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Abstract. We study systems of two elliptic equations, with right-hand sides with
general power-like superlinear growth, and left-hand sides which are of Isaac’s or
Hamilton-Jacobi-Bellman type (however our results are new even for linear left-
hand sides). We show that under appropriate growth conditions such systems have
positive solutions in bounded domains, and that all such solutions are bounded in
the uniform norm. We also get nonexistence results in unbounded domains.

1 Introduction.

We study positive solutions of nonvariational elliptic systems of the type

—Hi[u] = filz,u;,uz) in  Q
—HQ[U] = fz(% U17U2) in Q (1)
Uy = Uy =20 on 02,

where € is a smooth bounded domain in RN, N > 2, u = (uy,us), f1, fo are
nonnegative locally Lipschitz functions defined in Q x [0,00)2, and H, Hs
are uniformly elliptic linear or nonlinear operators.

In the last years there has been a lot of interest in superlinear elliptic sys-
tems with or without variational structure (we give various references below).
Requiring a system to have such structure is clearly a strong assumption, as
it means both that the elliptic operators are in divergence form, and that
f1 and f5 are the derivatives of a given function. An important feature in
most of the previous works on nonvariational systems is that only the latter
of these two requirements was removed. On the other hand, operators in
non-divergence form could be considered as in [3], [18], [37], provided they
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are linear, with the same principal part. It is our goal here to study the
considerably more difficult case of different and nonlinear operators.

To accommodate the reader, we start by stating a consequence of our
main result in a very particular model case. Let ./\/lf A be the Pucci operators:
M A(M) = sup 4 tr(AM), My (M) = inf gcs tr(AM) for any symmetric
matrix M, where § = Sﬁ,’A is the set of symmetric matrices whose eigenval-
ues lie in the interval [A, A]. These important fully nonlinear operators are
an upper and a lower bound for all uniformly elliptic linear operators with
ellipticity constant A and bounded coefficients. Note M ;(D?*u) = Au.

Theorem 1.1 I. Let A, Ay, A1, Ay > 0. Consider the system

M1[U1] + Ug = 0 in Q
up=us = 0 on 0L,

where My [ug] = M?\Ek,Ak(DQUk) (independently for k = 1,2), and we set
pr=M/A)T, Ny =pp(N —1) + 1.
Let p,q > 1 be such that pg > 1 and
2(p+1) 2(¢+1)
pg—1 pg—1

Then there exists a positive classical solution of system (2). In addition, all
such solutions are uniformly bounded in the L*-norm.

II. Under the same hypotheses, system (2) (without the boundary condi-
tion) does not have positive solutions in the whole space, that is, if Q = RY.

> Ny —2

> Ny — 2.

Remark 1. Systems like (2) have been extensively studied when M; = M,
is the Laplacian (or other divergence form operators), see [1], [10], [15], [17],
[29], [34], [35], [41], and the references in these papers.

Remark 2. When M; = My and p = ¢ this theorem reduces to the known
results for the scalar equation —My , (D*u) = u? (see [12], [30]).

More generally, Hj, in (1) could be coupled second-order operators
Hilu] = Lyu = Z ag?) ()0 5w, + Z bl(-k) (x)Ouy + cgk) (x)uy + cgk) (x)ug.
ij i
We will actually go much further, allowing H;, Hs to be nonlinear operators
of Isaac’s type, that is, sup-inf of coupled linear operators as above

Hylu] = sup inf Ly, 3
wlu] ae/Il)kﬁEBk k (3)
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where Ay, By are arbitrary index sets. Note Hj, is linear when |Ag| = |By| = 1
in (3). When |B;| = 1 (like for Pucci operators) the corresponding sup-
operator is usually referred to as Hamilton-Jacobi-Bellman (HJB) operator.
These operators are essential tools in control theory and in theory of large
deviations, while general Isaac’s operators are basic in game theory. We refer
to [5], [24], and to the references in these papers, for a larger list of problems,
where systems of type (1) appear.

Next, we give the hypotheses we make on Hj, which we suppose to be
in the form (3). We write H;[u] = H;(D?u, Du,u, z), in order to distinguish
between the way H; depends on the derivatives of u. We assume all coeffi-
cients of the operators L,(f’ﬂ ) in (3) are bounded measurable functions (say

]bgk)| <7, |c§k)] < ¢, we will no longer write the dependence in «, /3), and

(Hy) for all x € Q2 the eigenvalues of Ag(z) = (az(f) (7)) € C(Q) are in [\, Ayl
and there is an invertible matrix R = R(z) such that the functions

H,(RTMR,0,0,z) depend only on the eigenvalues of M ;

(H,) the functions c§2> (x), cgl)(x) are nonnegative in €.

Hypothesis (H;) says Hj, are uniformly elliptic and have an invariance prop-
erty with respect to the second derivatives of u. Most operators which have
geometrical meaning satisfy (H;) with R = I (Pucci operators are a trivial
example). Of course for each A € S there exists R such that RTAR = I.
Hypothesis (Hz) means Hj, is nondecreasing in the variable w;, for i # k.
Systems satisfying such a hypothesis are called quasimonotone.
If 'H), are HJB operators, we suppose that

(Hj3) there exist functions ¢, e € W2N(Q)NC(Q), such that ¢y > 0,1 > 0

loc

in Q, and Hy[1,¢,] <0in Q, k=1,2.

If Hy are not HJB, we suppose they are bounded above by HJB operators,
which satisfy (Hj), see Section 2 for a precise definition. Note we have (Hj)
with ¢; = ¥y = 1 provided cgk) + cék) < 0, for all a,3,k. We recently
showed in [31], [32] (for scalar equations), [33] (for systems, the linear case
was considered earlier in [5]) that hypothesis (H3) is equivalent to supposing
that the vector operator (H;, Hs) satisfies the comparison principle, and that
under (Hj) the corresponding Dirichlet problem has a unique solution, see
Section 2.

As we explain in Section 3, to any operator Hy, as in (3) we can associate
an explicitly given number Ny = N(Hy), which appears in the fundamental
solution of a related nonlinear operator. To avoid introducing heavy nota-

tions at this stage, here we only note that N(Hy) is always in the interval
[(A/Ap)(N — 1)+ 1, (Ax /M) (N — 1) + 1], where A\g, Ay are as in (Hy).
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We now come to the hypotheses on the functions f; in (1). General
nonlinearities with power growth were considered in [17]. We are going to
use the same structural assumptions as in [17], strengthening them a little,
to avoid technicalities. We suppose that f; are locally bounded functions,
for which there exist exponents a;j;,v;; > 0 with ’yilozi_ll + ’yigai_zl = 1 and
nonnegative functions d,;, e; € C(ﬁ), with either a1, a9 > 1, dy1,dye > 0 in
Q, or g, o1 > 1, 19001 > 1, dyo,dy; > 0in Q, such that

fi = dia(x)ui™ + dio(2)us™ + e;(z)u) ul® + g;(z, ur, us), (4)
i (da (@) + da(e)us) g, w)] =0, (5)

u1,u2)|—o0
Hm o ([(ug,u0)) 7 | fi(@,ur,u0)| = 0, 0= 1,2, (6)

(u1,u2)|—0
uniformly in z € Q. Setting a/0 = 00, a; = max{a, 0}, for a € R, we define
2 204]']' 2(@@' + 1)

(i = )¢ agilag; — )47 (aujogi — 1)

ﬁi:min{ ,i,j:1,2,i7éj}.
We make the convention that when we speak of a solution (supersolution,
subsolution) we mean L~ -viscosity solutions. We refer to [9] for a general
review of this notion (we recall definitions and results that we need in the next
section). Note that viscosity solutions are continuous and that any vector
in WM (Q) satisfies (1) almost everywhere if and only if it is a LN-viscosity
solution. For HJB operators these solutions are always strong (that is, in

W2P(Q) N C(Q), p < 00), and are classical provided the dependence in  in
(1) is C*, see [39], [8]. Viscosity solutions are not an added complication —
they provide a good framework in our setting, just like Sobolev spaces do for

some variational problems, when one knows that any H'-solution is classical.
Theorem 1.2 Assume that system (1) satisfies (Hy)-(Hs), (4)-(6), and
B1 >Ny —2 or B2 > Ny — 2. (7)

Then there exists a positive solution of (1). In addition, all such solutions
are uniformly bounded in the L*-norm.

The proof of the a priori bound in Theorem 1.2 is carried out with the
help of a blow-up argument of Gidas-Spruck type, while the existence of a
solution is a consequence of this bound combined with degree theory. Note
that, taking again system (2) as an example, when M; = My = A it is very
well known how one can apply a fixed point theorem to get the existence
of solution, once an a priori bound is proven. In our situation the known

4



approach does not work, and our proof relies on a deep result of the theory of
elliptic equations, the Krylov-Safonov improved strong maximum principle,
see the proof of Proposition 6.2 and Theorem 7.1.

