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Abstract

In 1987, the Brundtland Commission famously defined sustainable development as “develop-
ment that meets the needs of the present without compromising the needs of the future”. This
paper is concerned with translating this definition in the framework of the neoclassical one-sector
model of economic growth. We investigate and compare three possible criteria for sustainable
development. The first one, which was introduced by Chichilnisky, the second one, which was
introduced by Ekeland and Lazrak, and the third one, which goes back to Ramsey himself. We
define and investigate equilibrium strategies. For the Chichilnisky criterion, there is a unique
equilibrium strategy, which is just the optimal strategy for the meoclassical model. In the other
two cases, there is a continuum of equilibrium strategies. We conclude that the most satisfy-
ing candidates for sustainable development are the equilibrium strategies for the third criterion

(H-criterion,).

1 Introduction

In the neoclassical model for economic growth, under the dynamics of capital accumulation:

dk

= F(®) — e(t), k(0) = o, (1)
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where k(t) is the capital level and ¢(t) is the consumption at time ¢, one wants to maximize the

total discounted utility from time 0 to co:

/0 h u(e(t), k(t))e % dt, (1.2)

where u is strictly concave with respect to its first variable and concave with respect to its second
variable. We shall refer to e~ as the discount factor, to & as the interest rate, and to the whole
integral as the Samuelson criterion, or shortly, S-criterion. Ramsey, in his seminal paper [Raml],
took 0 = 0, that is, he did not discount the future. Taking & > 0 is his own words, “a practice
which is ethically indefensible, and arises merely from the weakness of imagination” [Raml].

It seems that the practice of taking § > 0 arises from an influential paper of Samuelson [Sam1]. It
is now the standard approach to economic growth: see for instance the textbooks of Blanchard and
Fisher [BIF1], or Aghion and Bolton [AgB1]. However, this practice has been challenged from two
sides. On the one hand, psychological evidence shows that individuals do not discount the future
at a constant rate: individual behavior is better represented by the hyperbolic discount factor
(1 + kt)~! than by the exponential e%. Concern for intergenerational equity has led Ekeland
and Lazrak [EkL2|, following earlier work by Sumaila and Walters [SuW1], to propose discount
factors which are linear combinations of exponentials, namely Ae~% + pe~?t, which also lead to
non-constant interest rates. It is by now well known that non-constant interest rates imply time
inconsistency, so that optimal solutions are no longer implementable, and one has to look instead
for equilibrium strategies: see the work of Karp-Lee [KaLl], [Karl], [Kar2], and Ekeland-Lazrak
[Eke2], [EKL1], [EKL2] to that effect.

A challenge to the classical Ramsey model has come from another direction as well. In two
influential papers [Chil], [Chi2], Chichilnisky has proposed an axiomatic approach to sustainable
development, based on the twin ideas that there should be no dictatorship of the present and no
dictatorship of the future. In the case of discrete time, t = 0,1, 2..., she shows in [Chi2] that all
welfare function W : [* — R which have neither dictatorship of the present nor dictatorship of the
future must have the linear form:

)
W(ug,ut,...) = Y Aty + @(ug, s, ...), (1.3)

t=0
where Ay > 0,572 A < 400, and ¢ is a purely finitely additive measure. For instance, one may
take p(up, u1, ...) = limy_ oo uy when this limit exists. In [Chil] and [Chi2], she then suggests to use

the following criterion

/0 " ulelt), k(e dt + o Jim (e(t), k(1) (1.4)
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in the continuous time case - Henceforth we shall refer to (1.4) as the C-criterion.
It is well-known that, under broad conditions on f, the limit lim;_, f(¢) exists if and only if

the limit lim,_q 7 fooo e " f(t)dt exists, and we then have

r—0

Jlim f(t) = limr/ooo e "Lf(t)dt. (1.5)

It is therefore tempting to consider the following criterion:

/oo u(e(t), k(t))e % dt + ar /Oo a(c(t), k(t))e "dt, (1.6)
0 0

which we will henceforth call the E(r)-criterion. Note that, it is a linear combination of exponentials,
a case already studied by Karp and Ekeland-Lazrak. One would think that equilibrium strategies
for the E(r)-criterion converge to the equilibrium strategy for the C-criterion, but it turns out not
to be the case.

In his doctoral thesis [Huyl], Thai Ha-Huy introduced the criterion

o0
W (ug, ug.. Zat U — ) (1.7)
t=0

where Vi,0 < a < a <@, Zfio ay = 400, u = lim;_,o u; provided that « and the sum of the right
hand side in (1.7) exist and are finite. The criterion (1.7) satisfies the two No-dictatorship Axioms.

In the continuous time case, following (1.7), we also consider the following criterion function

/ T u(e(t), k(1) =dt + o / T la(e(t), k(1)) — i(can, hao)dt, (1.8)
0 0

where coo = limy_,o0 ¢(t) and koo = limy_,o0 k(t), and we will henceforth call it the H-criterion.

Our main results are as follows. There is no optimal solution for the growth model if the C-
criterion is chosen: in other words, the supremum is not attained. There is a single equilibrium
strategy, but it is quite disappointing, since it does not depend on «: it is just the optimal strategy
in the classical Ramsey model. In other words, if one uses the C-criterion, one can just take « =0
and forget about the future.

For each fixed r > 0, we show that there is a continuum of equilibrium strategies for the E(r)-
criterion: there is an non-empty open set I, such that, for every ko € I, there is an equilibrium
strategy converging to ko,. Note that Iy := lim,_,o I, is also a non-empty open set. For each
koo € Iy and every r > 0 small enough, there is an equilibrium strategy for E(r)-criterion which
converges to koo (although this strategy may be defined only in a small interval around k).

Finally, we consider the H-criterion. We show that there is some kp such that, for every

koo > ki, there is an H-equilibrium strategy converging to k... So the H-criterion does not suffer



from the drawbacks of the C-criterion (which leads down to the neoclassical optimal growth model)
or the E(r)-criterion (where E(r)-equilibrium strategies do not converge when r — 0). We think
that the H-criterion is the best adapted to sustainable development, and we note that it is close to
the original criterion chosen by Ramsey.

The structure of the paper is as follows. In Section 2, we study the optimal solutions when
S-criterion or C-criterion is used. In Section 3, we describe the Ekeland-Lazrak and the Karp ap-
proach to equilibrium strategies, and we show they are equivalent. We characterize the equilibrium
strategies by a system of two ODE in implicit form. The analysis in this section is new, because
we deal with two utility functions u(c, k) and @(c, k) whereas the Ekeland-Lazrak and Karp papers
have u = 4, depending only on c¢. In Section 4, we solve these equations for the E(r)-criterion. In
Section 5, we prove that there is a continuum of E(r)-equilibrium strategies and steady states for
every r > 0, but when r goes to zero, a series of such E(r)-equilibrium strategies with the same
steady state and different r do not converge. In Section 6, we directly treat the C-criterion. We
will find that the only equilibrium strategy is the optimal strategy under the S-criterion because
the decision maker cannot influence the limit term of the C-criterion. In Section 7, we treat the
H-criterion, and we find a continuum of equilibrium strategies and steady states of the economy.
The conclusions are summarized in Section 8. The paper ends with an Appendix containing the

proofs.

2 The optimal solutions to the S-criterions and the C-criterion

2.1 The S-criterion

We want to find the HJB equation of the three optimal control under the three criterion (1.2), (1.4)
and (1.6) respectively.

