
ASYMPTOTIC BEHAVIOR FOR A NONLOCAL DIFFUSION EQUATION
WITH ABSORPTION AND NONINTEGRABLE INITIAL DATA. THE

SUPERCRITICAL CASE

JOANA TERRA AND NOEMI WOLANSKI

Abstract. In this paper we study the asymptotic behavior as time goes to infinity of the
solution to a nonlocal diffusion equation with absorption modeled by a powerlike reaction −up,
p > 1 and set in RN . We consider a bounded, nonnegative initial datum u0 that behaves like a
negative power at infinity. That is, |x|αu0(x) → A > 0 as |x| → ∞ with 0 < α ≤ N . We prove
that, in the supercritical case p > 1 + 2/α, the solution behaves asymptotically as that of the
heat equation –with diffusivity a related to the nonlocal operator– with the same initial datum.

1. Introduction

In this paper we study the asymptotic behavior as time goes to infinity of the solution to a
nonlocal diffusion equation in RN with an absorption term. We are interested in the case in
which the initial datum is nonintegrable. More precisely, we consider a bounded datum u0(x)
such that |x|αu0(x) → A > 0 as |x| → ∞ with 0 < α ≤ N . The problem under consideration is
the following

(1.1)
ut(x, t) =

∫
J(x− y)

(
u(y, t)− u(x, t)

)
dy − up(x, t)

u(x, 0) = u0(x)

where J ∈ C∞
0 (RN ), radially symmetric with J ≥ 0 and

∫
J = 1.

The term
∫

J(x − y)
(
u(y, t) − u(x, t)

)
dy in (1.1) represents diffusion. In fact, let u(x, t) be

the density of a population at the point x at time t. The kernel J(x − y) may be seen as the
probability distribution density of jumping from site y to site x. Thus,

∫
J(x − y)u(y, t) dy

represents the rate at which the population is arriving at the site x from all over space. By the
symmetry of the kernel J ,

∫
J(x− y)u(x, t) dy represents then the rate at which it is leaving the

point x.

The absorption term −up(x, t) in the equation represents a rate of consumption due to an
internal reaction.

This diffusion operator has been used to model several nonlocal diffusion processes in the last
few years. See for instance [1, 2, 3, 4, 9, 19]. In particular, nonlocal diffusions are of interest
in biological and biomedical problems. Recently, this kind of nonlocal operators have also been
used for image enhancement [10].
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It can be seen that -when properly rescaled- the nonlocal operator approximates a∆, where
∆ is the Laplace operator and a is a constant that depends only on J and the dimension N .
(See, for instance, [7, 8]).

Another close relation to the heat operator with diffusivity a was found in [5, 13] where it
was proven that, for bounded and integrable initial data, the asymptotic behavior as t tends to
infinity of the solution uL to the equation without absorption

(1.2) ut(x, t) =
∫

J(x− y)
(
u(y, t)− u(x, t)

)
dy = Lu,

is the same as that of the solution of the heat equation with diffusivity a and the same initial
condition. Namely,

(1.3) tN/2‖u(x, t)−MUa(x, t)‖L∞(|x|≤K
√

t) → 0 as t →∞ ∀K > 0,

with Ua the fundamental solution of the heat equation with diffusivity a and M =
∫

u0 the
initial mass. The assumption on the initial condition is that u0 ∈ L∞ ∩ L1.

In a recent paper [17], the nonlocal equation with absorption (1.1) was considered in the case
u(x, 0) ∈ L∞ ∩ L1 and p > 1 + 2/N . The authors prove that u also satisfies (1.3). Some results
for p < 1 + 2/N can also be found in that paper. The critical case p = 1 + 2/N was left open.

On the other hand, the asymptotic behavior of the solutions to the heat equation and of the
heat equation with absorption are very well known for some nonintegrable initial data with a
precise power like behavior at infinity. In fact, Kamin and Peletier in [14] study the asymptotic
behavior of the solution to

(1.4)
ut = a∆u− up in RN × (0,∞),

u(x, 0) = u0(x) in RN ,

with u0 ∈ L∞ and u0 ≥ 0 such that

(1.5) |x|αu0(x) → A > 0 as |x| → ∞,

with 0 < α < N . In fact, the authors prove that

(1.6) tα/2‖u(x, t)− Uα,A(x, t)‖L∞(|x|≤K
√

t) → 0 as t →∞ ∀K > 0,

where Uα,A is the solution to

(1.7)
Ut = a∆U − δp,αUp in RN × (0,∞),

U(x, 0) =
A

|x|α in RN .