The blow-up method for obtaining a priori bounds was developed in [22]
for the scalar case, and recently extended to some systems of equations in [17],
[18], [37], [41] (see also the references in these works). This method is based
on a contradiction argument, which in turn relies on Liouville (nonexistence)
theorems for equations or systems in RY or in a half-space of RY. Proving
nonexistence results is usually the main difficulty in applying the Gidas-
Spruck method.

In our situation we are led to proving Liouville results for systems involv-
ing a general class of extremal operators, related to ones recently defined in
[20] and [21]. Specifically, we are going to consider the HJB operators

MHE(M) = sup tr(AM) and M;(M)= inf tr(AM), (8)
o(A)ed o(A)eJ
where J is any invariant with respect to permutations of coordinates subset
of the cube [\, A]¥ and o(A) is the set of eigenvalues of A. These operators
reduce to classical Pucci type operators when J = [\, A]"¥, and to the Lapla-
cian when A\ = A = 1. To each operator Mf in this class we associate a
dimension-like number N = N (M%) (see Section 3) :

. — 7
N}“ = min ==L < max =4
z€J Mmax T; z€J minx;

=N;. (9)

We will need to establish Liouville type theorems for the system

My (D*u) +v1 = 0 in G,
My(D?v) +uP = 0 in G,

where G = RY or G = RY"! x R, and M; and M, are two extremal
operators as in (8). Observe that the set J can be different for each operator
and that one operator can be a sup and the other a inf. The next theorem
is actually new even for Pucci operators. It also implies a new nonexistence
result for different linear operators.

(10)

Theorem 1.3 Suppose pqg > 1 and Ny, Ny > 2, where Ny and Ny are the
respective dimension-like numbers for My and Ms, given by (9). Then
I. there are no positive supersolutions to (10) with G = RY if and only if
2(p+1) 2(¢+1)
pg—1 pg—1
II. if p,q > 1 and (11) holds then there are no positive bounded solutions
to (10) with G = RN~1 x R, which vanish on {xy = 0}.

> Ny —2

> N, — 2. (11)
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Liouville theorems for equations and systems in RY or in RY have a long
history. Previous results for systems concern divergence form operators, see
(3], [4], [17], [28], [36], and the references in these works.

It turns out that it is much more difficult to prove nonexistence results
for fully nonlinear operators. The first result in this line is [12], for viscosity
supersolutions in RY of M(D?u) = u?, where M is a Pucci operator. Results
on nonexistence of radial solutions in R¥ for the same equation were obtained
in [19]. Nonexistence in a half-space for this equation is proved in [30].
Recently, Liouville results for scalar equations with general operators of type
(8) were obtained in [20] and [21]. To our knowledge, Theorem 1.3 is the
first result on nonexistence for systems involving fully nonlinear operators.

The paper is organized as follows. In Section 2 we restate our hypotheses
in the general setting of fully nonlinear equations, and recall some recent re-
sults on solvability and properties of solutions of such equations. In Section 3
we define and study the dimension-like numbers N(H), then in Section 4 we
prove our Liouville result in the whole space. In Section 5 we obtain nonexis-
tence results in a half-space, and in Section 6 we use the previous information
to prove our existence theorems. Finally, in Section 7 we discuss an improved
version of the strong maximum principle.

2 Preliminaries

In this section we give some precisions on the hypotheses in the introduction,
and recall some known results which we shall need in the sequel.

We use the following notation. For some given positive constants A, A, -,
and for all M, N € Sy (as usual, Sy denotes the set of all symmetric matri-
ces), p,q € RV, we define the extremal operators

L (M,p) = My (M) —~lpl,  LT(M,p) = M, (M) +~]pl.

The operators £, L1 are extremal with respect to all linear uniformly
elliptic operators with given ellipticity constant and L°°-bounds for the co-
efficients. We set

my () = ui + (), mf () = |wl + ()4, j#4 0,5=12,
and, for some given § > 0,
Fr(M,p,u) = LT (M,p) + dm; (u).

To facilitate what follows, we restate our hypotheses on system (1), with
the above notation. First, we assume that the operators H; are positively
homogeneous of order 1, that is,



(ﬁo) H;(tM, tp, tuy, tus, x) = t H;(M, p,uy,us,z), forallt>0.
__Since we want to prove existence results, we need to suppose that
(Hy) H;(M,0,0,7) is continuous on Sy x Q.

The following definition plays an important role. Given a second order
operator F' = F(M, p,u,z) which is convex in (M, p,u) (note HJB operators
are convex), we say that H;(M,p,u,x) satisfies condition (Dp) provided
—F(N —M,q—p,v—u,x) H;(M,p,u,z) — H;(N,q,v,x)

F(M_va_Q>u_vv‘T)'

(Dr) 2

If F is positively homogeneous of order one in (M, p,u) then F' is convex in
(M, p,u) if and only if F' satisfies (D), as can be easily proved.

Next, we suppose that the operators H; are quasimonotone and uniformly
elliptic with bounded measurable coefficients, that is, for some A\, A,~v,9 > 0
and all M, N € Sy, p,q € RN, u,v € R? 2 € Q,

(H,) H; satisfies (Dpx), i = 1,2.

Note the definition of m; and (H,) imply that the function H;(M, p,u, x)
is nondecreasing in the variable u;, for j # <.

Finally, we need a hypothesis which describes the admissible behaviour of
the zero order terms in H;, H,. We shall give exact analogues of the known
results on scalar equations, in the sense that we suppose only that the vector
operator in the left-hand side of (1) satisfies a comparison principle. It turns
out that this property can be described in terms of first eigenvalues of the
system, as we explain next.

As an extension of earlier results on scalar equations in [31], [32], we
showed in [33] (for the linear case see sections 13 and 14 in [5]) that if we
have two operators F;(M,p,uy,us, x), convex in (M, p,u), satisfying (]:70)—
(ﬁg), and if F1(0,0,0,1,x) #Z 0 and F5(0,0,1,0,2) # 0 in  then the vector
operator F' = (F, F,) has ”first eigenvalues” A\ (F) < A\{ (F'), such that the
positivity of A\{" is a necessary and sufficient condition for (F}, F) to satisfy
the comparison principle, and guarantees the unique solvability of the corre-
sponding Dirichlet problem. If, on the contrary, we have F1(0,0,0,1,2) =0
or F5(0,0,1,0,2) = 0 then the two scalar operators Fj(M,p,t,0,z) and
Fy(M,p,0,t,z) have corresponding first eigenvalues )\fl(F), )\fQ(F), whose
positivity has the same implications on (Fy, F). In this case we set \] (F) =
min{X, (F). Xfo(F)}, A7 (F) = max{Ap, (F), Ay (F)).

_ We shall suppose that there exist convex operators Fy, Fy, which satisfy
(Hy) — (Hs), such that H; satisfies (Dp,) (note in any case the extremal
operators F* can be used as such Fi, F3), and
(Hs) AL (F) > 0.



Remark. We have shown in [33] that (Hj) and (Hs) are equivalent. Bounds
on the eigenvalues in terms of the domain and the coefficients of the operators
are given in [5] and [33]. These bounds can be used to verify (Hs).

Let us now recall the definition of a viscosity solution of (1), see [11], [9].

Definition 2.1 We say that the vector v € C(Q) is a LP-viscosity subso-
lution (supersolution) of H;(D?v;, Dv;,v,x) = f(x), p > N, provided for
any € > 0, any open ball O C Q, and any o € W?P(O) — we call ¢
a test function — such that F;(D?*p(x), Dp(z),v(x),z) < f(x) — ¢ (resp.
F(D?*p(x), Do(x),v(x),z) > f(x)+¢e) a.e. in O, the function v; — o cannot
achieve a local mazimum (minimum) in O.

We say that v is a solution of (1) if v is at the same time a subsolution
and a supersolution of (1).

Note that whenever a function v in W;2M(Q) satisfies the inequality
F(D?*v, Dv,v,x) > (<) f a.e. in Q then it is a viscosity solution.
Next, we recall some easy properties of Pucci operators.

Lemma 2.1 Let M, N € Sy, ¢(x) € C(Q) be such that 0 < a < ¢(z) < A.
Then

M;\A<M> = _Mj\r,A(_M)a

M A(M) = A Z v + A Z i, where {vy,...,un} =oc(M),
{vi>0} {v;<0}
My (M)+MAA( )<M)\A(M+N)<M}\A(M)+MIA(N)a
MA,A(M) AAN) S M LM + N) < M, (M) + MJ L (N),

M;a,AA(M ) < MX,A(¢M ) < My pa(M),
We will also use the following simple fact.

Lemma 2.2 Suppose u € C*(B) is a radial function, say u(x) = g(|z|),
defined on a ball B C RN. Then ¢"(|z|) is an eigenvalue of the matrix
D*u(x), and |z|7'¢'(|x]) is an eigenvalue of multiplicity N — 1.

We are going to use the Generalized Maximum Principle for elliptic equa-
tions, commonly known as the Alexandrov-Bakelman-Pucci (ABP) inequal-
ity. The following theorem follows from Proposition 3.3 in [9)].

