 4.1 we have that

Vv — ae; a.ein R;‘ =Ry N{x; > 0}.

Since |Vv®i | are uniformly bounded, from the dominate convergence theorem we de-
duce that,

lim Fj :/ g(a)adx’ (4.17)
j—o0 OR+TN{z1=1}

and

) _ _
= / f(G(|Vv€j |) + Be, (vgﬂ')) dx’
OR+N{z1=0}
v (GOVo1) + By 07 d
IR+ {w1=1}

< / (Gvv™)) + B, (0)) a.
OR*+N{w1=1}
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Using again that v — u = «|z1| uniformly on compact subsets of R, we have that
|Vv®i | — a uniformly on OR* N {z; = 1} and B, (v/) = M on this set for j large.
Therefore,

limsup Fj < / (G(a) + M) dz'. (4.18)
j—o0 AR+ {z1=1}
Thus, from (4.17) and (4.18) we obtain ®(«) < M which is a contradiction. O

Now, we prove the comparison principle needed in the proof of the lemma above.
This is the step where we need an additional hypothesis: There exist 79 > 0 such
that,

g(t) <s2g'(ts) if 1<s<l+mn and 0<t<d (%OM). (4.19)

REMARK 4.2. We remark that condition (4.19) holds for all the examples of
functions g satisfying condition (1.3) considered in the Introduction.
This is immediate when g is a positive power or the sum of positive powers.
If g(t) = t*log (b + ct), we have for s > 1,
ct?

2/ _ a+1 _ja—1 a+2 a—1
ts) = s*Mat* log (b + ct > ot log (b + et
s°¢'(ts) = s""a og(b+ cts) + s i og (b+ ct) +

sct? ]
b+ctsl’
Since

a

2 _ a—1
g'(t) = at lOg(b+Ct)+7b+ct’

condition (4.19) holds if

S 1
> .
b+cts — b+ct

Or, equivalently
sb+ cst > b+ cst,

and this last inequality holds for s > 1.
Finally, if g € CY(R), g(t) = c1t® fort <k, g(t) = cat® + c3 fort > k we have

2 o st g ettt if st <k
s9 (tS) - az+1 as—1 ;
s T laqocat®? if st > k.

So that,
1. Ift > k, then ts > k and

s2g' (ts) = 572 M ageat® ™! > ageat®™ ™ = ¢/ (1),
2. Ifts <k (i. e. t <k/s), we have, in particular, that t < k and

s2g/(ts) = s Mayert™ 7' > areit Tt = g'().
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3. If k/s < t < k there holds that s%¢'(ts) = s%Tlagcat®?~! and ¢'(t) =
arcit® 1. Therefore, condition (4.19) is equivalent to
3a2+1 > a1

a2C2

for—az, (4.20)

Observe that the condition that g' be continuous implies that % = k%79%_ Thus,
(4.20) is equivalent to

g0+l > (%)alm. (4.21)

We consider two cases.
(i) If a1 > ag, (4.21) holds since t < k and s > 1.
(ii) If a1 < a2, ast > k/s there holds that,

(E)mfaz < 1 <5a2+1
2 goi—ar =% 0

because y%l < s since s > 1.
Let us now prove the comparison lemma used in the proof of Proposition 4.3.
LEMMA 4.3. Let w®(z1) in C*(R) such that w®'(z1) > & > 0 and let v*(x) > 0
a solution of Lv¢ = f(v°) in R = {z = (z1,2) : a < z1 < b, |2'| < 1}, continuous
up to OR. Then, the following comparison principle holds: if v¢(x) > w®(x1) for all
x € OR and if,
1. L(w®) > L6, (w) on R,

or
2. Lw® > Be(wf), w' < ®H(RM) and ¢ satisfies condition (4.19),
then, v¢(x) > we(xy1) for all x € R.
Proof. Since w®'(z1) > @ there exists ¢ such that w®(x¢) = 0. Let us suppose
that o = 0.
Since v®(x) > 0, we can find 7 such that,
w(xy —7) <v°(xr) on R.

For n > 0 sufficiently small define,

w (1) == w* (o (1 — ),

where ¢, (s) = s+ns? and ¢, > 0 is the smallest constant such that ¢, (s —c,) < s on
[—27,27] (observe that ¢, — 0 when n — 0). If ¢, — % < —27 then ¢, (s —¢,) <0 for

5 < ¢p. Observe that, in [-27,27], w*" < w® and, as  — 0, w*" — w* uniformly.
If we call @,(s) = ¢, (s — ¢,), we have,

Lw™" = g' (W (20w (24)(27)* + g (W' (20) &7 (84) ) (4.22)

In the first case we use that, by condition (1.3), we have for s > 1,

g (ts) > s8> 590 5 O90)

ts ts gos

Therefore

s (ts) > —sg'(t). (4.23)
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Taking s = @), and t = w®'($}), using (4.22), (4.23) and the fact that ©,” > 0,
w’ > 0 we have,

ell

5 N IR S o
LwT > gfog’(we'(son))w (&n)@) = gfoﬁw (@n) @) = Be(w™") &,

Since, f.(w®") = 0 when z; < ¢, and &’n > 1 when z1 > ¢,, we have that Lw®" >
Be(wem).

For the second case, choose 7 small enough so that 0 < ¢, <1 and ¢ (r) < 1+mn

for a < r < b.
If 21 < ¢, we proceed as in the previous case and deduce that L(w®7) > 0 =

ﬁg(w&’?)_

If 1 > ¢, we can apply condition (4.19) with s = ¢, and t = w*'({;,) since
we' < &ML M).

Then, using that ¢,” > 0, w®’ > 0 and (4.22) we have,

Lw™ > g (w0 (@) (Fy) = Lo (Fy) = Be(w™).

Summarizing, in both cases we have,
Lw®T > B (w™), wsT - w®asn—0 and w™" < w.
Let now 7* > 0 the smallest constant such that
wo(zy —7%) <0°(z) inTR.

We want to prove that 7* = 0. By the minimality of 7*, there exists a point z* € R
such that w®"(x} —7*) = v (z*). If 7* > 0, then w®"(x; —7*) < W (z1) < we(z1) <
v¢(x) on OR, and hence, z* is an interior point of R.

At this point observe that the gradient of w®"(x; — 7*) does not vanish and
Lw=" (x5 —7%) > Bo(ws(z* —7%)) = B (v (z*)) = Lv*(x*). We also have w*"(x1 —
7*) <v%(z) in R and w®"(xf — 7*) = v*(«*). Then, also Vw®"(z} — 7*) = Vo (z*).