Here δp,α = 0 in the supercritical case p > 1+2/α and δp,α = 1 in the critical case p = 1+2/α.

Then, in [15], Kamin and Ughi study the case where α = N in (1.5) and p > 1 + 2/N . They
prove that

(1.8) tN/2
∥∥∥u(x, t)

log t
− CA,NUa(x, t)

∥∥∥
L∞(|x|≤K

√
t)
→ 0 as t →∞ ∀K > 0,

with CA,N a constant that depends only on A and N and Ua the fundamental solution of the
heat operator with diffusivity a.

Later on, in [12], Herraiz fully analyzes problem (1.4) and presents a complete characterization
including the asymptotic behavior outside the parabolas |x| ≤ K

√
t. Also in [12], Herraiz gives
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detailed proofs of the previous results on the asymptotic behavior of solutions u∆ of the heat
equation without absorption with initial data satisfying (1.5) for every α. In particular, he finds
that

(1.9) ‖u∆‖L∞(RN ) ≤
{

Ct−α/2, for α < N

Ct−N/2 log t, for α = N

The case where α < N is also considered in [14] and the case α = N in also analysed in [15], as
a particular case of the porous medium equation. In fact, note that the results of [14, 15] apply
also to the solution u∆ of the homogeneous heat equation. In this case, the constant δα,A in
(1.7) is zero so that, Uα,A is a solution to the homogeneous heat equation.

It is the purpose of this paper to prove that, for initial data satisfying (1.5) with 0 < α ≤ N
and p > 1+2/α, the asymptotic behavior of the solution to the nonlocal diffusion problem with
absorption (1.1) is the same as the asymptotic behavior of solutions to the heat equation with
absorption (1.4). That is, that (1.6) holds in the case α < N and (1.8) holds in the case α = N
with u the solution of (1.1).

The proofs of these results rely strongly on estimates for the fundamental solution of the
equation without absorption (1.2) .

In [5] the authors observed that the fundamental solution of the operator in (1.2) can be
written as

(1.10) U(x, t) = e−tδ + W (x, t),

where δ is the Dirac measure and W (x, t) is a smooth function.

Then, in [13] the authors established L∞ estimates for W and proved that

tN/2‖W (x, t)− Ua(x, t)‖L∞(RN ) → 0 as t →∞,

where Ua is the fundamental solution of the heat equation with diffusivity a.

This estimate allowed them to prove that the solution of the homogeneous nonlocal diffusion
equation (1.2) with bounded and integrable initial data behaves -for t tending to infinity- as the
solution of the heat equation with diffusivity a, removing in this way the hypothesis that the
Fourier transform of u0 be in L1 as was assumed in [5].

In the present paper, as we are considering nonintegrable initial data, these L∞ estimates
cannot be used. So, the first step is to get estimates in Lq−norms for 1 ≤ q < ∞.

As in [17], the philosophy of the study of the asymptotic behavior for the problem with
absorption in the supercritical case is that, as time tends to infinity, the absorption term goes
to 0 so fast that the behavior is the same as that of the equation without absorption. Thus,
what we need to prove is essentially that, as time tends to infinity, the difference between the
solutions to both problems goes to 0 faster than each term separately.

In order to prove this result it is necessary to compare the solution u of (1.1) with the solution
uL of the equation without absorption (1.2) that coincides with u at a large time t0. Once we
prove that this difference is small the result follows if we know that the asymptotic behavior of
uL is the same as that of (1.4). To this end, we first analyze the asymptotic behavior for the
nonlocal equation without absorption (1.2) with an initial datum satisfying (1.5). In order to
finish the argument, it is essential to know, and we prove it in this paper, that the behavior in



4 J. TERRA AND N. WOLANSKI

space of the solution of our problem (1.1) at any time t0 is the same as that of the initial datum
u0. That is, that u(·, t0) satisfies (1.5) at any positive time t0.

The techniques of this paper do not work in the critical case p = 1 + 2/α. In fact, for such p,
the asymptotic behavior is that of the heat equation with absorption since the diffusion and the
absorption terms are of the same order. We have to proceed in a completely different way by
going back to the techniques of the original paper for the heat equation [14], and we do so in [18].
The method in [18] also works in the supercritical case considered in this paper. Nevertheless,
the ideas in the present paper are simpler and rather easy to implement and therefore, we
consider that it is worth presenting them separately.