Theorem 2.1 Suppose u € C(Q) is a L -viscosity solution of

M\ (D*u) +~|Du| > f(x) in QN {u> 0},



where f € LN(Q). Then

supu < supu’ + diam(Q).Ch || f- || v+, (12)

Q o0
where QT = {x € Q : wu(x) > 0} and Cy is a constant which depends on
N, XA, diam(2), and Cy remains bounded when these quantities are bounded.

We have the following version of Hopf’s boundary lemma (see for instance
[2], where a more general result is given).

Theorem 2.2 Let Q be a regular domain and let u € C(2) satisfy
M\ (D*u) —y|Du| —6u <0 in (13)

for some v,6 > 0, and u > 0 in Q. Then either u vanishes identically in )

oru(z) > 0 for all x € Q. Moreover, in the latter case for any xo € 02 such

(o + tv) — u(xo)
t

u
that u(zg) = 0, we have lilriionf > 0, where v is the inner
t

normal to OS).

We also recall the weak Harnack inequality for viscosity solutions of fully
nonlinear equations, proved in [8] and [40].

Theorem 2.3 Suppose u € C(Q) is a positive function satisfying
M;}A(DQu) —y|Dul —ou < f in £,

for some f € LN (Q). Then for any Q' CC Q there exist positive constants
po and C' depending on N, A\, A\, ~,0, dist(Y,08) such that

followi < (nf u+ 1flvc )

We shall use the following comparison principle, see [26] and [27].

Theorem 2.4 Assume € is a bounded domain in RY. Let F: Sy — R be
a continuous function such that there are positive constants X\, A, for which

Ar(B) < F(M + B) — F(M) < A tr(B), (14)

for all M,B € Sy, B >0 (this is equivalent to saying F satisfies (f[g) with

v=0=0). Then if u,v € C(2) are subsolution and supersolution of
F(D*w) = f(z) inQ, feC(9Q),

such that u(z) < v(x) for all x € O, then u(zx) < v(x) for all x € Q.
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We are going to use the following standard convergence result from general
theory of viscosity solutions (see Theorem 3.8 in [9]).

Theorem 2.5 Suppose u, € C(Q), g, € LY (Q), and H,(M,p,u,z) are
operators satisfying (Hs), such that u, is a solution (or subsolution, or su-
persolution) in Q of the equation

H,(D*uy, Dug, ty, ) = go(2)

in a domain Q. Suppose u, — u in C(Q), g, — g in LY(Q), and H,
converges to an operator H in the sense that for any ball B CC  and any
¢ € WN(B) we have

Ho(D*6, Dé,up, v) = H(D*¢, Do, u,x) i LY (B).
Then w is a solution (or subsolution, or supersolution) in Q of
H(D*u, Du,u, ) = g(z).

We shall also need the C*-estimate proved in [40] (we refer to [38] for
more general results and simple self-contained proofs of the C'*-estimates).

Theorem 2.6 Let Q be a reqular domain and f € LN(Q). If u € C(Q)
satisfies the inequalities

M; A (D*u) = 5| Dul = 8]yl
M A(D?u) + 7| Dul + 8]yl

—f
f

in Q, then for any Q' CC § there exist constants a, A > 0 depending
only on N, X\, N7y, 6, ||fllev), llullze), ,Q, such that u € C*(Y) and
|ullce@y < A. If in addition u|sq € CP(0S2) for some 3> 0 then u € C*(1)
and ||ullca) < A (with constants depending also on [3).

<
>

3 Extremal operators and definition of N(H;)

In this section we are going to discuss in more details the class of extremal
operators Mjﬁ we consider for the Liouville theorems.

Let J denote the set of subsets of [\, A]¥ which are invariant with respect
to permutations of coordinates. First, obviously there is a one to one corre-
spondence between elements of J and subsets A of 82,’/\ (the set of symmetric
matrices whose eigenvalues lie in [\, A]), and such that PAPT = A, for each
orthogonal matrix P. Namely, for each J € J we can take A to be the set
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of matrices whose eigenvalues are in .J, and for each such A we can take J to
contain the eigenvalues of the matrices in A. So we can indifferently write

MH(M) = sup tr(AM) = MH (M) = sup tr(AM),
o(A)eJ AcA

respectively M, = M.

The following lemma shows that the set of these operators is nothing
but the set of convex or concave positively homogeneous uniformly elliptic
operators F'(M), which depend only on the eigenvalues of M.

Lemma 3.1 Suppose F' : Sy — R is an operator satisfying (fIQ), that is,
Mr(B) < F(M + B) — F(M) < Atr(B),

for all M, B € Sx, B > 0. Suppose also that F(tM) = tF(M) for allt > 0
and that F(PMPT) = F(M) for any orthogonal matriz P. If F is convex
(resp. concave) then there exists a set J € J, such that F = MY (resp.
F=M;j).

Proof. Since F' is convex, it is a supremum of affine functions. Since F' is
homogeneous, these functions can be taken to be linear, that is,

F(M) = jg‘) tr(AM),

where A; is some set of matrices such that A; C SJ’\V’A, by the hypothesis
on F. Then we can take A = U(PA; PT), where the union is taken over all
orthogonal matrices P. O

Next, for a fixed operator ./\/lj[4 in this class, we compute the quantity
M (D?|z|), for any a € R. By Lemma 2.2 we have

o(D2e]) = 2", ..., a,ala — 1)}
so clearly for each x there exist an orthogonal matrix P such that
D?|z|* = a|z|* *PE,P",

where E, = I[+(a—2)e,,, and e,, is the unitary matrix, whose last coefficient
is one, and all other coefficients are zero. Hence for o # 0

cla) = la| |z ML(D?|=|*)
- ianE.A {Zf\i}l a;; + ann(a - 1)} if a<0
SUPaeca {Zf\:ll @i + Qpp (0 — 1)} if a>0,
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and the same for M, with inf and sup reversed (here A = (a;;)).

By noting that ¢(«) is continuous and monotonous in R; and R_, and
by looking at its sign at minus infinity, zero, and one, we immediately get
the following lemma. It permits to define the dimension-like numbers for the
operators Mj.

Lemma 3.2 Suppose A is a set of matrices such that PAPT = A for all
orthogonal matrices P. Then

1. There exists apg # 0 such that MY (D?|z|*) = 0 if and only if
N-1
Zaii—ann>0 for all A € A.
i=1

In this case ag < 0 and we denote Nt =2 — ay.

2. There always exists oy < 0 such that My (D?|z|*) = 0, except if
N =2, A=A, and A = {\I} (that is, we are working with the
Laplacian in dimension two). We denote N =2 — «.

In addition, there exists ay € (0,1) such that M3 (D?|z|*') = 0 if and
only if

N-1
Z Qg — O, < 0 for some A € A.
i=1

Further, we have M3 (D*logr) = 0 if and only if

So, since a,, # 0,

N—-1

tr(A
Zaii_ann:ann( 1"( >—2),
- a

nn

and by observing that for all A € Sy we have mino(A) < a; < maxo(A)
for all 7, we get the following result.

Lemma 3.3 Let J be a subset of [\, A]Y which is invariant with respect to
permutations of coordinates. Let A be the corresponding set of matrices whose
eigenvalues are in J. Then we have

tr(A tr(A
Nj:Nj[:min r() < max r()

=N, =N;,
AeAmaxo(A) — AeA mino(A) A I
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of course the first two of these are vaiid 1 18 definea), or, equivalently,
f the first two of th lid if N is defined walentl
N N
i=1 Li i—1 Li _ _
z€J IMaxX I; zeJ IMINT;

We now define the numbers N(H) which appear in Theorem 1.2.
Definition 3.1 For any Hlu| = H(M, p,u,x) satisfying (f[o) — (ﬁg) we set
Jr={JeJ : M5(M)< H(M,0,0,) for all M € Sy, z € Q}

(note J;i can be empty but [\, A]V is always in Jy; ), and

N(H) =min< min Nj, min N ».
JETH Jedy

4 Liouville results. Proof of Theorem 1.3 1

We start by proving a version, for the extremal operators of the previous
section, of the Hadamard Three Spheres Theorem which can be found in
[21]. For completeness we give the proof here.

For a given u € C(Bg), we define m,(r) = |HT1<n u(z), for 0 < r < R.

Theorem 2.2 clearly implies that if M7 (D?u) < 0 then m,(r) = min u(z).

|z|=r

N
Theorem 4.1 Let J € J and set Nf = mi? M If w € C(Bg) is a
zed Maxx;

viscosity solution of
M3 (D*u) <0, in Bp, (15)
then for any 0 < r; <r <ry < R we have

_ N+ Nt
m(r) (2N =y ) ) () — 2N

m(r) > T if Nt +#2
Tl S — 7/.2 7
m(ry) log(ra/r) + m(ra) log(r/m) , B
m(r) > log(ra/r1) if NT=2.
(16)

The same result holds for M7, replacing N} by N5 .