Let,

N
Lv = Z aij (Vw21 — 77))vg,0; -

i,j=1

Since |[Vw®(z1 — 7*)| > 0 near z*, L is well defined near the point z* and, by
condition (1.3), L is uniformly elliptic.
Since Vw®"(z7 — 7%) = Vo (2*), we have that

N
Lw®Ma] — 7)) = Lw®(z] — 7%) > Lo*(z) = Z aij (Vs (2"))vg, 5, = Lv® (7).
ij=1

Moreover, since v® is a solution to

N

EU = Z aij(VUE(m))vwixj = ﬁe(v)a

4,j=1
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Lis uniformly elliptic in a neighborhood of x* with Holder continuous coefficients and
B:(v¥) € Lip, there holds that v* € C? in a neighborhood of x*.
Therefore, we have for some 7 > 0,

Lw*"(z1 — 7*) > Lv*(z) in By(z*)
W} 77) = v ()

wM(x1 — 7%) < v°(x) in R.

But these three statements contradict the strong maximum principle. Therefore
7* =0 and thus, w" < v® on R.
Letting n — 0 we obtain the desired result. a

5. Asymptotic Behavior of Limit Solutions. Now we want to prove —for
g satisfying conditions (1.3) and (1.4)- the asymptotic development of the limiting
function u. We will obtain this result, under suitable assumptions on the function u.
First we give the following,

DEFINITION 5.1. Let v be a continuous nonnegative function in a domain 2 C
RY. We say that v is non-degenerate at a point xg € QN {v = 0} if there emist c,
ro > 0 such that

1

— vdr >cr  for0<r<rg
r

B, (x0)

We say that v is uniformly non degenerate in a set Q' C QN {v = 0} if the
constants ¢ and ro can be taken independent of the point zo € Q. We have the
following,

THEOREM 5.1. Suppose that g satisfies conditions (1.3) and (1.4). Let u®i be
a solution to (Pe;) in a domain Q C RY such that u®i — w uniformly on compact
subsets of Q and €; — 0. Let z9 € QN O{u > 0} be such that O{u > 0} has an
inward unit normal v in the measure theoretic sense at xg, and suppose that u is
non-degenerate at xg. Under these assumptions, we have

u(x) = <I>*1(M)<x —x0, )" + o(Jx — 20]).

The proof of this theorem makes strong use of the following result,

THEOREM 5.2. Suppose that g satisfies conditions (1.3) and (1.4). Let u®i be
a solution to (P;) in a domain § C RN such that u®i — u uniformly in compact
subsets of Q and e; — 0. Let x9 € QN O{u > 0}. Then,

limsup |Vu(z)| < &~ H(M).

T—x(

u(xz)>0

Proof. Let

a = limsup |Vu(z)|.
arap

u(x)>0

Since u € Lipioc(2), @ < co. If; & = 0 we are done. So, suppose that a > 0. By the
definition of « there exists a sequence z; — x( such that

u(zg) > 0, [Vu(z)| — a.
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Let yx be the nearest point from z; to QN O{u > 0} and let d = |z — yx|.
Consider the blow up sequence ug, with respect to By, (yx). This is, ug, (z) =
éu(yk + dix). Since u is Lipschitz, and ug, (0) = 0 for every k, there exists ug €
Lip(RY), such that (for a subsequence) ug, — ug uniformly in compact sets of RY.
And we also have that Lug = 0 in {ug > 0}.
Now, set Zj = (2 — yx)/dr € 0B1. We may assume that z, — Z € 9B;. Take,

) Vudk(zk) . Vu(zk)
Vg ©

T [Vua, GR)l  [Vular)l

Passing to a subsequence and after a rotation we can assume that v, — e;. Observe
that By 3(2) C Bi(2) for k large, and therefore ug is an £L—solution there. By interior
Hélder gradient estimates (see [19]), we have Vug, — Vug uniformly in By /3(2), and
therefore Vu(z,) — Vuo(2). Thus, Vug(2) = ae; and, in particular, dg, uo(Z) = .

Next, we claim that |[Vug| < o in RV, In fact, let R > 1 and 6 > 0. Then, there
exists, 7o > 0 such that |[Vu(z)| < a+ 6 for any x € B, r(z0). For |z, — x0| < 10R/2
and dy < 79/2 we have, By, r(2x) C Br,r(zo) and therefore |Vug, ()| < a+ 6 in By
for k large. Passing to the limit, we obtain |Vug| < o+ d in By, and since § and R
were arbitrary, the claim holds.

Since Vug is Hélder continuous in By/3(Z), there holds that Vug # 0 in a neigh-
borhood of z. Thus, by the results in [18], ug € W22 in a ball B,.(2) for some r > 0
and, since

/A(Vuo)Vgo dz =0 for every p € C§°(B.(z)),

taking ¢ = 1,, and integrating by parts we see that, for w = Quo

8:61 )

N
B, (z)

ij=1

This is, w is a solution to the uniformly elliptic equation

Tw:= i aixz (aij (Vuo(x))w%) = 0.

1=

Let now @ = o — w. Then, @ > 0 in B,(2), w(z) =0 and 7w = 0 in B,(Z). By
Harnack inequality we conclude that @ = 0. Hence, w = v in B,.(%).

Now, since we can repeat this argument around any point where w = «, by a
continuation argument, we have that w = o in B1(Z).

Therefore, Vug = ae; and we have, for some y € RN, ug(z) = a(z; —y1) in
Bi(z). Since ug(0) = 0, there holds that y; = 0 and ug(z) = az; in B1(Z). Finally,
since Lug = 0 in {up > 0} by a continuation argument we have that ug(r) = az; in

On the other hand, as ug > 0, Lug = 0 in {ug > 0} and up = 0 in {z; = 0} we
have, by Lemma B.2, that

uo = —yz1 +o(|z|) in {z; <0}

for some v > 0.
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Now, define for A > 0, (ug)x(z) = Fug(Az). There exist a sequence A, — 0 and
ugo € Lip(RN) such that (ug)x, — ugo uniformly in compact subsets of RY. We have
ugo(z) = axf +yx7.

By Lemma 4.1 there exists a sequence ¢’; — 0 such that %5 is a solution to (PE;)

and usi — 1o uniformly on compact subsets of RY. Applying a second time Lemma
4.1 we find a sequence €7 — 0 and a solution usi to (ng) converging uniformly in
compact subsets of RY to ugy. Now we can apply Proposition 4.2 in the case that
v = 0 or Proposition 4.3 in the case that v > 0, and we conclude that o < ®~1(M).
|

Proof of Theorem 5.1. Assume that zo = 0, and v = e1. Take ux(z) = fu(Az).
Let p > 0 such that B, CC €, since uy € Lip(B,,) uniformly in A, ux(0) = 0, there
exists \; — 0 and U € Lip(RM) such that uy; — U uniformly on compact subsets of
RY. From Proposition 4.1 and Lemma 4.1, Luy = 0 in {u, > 0}. Using the fact that
e1 is the inward normal in the measure theoretic sense, we have, for fixed k,

[{ux >0} N{x; <0}NB| =0 asA—0.