The paper is organized as follows. In Section 2 we prove the asymptotic estimates of W in Lq

norms for finite q and use them to study the behavior of the solution uL of the linear equation
(1.2) with a nonnegative, bounded initial datum satisfying (1.5) with 0 < α ≤ N .

In particular, we prove that the solution uL satisfies

(1.11) tα/2‖uL(x, t)− u∆(x, t)‖L∞(RN ) → 0 as t →∞,

where u∆ is the solution of the heat equation with diffusivity a and initial condition uL(x, 0).

Moreover, in this section we establish the precise behavior of uL for |x| → ∞.

In Section 3 we prove the global existence and uniqueness of the solution to (1.1) -with
a more general absorption term −|u|p−1u- for our nonintegrable initial data with power like
behavior at infinity. We also establish that the solution is bounded, in any time interval [0,T],
by CT (1 + |x|)−α for a certain constant CT . Then, when u0 is nonnegative, we deduce that the
solution is nonnegative. Finally, we prove that for every t0 > 0

|x|αu(x, t0) → A as |x| → ∞.

Finally, in Section 4 we prove our main result. That is, we prove that (1.6) holds when α < N
and (1.8) when α = N with u the solution to (1.1).

2. Preliminary results and homogeneous equation

In this section we study the asymptotic behavior of bounded solutions to the homogeneous
equation

(2.1)
ut =

∫
J(x− y)

(
u(y, t)− u(x, t)

)
dy in RN × (0,∞),

u(x, 0) = u0(x) in RN .

Existence of bounded solutions for bounded initial data is a well know result that can be
seen by different arguments. One possible construction is to convolve the initial datum with
the fundamental solution (1.10). Uniqueness of bounded solutions follows from the comparison
principle for bounded solutions. (See [16], Proposition 2.2 with θ = 0 for the case of smooth
solutions. In order to get the result in our case we just have to approximate the initial datum
by smooth functions that are uniformly bounded).

In this section we first obtain estimates in Lq(RN ) for the “good” part W (x, t) of the funda-
mental solution of the nonlocal diffusion equation.
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Then, we get the result on the asymptotic behavior as time goes to infinity of the solution of
the equation for initial data that behave as a negative power at infinity.

Finally, we prove that the solution behaves as the initial datum for every t > 0.

Let us recall (see [5]) that the fundamental solution of the equation (1.2) is given by

(2.2) U(x, t) = e−tδ + W (x, t),

where W is a smooth function. In fact, by taking Fourier transform in the space variables the
authors show that W (·, t) belongs to the Schwartz class of C∞ functions rapidly decaying at
infinity together with their derivatives.

Moreover, in [13] by using the characterization of W in terms of its Fourier transform, the
authors prove that

(2.3) tN/2‖W (x, t)− Ua(x, t)‖L∞(RN ) ≤ Ct−1/2,

where Ua is the fundamental solution of the heat equation with diffusivity a.

The Fourier transform method allows to get Lq estimates only for q ≥ 2. In order to get an
L1 estimate we observe that W is the solution to

(2.4)
Wt(x, t) =

∫
J(x− y)

(
W (y, t)−W (x, t)

)
dy + e−tJ(x)

W (x, 0) = 0.

In fact, let us call L the nonlocal operator. This is Lu = J ∗ u− u. Then,

Wt(x, t)− LW (x, t) = Ut(x, t)− LU(x, t)− ∂

∂t
e−tδ + e−tLδ(x)

= e−tδ + e−t
(
J ∗ δ − δ

)
(x)

= e−tJ(x).

Moreover, since U(x, 0) = δ there holds that W (x, 0) = 0.

In particular, by the comparison principle, W ≥ 0. On the other hand, since the unique
bounded solution to the homogeneous nonlocal diffusion equation with initial datum u0 ≡ 1 is
the function u(x, t) ≡ 1, the representation of this solutions gives

1 = u(x, t) = e−tu0(x) +
∫

W (x− y, t)u0(y) dy = e−t +
∫

W (y, t) dy.

Thus,
∫

W (y, t) dy = 1− e−t ≤ 1 for every t.

Now, since
∫

Ua(y, t) dy = 1 for every t, interpolation with inequality (2.3) gives the estimate

(2.5) ‖W (x, t)− Ua(x, t)‖Lq′ (RN ) ≤ Cqt
−N+1

2q if
1
q

+
1
q′

= 1.