13



Proof. Let us define

 CaPNT 40y i NP £2
gb(m) = . T
Cilog(|z|) + Cy if Nj =2,

where €y and Cy are such that ¢(x) = m(ry) on 0B,, and ¢(x) = m(rs)
on 9B,,. It is trivial to check that C; > 0 if N > 2 and C; < 0 if
Nf < 2. Since M%(D?*¢) = 0 in B,, \ B,, (here we have to recall that
MF(=M) = —M; (M), and to note that when N} < 2 we have oy = 2— N
in the second part of Lemma 3.2), by using Theorem 2.4 we get u(x) > ¢(z)
in B,, \ B,,, which implies the result. O

N
Proposition 4.1 Let J € J and set N} = min iz Y Letue C(RYN) be
ze] Max T;

a viscosity solution of
MHE(D*u) <0 in RN

Then

1) if Nf > 2 and u is positive then the function r™7 ~2m,(r) is increasing.

2) if Nj < 2 and u is bounded below then u is constant.

The same result holds for M7, replacing NJ by N (note once more that
N; > 2 except for the Laplacian in dimension two).
Proof. 1) First, (16) implies m(r)(rf_N;r — 127N > ) (P2 — rg_Nj)
since u is positive. This inequality holds for all r5, so we can take ry — 00,
and conclude, by using m(r) > 0.

2) We take 15 — oo in (16), and obtain that m(r) > m(ry), therefore the
decreasing function m(r) is constant. Then by the strong maximum principle
(Theorem 2.2) w is constant. d

b

Proof of Theorem 1.3 I. We argue by contradiction, and suppose that u,v > 0
are nontrivial supersolutions to system (10). First, if Ny < 2 or Ny < 2 we
immediately conclude, by the second statement in Proposition 4.1. So we
shall suppose N; > 2, Ny > 2. For given r; > 0 fixed, we consider the

function ( sy
r—rnr i
— my(r/2) (1 = %)
otr) = ma(ry/2) (1= 02 )

similarly to [12].

If we define ¢(z) = g(|x|), we have constructed ¢ so that u > ¢ in B, ),
¢ <0 <uin RV \ B, and u(xg) = ¢(z) for some zg with |zo| = 71/2.
Hence the minimum of u — ¢ in RY is non-positive and achieved at a point

14



Z = x(ry), such that r;/2 < |Z| < 1. Thus we can use ¢ as test function in
the first equation of (10) at Z (recall Definition 2.1) and get

M1 (D*¢(2)) +v(7)7 < 0.

Then, by a simple computation and the definition of M; = M4,

g o 3mu(ri/2) Sz =/
v(7)! < ——5 |apn + a————| (|| —71/2)7,
( ) (7”1/2)3 |ZL‘| <| | 1/ )
A =
for some A = (a;;) € Ay C Sy° , where we have set & = ) a;. If
i=1

|Z| = 11/2, then we get v(|Z|) = 0, which is impossible. Thus, we necessarily
have r1/2 < & < r;. Noting that the expression in the large brackets is
bounded, by m,(r1) < v(Z) we get

my(r1/2)
(ri/2)* "

for some positive constant C'. Now we use the first statement in Proposi-
tion 4.1 to obtain

(moy(r))? < C

(17)

with C' possibly different, but independent of r;. Arguing in the same way
we get from the second equation in (10) that

my(ry)
(my(r))P < C (r)2 (18)
Thus, by combining the last two inequalities we conclude that
<C ! d < C! !
mo(r) < s 2 man) S O

Hence 1

T{VZ 2my(7"1) S Clm, (19)
1

2 my(r) < Cy (20)

(rq)or=(N1-2) 7

where a; = 2(q+1)/(pg — 1) and ap =2(p+ 1)/(pg — 1).
Therefore if ay > Ny — 2 or oy > Ny — 2 then one of increasing functions

No—2 Ny -2 gy L
12 my (1) or 1t "my, (1) goes to 0 as r; — oo, providing a contradiction.

15



In case, say, as = Ny — 2 we need a supplementary logarithmic lower
bound. In this case we define, for fixed 0 < r; < 79,

log(1+r
h(T) = Cl—gr(N22 ) Co,

where ¢; > 0 (to be chosen later) and c¢; € R are such that h(r1) < m(r)
and h(ry) = m(ry). More specifically, we take

0 < e < (m(r) —m(r))/ log(1+r1) log(l+1ms)

7’{\7272 ,,,é\fzﬂ ’
log(1 +r
Cy = m(?”2> - Cl%.
2

We may choose and fix r; large enough so that A”(r) > 0 and K/ (r) < 0,
for r > ry. Let w(x) = h(|x|), then

/
My(D*w()) = ap,h”(r) + dh (T), ri <r <ro,
r

for some A = (a;;) € Ay (which may depend on r).
Then, if My = ./\/lj[t2 is a supremum operator by its definition we have

Mo(D>w(x)) > a’, h'(r) + & h/(r),

r

where A* = (aj;) € Ay is the matrix at which Ny = N4, is achieved (recall
Lemma 3.3). We recall that Ny — 1 = a*/a’,,. A simple computation gives

R (1) > _c c1

r B

h”(r) + (N2 - 1)

for some positive constant C', hence

&1
|2

My(D*w(z)) > —C (21)
If My = M7, is an infimum operator the optimality condition is reversed.
So we use a different argument to get (21). In case h”(r) + %h’(r)/r >0
we have trivially (21). In case h"(r) + %h’(r)/r < 0, since ﬁ < Ny — 1,
Ny = Nj,, we have

N (r) W (r)

A (1) + a . > A (R (1) + (Ny — 1) .

),
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from which (21) follows.
On the other hand, by Proposition 4.1 we have

mv(rl)riv"’d_ Cy
o

my(x) >

for |z| > 71, and then from the equation for v, (17) and ay = Ny — 2 we get

Cy

V2

Ma(D*0(z)) < —mb(z) < —|z[Pmb? < —

for some positive Cy. Therefore, we can use Theorem 2.4, choosing a smaller
c1 if necessary, to conclude w(z) < v(z) in B,, \ B,,. Letting ro — oo we
finally conclude that c¢; > 0 at the limit and

C'log(1 + |z])
(z) > W’

for large |x| and some positive C. This is a contradiction with (19).

In the case ay = N7 — 2, we can argue in the same way. This proves that
system (10) has no positive supersolutions provided (11) holds.

It remains to construct a super-solution of (10), when

g < Ny —2 and oy < Ny —2.

Note the solution of the linear system s +1 =pt, t +1 = ¢gs is t = % and
s = . So for these s,¢ we have

Ny —2 Ny —2
2 and t <

<
° 2 2

We define the functions
v(r) =A(1+r)™ and u(r) = B(1+r*)7",

and claim that (u,v) is a radial super-solution of (10), for an appropriate
choice of the positive constants A and B. We observe that v”(r) > v'(r)/r
for all 7 > 0, and for the function w(z) = v(]z|) we have
a v'(r

My (D*w(x)) = apn (V" (1) + —ﬁ),
for some A = (a;;) € As. In the case My is a supremum operator we have as
above ﬁ > Ny —1, by the definition of N5. We also recall that A < a,,,, < A.
Then using v' < 0, we get

App T

My (D*w(z)) < C("(r) + (Ny — 1)”/(”).

r
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In the case of an infimum operator we get the same just from the definition
of M. Thus, by a simple computation,
A(Ny —2(s+ 1)) n Br

(1 + r2)8+1 (1 + T2)pt '

MQ(DZUJ) + uP S —Ol

By arguing in the same way we see that z(x) = u(|z|) satisfies

(N, —2(t+1)) N AP
(14 r2)t+t (14 72)es

My (D?*2) + 01 < —C'zB

Recall that by the definition of s and ¢t we have Ny — 2(s + 1) > 0,
N1 —2(t+1) >0, and s+ 1 = pt, t+ 1 = gs. Finally, we remark that pg > 1
permits to choose A and B such that the right hand sides of the last two
inequalities are equal to zero. OJ

5 A Liouville theorem in a half-space

In this section we prove the second part of Theorem 1.3. We shall actually
need a stronger variant of this theorem.

We use an idea by Dancer [13], which consists in the following : if there
is a solution of the problem in {zy > 0}, and if one is able to show that any
such solution is increasing in the xy-direction, then, after eventually some
supplementary work, one should be able to pass at the limit as xy — o0
and thus get a solution of the same problem in RV~ which in turn permits
to use the nonexistence result for the whole space, that we already proved.
Note that the numbers Nj, Ny from Theorem 1.3 (which we defined in the
previous sections) are strictly increasing in IV, so the nonexistence results in
Rf hold for a larger range of p, ¢ than the nonexistence result in RV,

Monotonicity results for systems of two equations were proved in [17]. The
approach there relies on a moving planes argument and on some extensions of
the Harnack-Krylov-Safonov estimates for nonlinear elliptic systems obtained
in [5]. Note that the moving planes method was recently extended to viscosity
solutions and fully nonlinear equations in [14].