Hence, U = 0 in {z; < 0}. Moreover, U is non negative in {z; > 0}, LU = 0 in
{U > 0} and U vanishes in {z; < 0}. Then, by Lemma B.2 we have that, there exists
« > 0 such that,

U(x) = az +o(|z]).

By Lemma 4.1 we can find a sequence €; — 0 and solutions ui to (Pe;.) such that
;. — U uniformly on compact subsets of RY as j — oo. Define Uy(z) = $U(\x),

then U » — az] uniformly on compact subsets of RY. Applying again Lemma 4.1

we find a second sequence o; — 0 and u?’ solution to (P,,) such that u — azf

uniformly on compact subsets of RV and,

Vu’ — axiz >o1e1  in nggjl(RN).

Now we proceed as in the proof of Proposition 4.2. Let ¢ € C$°(R™) and choose
ug)1) as test function in the weak formulation of Lu®/ = 3, (u7). Then,

B, (u7) = MX{z,>0} +MX{;31<0} x —weakly in L™

with M = 0 or M = M. Moreover ®(a) = M — M.
By the non degeneracy assumption on u we have,

1
— uy, dx > cr
r J

B,

and then,

1

g Uy, dx > cr.

B,
Therefore a > 0. So that we have that M = 0. Then, a = ®~(M).
We have shown that,

Ulr) O~ Y (M)xy + o|z|) r1 >0
= 0 T S 0
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By Theorem 5.2, [VU| < & 1(M) in RY. As U = 0 on {z; = 0} we have,
U< &Y M)z in {z; > 0}.

Since LU = 0 in {z1 > 0}, U = 0 on {x; = 0}, there holds that U € Ct*({z; >
0}). Thus, [VU(0)| = ®~1(M) > 0 so that, near zero, U satisfies a linear uniformly
elliptic equation in non divergence form and the same equation is satisfied by w =
U—® M)z in {z1 > 0} N B,(0) for some r > 0. We also have w < 0 so that
by Hopf’s boundary principle we have that w = 0 in {z; > 0} N B-(0) and then,
by a continuation argument based on the strong maximum principle we deduce that
U(z) = az] in RY. The proof is complete. 0

Now we prove another result that is needed in order to see that u is a weak
solution according to Definition 1.1.

THEOREM 5.3. Let u® be a solution to (P.,) in a domain Q@ C RY such that
u® — u uniformly in compact subsets of Q and ¢; — 0. Let zg € QN 0{u > 0} and
suppose that u is non-degenerate at xo. Assume there is a ball B contained in {u = 0}
touching xq then,

. u(z) -1

1 ——— =0 (M). 1
lglszlolp dist(z, B) (M) (5-1)
u(z)>0

Proof. Let ¢ be the finite limit on the left hand side of (5.1), and y, — zo with
u(yk) > 0 and

u(yx)
dy,

— (7 dk = diSt(yk, B)

Consider the blow up sequence uy with respect to By, (zx), where x5 € OB are points
with |z — yx| = dk, and choose a subsequence with blow up limit ug, such that there
exists

= lim 2Lk
" koo dp ’
Then, by construction, ug(e) = £ = (e, e), up(z) < l{z,e) for (x,e) > 0, up(x) =
0 for (z,e) < 0. In particular, Vug(e) = Ce.
By the non-degeneracy assumption, we have that ¢ > 0. Since |Vug(e)| = £ > 0

and Vuyg is continuous, both ug and ¢{x,e)™ are solutions of Lv = 0 in {uy > 0} N
{{z,e) > 0} N {|Vuo| > 0} where

N
Lv:= Z bij(Vuo)vwle

ij=1

is uniformly elliptic and

g'(IpDlp| 1) PiDj

bise) =85+ (%00 T

Now, from the strong maximum principle, we have that they must coincide in a
neighborhood at the point e.

By continuation we have that ug = £(z,e)™. Thus, we have by, Proposition 4.2,
that £ = ®~1(M). 0
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6. Regularity of the free boundary. We can now prove a regularity result
for the free boundary of limits of solutions to (Px),

THEOREM 6.1. Assume that g satisfies conditions (1.3) and (1.4). Let u®i be a
solution to (P:,) in a domain ) C RY such that u®i — u uniformly in compact subsets
of Q and e; — 0. Let o € QN O{u > 0} be such that there is an inward unit normal
v in the measure theoretic sense at xo. Suppose that u is uniformly non-degenerate
at the free boundary in a neighborhood of xo (see Definition 5.1). Then, there exists
r > 0 such that B,.(xo) N d{u > 0} is a CH* surface.

Proof. By Corollary 3.1, Theorem 5.1, Theorem 5.3 and the nondegeneracy as-
sumption we have that u is a weak solution in the sense of Definition 1.1. Therefore
Theorem 9.4 of [21] applies, and the result follows. O

7. Some examples. In this section we give some examples in which the nonde-
generacy condition is satisfied. So that, in these cases Op.q{u > 0} is a C1< surface.
For the case of a limit of minimizers of the functionals

Jg(v):/QG(WUDd:c—i-/QBE(v)dx (7.1)

with B.(s) = B.(s), we will also prove that HY~1(9{u > 0} \ Oyea{u > 0}) = 0.

The uniform nondegeneracy condition will follow from the linear growth away
from the free boundary. This is a well known result for the case of the laplacian. We
prove it here for the operator £ (Theorem 7.1). The proof is based on an iteration
argument that, in the case of the proof for the laplacian, makes use of the mean value
property (see [9]). We replace it here by a blow up argument (see Lemma 7.1).

LEMMA 7.1. Let ¢; > 1 and let u® € C(Q), |Vu®| < L with Lu® =0 in {u® > e}
be such that there exists C' > 0 so that u®(x) > Cdist(x,0{u® > e}) if u®(x) > c1€ and
d(z) = dist(z,0{u® > e}) < 1/2dist(x,08). Then, there exists 5o > 0, dg = do(c1,C)
such that Ve > 0 and Vz € {u® > c1e} with d(z) < 1/2dist(z, 0Q) we have

sup u® > (14 dp)u’(x).
By(z)(z)

Proof. Suppose by contradiction that there exist sequences d; — 0, 5 > 0 and
x € {ur > c1e} with dy = d(zx) < 1/2dist(z, 002) such that

sup u® < (14 0)u*(ag).
Ba,, (zk)

utk (zg + dix)

Take w(z) = e (20)

. Then, wy(0) =1 and

maxwg < (1+0;), wrp >0, and Lrwr=0 in By,
By

Ek t
where L0 = div(gk|(vv1f|)|)Vv) with gx(t) = g(%)
On the other hand, in By we have
dy; L
||Vwk||L°°(Bz) = [|[Vus*(zy "‘dkx)”LOO(BQ)m < ok
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Then, there exists w € C(B1) such that
wg — w uniformly in Bj.