In particular, for every 1 ≤ q ≤ ∞,

(2.6) ‖W (x, t)‖Lq′ (RN ) ≤ Cqt
−N

2q .

With this estimate we can prove that for large t the solution u to (2.1) behaves as the solution
of the heat equation with diffusivity a. In fact,
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Theorem 2.1. Let u0 ∈ L∞, nonnegative such that there exist 0 < α ≤ N and A > 0 with
|x|αu0(x) → A as |x| → ∞. Let u be the solution of the equation ut = Lu with initial condition
u0. Then, for every 0 < µ < α

2N there exists a constant Cµ such that

(2.7) tα/2‖u(x, t)− u∆(x, t)‖L∞(RN ) ≤ Cµt−µ.

In particular, if α < N , due to the behavior of u∆ (see (1.9)) there holds that u(x, t) ≤ Ct−α/2

and
tα/2‖u(x, t)− Uα,A(x, t)‖L∞(|x|≤K

√
t) → 0 as t →∞ ∀K > 0,

where Uα,A is the solution to (1.7).

If α = N , from (1.9), there holds that u(x, t) ≤ Ct−N/2 log t and

tN/2
∥∥∥u(x, t)

log t
− CA,NUa(x, t)

∥∥∥
L∞(|x|≤K

√
t)
→ 0 as t →∞ ∀K > 0,

where Ua is the fundamental solution of the heat operator with diffusivity a and CA,N is a constant
that depends only on A and N .

Proof. Since u0 ∈ Lq(RN ) if qα > N , by taking q = N
α

1
1−ε , ε > 0 and applying (2.5) we get,

∥∥∥
∫

W (x− y, t)u0(y) dy −
∫

Ua(x− y, t)u0(y) dy
∥∥∥

L∞(RN )

≤ Cq‖u0‖qt
−N+1

2q = Cεt
−α

2
(1−ε)− α

2N
(1−ε)

= Cεt
−α

2 t−
α

2N
+ε α

2

(
1+ 1

N

)
= Cµt−

α
2 t−µ,

with 0 < µ < α
2N arbitrary.

Thus,
‖u(·, t)− u∆(·, t)‖L∞(RN ) ≤ e−t‖u0‖L∞(RN ) + Cµt−

α
2 t−µ,

and (2.7) holds.

The asymptotic behavior of u follows immediately from (2.7) together with (1.6) and (1.8)
respectively applied to the solution u∆ of the homogeneous heat equation (see [14, 15]). ¤

Finally, we prove that u behaves at each positive time as its initial datum.

Proposition 2.1. Let u be the solution of (2.1) with an initial datum u0 ∈ L∞ such that
|x|αu0(x) → A > 0 as |x| → ∞ for some α > 0. Then,

(1) For every T > 0 there exists a constant CT > 0 such that |u(x, t)| ≤ CT
(1+|x|)α if 0 ≤ t ≤ T .

(2) |x|αu(x, t) → A as |x| → ∞ uniformly for t bounded.

Proof. The proof follows from a fixed point argument. In fact, u is a fixed point of the operator

T v(x, t) = e−tu0(x) +
∫ t

0

∫
e−(t−s)J(x− y)v(y, s) dy ds.

Reciprocally, every bounded function that is a fixed point of the operator T in RN × (0, t0)
is a bounded solution of problem (2.1). By uniqueness, it coincides with u in that time interval.



NONLOCAL DIFFUSION WITH ABSORPTION 7

Thus, in order to prove the proposition we will show that T has a fixed point in the set

K := {v ∈ L∞(RN × (0, t0)) / (1 + |x|)α|v(x, t)| ≤ 2B, |x|αv(x, t) → A as |x| → ∞
uniformly with respect to t ∈ [0, t0]}.

The time step t0 will be independent of the constant B where B is a bound of (1 + |x|)α|u0(x)|.
Therefore, we can proceed inductively and find a constant for any time interval thus proving
(1). Moreover, (2) follows immediately from this argument.

So, let v ∈ K and let w = T v. Then, since the support of J is contained in a ball BR and
|x− y| ≤ R implies that |x| ≤ R + |y|, by assuming that R ≥ 1 we get

(1 + |x|)α|w(x, t)| ≤ e−t(1 + |x|)α|u0(x)|+
∫ t

0

∫
e−(t−s)J(x− y)(1 + |x|)α|v(y, s)| dy ds

≤ e−tB +
∫ t

0

∫
e−(t−s)J(x− y)(1 + (R + |y|)α)|v(y, s)| dy ds

≤ B + (R + 1)α2Bt ≤ 2B.