When trying to get extensions of the Harnack estimates from [5], which
are needed in the moving planes argument, a crucial role is played by an
extension to viscosity solutions of a basic ”quantitative strong maximum
principle” of Krylov and Safonov, which was one of the cornerstones of their
theory of linear equations in nondivergence form, see [25]. We give such an
extension in the appendix (Theorem 7.1), see also the comments there. We
use this result also in Section 6.
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Here are the precise monotonicity and (non-)existence statements for sys-
tems in a half-space. Suppose we have an autonomous system of the type

{Fl(D%l)‘i‘fl(Ul,M) =0
Fy(D%up) + fo(ui,uz) = 0,

where Fy, Fy satisfy (14), f; € C*(R?),i = 1,2, and f; is increasing in u;,
t # j. We shall suppose in addition that we can write

(22)

fl(Uh U2) = “g + 91(“1, U2)U1; f2(U1,U2) = U? + 92(“17U2)U27 (23)

for some p,q > 1 and some nonnegative continuous functions gy, g2, which
have polynomial growth in wuy, us.

Let Ji, J2 be the subsets at which the dimension-like numbers for F} and
F, are attained, see Definition 3.1. Set Ny = N(F}), Ny = N(F3). Let M,
M, be the corresponding extremal operators. We consider the system

{Mjl(DZul)Jrug < 0

Mo, (D) +ul < 0, (24)

Theorem 5.1 Suppose we have a system of type (22) which satisfies (23).
If problem (24) has no positive bounded solutions in RN~ then (22) has no
nontrivial nonnegative bounded solutions in RY which vanish on {xy = 0}.

In the case when F; and F; are the Laplacian, this theorem appeared
in [17]. Its proof is divided into two parts. In the first part we prove that
all bounded solutions of (22) in a half-space are strictly increasing in the
xy-direction, and in the second part we pass to the limit as zy — oo.

The monotonicity result is proved like in [17], once we have the cor-
responding Harnack estimates for fully nonlinear systems, together with a
variant of the moving planes method for viscosity solutions. We are going to
sketch the arguments in Section 5.2, for completeness.

On the other hand, the passage to the limit cannot be done like in [17],
since the approach there, based on multiplication by cut-off functions and
integration, is not applicable to operators in non-divergence form. We give
a different and simpler proof in Section 5.3.

5.1 Harnack type estimates for systems

The argument in the next section requires some Harnack estimates for sys-
tems which we state in this section. Such results were obtained in [5]. The
first theorem below is a particular case of Theorem 3.2 and Proposition 3.1
in [5]. We include it here for the reader’s convenience.

In this section G denotes an arbitrary domain in R and Q; (I = 1,2) are
concentric cubes with side [, properly included in G.
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Theorem 5.2 ([5]) Assume fi(uy,us), fo(uy,ug) are globally Lipschitz con-
tinuous functions, with Lipschitz constant A, such that f; is nondecreasing
inw; fori# j. Let (u1,u2) be a nonnegative solution of (22) in a domain G.
We suppose that the system is fully coupled, in the sense that fi(0,v) > 0 for
all v > 0, and fo(u,0) > 0 for u > 0. Then for any cube Q in G there exists
a function ®(t) (depending on N, A\, A, A,Q and G), continuous on [0, 00),
such that ®(0) = 0 and

sup max{uy, us} < ®(inf min{uy, us}).

z€Q TEQ
In particular, if any of uy, us vanishes at one point in G then both uy and us
vanish identically in G.

Further, if Q1 C Q2 C G, and u is a subsolution of (22) then for each

p > 0 there exists a constant C' depending only on p, N, A\, A, and A such that

sucg) max{u, us} < C|| max{uy, us}| rr(qy)
rel1

The same results hold if f; depend on x and the constant A is uniform in x.

Next, we state two Harnack inequality for systems, which play an impor-
tant role in the moving planes argument. The proofs of these theorems are
the same as the proofs of Theorems 3.6 and 1.4 from [17], making essential
use of Theorem 7.1 in the Appendix.

Theorem 5.3 Let Fy, Fy satisfy (14). Suppose the functions a,b,c,d €
L>(Q2) are such that |a|,|d] < A, and 0 < b < A0 < ¢ < A in Q.
Suppose (uy,uz) is a positive solution of

{ Fl(Dzul) + CL(.I‘)Ul + b(.T)UQ =0
Fy(D?ug) + c(x)u; + d(z)ug = 0

in Q. Assume in addition that b(x) is bounded below by a positive constant
on Q1. Then
sup u; < C inf uy. (25)
TEQ1 z€Q1

supg, b

infg, b

where the constant C' depends on N, A, X\, A, and on upper bound for

Theorem 5.4 Let (uy,us) be a positive solution of (22) in some domain G
and suppose (23) holds. Suppose K is a compact set properly included in G

and max{inf Uy, in}f{ug} <1, max{supul,suqu} < M. Then
Te

zeK zeG zeG

1 1

p q
sup max{uy, us} < C'min { (inf u1> , <inf u2> } ,
zeK zeK zeK
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where C' depends only on N, \,A, M, K,G.

5.2 A monotonicity result

This section is devoted to the following theorem.

Theorem 5.5 Suppose we have a nontrivial nonnegative bounded solution
(u1,us) of system (22) in RY = {z € RN | xn > 0}, such that u; = us = 0
on ORY. Suppose (23) is satisfied. Then

3ui

axN>O in RY, i=1,2. (26)

In the the proof of this theorem we shall use an extension to viscosity
solutions of fully nonlinear systems a maximum principle in narrow domains,
proved by Cabre [6] in the case of strong solutions of a scalar equation.

We recall the following definition of [6]. For a given domain  C R”, the
quantity R(£2) is defined to be the smallest positive constant R such that

1
meas (Bg(x) \ Q) > 5 meas (Br(z)), for all x € Q.

If no such radius R exists, we define R(2) = 4o00. It is easy to see that
whenever the domain 2 is contained between two parallel hyperplanes at a
distance d, we have R(Q)) < 2Vdwy', where wy is the volume of the unit ball
in RV,

We have the following easy extension of the results in [6] (see also [7]).

Proposition 5.1 Let Q be a domain with R(Q) < co. Suppose u € C(2)
and f € L*®(Q) satisfy M3 \(D*u)+~|Du|—du > f in Q, for some~,5 >0,

and supu < 0o. Then
Q

supu < limsup u(z) + CR(Q)?|| | (@),
Q z—00
where C' is a constant depending only on N, X\, A, v, 0, R(Y), and C' is bounded
when these quantities are bounded.

The proof of this result is identical to the proof of Theorem 5.3 in [7], by
using the weak Harnack inequality for viscosity solutions.

It is not difficult to deduce from Proposition 5.1 a maximum principle for
systems in domains with small R(€2).
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Theorem 5.6 Let H;(M,p,uy,us, ) be operators satisfying (ﬁz) Then
there exists a number R depending only on N, X\, A,~,d,, such that R(Q2) < R

implies that each solution u € C(§2) of

Hy(D*uy, Duy,uy,ug,x) > 0 in
Hy(D?uy, Duy,uy,us,x) > 0 in (27)
up <0, uy < 0 on 09,

satisfies u; < 0in Q,1=1,2.
Proof. From H, and (27) we get

M\ (DPus) + 5| Dug| — u; > =26uf —ouf, i=1,2, j#i.
By applying Proposition 5.1 to these equations we obtain

supuf < C1R(Q)*(supuf +supug), i=1,2.
Q Q Q

We sum up these two equations and take R = (v/4C;) ™t O

Proof of Theorem 5.5. Set M = max < sup uy, sup us p . We can suppose that
RY RY

the functions f; and f5 are globally Lipséhitz cogtinuous. Indeed, if they are

not, we can replace them by fi¢ and fop, where ¢ is a cut-off function such

that ¢ = 1 on the positive cube with side M, and ¢ = 0 outside a cube with

side M + 1, containing properly the previous one.

Hence system (22) satisfies the hypotheses of Theorem 5.2, from which
we deduce that either both functions u; and uy vanish identically on Rﬂf or
both u; and us are strictly positive on Rf . The first case is excluded by
hypothesis. So we can assume that uq, us are strictly positive in Rf .

For each A > 0 we denote T\, = {zr e RY |zy = A}, Xy ={z e RV |0 <
xy < A}, and introduce the functions

o (@) = w2, 21 — xy), wM (z) = UZQ\) () — u(z), i=1,2,
defined in X. Since both (uy, us) and (v§’\), vé)‘)) satisfy system (22) we obtain

by subtracting the corresponding equations and by using Proposition 2.1
from [14] (recall uy, uy are only continuous)

(28)

IA A

M;,Aw?w@)) + ci? <x>w§f + c§§> <x>w§i>
M A (D20iV) + & (2w + ¢ (2)wd



A
ij
at some point between u;(x) and UJ(»)\) (x). Note that cl(;\) are bounded by a
Lipschitz constant of f = (f1, f2) on [0, M]Q, and cg’;), cg’}) > 0.

Obviously @) = (wg’\), wg‘)) =0 on 7Ty and @™ > 0 on Ty (recall that
u; = 0on Ty and u; > 0 on Ty, A > 0). By Theorem 5.6, if X is small enough,
then @™ > 0in X,. Hence

in ¥y, where ¢;;(z) is the partial derivative of f; with respect to u;, evaluated

N =sup{\ | @™ >0 in X, Y <A} >0.