Take 0 < r < 1 ant let vi(x) = (1 4 §) — wg(z). Then, since g satisfies (1.3),
by Harnack inequality we have

0 < wp(z) <c(r)ve(0) for |z| <.
By passing to the limit we have
0<1-—w<e(r)(1-w(0))=0.

Therefore w = 1 in Bj.
Let yi € O{ur > e} with |z — yi| = dg. Then, if z;, = ¥

k

— T

4 we have,
€k < i

usk(z) ~

and, we may assume that zy — z € 9B;. Thus, 1 = w(z) < é < 1. This is a

contradiction, and the lemma is proved. ]

THEOREM 7.1. Letcy > 1, C, L >0 and ' CC Q. There exist cg, rg > 0 such
that, if u* € C(Q) is such that Lu® = 0 in {u® > €}, ||[u®||Lo (), [[VUs|lpe@y < L
and u®(x) > Cdist(z,0{u® > e}) if x € {u® > c1e} N Q' and d(x) = dist(x,{u® >
e}) < 1/2dist(x,0) then, if xg € Q' N{u® > c1e} with dist(xg,H{u® > e}) <
1/2dist(x,08Y) there holds that,

sup u® >cor for0<r <rp.
By (z0)

Proof. The proof follows as that of Theorem 1.9 in [9] by using Lemma 7.1 and
the same iteration argument as in that theorem. 0

As a Corollary we get the locally uniform nondegeneracy of u = limu® if u® are
solutions to (P:) with linear growth. In fact,

COROLLARY T7.1. Let u® be uniformly bounded solutions to (P:,) in Q such
that for every Q' CC Q there exist constants ¢ > 1, C > 0 such that u®i(z) >
Cdist(x,0{u® > ¢;}) if x € {u% > c1g;} N QY and d(x) = dist(x,0{u™ > ¢;}) <
1/2dist(x,09). Assume usi — u uniformly on compact subsets of ).

Then, there exist constants cg, 1o depending on c1, C, the uniform bound of
||| ooy and ¥ such that for every xzo € Q' N {u > 0} such that dist(xo, d{u >
0}) < 1/2dist(xg,0),

sup u > cor for 0 <r <rg.
B, (zo)

Proof. The proof follows from Theorem 7.1 as in Chapter 1 in [9)]. |
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7.1. Example 1. Before we give the first example we need the following,

DEFINITION 7.1. Let u® be a solution to (P.). We say that u® is a minimal
solution to (P:) in S if whenever we have v° a strong supersolution to (P.) in Q¥ CC Q,
i.e.,

Ve
15

v® € WI’G(Q) NoEY), g(|vVee)) Vo

e Whi(QY), Lv® < B.(v°) in &,

which satisfies
v® > u® on 09,
then,

v& > in .

We will not discuss the existence of minimal solutions of the operator £ in this
paper. But, let us point out that the interest of considering this kind of solutions is
that, when 2 = (—o0,+00) X X, a solution u® of P. that is strictly decreasing in the
271 variable with lim,, 4o u®(21,2’) = 0 uniformly for 2’ € ¥ is a minimal solution.
The proof of this fact follows the lines of the comparison result Lemma 4.3. See also
[3], Theorem 7.1 for the proof that traveling waves of the equation Au® —u§ = [ (u°)
are minimal solutions.

We can prove for minimal solutions, as in Theorem 4.1 in [3], the following

LEMMA 7.2. Let u® be minimal solutions to (P.) in a domain Q C RN. For
every ' CC Q, there exist C,p and eg depending on N, 6, go, dist(Y',00) and the
function 8 such that, if € < &g and x € Q' then

u®(z) > Cdist(z, {u® <e})

if dist(x,{u® <e}) <p.

Proof. We drop the superscript e.

The proof is similar to the one of Theorem 4.1 in [3]. We have to make a modifi-
cation, since we are dealing with the operator £ instead of the laplacian.

Let 9 € {u > e}. Without loss of generality we may suppose that xg is the
origin, and let d.(0) = dist(0,{u < e} = 2v. In By, u satisfies Lu = 0 therefore, by
Harnack inequality, we have u < Cu(0) in B,, for some constant C.

We will construct a radial supersolution satisfying the hypotheses in the Definition
7.1, such that v(0) = ae < u(0) for some constant 0 < a < 1. Also v(y) > D~ for
some constant D under control.

By our hypothesis that u is a minimal solution it follows that we cannot have
v > u everywhere on 0B5,,. Therefore,

Dy <w(y) < Cu(0)

and this is what we want to prove.
Let 0 <a <b<1andlet ve C'(B,) be defined as

€a 0<r<mrg

u(r) = { ea+ k(r —ro) 5 ro <r <A
S41

H—-A(y—r)>s
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with 7o, A\, k, H, A to be chosen. Take A = rg + 6’5(6 — a) with C to be chosen, and
v — A= poy. Set v(A) = eb. Then,
eb—a) 1

k= S .
A=70)%  CH(eb-a)"’

Since |Vu| # 0 we have

Lv |W| A +Z( |v|vw||w| 1>|vvzé\ |$Z| e,

Thus, in A < r < v, since |[Vo| = A% (y —r)/9, we have

- N-1 ¢(Vu)|Vol 1

ﬁv—g(\Vvl)[ EPT)) 6(7*?")}
< g[S - yir} < a9 [ 5= - ﬁ]
) (N—1) 1
= g([Vv) [m - m}

Then, if pg is sufficient small we have Lo < 0in A <r < 7.
In rg <7 < X\ we have,

= g(vop [Nt SR L] o [Nty 0]

g(IVol)  0(r —ro) &(r = o)
and then, since |Vo| = k& (r — 19)1/9,
SHL (o \1/6
Evgg(k 5 (r—mo) )L
r—7"To
with L = L(go, 0, N).
Since k(r —ro)'/% < 1/C if r < A, we have
0+1 0+1
g(k 5 (r—ro)l/‘s) < R(k (7‘—7"0)1/5)6
with R = C? ( ). Thus,
R(k&EL(y — 1/6 1\ 6
o< pHES =)' ) _LR(‘SL) kS (7.2)
r—1g )

Since
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we have that in rg <7 <\, ae < v < be and

Lo< T < B(v).

So, with this election of A, k, 79 we have that Lv < §.(v) in B,.

On the other hand, by the continuity of v" we have that

R2EL : Lov— )5 = 4

Thus, k(X —7)Y/? = A(y — \)'/%. So that,

b a))l/é .
=C"".
(e(b—a))'/?