Firstly, we consider
(2.1)

Suppose the value function is

Vo) = ma{ [ uteto) Koy G = f10) - e, KO =k} @2

then it satisfies the HJB equation

OV (k) = max{u(e, k) + (f(k) — )V'(k)}. (2.3)
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Suppose z = I(y, k) is the inverse function of u/(z, k) = y, that is to say, we have

ull(I(ya k)ak) =Y I(ull(zak)’k) =2 (2'4)

where we denote v (¢, k) and u)(c, k) the derivatives of u(c, k) with respect to ¢ and k respectively.
The existence and uniqueness of I are guaranteed by the strictly concavity of u with respect to its
first argument. Then in (2.3), by the strictly concavity of u on its first argument, we have that the
maximized argument c satisfies:

ui(e, k) —V'(k) =0, (2.5)
thus ¢ = I(V'(k), k) by (2.4), and plugging it into (2.3), we obtain
(f(k) = L(V'(k),k)V' (k) + u(I(V'(k), k), k) = 6V (k). (2.6)

Assume that, under the optimal feedback control ¢(k) = I(V'(k), k), the capital level k(t) converges
to a limit ko. Then

flkoo) = c(koo) = I(V'(koo), koo)s (2.7)
and by (2.4), we have
V/(kOO) = ull(I(V/(k:oo), koo), koo) = ull(f(k:oo), koo). (2.8)
If V is C? near koo, we may differentiate (2.6) and let k = koo, getting

5V’(koo) = (f(kso) — I(V’(koo), kOO))V”(kOO)
+[f/(k00) - Ii(‘//(kOO)? kOO)V”(kOO) - Ié(vl(km)a kOO)]V,(kOO)

+uy (I(V(Koo), o), Koo )1 (V' (Koo) s Koo ) V" (Kiso) + I3(V' (ko) Fiso )]
+usy (I(V (Koo, boo), Koo
= J(koo)V'(koo) + up(I(V' (Koo), kisc), Koo)
= J'(koo)V'(Koo) + un(f (Koo), Kioo), (2.9)

where I (y, k) and I5(y, k) are the derivatives of I(y, k) with respect to y and k respectively, and
where we used (2.7) and (2.8). With (2.8) and (2.9), we also have

uy(f (ko) kiso)
uy (f(kso), kiso)

If the utility function u does not depend on its second argument k, i.e., if the capital k£ does not

(ko) + = 6. (2.10)

bring the direct utilities, then the condition (2.10) becomes the ordinary condition f/(ks) = d in
[BIF1]. We have



Theorem 2.1. Let
K= {k >0

/ us(f(k), k) _
0+ e _5}. (2.11)

If there is an differentiable optimal solution o(k) of problem (2.1) such that k(t) converges to ko,
then

koo € K (2.12)
and the value function V of (2.2) is C? and satisfies

(f (k) = I(V'(k), )V (k) + w(I(V'(k), k), k) = 6V (k),

) (2.13)
and the optimal strategy o(k) is given by:
o(k) = I(V'(k), k), (2.14)
where I is defined by (2.4).
Conversely, if there is a koo € K of satisfying
0l k) Sl bn) oy f WS o)l ) )i
0 (Flhoe). o) 0 (FRo) Roo) ™ U (L 0y (F (ko) o) S (215)

then system (2.13) has a ¢* solution in a neighborhood of keo. Moreover, o(k) = I(V'(k), k) is an
optimal strategy and the solution k(t) of (3.2) converges to k.

This theorem is proved by Appendix A.

Remark. Condition (2.15) means the capital level has a small effect to the utility than the
direct consumption. As we can see in Appendix A, if (2.15) does not hold, then the optimal control

solution may not exist.

2.2 The C-criterion

Then, we consider
o0
t), k(t))e Otdt lim @(c(t), k(t
mave [ u(e(t) B(0)e it + ot ale(t). K(),
dk
S8 = (1) — e(t),  K(0) = o
Since f is strictly increasing with respect to k, the optimal solution does not exist.

(2.16)

Theorem 2.2. There does not exist an optimal control of (2.16) such that the capital k(t)
converges to some finite level.
Proof. Assume the optimal control is ¢(t), and under this control, k(t) converges to some

koo < +00. Then for t* large enough, we define a new control ¢*(t): ¢*(t) = ¢(t), Vt € [0,t*] and



choose proper values after time ¢ > ¢* such that the corresponding capital k*(¢) converges to some

kso + 1. Then we have

W (), k* () = /Oou(c*(t),k*(t)) At + o lim a(c(t), k* ()

t—+o00
> [ e R )+ i+ 1),k + )
0
o
— / u(c Je dt + avii( f (koo + 1), koo + 1)
0
> /Oou _&dt 6+Ola(f(koo+1)7k00+1)
0
> oou e dt + oii(f (koo), koo)
0
= W(el), k(). (2.17)

where the last equality holds because of the maximal value of 4(f(k), k) is strictly increasing and
€ small enough. This is a contradiction. Thus, the result holds. ]

The C-criterion exhibit time inconsistency, as we shall see later on, but we want to point out a
special feature: if we consider it as an optimization problem from the point of view of time ¢ = 0,
that is, if we assume that the decision-maker at t = 0 can commit his successors, then the maximum

is not attained.

3 The problem of time inconsistency

3.1 Preliminaries

We now use the E(r)-criterion, namely (1.6). More generally, we use h(t) and h(t) to represent the

rt

first discounted factor e~ and the second discounted factor e " respectively.

We consider the intertemporal decision problem(as it seen at time ¢ = 0)

object functional J(c()) = /O T h(tyu(e(t), k(1))dt + ar /O T Rale(), k(1)dt,

9 = Fk (D)~ e(t), k(0) = o

Because of time-inconsistency, problem (3.1) can no longer be seen as an optimization problem.

(3.1)

There is no way for the decision-maker at time 0 to achieve what is, from her point of view, the
first-best solution of the problem, and she must turn to a second-best policy: the best she can
do is to guess what her successor are planning to do, and then to plan her own consumption ¢(0)
accordingly. In other word, we will be looking for a subgame-perfect equilibrium(cf. [EkL2] for

more details) of a certain game.



To characterize the equilibrium policy, we first use the approach by I.Ekeland and A.Lazrak of
[Eke2], and then we use the approach by L.Karp of [Kar2].

As in [Eke2], we restrict our analysis to convergent Markov strategies. We introduce the defi-
nition of Morkov strategy and convergent strategy.

Definition 3.1. If the consumption policy depends only on the current capital stock and not on
past history, current time or some extraneous factors, then the strategy is called a Markov strategy.

A Markov strategy is given by ¢ = o(k), where we often suppose o : R — R is a continuously
differentiable function. If we apply the strategy o, the dynamics of capital accumulation from ¢ = 0
are given by:

9 = FR(s) — o(k(s)), () = ko (32)

Definition 3.2. A Markov strateqy o is called a convergent Markov strategy or convergenmt
strategy, if there is some steady state k > 0 of o, such that the solution k = k(s) of (3.2) satisfies

limg o0 k(s) = k when the initial value ko is sufficiently close to k.

3.2 Definition and characterization of equilibrium strategies
3.2.1 The approach by Ekeland-Lazrak

Note that u # @ and u depends on the capital stock k as well as the current consumption ¢. Then
the definition and characterization of equilibrium strategies become more general than in [EkL2].