We see that for each 0 < A < A* the function w?‘) > 0 satisfies the inequality
M;A(DQwE)‘)) + M < 0in %,. Hence Hopf’s lemma (Theorem 2.2)

implies wg)‘) > 0and g = —5 5
proved if we show that \* = +oc.

Suppose for contradiction that \* is finite. By Theorem 5.6 we can fix
go > 0 such that the matrix operator /\/l): A + C\(z) satisfies the maximum
principle in the domain Xy« ¢, \ X, (here C)(z) denotes the matrix of the
coefficients in (28)). For instance, we can take g = 3%47 R, where R is the

number from Theorem 5.6.

ou; 1 awE)\)

> 0 on Ty. Therefore, the theorem is

Lemma 5.1 There exists 6y € (0,¢0], such that for each 6 € (0,d0) we have
w00 in Sy \Be,  i=1,2.

The proof of this lemma is the same as the proof of Lemma 3.1 in [17].
Then we can apply Theorem 5.6 to (28) in Xy« 15 \ Xy«_e, and in X, (these
domains are narrow enough) to conclude that w?**‘” > 0 in Xy« for each

d € (0,0p). This contradicts the maximal choice of \*. g

5.3 Proof of Theorem 5.1

Suppose u = (uq,us) is a solution of (22), u £ 0, 0 < uy,us < M. For each
r = (y,zy) in the strip ¥y = {x e RY : 0 < 2y < 1} we set

ul(-n)(y,a:N) =u(y,xn +mn), 1=1,2.

Now u(™ satisfies the same system as u, since (22) is autonomous. Then,
using once more the C*-regularity, Theorem 2.6, we see that {u,} is bounded
in C'* and hence a subsequence of it converges uniformly on compact subsets
of 31 to a vector u. By Theorem 2.5 this vector satisfies

{ Fl(DQﬂl) + f1<a1,ﬂ2) =0 in 21

~ - . 2
FQ(D2U2)—|—f2<U1,u2) = 0 m 21, (9)
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so, by the definition of M , M, and the hypotheses on f;,

My (D*uy) +d5 < 0 in %
{ My, (D¥i) + 7! < 0 in % (30)
However, the monotonicity result of Theorem 5.5 trivially implies that wu is
strictly positive and independent of the xy-variable. This means that the
last line and column of D?%;, D*%, contain only zeros, so the N-dimensional
extremal operators M j,, M j, applied to these matrices are actually (N —1)-
dimensional, and we have (30) in RV~1.

6 Proof of Theorem 1.2

6.1 The setting

The proof of our existence theorem is an application of degree theory for com-
pact operators in cones. This theory, essentially developed by Krasnoselskii,
has often been used to show that such operators possess fixed points. We
are going to use an extension of Krasnoselskii results, due to Benjamin and
Nussbaum, in the form that appeared in [16].

We start by recalling the abstract setting in [16]. Let K be a closed cone
with non-empty interior in the Banach space (E, || - ||). Let & : K — K and
U : K x[0,00) — K be compact operators such that ®(0) =0 and ¥(z,0) =
®(z) for all z € K. Then the following theorem holds (see Proposition 2.1
and Remark 2.1 in [16]).

Theorem 6.1 Assume there exist numbers Ry > 0, Ry > 0 and T > 0 such
that Ry # Ry, and

(i) x # BP(x) for all0 < B <1 and ||z|| < Ry,

(i1) U(x,t) # x for all ||z|| = Re and all t € [0, +00),

(11i) U(x,t) # x for all x € B, and allt > T.
Then ® has a fized point x € K such that ||z|| is between Ry and Rs.

Note that (i) implies that io(®, Bg,) = 1, while (ii) and (iii) imply
ic(®, Br,) = 0, where i¢ is the Krasnoselskii index and Bg = {z € K
||z|| < R}, so Theorem 6.1 follows from the excision property of the index.

We set E = {u = (u1,us) € C(Q) x C(Q) | u; = 0 on 99, i = 1,2} and
K={ue FE|u; >0 in Q,i=1,2}. It is clear that solving (1) is equivalent
to finding a fixed point in K of & : K — K, defined by

(I)(ubuQ)(x) = S(fl(u17u2ax)?fQ(ulyu%x))? S Qv
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where for any (hy, he) € K we define S(hy, ho) as the solution of the Dirichlet
problem

—H,(D?uy, Duy,uy,up,x) = hi(r) in Q
—Hy(D?ug, Dug, uy,ug, ) = he(z) in  Q (31)
up=uy = 0 on 02,

Lemma 6.1 The operator S : K — K is well defined, continuous and com-
pact. In addition, S(0,0) = (0,0).

Proof. 1t follows from the results in [33] (which extend the earlier results
in [5], [31], [32]) that under (Hy)-(Hs) system (31) is uniquely solvable for
any h € LY(Q)? and satisfies the maximum principle, that is, » > (<)0
implies © > (<)0 in Q. Hence S is well defined and S(0,0) = (0,0). In
addition, the Alexandrov-Bakelman-Pucci estimate (which extends Theorem
2.1 to systems)

[l ooy < C meax [ Hi | v (0 (32)

is valid (here C' depends on N, X\, A,~,d, diam(Q) and A\ (F) > 0). Hence S
is continuous.

Further, it follows from (32) and from the C®-estimates, Theorem 2.6,
that if u, is a sequence of solutions of (31) then wu,, is uniformly bounded in
C*(2), for some a € (0,1). Therefore the compactness of S follows from the

compactness of the embedding C*(2) — C(). O
In our case we define the operator ¥ as follows : for any u € K, t € [0, 00|,
\Ij(ula Uz, t)(x) = S(fl(ul + t7 U + t7 .CE), f2(u1 + ta U + ta .Z'))

First we show that condition (i) in Theorem 6.1 is satisfied. This is the
content of the following proposition.

Proposition 6.1 There is Ry > 0 so that for all t € [0, 1] the system
—H(D*uy, Duy,uy,us, ) = tfi(ug,ug,z) in

—Hy(D*ug, Dug, uy, us, ) = tfolug,ug,z) in (33)
uy=uy = 0 on 051,
has no solution (uy,uz) with 0 < |lu|| := max(||u1||zee (), [|U2| Lo @) < Ri.

Proof. We argue by contradiction. Let {(ugn), ué"), tn) tnen be a sequence of
positive solutions to (33) such that |\u§")HLoo(Q) — 0asn — 400, 1 = 1,2,

and t,, € [0,1]. Define




Then we have, by (ﬁo),

n n n n t'rb n n
—Hl(D%g ),Dv1 ),v§ ),vé ),x) = —Hu(n)”fl(ug ),ué ),x)

n n n n tn n n
—HQ(DQ’Ué ),Dvé ),v§ ),vé ),a:) = Hu(n)Hfz(ug ),ug ),{E).

Note v{” v < 1in Q, and v\ (2,) = 1 for some i and some z, € .
However, the right hand sides of the last two equalities go to zero uniformly
in €2, by hypothesis (6). Then, by Lemma 6.1 vi(n) converges uniformly to
some function v;. Applying Theorem 2.5 and then Lemma 6.1 yields v = 0,
a contradiction. O

Remark. Note that if the left hand side of the system is decoupled, that is, H;
does not depend on uy and Hs does not depend on w; (like in Theorem 1.1)
then we can allow one of the functions f; to have a linear growth in w;, i # j,
since then the equalities

—H1<D2U1,DU1,’U1,I) = V2
—Hy(D?vy, Dvy,v9,2) = 0.

would still imply v = 0. This remark shows that we can allow p=1or¢qg=1
in Theorem 1.1, which in particular gives an existence result for higher order
equations involving iterated fully nonlinear operators. Il

In order to prove condition (iii) in Theorem 6.1 we state the following
proposition.

Proposition 6.2 There exists a constant T > 0 so that if the system

—H,(D?uy, Duy,uy,ug,x) = fi(u; +t,us+t,x) in
—Hy(D*ug, Dug,uy,us, ) = folug +t,us +t,2) in Q (34)
U =uy = 0 on OS2,

possesses a solution u = (uy,ug) € K, then 0 <t <T.

Proof. First, by (ﬁg), the positivity of f; and the strong maximum principle
(Theorem 2.2) we have u; =0 in Q or u; > 01in 2,7 =1,2.

By the hypotheses we made on the functions fi, fs, for any A > 0 we can
find T'= T(A) > 1 such that for all ¢ > T" we have either (case I)

filur +tus +t,2) > A(ur + 1), folur +tus +t,2) > A(uz + 1),
or (case II)

filur +tus +t,2) > A(uz +1),  folur +tus +t,2) > alur +1),
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or the last two inequalities with A and a interchanged (here a is a positive
lower bound for dy; or dis from (4))3.
In case I we see that the nonpositive functions v; = —uy, vo = —us satisfy

Fik(-DQUlaDUlJUl?O"T) > Fl*(D2/U17DU17U17U27x) Z —AU1+1

F3(D?vy, Dvy, 0, v, x) E F3(D?vy, Dvg, vy, v9, 1) > —Avy + 1 (35)

in Q, by (H,) (recall (Hy) implies the system is quasimonotone). Clearly this
implies vi,vy < 0 in €2, by Theorem 2.2. We recall the following corollary
from Proposition 4.2 in [32].