0+1

L \N\1/8

Alpon)'/® = (e
&

On the other hand, by the continuity of v, since v(\) = €b,
v(y) = H =eb+ A(y = N)T > A(uoy) T = O~ oy = Dy

with D = D(go, 0, k,a,b, N). And we have the desired result. d

Then, by Theorems 6.1 and 7.1, we have the following

THEOREM 7.2. Assume that g satisfies conditions (1.3) and (1.4). Let u®i be
uniformly bounded minimal solutions to (P;) in a domain Q C RYN such that u®i — u
uniformly in compact subsets of  as e; — 0. Then, QN dpeq{u > 0} € CH>.

7.2. Example 2. We consider solutions of (P:) that are local minimizers of the
functional:

1.0) = [ [G(90l) + Bo)] do (7.3)

where B.(s) = (B:(s). This is, for any Q' CC Q, v minimizes
[ 166 + Beo) da

in uf + WG Q).

By Theorem 7.1, in order to prove the nondegeneracy we only need to prove the
linear growth away from d{u® > e}. The proof follows the lines of Corollary 1.7 in
[9].

LEMMA 7.3. Given ¢y > 1 there exists a constant C' such that if u® is a local
minimizer of J. in By and u®(xo) > c1€, 29 € By)4, then

uf(xo) > Cdist(xg, {u® < e})

if dist(zg,{u® <e}) <1/4.
Proof. The proof follows as in Theorem 1.6 in [9]. d
Therefore, we have that minimizers satisfy the uniform nondegeneracy condition.
Now, we want to prove that for the limiting function we have that almost every
point of the free boundary belongs to the reduced free boundary. To this end, we will
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prove that the limiting function is a minimizer of the problem treated in [21]. We will
follow the steps of Theorem 1.16 in [9]. We will only give the details when the proof
parts from the one in [9].

First we want to estimate the measure of the level sets 9y where 2y = {u® > A}.
Without loss of generality we may assume that By CC Q.

For a given set D we denote by N5(D) the set of points x such that dist(z, D) < 4.

THEOREM 7.3. Given ¢y > 1 there exist ca,c3 > 0 such that if X > ci1e and
1/4 > § > o\ then, for R < 1/4 we have,

IN5(09) N BRr)| < cs6 RN L.

In order to prove this theorem, we need two lemmas.
LEMMA 7.4. If A > e and R < 3/4 then,

/ G(|Vu|)dx < eSRN 1.
{A<us<8}NBr

Proof. First, let us prove that for w € W% (Bg) such that suppw C {u® > \}
with A > €, we have

F(|Vu5\)Vu5dea::/ F(|Vu 5\) ey (7.4)

Br aBR

We follow the ideas in the proof of Lemma 4.2. This is, we suppose first that
F(t) > c and then, we use an approximation argument as in that lemma.

If F(t) > c then, by the estimates of [14], we have that the solutions are in
W?22(Q), so equation (7.4) follows by integrating by parts and using that Lu® = 0 in
{u® > €}. Finally we use the approximation argument of Lemma 4.2 and the result
follows.

Now, let w = min{(u — \)*,§ — A\}. Then, w € Wh%(Bg), suppw C {u® > \}
so that, by (7.4) we have,

/ G(|Vu|)dz < C F(|Vu E|) e < CSRN!
{)\<u5<5}ﬁBR (‘)BR

and the result follows. 0
LEMMA 7.5. Given ¢y > 1 there exist C1,Ca,co > 0 such that, if A > c1e and
1/8 > 6 > co\ we have, for R < 1/4,

IN5(0Qx) N Br| < 02/ G(|Vu®|) dz

{A<us<C16}NBRr+s

Proof. First, we cover Ns(0Qy) N Bg with balls B; = Bs(x;) with centers z; €
002y N Br which overlap at most by ng (with ng = ng(V)).
We claim that in each of these balls there exist two subballs B} and sz with radii
r; = C'§ with C to be fixed below such that, if v = (u® — \)* then,

Co . 1 Co . 2
v2§6 1nBj, v§1—65 mBj7

where cg is the constant of nondegeneracy for balls centered in Bj,4 with radii at
most 1/8.
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In fact, take B? = By, (x;) with r; = 1§70 (here ||Vu®||p~(p,, ) < L). Observe

that, since u®(x;) = A then, v(z) < Lr; = {46 if x € B}.
Let now, y; € Bs/4(x;) such that

)
u®(y;) = sup u° > 601.
Bsya(zj)

Let B} = By, (y;). Then, if z € Bj,

)
u®(z) > u(y;) — Lr; > COZ — Lr;.

Thus,

if ¢ St < 1%
Let mJ =, v. We claim that in one of the balls le-, BJZ we must have |[v—m;| >
J

¢d for a certain constant ¢ > 0.
Suppose by contradiction that there exist x; € le. and x9 € ng with

[v(z1) —m;| < cd lv(z2) —m;| < cd.
Then,
gé - 1—6(5 < wv(zy) —v(z2) < 28

which is a contradiction if we take c¢o/16 > 2c.
Therefore, if k is such that |Bj1| = |B?| = k|B;| we have, by the convexity of G
and Poincare inequality that,

. i),
— G(|Vo|)dz > G —_ V| dx
31 J,, GOV (37 /], Ivelde)
m]| C
> B
> (g [, " ) = 615, MBle)
This implies that
(/ G(IVo|)da > C|By|.
B

As
Br ﬂNg(aQ,\) C UB]

we have

1
EICVE SIETEFS Sy RELLIEE

g@/ G(|Vo]) de = ™0 GV da
¢ Jus, C JuB;n{us>ay
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On the other hand, if z € B; then u®(z) < C10 where Oy = ¢, + L. Then, as
\UBj C Bgys, we have

|Br N N;(090)| < 2

i/ GV dz. O
C {A<us<C16}NBRr+s

Proof of Theorem 7.3. Using Lemmas 7.4 and 7.5 we have

Br_s N N3(094)] < Co / G(IVu|) da < CocCyoRN .
{A<us<C18}NBR

As |Br \ Br—s| < CSRN~! we obtain the conclusion of Theorem 7.3. 0

Now, we can pass to the limit as ¢ — 0. There exists a subsequence u** converging,
as g — 0, to a function uy € WHE(Q) strongly in Lo+1(Q), weakly in W& (Q) and
uniformly in every compact subset of (2.