Now we suppose o is a convergent Markov strategy, has been announced and is public knowledge.
The decision-maker at 0 has capital stock kg. If all future decision-maker apply the strategy o, the
resulting future capital stock flow ky(t) obeys

% = f(ko(t)) — o (ks(t)), t>0, (3.3)
k(0) = ko.

Since all the decision maker face the similar problem only with different initial stocks, we can just
consider the decision-maker at time 0. We suppose the decision-maker at time 0 can commit all
the decision-makers in interval [0,¢] for € > 0 small enough. She expects all later ones to apply
the same consumption policy, that is, to consume o (k) for decision-maker ¢ when at that time the
capital level is k. If she commits to another bundle ¢, as the continuity of u and @, the immediate
utility flow during [0, €] is [u(c, ko) + art(c, ko)]e + o(€) where o(e) is a higher order term of € and

we omit it thereafter. At time e, the resulting capital will be ko + (f(ko) — ¢), where we omit the



higher order terms. From then on, the strategy ¢ will be applied which results in a capital stock
k. satisfying

B f1(0) — olhalt). > 34

kc(e) = ko + (f(k()) — c)e.

The capital stock k. can be written as

ko(t) = ky(t) + ki(t)e, (3.5)

where
B (P 1) — o (), £ > (3.6)

]{51(6) = O’(ko) — C.
Summing up the utility of decision-makers at [0, €] and of the later decision-makers, we find that
the total gain for the decision-maker at time 0 from consuming bundle ¢ during the interval of

length € when she can commit, is

u(e, ko)e + /00 h(s)u(o(ky(t) + €ki(t)), kp(t) + eki(t))dt .
3.7
+ar [ﬁ(c, ko)e + / h(s)a(o(ky(t) + eki(t)), ky(t) + eki(t))dt |,

and in the limit, when ¢ — 0, and the commitment span of the decision-maker vanishes, expanding

this expression to the first order of € leaves us with

| wouto o). ko)t + ar [~ o). k)
0 0

(3.8)
+eP(ko,0,c),
where
P(ko,o,¢) = wul(c, ko) —u(o(ko), ko) + ar(a(c, ko) — u(o(ko), ko))

" /0 (t)ed, (o (ky (), (1)) (R (£) ()t

+f " (e (o (R (). K (6) s (£)dt

tar /0 R, (0 (1)), k(1)) (k) s (1)

tar /0 Rty (o (e (6)), k(1)) ki), (3.9)

where u), v, @) and @), are the partial derivatives of v with respect to the first and second variable,

and @ with respect to the first and second variable respectively, and k; solves the linear equation

= (' (kal0) = o' (al)s(0), £ 20, (3.10)

k‘Z(O) = O'(ko) — C.



The first term of (3.8) does not depend on the decision-maker at time 0, and the second term
is the one that the decision-maker at time 0 will try to maximize. Thus, given that a strategy
o has been announced and that the current state is kg, the decision-maker at time 0 faces the
optimization problem

max P(kg, 0, ¢), (3.11)

where P(kg,o,c) is defined by (3.9).

Definition 3.3. A convergent Markov strategy o : R — R is an equilibrium strategy for
the intertemporal decision problem (3.1), if for every ko € R, the mazimum in problem (3.11) is
attained for ¢ = o(ko):

o(ko) = arg max P(ko,0,c). (3.12)

Given a convergent Markov strategy o, we shall deal with the Cauchy problem (3.3). The value
ky(t) depends on current time ¢, initial data ko and the strategy o. To stress this dependence, we
write ky(t) = K(t; ko, o) where K is the flow associated with the differential equation (3.3) defined
by

O K0.9) _ 11t ko, o)) — oKt koy @), £ 0,
ot (3.13)
/C(O; ko,o‘) = ]{J().

We now characterizes the equilibrium strategy. The following theorem use two parts to charac-
terizes it: a functional equation on the value function and an instantaneous optimality condition
which determines the current consumption.

Theorem 3.4. Let o be an equilibrium continuously differentiable convergent Markov strategy,

or shortly, equilibrium convergent Markov strategy, then the value function
v(ko) = /000 h(t)u(o(K(t; ko, 0)), K(t; ko, 0))dt + ar /000 h(t)iu(o(K(t; ko, o)), K(t; ko, o))dt (3.14)
satisfies, for all kg, the functional equation
w(ko) = /Ooo h(#)u(i o o' (K (t: Ko 0 0')), KC(t: ko, i o v'))dt
+ar /OOO h(t)a(i o v (K(t; ko, i 0 v")), K(t; ko, i o v'))dt (3.15)
and the instantaneous optimality condition

ty(o(ko), ko) = v'(ko), o (ko) = i(v'(ko), ko), (3.16)
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where

u(c, k) = ulc, k) + ari(c, k), (3.17)

and @) is the partial derivative of @ with respect to the first variable ¢, and z = i(y, k) is the implicit

function of W) (z,k) =y, that is to say, we have
wy (i(y, k), k) =y, i(@(zk),k) =z, (3.18)

and the existence and uniqueness of i can be guaranteed by the strictly concavity of u on its first
argument.

Conversely, if a function v is twice continuously differentiable, satisfies (3.15) and the strategy
o(ko) = i(v'(ko), ko), for convenient, we denote it by o = i o', is convergent, then o is an
equilibrium strategy.

Remark. Since 9%u(c,k)/0c* = 0%u(c, k)/0c® + ard?i(c, k)/dc? > 0, then w(c, k) is strictly
concave with respect to ¢, and the equation @ (z, k) = y with respect to z has a unique solution
z = z(y, k).

This theorem is proved in Appendix B.

The instantaneous relation (3.16) expresses the usual tradeoff between the utility derived from
current consumption and the utility value of saving. Equation (3.15) is a fundamental characteriza-
tion of the equilibrium strategies and it takes the form of a functional equation on v. The following
theorem gives an alternative characterization, the differential equation, which resembles the usual
Euler equation from the calculus of variation.

Theorem 3.5. Following notations of Theorem 3.4, let v be a C? function such that the strategy
o =1iov converges to k. Then v satisfies the integrated equation (3.15) if and only if it satisfies

the following functional equation
—/ R (t)u(i o v' (K (t; ko, iov')), K(iov'st, ko))dt
0

—ar/ B (t)a(i o v (K (t; ko, i 0 v'")), K(t; ko, i o v'))dt
0

= ’17,(@ o U/(k()), ko) + U/(k())(f(k'o) —1to0 ’l/(ko))] (3.19)
together with the boundary condition

o(k) = u(F(R), F) /0 T h(t)dt + ara(f(R), F) /0 Tt (3.20)

This theorem is proved by Appendix C.
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From now on, we use ko, to denote the steady state of a economy under a convergent Markov
strategy. We also have the following Lemma.
Lemma 3.6. Let o be a convergent Markov strategy and its steady state is koo, h, h: [0,00] = R

be two C functions with exponential decay at infinity as above and \ be a constant. Then
I(ko) 2/ h(t)u(o (K (t; koaa))alc(t;ko,o'))dﬂr)\/ h(t)i(o (K (t; ko, o)), K(t; ko, 0))dt  (3.21)
0 0
s equivalent to

I'(ko)(f(k) — o(k)) + u(o(ko), ko) + Ai(o (ko). ko)

= [ WOt sk, 09, Kt A [ RO b)) K o)l

I(koo) = u(f (ko). ko) /0 T R(t)dt + Na(f (ko). ko) /O Rt
(3.22)

Remark. Replacing v(-) by I(+), ar by A, then the proof in Theorem 3.5 yield the proof of

Lemma 3.6. Thus we omit the details.