If t ≤ t0 = 1
2(R + 1)−α.

Now, let us prove that |x|αw(x, t) → A as |x| → ∞ uniformly for t ∈ (0, t0). In fact, if
|x− y| < R, there holds that |y| > |x| −R and, if |x| ≥ |y|,

∣∣∣ |x||y| − 1
∣∣∣ <

R

|y| <
R

|x| −R
.

Now, if |x| < |y|,
∣∣∣ |x||y| − 1

∣∣∣ =
|y| − |x|
|y| ≤ |x− y|

|y| ≤ R

|x| −R
.

Thus, if |x| is large enough, | |x|α|y|α − 1
∣∣ ≤ ε.

Therefore,

∣∣
∫

J(x− y)|x|αv(y, s) dy −A
∣∣∣ ≤

≤
∫

J(x− y)
∣∣|y|αv(y, s)−A

∣∣ dy +
∣∣∣
∫

J(x− y)
∣∣|x|α − |y|α| |v(y, s)| dy

∣∣∣

≤
∫

|y|>|x|−R
J(x− y)ε dy + ε

∫
J(x− y)|y|α|v(y, s)| dy < (1 + 2B)ε,

if |x| is large enough.

Finally,

∣∣|x|αw(x, t)−A
∣∣ ≤e−t

(|x|αu0(x)−A
)

+
∫ t

0
e−(t−s)

∣∣∣
∫

J(x− y)|x|αv(y, s) dy −A
∣∣∣ ds

<2(1 + B)ε.

This ends the proof. ¤
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3. Existence, uniqueness and first properties of the solution

In this section we prove existence, uniqueness and time local properties of the solution to the
nonlocal diffusion equation with absorption

(3.1)
ut = Lu− |u|p−1u

u(x, 0) = u0(x)

In particular, we are interested in nonnegative bounded initial data that behave as a negative
power at infinity. That is, which satisfy (1.5).

Local existence and uniqueness of the solution to (3.1) with p > 1 and bounded initial datum
follows by a fixed point argument. For instance, if we call S(t) the semigroup associated to
the equation ut = Lu in L∞(RN ), we can find the solution as a fixed point in K := {v ∈
L∞(RN × (0, t0)) / ‖v‖∞ ≤ 2‖u0‖∞} of the operator

T v = S(t)u0 −
∫ t

0
S(t− s)|v(x, s)|p−1v(x, s) ds.

In fact, it is easy to see that for small t0 the operator T is a contraction from K to K.
Thus, there exists a bounded solution in the time interval (0, t0). Since positive constants
are supersolutions and negative constants are subsolutions to problem (3.1), and the function
τ → |τ |p−1τ is locally Lipschitz, the comparison principle (see, for instance, [16]) implies that
the fixed point u is bounded by ‖u0‖∞. Therefore, the solution can be extended for all times.

Moreover, when u0 ≥ 0, the solution uL of the homogeneous equation (1.2) with initial datum
u0 is nonnegative. Thus, uL is a supersolution and 0 is a subsolution to (3.1). By the comparison
principle we deduce that

(3.2) 0 ≤ u(x, t) ≤ uL(x, t).

For the type of initial data we are interested in, much more can be said. In fact,

Theorem 3.1. Let u0 ∈ L∞(RN ), u0 ≥ 0 be such that |x|αu0(x) → A > 0 as |x| → ∞ with
α, A > 0. Let p > 1 and let u be the solution to (1.1). Then,

(1) For every T < ∞, there exists a constant CT such that

u(x, t) ≤ CT (1 + |x|)−α for t ≤ T.

(2) If α < N , there exists a constant C such that u(x, t) ≤ Ct−α/2. If α = N , there exists a
constant C such that u(x, t) ≤ Ct−N/2 log t.

(3) For every t > 0, |x|αu(x, t) → A as |x| → ∞ uniformly for t in bounded sets.

Proof. (1) and (2) follow immediately from the estimate (3.2) above and the results for uL

(Proposition 2.1 (1)).