Lemma 6.2 If F(M,p,t,0,z) satisfies (ﬁo)-(ﬁg) and is convez in (M,p,t)
then the quantity

A (F, Q) =sup{\ | U (F,Q,\) # 0}, where
U(F,0,0) = {p € () | ¥ <0 inQ, F(D, Diy,,z) + X > 0 in Q},
is bounded by constants which depend only on N, \,A\,~,0,€.

So (35) is a contradiction, since A can be taken arbitrarily large.
In case II we get, by (Hz) and MT(M) = —M~(—M),

_MX,A(DQUI) + 7| Duq| + 6wy
_M;,A(D2U2) + | Dug| + dusy

> AU2+A > AUQ,
>

auy +a > auy,

in 2. This implies u;,us > 0 in §2, by Theorem 2.2. Fix ¢ > 0, depending
only on the geometry of €2, such that

Q' ={reQ : dist(z,00) > ¢}

is a domain which is not empty, and fix two concentric cubes Q1 CC Q5 C .
Then Theorem 7.1 implies

inf uy; > kAinf u, and inf uy > kainf uq,
Q1 Q1 Q1 Q1

where x depends only on N, A\, A, ~, 9, and €. This is clearly a contradiction,
if we fix A larger than (kv/a)™2 O

Finally, condition (ii) in Theorem 6.1 is a consequence of the following
proposition.

3Note that if Hy, H, are linear, then it is trivial to conclude at this stage, simply by
adding up the two equations and by using known results on scalar inequalities, for the
sum ui + u2.
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Proposition 6.3 For each ty there exists a constant C', such that if u =
(u1,us2) is a solution of system (34) with 0 <t < to, then

Proof. We argue by contradiction, using the widely employed blow-up
method of Gidas and Spruck [22], [17]. Suppose there exists a sequence
(U1 5, U2,,) Of positive solutions of (34) with ¢ = ¢,, € [0, %], such that at least
one of the sequences u; ,, and ug, tends to infinity in the L*-norm. Without
restricting the generality we suppose to = 0 (the argument below remains
the same for ¢y > 0). Let 3y, 52 be the numbers from Theorem 1.2. We set

An = ||u1,n||zfol(g) )
i {Jurp]]Pe o0 > [usn] 2! (up to a subsequence), and A, = ||ugn||; 2
1n Lo (Q) = 2,n Lo () p q ) n 2,n Lo(Q)

otherwise. Say we are in the first of these two situations.
Note that we have \,, — 0 as n — oo. Let z,, € 2 be a point where v, ,
assumes its maximum. The functions

Vin(z) = /\giui’n()\nx + x,),
are such that v1,(0) =1 and 0 < v;,, <1 in Q. One easily verifies that the

functions vy ,, and v, satisfy

—HL”(D2vl,n7Dvl,navl,navln, ) — ( ))\ﬁ1+2 Bra1l U011+
bl(.))\gl+2—ﬁ20112 U;1n2 + ()/\514-2 Biy1i1— ﬁz'ym %1 ’)/12 +g1n

_H27n(D2U27n, Dvg y, U1y Vo, ) = ( ))\52+2 Brao: UOé21+
bQ(.))\gz-&-Q—ﬁzazz U;iﬁ + ()/\ﬁ2+2 B1v21— 52722 ,UiYQI Y22 +92n
(36)
in the domain £, = )\—(Q — Z,,), where the dot stands for A,z + z,, and we

have set g;,, = \Jit2g, ( AP 0r s A 200,
Hi,n(Mapa Uy, U2, I) = HZ(M7 >\np7 )‘iula )\iUg, Tp + )\nx)

By compactness we can assume that {x,} tends to some point zy € Q. It
is a very standard fact that the domain €2, converges either to RY or to a
half-space in RY.

With the choice of 1, 32 that we made in the introduction, we have that
all powers of A, in (36) are non-negative (see for example lemma 2.2 in [17]).
Thus the right hand side of (36) is bounded in L*(f2), so by compactness —
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see Lemma 6.1 — we find that, up to a subsequence, v;, converges to some
function v; uniformly in compact sets of RY (or RY). In order to pass to the
limit in (36), we use the fact that the sequence of operators H;,, satisfies the
hypothesis of Theorem 2.5. Indeed, as can be easily verified with the help of
(Hs) and A, — 0, for any fixed ball B and any ¢ € W?"(B) we have

H; (D*¢, Do, vy 1, Vo, ©) — Hy(D?¢,0,0,0, 20) in LY(B).

Thus we can pass to the limit in (36). Note that in the passage to the limit
the terms in the right hand side of (36) which contain strictly positive powers
of A\, disappear, as well as %m, while the terms where the power of \,, is zero
remain. Actually, this observation has dictated the choice of (1,32 (note
this choice depends only on the exponents «;;) — more details on this can be
found in [17].

In this way we obtain a nontrivial (since v;(0) = 1) bounded solution of
the system

2 _ a1l 12 Y11 ,,712
—Hl(D vl,O,O,O,xO) = (1101 + C120Uy + C13V1 U9y (37)
2 _ Q21 Q22 V21,722
—Hy(D%v9,0,0,0,20) = co1v7™" + 22057 + 230, vy

in RY or RY (with a Dirichlet boundary condition), where ¢;; > 0 are con-
stants. There are several cases now, depending on the possible values of ¢;;.
We shall only list them and give the contradiction in each case, referring to
[17] for an explanation on how these cases appear. Note in any case ¢j3 =0
implies ¢13 = 0 and cy; = 0 implies co3 = 0.

Let Ji,Jo be the sets at which the dimension-like numbers Ny, Ny cor-
responding to the operators in the left-hand side of (37) are attained, and
let M1, M5 be the corresponding extremal operators, see Definition 3.1. So
(v1,v9) is a supersolution of (37) with Hy, Hy replaced by M, Ms, accord-
ing to Definition 3.1. When the domain for (37) is RY we are going to use
Theorem 1.3 to get a contradiction, while in the case when the domain is RY
we are going to apply Theorem 5.1 directly to (37). If Ny < 2 or Ny < 2 we
just use Proposition 4.1 part 2.

Case 1. c11 > 0 and cg9o > 0. If the domain is RV then we have a contra-
diction with the Liouville theorem for scalar inequalities from [20], which is
a particular case of Theorem 1.3 with p = ¢ and M; = M. If the domain
is Rﬂ\: we have two subcases. If all ¢;; > 0 we have a contradiction with our
Liouville theorem in half-space, see Theorem 5.1. If ¢3; = c93 = 0 then the
second equality in (37) implies v; = 0 by Theorem 5.1 (with p = ¢ = awg).
Then the first equation in (37) becomes scalar in v; and we apply the same
theorem to it.
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Case 2. ¢ > 0 and c9; > 0. Then we have a contradiction with Theorems
1.3 and 5.1.

Case 3. ca1 = a9 = o3 = 0, ¢11,¢12 > 0. Then the second equation in (37)
implies that vy = ¢g, a constant (this is a consequence from the Harnack
inequality, see for instance [8]). If ¢g = 0 (this is the only case for a half-
space, because of the Dirichlet boundary condition) again the first equation
is scalar. If ¢y > 0 by the first equation we get a positive bounded solution to
—M;}A(D%l) > cyco1 = ¢ > 0 in RY which is easily seen to be impossible.
Indeed, if there were such a function, by the comparison Theorem 2.4 we
would have v;(0) > wg(0), where wg is the solution of the Dirichlet problem
—M; A (D*w) = € in the ball Bg (this problem is solvable, see for instance
Proposition 7.1). Then if vg(y) = wr(Ry), we have —M; , (D*vg) = ¢R? in
Bi. So, by Theorem 7.1 we have v;(0) > cR? for all R, a contradiction. [J

Theorem 1.2 is proved, since it is a consequence of Theorem 6.1.

7 Appendix

Here we prove the following result. To fix notations, again @); will denote a
cube with size [. Any two cubes such that one is obtained by doubling the
size of the other are supposed to be concentric. For any measurable set F
we denote with meas(E) = | F| its Lebesgue measure.

Theorem 7.1 Letw C @y be a closed set with positive measure and suppose
u € C(Q2) is a positive function satisfying

M;yA(D2u) — | Du| — du < —ax, in Qs (38)

for some o > 0 (here x,, denotes the characteristic function of w). Then
there exists a constant m > 0, depending only on N,\,A,v,5, and on a
positive lower bound of the measure of w, such that

infu > ma. (39)

Q1

This theorem extends a result by Krylov and Safonov, concerning linear
elliptic operators and strong solutions, that is, u € VVli’CN(Qg). For such
operators and solutions Theorem 7.1 follows from Theorem 2, page 118, in
the book [25].