We will apply these results in the next section.

3.2.2 The approach by Karp

We suppose again that the decision-maker at time 0 can commit all the decision-makers in interval
[0, €] for € > 0 small enough. She expects all later ones to apply the same consumption policy o.
We also use v(ko) of (3.14) as our value function, then the only one thing the decision-maker at
time 0 can do is to choose a proper consumption ¢ and commit all the decision-makers in interval
[0, €] so that she can maximize her total discounted utilities, and under such condition, the total

discounted utilities are v(ko):

v(ko) = max { [u(c, ko) + artlc, ko)le + /Oo[h(t)u(a(kc(t)), ke(t)) + arh(t)a(o(k(t)), k:c(t))]dt},
‘ (3.23)
where k.(t) is defined by (3.4).

12



On the other hand, by the definition of the value function of (3.14), we have

vhe@) = [ MO, ). Kt ke, o))t
+ar / T R0 (K ko(e), o)), K(E: ko(e), o)t
0
. / B (o (holt + €)), ket + €)) + arh(®)i(o(ke(t + €), ket + €))]dt
= /OO [h(s — €)u(o(ke(s)), ke(s)) + arﬁ(s —e)u(o(ke(s)), ke(s))]ds, (3.24)

where we used (3.4) and (3.13) in the second equality and s =t — € in the last equality.
By (3.23) and (3.24), we have

[e.e]

v(ko) = max { [u(e, ko) + ara(e, ko)le + v(ke(e)) + / [h(t) — h(t — €)]u(o(ke(t)), ke(t))dt

€

+ar / TTh(E) — h(t - alo(ke(t)), kc(t))dt}, (3.25)

and plugging into k.(t) = ky(t) + ek;(t),t > € and kc.(e) = ko + (f(ko) — ¢)e by (3.4), with the
exponentially decay of h(t) and h(t), we have

v(kg) = max {[u(c, ko) + arii(e, ko)le + v(ko) + v’ (ko) (f (ko) — c)e

+e /Oo B (t)u(o(ky(t)), kp(t))dt + ear /oo W () a(o(ky(t)), ky(t))dt + 0(6)}
= max {v(kg) +e [u(c, ko) + ara(c, ko) + v’ (ko) (f (ko) — ¢)

+ /O T W O ulo (1)), ky(0))dt + ar / T RO alo (), k:b(t))dt} + 0(6)}. (3.26)

0
Let € — 0 and notice u = u + ara by (3.17), we have

—AmM@Md%mxmmMrww/mﬁwmam@»mwMt

0
= max{u(c, ko) + (ko) (f (ko) — ©)}. (3.27)

Equation (3.27) was first obtained by Karp [KaLl], [Karl], [Kar2]. Note that this is the HJB

equation for an optimal control problem, namely

max /O e " u(e(t), k(b)) + ara(c(t), k(t)) — K(c(t))]dt,

dk
58 = FR() = e(t). k(0) = o,

(3.28)

where K (ko) = (6 —r) [© e tu(o (K (t; ko, 0)), K(t; ko, 0))dt and we used h(t) = e~ h(t) = e
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We now show that this approach is equivalent to the approach by Ekeland-Lazrak. In the right

hand side of (3.27), the maximum is attained at:

¢ = arg max{u(c, ko) + v' (ko) (f(ko) — ¢)} = i(v'(ko), ko), (3.29)
thus we have
- [ Wl tno). t—ar/ W (1) ao (ku(0)), (1))t
= a(i(v'(ko), ko), ko) + v' (ko) (f (ko) — i(v'(ko), ko)) (3.30)

Notice that ky(t) = K(t;ko,0) of (3.13), then equation (3.30) is exactly the same as (3.19) in
Theorem 3.5. Moreover, by (3.29), the equilibrium strategy is given by (ko) = i(v'(ko), ko), and
which is exactly the instantaneous condition (3.16) as we obtained by the approach by Ekeland-

Lazrak.

4 Equilibrium strategies for the E(r)-criterion

First, we state a proposition.
Proposition 4.1. Let v(ky) be a C? function such that the strategy o(ko) = i o v'(ky) =
i(v'(ko), ko) converges to keo. Then v satisfies (3.19) and (3.20) if and only if there exist a C!

function w(ko) such that (v,w) satisfies the system

{ o/ (ko) (f (ko) = (ko)) + (o (ko). ko) = av(ko) + bw(ko), )
'u}/(k())(f(k)g) — U(]C())) + U(U(k‘o), ko) — OéT’ﬂ(U(ko), ko) = bv(ko) + aw(k:o),
where a = ‘HT ,b= TT and with the boundary conditions
(ko) = ([ (o) Roo) + i i) hoc),
1 (4.2)
w(koo) = gu(f(kw)a koo) — ati(f(koo), Koo)-
This theorem is proved by Appendix D.
We define two sequences of continuous functions:
_ ouy(f(k), k) + arduy (f(k), k) — (uy(f(k), k) + adiy(f(k), k))
8,8 = 70 1) e (700 ) / (43
_ o 0wy (f(R), k) + ar?ay (f (k). k) — (uy(f(K), k) + aray(f(k), k)
o) = (k). )+ ardy (7). B) ’ 4
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and make the following assumptions

wh(f(k), k)

PR (4:5)
@ (f(k), k)

PRk S © (4.6)

for some constant C' > 0. Then we have

S (F(R).R) — ws(f(R).R) - rih(F(R). ) — )

Wi (FR), k) + ard; (F(R), K) —  w (F(k), B) + ard (F(R), F)
Sut (J (k). K) = ws(J (), k) < vih(J (k). k) = (S (k). k)
R (F (k). k) + sty (F(R) K) " (F(R). k) + bty (7 (k). b)
(6 — r — SIERD 1 SIS (f(k), k) (f (k), k)

(s (F(R), k) + ardy (F(k), k) (uh (k). k) + adity (F(k), k)

Since u and @ are utility functions, u,ub, @}, @), > 0, and by (4.5), for r small enough, we have

g,(k) — g,(k) — Uy(f (k). k))

= afd—r) (4.7)

9r(k) — g (k) > 0. Let r — 0, both g (k) and g, (k) have limit functions, we denote them by g (k)
and g, (k) respectively:
uy(f(k), k) + aduy(f(k), k) + ada@ (f(k), k)

5k) = i, (k) =0- TR k) + 0oty (FOR). ) ’ (48)
o W)Lk
go(k) = }g%gr(k) =0- m (4.9)

We then state a Lemma:
Lemma 4.2. Suppose the production function f is twice continuously differentiable in R* and

satisfies the Inada conditions, then there exist infinitely many koo satisfying

9o(koo) < f'(Koo) < Go(koo). (4.10)

Moreover, for r > 0 small enough, there exists infinite many ko satisfying

9, (ko) < f'(koo) < Gy (koo)- (4.11)

Proof. Consider the function f’(k) — gy(k). Since f satisfies the Inada conditions, then
limg_o(f' (k) — go(k:)) = +o00. On the other hand, for k large enough, we have f'(k) — go(k) =
(k) — (6 — u?g}c( ) < f'(k) — (6 — supy, Z%E;gg:g) < 0 by using (4.5). By the continuity of
(k) — gy(k), there exist a k* > 0 such that f'(k*) — gy(k*) = 0 and f'(k) — go(k) < O for any

k > k*. Since g (k*) < go(k*) = f'(k*), there exist an €, > 0 such that g (k) < f'(k) for any

k€ (k*,k* + e1). However, for any k € (k*,k* + e1),we have g (k) < f'(k) < go(k) ,thus we find
infinitely many ko satisfying condition (4.10).
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(4.11) can be obtained by (4.8), (4.9) and (4.10). 1

Then we can establish our main theorem:

Theorem 4.3. Suppose the production function f is three times continuously differentiable
and satisfies the Inada conditions, and suppose the utility function u is strictly concave and @ is
concave with respect to the first parameter c, and both are four times continuously differentiable for
all variables, satisfying (4.5) and (4.6). For any ko > 0 satisfying (4.11), and any point ko close
enough to ko, there exists an equilibrium Markov strategy which converges to koo from the initial
capital k.