In order to prove (3) we use the variations of constants formula

u(x, t) = uL(x, t)−
∫ t

0
S(t− s)up(x, s) ds.

We already know that the first term in the right hand side has the correct limit uniformly for
t bounded (Proposition 2.1(2)). Thus, we have to prove that the second term goes to 0 faster
than |x|−α.
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We think of up(x, s) as a nonnegative, bounded, initial condition that satisfies that, for a
constant B that is independent of s ∈ [0, T ], there holds that |x|pαup(x, s) ≤ B. By Proposition
2.1 and Theorem 2.1 we know that

|x|αpS(t− s)up(x, s) ≤ CT if 0 ≤ s ≤ t ≤ T,

for a certain constant CT . Thus,

|x|αS(t− s)up(x, s) = |x|−α(p−1)|x|αpS(t− s)up(x, s) ≤ CT |x|−α(p−1) < ε,

if |x| is large. Therefore,
∣∣∣|x|α

∫ t

0
S(t− s)up(x, s) dx

∣∣∣ < εT if 0 ≤ s ≤ t ≤ T and |x| is large.

¤

4. Asymptotic behavior for the equation with absorption

In this section we prove our main result. Namely, that in the supercritical case, the solution
to (1.1) with a bounded nonnegative initial datum u0 satisfying (1.5) has the same asymptotic
behavior as the one of the homogeneous heat equation with diffusivity a.

Theorem 4.1. Let u0 ≥ 0, u0 ∈ L∞(RN ) be such that |x|αu0(x) → A > 0 as |x| → ∞ with
0 < α ≤ N . Let p > 1 + 2

α . Let u be the solution to (1.1) with u(x, 0) = u0(x).

Then, if α < N

tα/2‖u(x, t)− Uα,A(x, t)‖L∞(|x|≤K
√

t) → 0 as t →∞ ∀K > 0,

where Uα,A is the solution to (1.7).

If α = N ,

tN/2
∥∥∥u(x, t)

log t
− CA,NUa(x, t)

∥∥∥
L∞(|x|≤K

√
t)
→ 0 as t →∞ ∀K > 0

where Ua is the fundamental solution of the heat operator with diffusivity a and CA,N is a
constant that depends only on A and N .

Proof. By Theorem 3.1 we know that (1 + |x|)αu(x, t0) ≤ C(t0). Thus, by Theorem 2.1 we have
that the solution uL to

(4.1)
vt = Lv in RN × (t0,∞)

v(x, t0) = u(x, t0),

satisfies

tα/2‖uL(x, t)− Uα,A(x, t)‖L∞(|x|≤K
√

t) → 0 as t →∞ ∀K > 0 if α < N,

tN/2
∥∥∥uL(x, t)

log t
− CA,NU(x, t)

∥∥∥
L∞(|x|≤K

√
t)
→ 0 as t →∞ ∀K > 0 if α = N.

Thus, the theorem will be proved if we show that for every ε > 0 there exists t0 such that

tα/2‖u(x, t)− uL(x, t)‖L∞(RN ) ≤ ε for t ≥ 2t0.

Here uL is the solution of (4.1).
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In order to prove this result we need to estimate

u(x, t)− uL(x, t) = −
∫ t

t0

S(t− s)up(x, s) ds.

We begin with the case α < N .

Let us estimate the integrand S(t− s)up(x, s). On one hand, since by (3.2) and Theorem 2.1
there holds that u(x, s) ≤ Cs−α/2, the maximum principle applied to the solutions of vt = Lv,
renders the estimate

(4.2) 0 ≤ S(t− s)up(x, s) ≤ Cs−αp/2.

On the other hand,

S(t− s) up(x, s) = e−(t−s)up(x, s) +
∫

W (x− y, t− s)up(y, s) dy

≤ e−(t−s)s−
α
2

p + ‖W (·, t− s)‖q′‖up(·, s)‖q.

As p > 1 we can take q = N
α . Then, ‖W (·, t− s)‖q′ ≤ C(t− s)−

N
2q = C(t− s)−

α
2 .

On the other hand, ‖up(x, s)‖Lq(RN ) = ‖u(x, s)‖p
Lpq(RN )

. Thus, since q = N
α > 1,

‖up(·, s)‖
1
p
q ≤ ‖e−su0(·)‖pq +

∥∥∥
∫

W (x− y, s)u0(y) dy
∥∥∥

pq

≤ Ce−s + C[u0]q,∞‖W (·, s)‖r,

with 1 + 1
pq = 1

r + 1
q and [u0]q,∞ = supλ>0

(
λq

∣∣{|u0| > λ}∣∣
)1/q

(see, for instance [11], Theorem
1.4.24).