As we will show below, Theorem 7.1 can be reduced to the result in [25].
However, since this reference is not easy to work with, and since Theorem 7.1
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plays an essential role in our arguments, we are going to give a full self-
contained proof of this theorem, which is based only on the Alexandrov-
Bakelman-Pucci inequality, convergence properties of viscosity solutions and
on a result from measure theory — Egoroft’s theorem.

First proof of Theorem 7.1. We use the following well-known results from
the theory of fully nonlinear operators.

Lemma 7.1 Let w € I/VI?)CN(Q) There exists a scalar linear uniformly el-

liptic second order operator Lo (depending on w) with bounded measurable
coefficients, such that

M\ (D*w) — ~|Dw| = Low

The ellipticity constant of Ly and the L*>-bounds for the coefficients of Ly
depend only on N, \, A, 7.

Proof. This is very standard. Recall M} \(M) = fAESAA tr(AM). This

infimum is attained (since S])\‘,’A is compact), for any fixed M. Then we take
Low(z) = tr (Ao(z) D*w(x)) — b(z). Dw(z),

where © — Ay(x) is a measurable selection of elements of Sﬁ;A at which the
infimum above is attained, and

Proposition 7.1 Let ¢, f € Loo(fl) and ¢ > 0 in Q. Then there exists a
unique solution v € WZN(Q) C(Q2) of the following problem

loc

{ M;,A(DQU) —y[Dv|—cv = f ae in Q (40)

v = 0 on 0.

Proof. When ¢ = 0 this result was proved in [9] (Corollary 3.10 in that
paper). Exactly the same proof works for ¢ > 0, since the authors use
Theorem 17.17 in [23] and the ABP estimate, which both hold when ¢ > 0.

In order to prove Theorem 7.1 we apply Proposition 7.1 to get a solution
in W2Nno(Q) of

loc

{ M5 A(D?*0) =9|Dv| = v = —ay, ae. in Q (41)

v = 0 on 8@2
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Set w = v — u. By Lemma 2.1 we have

M A\(D*w) + 7| Dw| = dw > 0 in @
v = 0 on 0Q,.

so Theorem 2.1 implies w < 0 in ()2, that is,
u>v in Q. (42)

By Lemma 7.1 equation (41) can be recast as a linear one, in which the
coefficients depend on v but their L*> bounds do not. So we can apply the
result in [25] to this equation and v, and conclude, by (42). O

Second proof of Theorem 7.1. Here we give a self-contained proof of the
theorem. We start with the following basic proposition.

Proposition 7.2 There exists a number py € (0,1) depending only on N,
A, A, v, 0, such that if for some p € (0, po] and some cube Q2, CC Q2, the
function u € C(Q2) satisfies

Glu] := M \(D*u) —y|Du| —du < 0 in @2,
u > 0 in Qa,,

then for any v,a > 0 there exists & > 0 depending on v, N,\, A\, v, 9, such
that

meas {z € Q, : u(x) >a} >v|Q,| implies u>FKa in Q.

Before proving this proposition, let us show how Theorem 7.1 follows from
it. We also need a well-known result from measure theory, usually referred
to as Egoroft’s theorem.

Theorem 7.2 Suppose {u,} is a sequence of functions which converges lo-
cally in measure in a domain G, |G| < oo, to a function u, that is, for any
compact set K C G and any € > 0

meas{zr € K : |u,(z) —u(x)| >} -0 as n— 0.

Then there exists a subsequence of {u,} which converges to u almost every-
where in G, and for any § > 0 and any open bounded set E C E C G there
exists an open subset By C E such that |E1| < 0 and u,, converges uniformly
tou in B\ B.
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Proof of Theorem 7.1. We are going to suppose that w = Q1 (we actually
apply the theorem only in this case). The full strength of Theorem 7.1 can
then be obtained by a covering argument.

Replacing u by u/a we can suppose a = 1. Let py be the number from
Proposition 7.2.

Claim. There exist v,a > 0 such that for any cube @) C @}, with size py, and
for any solution u of (38)

meas{z € Q : u(z) >a} >wv.

If this claim is true then Theorem 7.1 follows from Proposition 7.2. So
suppose the claim is false, that is, for all n € N there exists a cube Q™ with
fixed size py, Q™ C @1, and a solution u,, of (38), such that

meas {x e Q™ : uy(z) > l} < l

n n

Then, clearly, there exists a subsequence of {Q™} which contains a fixed
cube @ with size larger than po/2. The above inequality implies that {u,}
converges in measure to zero in this cube. Then by Egoroff’s theorem {u,}
converges uniformly to zero in some subset of ) with positive measure. This
implies, by Theorem 2.5, that zero is a solution of (38) in some subset of @)1,
a contradiction. O

We now turn to Proposition 7.2. First we prove a weaker result.

Proposition 7.3 There exist numbers 3, k, py € (0,1) depending only on N,
A, A, v, 0, such that if for some p € (0, po| and some cube Q2, C Q2, the
function v € C(Q2) satisfies
Glu] :== ./\/l;A(DQu) —v|Du| —du < 0 in Qs
> 0

u in le”
then for any a > 0
meas{z € Q, : u(zr) >a} > (1—-0)|Q,| implies u>ka in Q,.

Proof. Without restricting the generality we can suppose a = 1 (replace u
by u/a). To simplify some of the following computations, we suppose that @
stands for a ball instead of a cube in this lemma (this is obviously equivalent).

Set v(x) =1— ‘z—f. Then, by Lemmas 2.1 and 2.2, for any =z € @,
MIA(DZ(U —u) +vy|Dv—u)| > /\/l;A(ng) — v|Dv| — Glu] — du

2
> 3 (NA + 7|z| + 6p*u)

v

—% (1+vp+dpu),
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provided u € WY (Q,,). Extending this inequality to u only continuous is
easy (and standard, since v € C?), by using Definition 2.1 and test functions.

Since v — u < 0 on 9Q),, by applying Theorem 2.1 to the last inequality
we obtain

Sclglp(v —u) < Cp 1 +yp+6p%ullLr@,no—usoy)
P

< Cp ' (1+9p+6p sup u)|Q,N{v—u> 0}
0

v—u>

Note that {v —u > 0} C {u < 1}, so meas(Q, N {v—u > 0}) < C(N)Bp",
by hypothesis. Then

sup(v —u) < CBYN(1+yp+6p%).

P
By choosing ( sufficiently small and pg < 1 we get

3 . . .
— —infu=infv —infu <sup(v —u) < sup(v —u) <
Qg Qp Qg Qp

N

P

1
forpgl,souzﬁian.
Now set, for s > 0 and = € @, \ Qs,

w(x) _ 1 |$‘—s B (2p)_s
4 (p/2)7 = (2p)~"

It is easy to compute, with the help of Lemma 2.2, that

MEAD*(|2]7%) =D (|2 7*)] = s(A(s + 1) = AN — 1) = yla) |z,
and hence, fixing s such that A\(s +1) = A(N — 1),

MLAD*(w —w) +yD(w —u)| > M\ (D*w) — 4| Dw| — Glu] — du
—Cp®lz| 57! = Su

—Cp~ (1 + pu)

AVARAVARAY]

in the set @2, \ Q2. Since w —u < 0 on 9(Q2, \ Q) and u < 1 on the set
{w —u > 0}, Theorem 2.1 yields

sup (w—u) < sup (w—u) < C(1+ p)|[1f|pr gy, < ClQs,|"N = Cp
Qo\Qg Q2p\Qg
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so, by taking p, sufficiently small, we have, for p < po,

u(z) > inf w—Cp>(275*—Cp)>2757, for v €@, \Qe,
Qr\Qg 2
which finishes the proof of Proposition 7.3. U

Now we can carry out the proof of Proposition 7.2 with the help of an ar-
gument which goes back to Krylov. It uses the following well-known measure
theoretic result.

Lemma 7.1 Let G be a cube and K be some measurable subset of G, such
that | K| < n|G|, for somen € (0,1). Let F be the set of all cubes B contained
in G, and such that |BN K| > n|B|. Then, setting ¢ = 177" > 0,

meas(UperB) > (1 4 ()meas(K).
Proof. This is inequality (9.20) from [23], setting f to be the indicator

function of K in the reasoning there. U

Proof of Proposition 7.2. Set K, = {x € Q, : u(x) > a}. We know that
Kol > v|Q,|. If |[K,| > (1—0)|Q,|, where 3 is the number from Proposition
7.3 then we conclude, by that Proposition.

If, on the other hand, |K,| < (1 — §)|Q,|, we apply Lemma 7.1, with
n =1 — (. By Proposition 7.3 we have v > ka in each cube in F (defined
in Lemma 7.1), for some x > 0, depending on the appropriate quantities.
Hence, by Lemma 7.1,

[ Kol 2 (14 Q) Ka| =2 v(14 () Q]
We repeat the same reasoning and get either Proposition 7.2 or
| K2a| > v(1+ <)2 |Qpl-

This process stops after at most n iterations, where n is a number such that
v(l+Q)" > 1. O
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