The proof goes by showing that the system (4.1) with the boundary conditions (4.2) has a C?
solution. This will be our first step. We then prove that the strategy is convergent.

In Appendix E, we prove the existence of the equilibrium Markov strategy and some additional
properties. We change variables and transform the equations to two similar 3-dimensional systems,
then we linearize the system and use center manifold theorem (cf. [Carl] for more details) to find
the solutions. The center manifold theorem method was used already by I. Ekeland and A. Lazrak
(cf. Theorem 5 of [EKLI1]).

In Appendix F, we prove the convergence.

Then applying the Proposition 4.1, Theorem 3.5 and Theorem 3.4, we found a Markov strategy

o for ks with any initial capital in the neighborhood of k...

5 Letting r — 0

Then let » — 0 in the system (4.1), and we use (vg(k), wo(k)) to denote the solution of the limiting
system. We have
o
vo(k)(f (k) = o0(k)) + uloo(k), k) = 5 (vo(k) + wo(k)), 5.1)
5.1

wh(R)(F(K) — o0(k)) + (oo (k). k) = 2 (00 (k) + wo(k)),

For the solution of (5.1), we have
Lemma 5.1. If (vo(k),wo(k)) is a solution of (5.1) with boundary condition (4.2), then vo(k)
is the solution of the system:

vo(k)(f(k) = o0(k)) + u(oo(k), k) + adt(oo(keo), koo) = dvo(),

(ko) = ([ (hoc), hoc) + i (i) hoc),

and wy(k) satisfies

(5.2)

wo(k) = vo(k) — 2a0(f (koo ), ko), Kk € (koo — €, koo + €). (5.3)
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Conwversely, if system (5.2) has a solution (vo,wo) satisfies (5.3), then (vo(k), wo(k)) is a solution
of (5.1) with boundary condition (4.2).

Moreover, if system (5.2) has an unique convergent solution, then (5.1) with boundary condition
(4.2) has an unique couple of convergent solutions.

Proof. From (5.1), vo(k) — wo(k) must be constant as the similar discussion of Lemma 3.8,
and by the boundary conditions (4.2), we obtain (5.3). Substituting it in the first equation of (5.1),
and combining with the first boundary condition of (4.2), we obtain the system (5.2).

The uniqueness proof is similar to the proof of Theorem 2.1 (Appendix A). 1

Theorem 5.2. Given ks satisfying (4.10), we have

(1) for keo satisfying (4.10), namely g (koo) < f'(koo) < go(koo), there is a sequence oy, — 0
which converges to koo as an equilibrium strategy;

(2) there is no € > 0 and no sequence 1, — 0 such that the sequence o, converges in C%[koo —
€, koo + €].

Proof. If k., satisfy (4.10), by (4.8) and (4.9), for » > 0 small enough, ko, must satisfy (4.11).

Then by Theorem 4.3, such sequence o, exists.

Recall v).(k) = agg (or(k), k) of (3.16). If there exists a convergent subsequence of o,, namely
oy, then there exists a C2 function v satisfying

v(k) = lim v, (k), (k)= lim v (k), (5.4)

n—o0 n—oo

where lim,,_,oo 7, = 0. Then v(k) satisfies equations (5.1). Thus, v(k) is just the same function
as vo(k) in Theorem 5.1, and then v(k) satisfies (5.2). By the similar calculation in the proof of
Theorem 2.1, we must have ko, € K of (2.11), and this is a contradiction with (4.10). 1

Remark. For each r, we have found a continuum of equilibrium strategies. But quite disap-
pointing, the sequence of the equilibrium strategies with different » does not converge. There may
be two possibilities. The one is, when r goes to zero, the maximal interval of existence for the
equilibrium strategy o, tends to a single point. The other is, there exists an interval such that for
r > 0 small enough, the equilibrium strategy exists in such interval, but the limit of the equilibrium
strategies do not converge. So considering the C-criterion as the limit of the E(r)-criterion when

r — 0 is not a good way to do the time inconsistency problem.
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6 The equilibrium strategies for C-criterion

We are now directly deal with the C-criterion. Similarly with Definition 3.1 and Definition 3.2, we
can define the convergent Markov strategies for the criterion (1.6).

Now we suppose o is a convergent strategy, has been announced and is public knowledge. The
decision-maker at 0 has capital stock kg.

If all future decision-maker apply the strategy o, then the total welfare of all the decision-makers

in the point of view of decision-maker at 0 is

W) = [ ulolhafe)) ule)e "t +a Jim o) oft). (6.1)

where ky(t) is given by (3.3).

Similarly with Section 3, we suppose the decision-maker at time 0 can commit all the decision-
makers in interval [0, €] for € > 0 small enough. She expects all later ones to apply the same public
consumption policy o, that is, to consume o(k;) for decision-maker ¢, where k; is denoted by the
capital level of time ¢. Assume she commits to another consumption level ¢, thus the decision-maker

at 0 change the strategy to

e, 0<t<ekel,
oc(t, k) = (6.2)
o(k), t>ekel,

and the total welfare in the point of view of decision-maker at 0 becomes

W(oe) = /Ooo w(oe(t, ke(t)), ke(t))e ™ dt + atlim U(oe(t, ke(t)), ke(t)), (6.3)

—00

where k.(t) is given by (3.4).
With k.(t) = ky(t) + ki(t)e of (3.5), expanding (6.3), we have

W(o.) = /Oeu(ae(t,k‘c(t)),kc(t))e_&dt+/oou(ae(t,kc(t)),kc(t))e_étdt
+a lim  a(oc(t, ke(t)), ke(t))

t>e,t—00
= wu(c,ko)e+ /00 w(o(ky(t) + eki(t)), ky(t) + eks(t))e°tdt
+a t>l§gm (o (ke(t)), kc(t)) + o(e)
= u(c, ko)e+ /OO u(o(ky(t)), ky(t))e tdt
+e /w[uﬁ(a(kb(t)% ko ())o" (ko (1)) + (o (Ry (1), ko (1))]ki(t)e =" dt
+a lim w(o(ke(t)), ke(t)) 4 o(e), (6.4)
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where in the second inequality, we used (6.2), the definition of o.. Subtracting (6.1) from (6.4), we

have
W(o) —W(o) = eule, ko) — /O (o (8)), Ro(t))e0dt
+e /Ooo[ull(a(kb(t))a ko (t))o” (ko () + ub (o (ko (1)), Ky (£))] i (t)e " dt
o lim (o (ke(t)). ko(t) — o Jim (o (ky()), k(1)) + ofc)
= e[u(c, ko) — u(o(ko), ko) + /OOO wl (o (ky(t)), k()0 (kp(t)) ki (t)e O dt