Since u0 is bounded and |x|αu0(x) → A as |x| → ∞ there holds that u0 ∈ Lq,∞ and,

‖up(·, s)‖
1
p
q ≤ Ce−s + Cs−

N
2r′ = Cs

−α(p−1)
2p ,

and hence,
‖up(·, s)‖q ≤ Cs−

α
2
(p−1).

Therefore,

(4.3) S(t− s) up(x, s) ≤ Ce−(t−s)s−
α
2

p + C(t− s)−
α
2 s−

α
2
(p−1) ≤ C(t− s)−

α
2 s−

α
2
(p−1).

Now we estimate the approximation error for t ≥ 2t0. We need to separate the integral and
use estimate (4.2) for s ∈ (t/2, t) and estimate (4.3) for s ∈ (t0, t/2). We obtain, by using that
α
2 (p− 1)− 1 ≥ 0 (critical or supercritical cases),

∫ t

t0

S(t− s) up(x, s) ds ≤ C

∫ t/2

t0

(t− s)−
α
2 s−

α
2
(p−1) ds + C

∫ t

t/2
s−

α
2

p ds

≤ (t/2)−
α
2

∫ t/2

t0

s−
α
2
(p−1) ds + C

∫ t

t/2
s−

α
2

p ds

≤ Ct−
α
2 t
−α

2
(p−1)+1

0 + Ct−
α
2

p+1.
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Thus, if t0 is large enough and t ≥ 2t0, we get, by using that we are in the supercritical case
p > 1 + 2/α,

t
α
2

∫ t

t0

S(t− s) up(x, s) ds ≤ Ct
−α

2
(p−1)+1

0 + Ct−
α
2
(p−1)+1 < ε.

We remark that this is a sharp estimate that shows, in particular, that in the critical case the
absorption and the diffusion terms are of the same order.

Now we analyze the case α = N .

We proceed as before. Estimate (4.2) is changed to

(4.4) 0 ≤ S(t− s)up(x, s) ≤ Cs−Np/2 logp s.

For the equivalent to estimate (4.3) we have to proceed differently since the general form of
Young’s inequality that we have used is not valid when q = 1 as would be now the case.

We take instead q = 1
1−δ with δ > 0 small to be chosen later (we could have proceeded in this

way before but we wouldn’t have gotten the sharp estimate), and use Young’s inequality to get

‖up(·, s)‖L1 = ‖u(·, s)‖p
Lp ≤ Ce−ps + ‖W (·, s)‖p

Lr‖u0‖p
Lq ,

with 1 + 1
p = 1

r + 1
q . So that, 1

r′ = 1− δ − 1
p and Np

2r′ = N
2 (p− 1− δp). Thus,

‖up(·, s)‖L1 ≤ Ce−ps + Cµs−
N
2

(p−1)+µ ≤ Cµs−
N
2

(p−1)+µ,

with µ = N
2 δp as small as needed.

Therefore,

(4.5)

S(t− s)up(x, s) ≤ e−(t−s)s−
N
2

p logp s + ‖W (·, t− s)‖∞‖up(·, s)‖1

≤ Ce−(t−s)s−
N
2

p logp s + Cµ(t− s)−
N
2 s−

N
2

(p−1)+µ

≤ Cµ(t− s)−
N
2 s−

N
2

(p−1)+µ.

As before, we use (4.4) and (4.5) to estimate the error. We have, by taking 0 < µ <
N
2 (p− 1)− 1,

‖u(x, t)− uL(x, t)‖L∞(RN ) ≤
∥∥

∫ t

0
S(t− s)up(x, s) ds‖L∞(RN )

≤ Cµ

∫ t/2

t0

(t− s)−
N
2 s−

N
2

(p−1)+µ ds + C

∫ t

t/2
s−

N
2

p logp s ds

≤ Cµ

(
t/2

)−N
2 t
−N

2
(p−1)+1+µ

0 + Ct−
N
2

p+1 logp t.

So that, since p > 1 + 2/N , if t0 is large enough and t ≥ 2t0 we get

tN/2‖u(x, t)− uL(x, t)‖L∞(RN ) ≤ Cµt
−N

2
(p−1)+1+µ

0 + Ct−
N
2

(p−1)+1 logp t < ε.

So, the theorem is proved. ¤
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