Let ' CC Q, 29 € Q' NO{ug > 0} and pg < 1/2dist(Y, 9). Then, by using the
previous results we can prove as in Theorem 1.16 in [9] that ug is a local minimizer of

Jo(v) = /B G0+ Mgy
p\To

Finally we can apply the results of [21] and conclude that H™ ~!-almost every
point of the free boundary belongs to the reduced free boundary. Moreover, by ap-
plying the regularity results for minimizers of Jy from [21] (see [20] for the regularity
of the whole free boundary in dimension 2) we have the following theorem

THEOREM 7.4. Suppose that g satisfies (1.3). Let u®i be a local minimizer of
(7.3) in a domain Q C RN such that u/ — u uniformly in compact subsets of Q and
g; — 0. Then, Orea{u > 0} is a CH* surface and HY~*(0{u > 0} \ Drea{u > 0}) = 0.
In dimension 2, if there exist ty and k such that g(t) < kt for t <ty there holds that
the whole free boundary is a reqular surface.

Appendix A. Properties of G . The following result is proved in [21].
LEMMA A.1. The function g satisfies the following properties,
(91) min{s”, s }g(t) < g(st) < max{s’, 5% }g(t)
(92) G is convex and C*?
tg(t
(03) 9D Gy <o) viso.
14 go
REMARK A.1. By (g1) and (93) we have a similar inequality for G,
G(t
(G1) min{s‘”l,sgﬁl}# < G(st) < (14 go) max{s®+t s90+H11G(t)
0

and, then using the convexity of G and this last inequality we have,
(G2) G(a+0b) <2%(1+ go)(G(a) + G(b)) ¥ a,b> 0.
As g is strictly increasing we can define g~!. Now we prove that g—! satisfies a
condition similar to (1.3). That is,
LEMMA A.2. The function g~ satisfies the inequalities

tg)'(1) _ 1

1
- < =
-4

< vt > 0. (A1)

1

Moreover, g~ satisfies,

min{sl/‘s,sl/go}g_l(t) < g_l(st) < max{sl/‘s,sl/go}g_l(t) (91)
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and if G is such that G'(t) = g~1(t) then,

MO <Gy <tg ) vizo @)

(1 ; O min{s1+1/8, s1H1/90)Gi(1) < Gi(st) < % max{s"H/% V90V G(1) (G
ab < £G(a) + C(e)G(b) Y a,b>0 and £ > 0 small (93)

Glg(t) < goG (1) (F4)

THEOREM A.1. LG(Q) is the dual of LE(Q). Moreover, L (2) and W1 (Q) are
reflexive.

Appendix B. A result on £-solutions with linear growth.

In this section we will state some properties of L-subsolutions.

LEMMA B.1. Let 0 < r < 1. Let u € C(B)) be such that Lu > 0 in B} and
0 <u < azry in Bf, u < dpazxy on OB} N B,,(Z) with € OB}, Ty > 0 and
0<dg<1.

Then, there exist 0 < v <1 and 0 < n <1, depending only on r and N such that

u(z) < yaxy in B

Proof. By the invariance of the equation Lu > 0 under the rescaling @(z) =
u(rz)/r we can suppose that r = 1.
Let ¥* be a L,-solution in Bf', with smooth boundary data, such that

P =2an on OB] \ B,,(7)
Sorn <Y <zy on B N B, (7)
P = Jox N on 3Bf_ N BTO/Q(f),

where L,v = div(ga|(|vv|v|)VU) and ¢, (t) = g(at).
v

Therefore, L(ay®) = 0 and, by the comparison principle (see [21]), u < ay)® in
B
If we see that there exist 0 < v < 1 and n > 0, independent of «a, such that
Y® < vyay in B, the result follows.

First, observe that,

ga(t)t
9o (t)

Then, by the results in [19], for 0 < py < 1 and some 0 < 8 < 1,

6 <

< 9o- (B.1)

v e CYA(BJ,) N CP(BY).
The C*° (ﬁ) and C” (Bii") norms are bounded by a constant independent of a.

The constant of the Harnack inequality is independent of a.
(B.2)
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If [V4)¥| > > 0 in some open set U, we have that ¢* € W22(U) and 9 is a
solution of the linear uniformly elliptic equation,

N
Toth =Y bithes, =0 inT, (B.3)

ij=1

where

T DIVE] ) DDy
PROZ) Ve

and the constant of ellipticity depends only on gg and 6.
Now, we divide the proof into several steps.

by = b+

Step 1

Let w® = xx — . Then, w® € CYP(BJ) N CP(Bf) and it is a solution of
Tow® =0 in any open set U where |V¢®| > p > 0.

On the other hand, as ¥ < z on (9Bfr and both functions are £,-solutions we
have, by comparison, that ¥ < xy in Bfr. Therefore w® > 0 in Bf'.

Step 2
Let us prove that there exist p, ¢ and «g, such that |V¢*| > ¢in B/j‘ if0 < a < ap.
First, let us see that there exist ¢ > 0 and a; such that

P¥(1/2en) > c f0<a<a. (B.4)

If not, there exists a sequence o — 0 such that ¢**(1/2en) — 0. Since the
constant in Harnack inequality is independent of « (see (B.2)), we have that, Y — 0
uniformly in compact sets of Bi".

On the other hand, using that 1® are uniformly bounded in C” (?f), we have
that there exists ¢ € CY(Bj") N Cﬁ(?f) such that, for a subsequence, ¥* — 1
uniformly in Bif'

Therefore, ¢ = 0 in Ff But we have that ¢ = dozy on B, /2(Z) N an, which
is a contradiction.

Now, let 1 € {xy = 0} N Byjp. Take v = 21 + <%. By (B.2) we have that
there exists a constant ¢; independent of a such that, ¥*(z) > c;9*(1/2en) for any
x € 0By 3(wo) and therefore, by (B.4), v* > ¢ on 9By /3(x0).

Take v = 5(6_/\“”_"”0'2 — e*16) and choose A such that Lov > 0 in By 4(o) \
B /s(x0) and € such that v = ¢ on 0By s(xo) (observe that, by Lemma 2.9 in [21] A
and e can be chosen independent of ).

Since * > 0 = v on I By j4(x0) and ¥ > v on I By /g(x0) we have, by comparison,
that ¥ > v in By 4(zo) \ Biys(wo).

On the other hand vy, (z1) = €2A(xg — gvl)J\f(f)“g”l’g”O‘2 = 22e"M16 = ¢ and
therefore ¥ (z1) > ¢.

As Vi are uniformly Hoélder in B;)“/ 4» We have that there exists p independent

of a and 1 such that ¥g (x) > ¢ in Bf (x1).
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Step 3

Since [V4®| > ¢ in B, we have that, T,w® = 0 there.

Suppose that w*(1/2pey) > ¢, with ¢ independent of a. Then, by Hopf’s Prin-
ciple we have that there exists o1 depending only on N and the ellipticity of 7, such
that w® > o2y In B:/Q. Then, taking v = 1 — 07 we obtain the desired result.