+ /000 b (o (K (t)), ki (8)) ki (t)e =0t dt

o lmio a(a(k(:(t))’kc(t));hmﬁoo Uoth®): k)| | 5o, (6.5)

By the requirement of Definition 6.1, we consider the capital dynamics (3.3) and (3.4) when

t > € and with kp(€), ky(€) as the initial capital, then the limit

R o 1 e he(t) — Lo R (1) ©6)
el0 kc(e) — kp(e)

exists and also the limit
hmt_wo k?c(t) — llmt_mo kb(t)

kigso := lim
€l0 €
~ lim kc(e) — kp(e) lim limy o0 ke(t) — limy o0 k(1)
el0 € el0 kc(€) — kp(e)
= (o(ko) — ¢)Res (6.7)

exists, where in the last equality, we used k.(t) = ky(t) + €k;(t) and (3.10). Therefore, the limit
P hfg limy o0 @(o (Ke(t)), ke(t)) — limy—yo0 @(o (kp(t)), kp(t))
€ €

_ [ag<g<kb<+oo>>,kb<+oo>>a’<kb<+oo>>

+ah (o (kp(+00)), kb(-i—oo))] hfg limy o0 ke (t) — limy— o0 kp(t)
€ €

_ [aua(sz(m)),kb(+oo>)a’(kb<+oo>)

+iy (o (kp(+00)), kaOO))] (o(ko) — ¢)Roo (6.8)
exists and we define

Po(U, ko, C) = u(c, ]{70) — u(U(ko), /C())

+ /O (o (), k()0 (y(£) Vha ()=t + /0 (o (), ko () ka(E)e " dt
raliy im0 (0 (ko (1)), ko(t)) - lim o i (ko(t)), ko (1)) ©9)
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Then (6.5) becomes
W(o.) — W(o) = €ePy(0o, ko, c) + ofe). (6.10)

Then the differences appear. In the general case, since the decision maker cannot influence the
term limy 40 U(c(t), k(t)), that is R = 0, then the limit capital will keep a constant level when
the initial capital kg varies in a small interval. Therefore we come back to the classical Ramsey
problem, and exactly, we have

Theorem 6.2. Let o be an equilibrium strategy. Suppose I UI_ # 0, then for kg € I, UI_,
the limit capital K(4o00; ko, o) (denoted by koo ) of the dynamics K(t; ko, o) belongs to K of (2.11),

1.€.,
koo = K(400; ko, 0) € K, (6.11)

and the value function

—00

v(ko) = /000 u(o(K(t; ko, o)), K(t; ko, o))~ dt + oztlim u(o(K(t; ko, 0)), K(t; ko, 0)). (6.12)
satisfies:

V' (k) (f(k) — (k) + u(o(k), k) = 6(v(k) — ai(f (k) kso)),
1 (6.13)
v(koo) = su(f(koo), koo) + ati(f (keo), koo),
where o satisfies (2.14).

Conversely, if there is a koo > 0 satisfies (6.11), a function v is twice continuously differentiable,
satisfies (6.13) and under the strategy o(k) = i(v'(k), k), k(t) converges to koo, then such o is an
equilibrium strategy.

Remark. Comparing with Theorem 2.1 and Theorem 6.2, we have v(k) = V (k)+at(f (koo ), koo)-
Then by Theorem 2.1, under some proper conditions, the solution of the equation (6.13) exsits and

so does the equilibrium strategy.

7 The equilibrium strategies for H-criterion

In the preceding sections, we saw that the decision maker acting within a finite interval cannot
influence the limit term lim;_,o u(c(t), k(t)), so that the C-criterion reduces to the S-criterion. We
now turn to the H-criterion, which does not have this weakness.

We firstly define the admissible strategy under H-criterion.
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Definition 7.1. Given an initial capital ko, a convergent Markov strategy o will be admissible
at ko if there is an open interval I C R* containing ko and a steady state of the economy koo such

that
/ |k(t) — koo|dt < 0. (7.1)
0

Moreover, for an open interval I, if for any k € I, o is admissible at k, we say that o is admissible
in I or I is an admissible interval of strategy o, and denote it by (I,0).
Remark. (1) When k(t) = koo for some finite ¢, the capital level will be unchanged thereafter.

So the k(t) monotonously converges to ks as t goes to co. Therefore (7.1) can also be written as

/OOO k(1) — k:oo]dt‘ < 0. (7.2)

(2) If o is an admissible strategy, when ¢ is large enough, we have

[u(o(k(t)), k(t)) — (o (koo), ko)
< ﬂ’l(a(koo), km)al(kOO) + ﬂé(a(koo), koo) + 1| - k(1) — kool (7.3)

by (7.1), we have
/0 (o (e(8)), k(1)) — (0 (o), o) |dt < +00, (7.4)

thus the value of the H-criterion is finite under the strategy o.

In this section, we will restrict our analysis to admissible strategies and omit the interval I if
there is no confusions.

As in Section 3, we suppose o is a admissible strategy, has been announced and is public
knowledge. The decision-maker at 0 has capital stock kg.

As we already noted, the decision maker cannot control the steady state of the economy. That
is, koo is fixed in the general case. Then with a calculation similar to one we did in Section 3 and
Section 4, we can characterize the equilibrium strategy as

Theorem 7.2. Let v(ko) be a C? function such that the strategy o (ko) = iov' (ko) = i(v'(ko), ko)
converges to keo. Then o is an equilibrium strategy and v is the relative value function if and only
if the following two conditions hold:

(1) There exist a C' function w(kg) such that (v,w) satisfies the system

V' (ko) (f (ko) — o (ko)) + u(o(ko), ko) — eti(0(kso), ko) = g(v(kO) +w(ko)),
0

w'(ko) (f (ko) — o (ko)) + u(o(ko), ko) — al@(a(ko), ko) — (0 (koo ), koo)) = 5 (v(ko) + w(ko)),
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where & = u + au, and i(y, k) is determined by

with the boundary conditions .
1 (7.7)
w(kso) = gu(f(koo)a ko).

(2) (7.1) holds for the corresponding strategy.

This theorem is proved by Appendix G.

Similarly to Theorem 4.3, we have

Theorem 7.3. Suppose the production function f is three times continuously differentiable
and satisfies the Inada conditions, and suppose the utility function w is strictly concave and U is
concave with respect to the first parameter ¢, and both are four times continuously differentiable for

all variables, satisfying (4.5) and (4.6). For any ko > 0 such that

uy (f (ko) kioo) — (U5 (f (Koo), koo) + vty (f (Foo), kos))
uy (f (koo ), ko) + 0ty (f (Koo), Fioo) ’

then there exist an € > 0 such that the system (7.5) with the boundary conditions (7.7) has a C?

f'(koo) < (7.8)

solution in the interval (koo — €, koo + €). Therefore, for any ko € (ko — €, koo + €), there exists an
equilibrium Markov strategy which converges to ko from the initial capital k.

This theorem is proved by Appendix H.

Remark. The right hand side of (7.8) is less than § — %, thus the limit capital level
is strictly greater than the level in the optimal control problem with S-criterion.

8 Conclusion

In the optimal control problem of the S-criterion, the set of the steady states is given by (2.11).
For the sake of simplicity, let us assume that it is a singleton, K = {kg}.

Let us now turn to the equilibrium strategies of the time inconsistency problem. For the E(r)-
criterion, the set of the steady states is given by (4.11). Assume again f'(k) = g (k) (and also
f'(k) = g,(k)) has an unique solution with respect to k, then the set is a bounded open interval
(EE(T),EE(T)). The lower bound kg, of this interval is near ks and lim, 0 kg, = ks. For the
C-criterion, the set of the steady states is given by (2.11), then it is the same singleton K = {kg}.
For the H-criterion, the set of the steady states is given by (7.8). Assume similarly as above, the
set of the steady states is an unbounded interval (kg, +00). The lower bound kj is strictly greater

than kg.
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9 Appendix

A  Proof of Theorem 2.1
The value function V of (2.2) is C? can be obtained by the differentiability of o and (2.14).
Now we want to prove that there is an optimal solution. For this, we have to use the method
of Caratheodary, which on the HJB equation (see [Ekel]).
Firstly, we fix an point ke in K of (2.11). Recall o(k) = I(V'(k), k) of (2.14), we rewrite (2.13)
as a Paff system:
AV = pdk, (9.1)

with respect to the (k,p), and consider the initial-value problem:

where k is fixed and satisfies (2.10).
Differentiating (9.2) leads to:

6dV = (f(k)—I(p,k))dp + plf'(k)dk — I1(p, k)dp — I5(p, k)dk]
+uy (I(p, k), k)11 (p, k)dp + I5(p, k)dk] 4 uy(I(p, k), k)dk
= (f(k) = I(p,k))dp + pf'(k)dk + us(I(p, k), k)dk, (9.4)

where we used (2.4) in the last equality. Plugging into (9.1), we have
(f(k) = I(p. k))dp = (6p — pf'(k) — u5(I(p, k), k))dk. (9:5)

We change the time so that k(0) = ko, and by the requirement of the convergence of the capital
k(t) to koo needs
flko) — 0(kso) = 0. (9.6)

If we denote p(0) by peo, then by (2.8), we have

Poo = p(O) = V/(k‘([))) = V/(koo) = ull(a(koo)a koo) = ull(f(koo)a koo) (97)
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Furthermore, we have

dp(0) — p(0).f'(k(0)) — ua(Z(p(0), k(0)), k(0))
— o _ us(f (ko) ko)
= 0, (9.9)

where we used (2.4) and (2.10) respectively. Thus from (9.5), we have a degenerate system with

respect to two functions k(t) and p(¢):

dk‘
= f(k) = I(p, k),
(9.10)
dt = dp —pf'(k) — uy(I(p, k), k),
with initial condition
(£(0),p(0)) = (koos Poo)- (9.11)
Recall ) (I(y, k), k) = y from (2.4) and differentiate it with respect to y, k respectively:
and then we have
1 1
I (po koo) = - , 9.13
! T o) o) Wy (o) o) 1)
I(poo; ko), ko) iy (f (kso), koo)
Bpmko) = — i) ) 1y T 9.14
: T (e o), Foo) s (), Foc) (044
where we used I(poo, ko) = I(V'(koo)s koo) = 0(koo) = f(koo)-
Denote
e=(k—Fkoo,D — Poo) (9.15)
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and linearize the two functions in the right hand side of system (9.10) near point (koo, poo), we have

f(k) = 1(p, k)
F'(koo) (k = koo) + T1(Poos koo ) (0 = Poo) + T (Poos koo) (K = koo) + O([e[?)
/ ufy(f (kso), koo) _ _ 1 _ o2

op — pf'(k) — uy(I(p, k), k)

3(p = Poo) = ['(keo) (P = Poo) — Poo [ (koo) (k — ko)
~uf5 (L (Poos koo)s koo) [ 11 (Poos oo ) (P — Poo) + 15 (Poc, ko) (k — koo)]
— (1 (oo koo)s koo) (k = koo) + O(Je]?)
(=1 (f (koo) s koo ) (Koo ), Kioo) — g (f (Koo) ko) +

ulZ(f(koo)> koo)
ulfy (f (Koo)s ko)

u,1/2(f(koo)7 koo)
ufy (f (koo), ko)

J(p = poc) + O(lel?), (9-17)

J(k = koo)

+[0 = f'(kos) —

where we used (9.7), (9.13) and (9.14). For later convenience, we make some simple notations for

the constants with respect to ks

foo = Fkeo), (9.18)
o = (ko) (9.19)
Woo = Uy(f(koo),koo), (9.20)
Upoo = U(f(koo), kioo), (9.21)
Wise = ul1(f(koo)s koo), (9.22)
Wos = Ua(f(koo)skoo), (9.23)
Upseo = Ua(f(koo), koo)- (9.24)

Then by (9.16) and (9.17), system (9.10) can linearized as:

4
dt

k—k fl “mo - k—k
e — too (’lL// )2 U1loou// > . (9-25)
P — Poo — U foo = Ugoo + =, 6 — [l — P P — Poo

and we denote the coefficient matrix by A

S
Aso 1= foo ¥ “'1'1 ’ oo . (9.26)
_uloo go - u2200 + (u12o:o) ) o — foo uuz
The characteristic polynomial of system (9.25) then is
/ 1 " 1 / / "
A2 5\ — [uloo o?/+ U220 £ (U12oo B U/200) B ul2oo ulQoo] ~0, (9.27)
11o0 U100 Uloo Uloo U100
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where we used f. + u%‘” = § by (2.14). If the constant item of the above polynomial greater

Uloo

than zero, then it has no negative roots, and in the later proof, we know that the convergence of
the capital cannot be guaranteed even though the solution exists, thus the admissible equilibrium

strategies does not exist.

Yoo Uooe Ulo
Let € = mm{m o < € by (2.15), we have

1}, since
’ }7 oo’ ull’loo

/ " " " / / "
uloofoo + 2200 + f/ (u1200 _ u200) _ U200 U1200

" o 1 ! ! "
U100 Ulleo Wiso Uioo UN1co
Ul 1/
lood oo / 2
> 7 — fle—¢€
U100
! 1
U)o f,
lood o0 /
> 1 - (foo =+ 1)6
U100
! 1/
u
> leed™ (54 1)e
Ul1eo
> 0, (9.28)

where in the third inequality, we used f. = § — Yoo < § by (2.14). Then the characteristic

7
Uloo

polynomial (9.27) of the linearized system (9.25) has two solutions: one positive solution Ay and

one negative solution A_. And the corresponding eigenvalue are given by

!

/
(Flo+ 222 — M)k —

Thus (kso,Poo) is @ hyperbolic fixed point of both system (9.10) and (9.25), with a stable
manifold § which corresponds to A_ and an unstable manifold ¢/ which corresponds to A. Choosing
a smooth parametrization (ks(z), ps(z)) for the stable manifold S. Then the tangent of S (indeed,
it is a curve) at the fixed point is

dps

T (ko) = U (fle = A=) + e, (9.30)

and plugging k = ks(z), p = ps(x) into equation (9.2), we get a curve 7:

ps (@) (f (ks()) = I(ps (), bs(2))) + uI(ps(2), ks (), ks (1)) (9.31)

k:ks($)¢ ‘/;: 5
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Moreover, we have

dV, 1 { dps

ak, ) = 5,

dps

dk, (koo) = I3(Poo, koo

(koo) (f (ko) = I(Poos ko)) + Poolf (ko) = 11 (Poos koo)

(I (oo Koo b LT (P i) P2 () + Iy (s )]

dps
dks

+u’2<f<pw,koo>,koo>}

| =

[

= ull(f<k00)7k00)7 (9'32)

where we used (9.7) and (9.8) in the second equality and (2.14) in the last equality. Then the curve
v is a graph and then we can find its function Vi(k). And V;(k) satisfies the system (2.13) in a
neighborhood of k. Moreover, we have

d*V dps
W(koo) = %(/ﬂoo) = U100 ([ = A=) + U (9.33)
thus Vy(k) is C? at k. And the C? property at other points near ko, can be directly obtained by
(9.10) when f(k) — I(p, k) # 0 at these points (see Case 1 and Case 2 in Section 2.4 of [Ekel]).