Step 4

Finalu)lly, let as see that the assumption in Step 3 is satisfied. This is, let us see
that w*(1/2pen) > & > 0 where ¢ is independent of .

Suppose, by contradiction that for a subsequence, w®*(1/2pen) — 0. We know
that in B; Tow® = 0. Therefore, applying Harnack inequality we have that w®* — 0
in B,‘)".

On the other hand, since ¥* — ¢ and V4* — V1 uniformly in Bijo for every
0 < po < 1 there holds that w® — w = z,, — ¢ in C'(B}},). Let

A={z e Bf /w=0},

and suppose that, there exist a point z; € 9A N B; . Then, as w* > 0 we have that
w attains its minimum at this point. Therefore Vw(z1) = 0.

Since Vw* — Vw uniformly in a neighborhood of x1, we have that for some
7 > 0 independent of ag, |V¢**| > 1/2 in B;(z1). Thus, in this ball, w®* satisfies
To,w = 0.

Now, applying Harnack inequality in B,(x;) and then, passing to the limit we
obtain that w = 0 in B /;(x1), which is a contradiction.

Hence, w = 0 in B}. But, on the other hand, we have w = xn — Jozx > 0 on
0By N B, /2(7), which is a contradiction. ]

With Lemma B.1 we can also prove the asymptotic development of £L— solutions.

LEMMA B.2. Let u be Lipschitz continuous in B, u > 0 in Bi”, Lu =0 in
{u>0} and u =0 on {xy =0}. Then, in By u has the asymptotic development

u(z) = azy + o(|z]),
with o > 0.
Proof. Let
o = inf{l / u < lz, in B ;}.

Let o = limj_,c ;.
Given g > 0 there exists jo such that for j > jo we have a; < av+¢¢. From here,
we have u(z) < (o + €9)zn in B, so that
u(z) < axy + o(|z|) in By .
Since u > 0, if @ = 0 the result follows. So, let us assume that o > 0.
Suppose that u(z) # axzy + o(|z|). Then there exists xx — 0 and ¢ > 0 such that
u(zy) < azgp N — S|zl

Let 7 = |2x| and ug(z) = 7}, 'u(rpx). Then, there exists uy such that, for a subse-
quence that we still call uy, uy — uo uniformly in Bj" and
up(Zr) < afp,n — 0

ug(z) < (a+¢eo)zy in By,
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where T, = f—:, and we can assume that Z, — xg.
In fact, u(z) < (o + g9)zn in B, therefore ug(z) < (o + o)y in B:';12_j0,

and the claim follows if k is big enough so that r,:12_j° > 1.
If we take @ = o + g we have

Luy, >0 in B

ug =0 on {xny =0}
0<up<axry on ('“)Bfr

uy, < dpax N on (“)Bfr N Br(z),

for some z € OB, Zy > 0 and some small 7 > 0.
In fact, as the uy’s are continuous with uniform modulus of continuity, we have

uk(xo) < axon — g, if k> k.

Moreover there exists rg > 0 such that ug(z) < azxy — g in Bay, (o). If zo,n > 0 we
take T = xg, if not, we take T € dBs,,(xo) N OB;. Then, Ty > 0 and

)
up(x) < azy — 1 in B,,(Z) cC {xn > 0}.

Moreover, there exists 0 < dg < 1 such that axry — g < dpazxy < dpazy in By (Z),
and the claim follows.

Now, by Lemma B.1, there exists 0 < v < 1, n > 0 independent of g9 and k, such
that ug(z) < v(a +€9)zy in B;f. As vy and 7 are independent of k and &, taking
o — 0, we have

ug(z) < yaxy in B;‘.

So that,

+

u(z) < yaxy in B,

Now if j is big enough we have ya < o; and 277 < rpn. But this contradicts the
definition of a;. Therefore,

u(z) = azy + of|z|),

as we wanted to prove. O

Appendix C. Existence of extremal £-Solutions.

In this section we will prove the existence of extremal solutions. First we will give
the definition of sub- and supersolution of problem (1.1) in a more general sense (for
simplicity we will omit the ¢).

In [23] there is a review on this topic.

DEFINITION C.1. A function t € W49 (Q) is called a supersolution if @ is of the
form,

@ = min{ay, Ug, ..., Um },
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where Uy, Uz, ..., Uy, € WHF(Q) and each 1, 1 < j < m satisfies the following condi-
tion,

{[,Uj < 5(ﬁj)> on § (Hsuper)

uj > ug on 012,

in a weak sense, with ug € C*(Q) N WHE(Q) .

Subsolutions are defined in the same way as maxima of finite number of func-
tions in W (Q) satisfying condition (H,,) obtained by reversing the inequalities in
(Hsuper)~

We will assume in this section, the existence of a subsolution v = max{uy, ..., u;}
and a supersolution @ = min{y, ..., 4y, } such that v < 4. We will also assume that
there exist a constant A such that for all i = 1,..,k and j = 1,..,m we have |u;| < A
and |u;| < A.

Using the same technique as in Theorem 8 in [15], we will prove the following,

THEOREM C.1.

1. Problem (P.) has a least solution u, —with boundary data greater than or
equal to ug on 00— in the order interval [u,d], i.e, u < u, < @ and if u is any
solution of (P:) with u > ug on 9Q such that u < u < @, then u, < u. Moreover,
Uy = ug on 0f2.

2. Problem (P.) has a greatest solution u* —with boundary data less than or
equal to ug on 00— in the order interval [u,a), i.e, u < u* < @ and if u is any
solution of (P.) with u < ug on OQ such that u < u < @, then u* > w. Moreover,
uw* = ug on 0N2.

To proof of this theorem is based on the following

LEMMA C.1. There exists a solution u of (1.1) with u = ug on 0, such that
u < u< U

Proof. We use a construction similar to the one in [15]. Here, we have to make a
modification, since we are dealing with the space W& (Q). We define b : Q x R — R
by

9(10A — a(x)) if ¢>104

g(t —u(z)) if 104 >t> a(x)
b(z,t) =40 it wulx) <t<a(z)

—g(u(z) — )] it —10A<t<u(z)

—g(u(z) +104)  if < —10A.

Since |u|, |u| < A, there holds that |b(x,t)| < g(11 A) for every z € Q, t € R.
Let 1 <i<k, 1<j<m and define, for each u € W% (),

w,; () if  w(z)<
Tij(u)(x) = 4 u(z) if w(z) <
aj(z) it w(z) >

and

it wu(z) <ulx)

IS
—~
5

<
—

)
NN

if
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for a.e.x € Q.
Next, we consider the following equation:

—L(u) + B(u) + C(u) = 0 weakly in ©Q, = ug on O (C.1)
where,

B(u)(x) = b(z, u(x))
and

Clu) := B(T(w)) - Z 18(T35(w) = B(T (w))]

First, we want to show existence of solution of (C.1). We will use a fixed point
argument.

For each v € C(Q) take u the weak solution of Lu = ~(z,v) where y(z,v) =
b(z,v) + C(v)].

Observe that, since |b(x,v)| < g(11 A) and, since [ is bounded we have |y(z,v)| <
Ca.

Moreover, since ug € C%(Q) there exist 0 < ji < 1 and a constant K4 such that
||U||cﬂ(§) < Ka.

Let 0 < pu < f1 and consider the operator M : Bi, — Bk, where B, = {v €
CH(Q): [vllcu(m) < K a} such that M(v) = u, where u is the solution of Lu = y(z,v)
with u = ug on 0f). We want to show that this operator has a fixed point, that is, a
solution of Lu = ~(x,u). By Schauder’s fixed point theorem, this holds if the operator
M is compact.

Let us see that this is the case. In fact, let [[vy[/cn@) < Ka. Then, by the
results of Lieberman [19], the corresponding solutions u, satisfy [|unllcsm) < Ka
and ||Vl ca@y < Ca,q for every Q' CC Q. Therefore, for a subsequence, u,, — u
in C*(Q) and Vu,,, — Vu uniformly on compact sets of 2. Moreover, without loss of
generality we may assume that v,, — v uniformly in 2. Then, passing to the limit,
we have that u € B, is the weak solution of Lu = y(z,v), u = ug on 92 so u = M.
Thus, M is compact.

We will show that any solution w of (C.1) must satisfy

u, <u<a, Yge{l,..,k}, re{l,.,m} (C.2)

(C.2) implies that u = max{gq 1< ¢ <k} <u<min{a :1<r<m}=a.
And then, by the definition of b we have that, b(z,u(z)) = 0 a.e in Q, i.e B(u) = 0.
Also T;;(u) = T(u) = u Vi, j. Thus, C(u) = S(u). Therefore, u is a solution of (1.1)
and u <u <.

So, let us prove that u, <u (similarly we can show that u < @.).
Since, U, satisfies (Hgyp), we have that

L(u,) > Blu,).
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Subtracting (C.1), we obtain for ¢ € W& ¢ >0,
— (L(uy), &) + (L(u), 9)

< | [ptag) - AT + T 1) - ar]]ods .

1<j<m

+ /Q b(x,u)¢p dz.

Taking ¢ = (u, —u)" as a test function in (C.3) we get, by the monotonicity of
the operator —L,

Vi, Vu
(=L(u,) + L(u),¢) = /Q [g(\ngDw — g(|vu|)m} Vo da
Vi, Vu
=y B D [P =] 20
(C.4)
On the other hand,
/Q [ﬁ(uq) + B(T(u) + Z |B(T;5(w)) — g(T(u)),] (u, — u)* dz
o (C.5)
= [, [ = s+ 3 |3 ) - )| e, - 2o

In fact, for u,(x) > u(z), we have u(z) > u(x) and
Toj(u)(x) = uy(x),  T(u)(z) = u(z).

Hence,

Bluy) — B(T(u)) + Z |B(T35(w)) = B(T(w))|

> Blug) = BT (W) + |B(Ty;(u) = BT (w)| = Bluy) — Bu) + |B(w,) — Bu)| = 0

and thus (C.5) holds.
Using (C.3), (C.4) and (C.5) and observing that u, < u we obtain,

0< [ b(-u)(u, —u)* dxz/ b(-,u)(u, —u)dr
o {,(@)>u(@)}

—g9(u—u)(uy —u)dzx

/{uq (z)>u(x)>—10A}

+/ —g(u+104)(u, —u) dz <0,
{u, (@)>u(z),—10A>u}

from where it follows that

O:/ g(u—u)(uy —u)dx
{u, ()>u(z)>-104}

> / o, — u)(u, — u) dz = / ol(uy — ) ), — w)* da.
{u, (@)>u(z)>-10A4} {u>—10A}
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This implies (u, —u)* =0 a.e in {u > —10A4} i.e u, <win {u > —104}.

On the other hand,

0= / g(u+104)(u, — u) dx
{u, (z)>u(z),u<-10A}

>

/ g(9A4)9A dx = g(9A)9A‘{gq(x) > u(z),u < —104}|.
{u, (®)>u(z),u<-10A}

This implies ’{gq(ac) > u(z),u < —10A}‘ =0.
Then, u, <w a.e. in {u < —10A}. (And then, {u < —104} = 0).
In any case, U, < u. And the result follows. 0

Proof of Theorem C.1. To complete the proof we follow the lines of Theorem 8
in [15].

To prove (1), let C be any bound of ug in W% (Q). Let C be the a priori bound
in WhG(Q) of a solution to (1.1) with boundary value bounded by C in W% ().
Define,

Te = {u e WH4(Q) : |Jullwre < C and
w is a solution of (1.1) such that u < wu < @ and u > ug on 9N}

Then, T is not empty, by the previous Lemma. We have to prove that T (with the
order <) has a least element. The proof is based on Zorn’s lemma and a continuity
argument. ~

Since in our case |ul, |u| < A we can take v = A—wu, [(t) = féﬂ(’qg_t), v=A—
v=A—u and

N

Y

Lv = B(v) (C.6)
we consider the set (with a constant C' related to C', A and )

Sc = {v e Wh4(Q) : ||v|lwr.e < C and v is a solution of (C.6) such that v < v <@
and v < vy on IN}

and prove that S has a largest element. Observe that now v > 0 for all v € S. By
the previous Lemma S # (.

The proof of Theorem 8 in [15], uses the fact that the functions in S¢ are non-
negative and a compactness argument. In our case, since the functions in S¢ are
uniformly bounded in W% (Q), any sequence in S¢ has a subsequence that converges
a.ein Q, HV~1— a. e. on the boundary, weakly in W% (Q) and uniformly on compact
subsets of ) together with their gradients. Therefore the limit belongs to S¢. Using
this argument, we can follow the lines of that theorem, and conclude that any chain
in S¢ has an upper bound in S¢. Then, by Zorn’s Lemma, S¢ has a maximal element
v* in S¢ with respect to the partial order <.

Let us see that v* is the largest element of Sc. Let v € S¢. Since v and v* are
both subsolutions, max{v,v*} is a subsolution of (C.6). Then, by Lemma C.1 there
exists a solution w of (C.6) with w = vg on 02, such that v < max{v,v*} < w < o.
Thus, w € S¢ and w > v*. By the maximality of v*, w = v* and then v < v*.

Observe that, in particular, the fact that w = v* implies that v* = vy on 0.

Observe that, in an analogous way, we can prove (2) by taking a set similar to S.
|
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