The last thing we have to do is to show the solution k(t) of (1.1) converges to koo. Linearizing

the equation
dk

W~ f(k)— o (k) = 1)~ 1OV (8), B) (9:3)
gives
AEZTo0) () = TV (o), o)V ) = B30V () o)) — )
Y _ 1 dps wiy(f (koo), ko) _
= ) ) o) k) g () )
— (k- kso), (9.35)

where we used (9.13),(9.14) in the second equality and used (9.30) in the last equality. Then A_ < 0
implies that k(t) converges to k. ]
B Proof of Theorem 3.4
Let us first cite some useful property about K, see [Eke2] or Chapter 2 of [Harl] to get more
details. First, we have

K(s; K(t; ko,0),0) = K(s +t; ko, 0). (9.36)
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Next, we denote the solution of the standard linearized equation of (3.13) by R(t), in the sense,
we have

R (F(K(1sko, 0)) — o' (Kt ho, o)R(D),  R(0) =1,

and then we have

R(t) = edo (' (K(@3sk0) =o' (K(rss ko) ds (9.37)

Then the value k;(t) can be write as

ki(t) = R(t)(o (ko) — ¢), (9.38)
and K has following properties:
0K (t; ko, o)
ok R(t), (9.39)
PR fk(t: ko, o) — o(lts ko, o). (9.40)

Firstly, let’s now turn to the first part of the theorem. Given a Markov convergent strategy o,

we define the associated value function v(kg) as in formula (3.14). Its derivative with respect to ko

is given by
Vo) = [ B K0t ko, 0)) Kt b, o)) (05 o) 2 g
+ [ ootk o). K0, 0) P D
t+ar /OOO R, (o (K (8 ko, ), Kt o, o)) (K ko,a))‘wdt

t+ar /0 R0t (o (K (8 ko, 0)), K ko,a))(wdt
= [ RO o 0)), Kt o ) (Kt o )R
+ /OOO h(t)uy (o (Kt ko, 0)), K(t; ko, o) )R (t)dt
war [T RO @Kt ko, ). Kt o, ) (K0t o, )R (2
ar /OOOﬁ<t>ﬂé<a<ﬁ<t;ko,a>>,ic<t; ko, o) R (t)dt. (0.41)

Since o is an equilibrium strategy, the maximum of P(ky, o, ¢) with respect to ¢ must be attained

at ¢ = o(kog), see Definition 3.3. Substituting ky(t) = K(¢; ko, o) and k;(¢) in (9.38) into (3.9) and

28



recall a(c, k) = u(c, k) + ara(c, k), we get

P(k?(),O',C) = ﬁ(c,kg)—ﬂ(a(ko),ko)
[ B0 ko, 0)) (6 Ko, ) (K0 o, 0 R ko) — o)

+/oo h(t)us(o(K(t ko, 0)), K(t; ko, 0))R(t) (o (ko) — c)dt
—I—ar/ h(t K(t; ko, o)), K(t; ko, o))’ (K(t; ko, 0))R(t) (o (ko) — c)dt
+ar/0 h(t)ih (o (K(t; ko, o)), K(t; ko, 0))R(t) (o (ko) — ¢)dt. (9.42)

Since u is strictly concave and differentiable with respect to ¢ which follows from properties
of w and 4, the necessary and sufficient condition to maximize P(ko, o, c) with respect to ¢ is the

derivative with respect to ¢ of the left hand side of (9.42) vanishes at ¢ = o(ko), that is:

@y (c, ko) = /00 h(t)u) (o (K(t; ko, o)), K(t; ko, o))’ (K(t; ko, o)) R(t)dt

c=ao(ko)

/ Wt (o (Kt ko, ), K (& ko, o)) R(E)dt

tar / B(8) (o (Kt oy 0)), Kt ko, o) R(E)dt, (9.43)
0
which is precisely v'(kg), as we just wanted. Therefore, the equilibrium strategy satisfy
(0 (ko), ko) = v’ (ko) (9.44)

and we have o (ko) = z(v'(ko), ko) := z o v'(kg). Substituting back into equation (3.14), we get the
functional equation (3.15). This prove the direct part of the theorem.
For the second part, it has been found in [Eke2], thus we omit it here. 1
C Proof of Theorem 3.5
Let a function v : R — R be given. Consider the function ¢ : R — R defined by

o(ko) = v(ko) —/ h(t)u(o(K(t; ko, o)), K(t; ko, 0))dt — ar/ h(t)a(o (K (t; ko, o)), K(t; ko, 0))dt,
0 0

(9.45)

where o (ko) = i(v'(ko), ko). Consider (¢, ko) as the value of ¢ along the trajectory t — K(¢; ko, o)
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originating from k at time 0, that is

Uit ko) = (K(t; ko, 0))
= U(K(t;ko,a))—/o h(s)u(o(K(s; K(t; ko, 0),0)), K(s; K(t; ko,0),0))ds

—ar /OOO h(s)a(o(K(s; K(t; ko, o), 0)), K(s; K(t; ko, 0), 0))ds
= w(K(t: ko, o)) — /OOO h(s)u(o(K(s + £ ko, @), K(s + £ ko, 0))ds
—ar/oo R(8)i(o(K(s + £ ko, o)), K (s + £ ko, o) )ds
= (Kt ko, o) / h(s — Du(o (K0 5, ko)), K (o 5, ko))ds
—ar /t (s — Q0 (K (03 5, ko)), K(0 5, ko))ds, (9.46)

where we have used (9.36).

We compute the derivative of ¢ with respect to ¢:

aw(tv kO)

51 = V'(K(t; ko, o)) [f (K(t; ko, o)) — o (K(t; ko, 0))]

Fu(o (Kt ko, 0)), K(: ko, o))

4 /too W (s — tu(o (K (o: 5, ko)), K(o: 5, ko))ds

Fari(o(K(E: ko, 7)), K(t: ko, o)

tar /too P (s — (o (K(o: 5, ko)), K(o: 5, ko) )ds
= V' (K(t; ko, o)) [f(K(t; ko, o)) — o (K(t; ko, 0))]

Fa(o (Kt ko, o)), K(E ko, o))

+ tOO h' (s — t)u(o(K(o; s, ko)), K(o; 8, ko) )ds

+ar /too W (s —t)u(o(K(o;s, ko)), K(o; s, ko))ds
= V' (K(t; ko,io0v")[f(K(t; ko,iov)) —iov (K(t; ko,io0))]
+a1(i o v’ (K(t; ko, i o v')), K(t; ko, i 0 v'))
+/0°o W (s)u(i 00! (K (s K (t: Koy 0 0'), i 0 0')), Ko(ss Kt ko, 0 0,7 0 ) )ds

—i-ar/ B (s)a(i o v/ (K(s; K(t; ko,io '), i 0v')), K(s; K(t; ko, iov'),i00"))ds,
0
(9.47)

where we used (9.36), (9.40), h(0) = h(0) =1, 0 = i0v and @ = u+ ari. If (3.19) holds, then the
right hand side of the last equation is identically zero along the trajectory, so that ¥ (¢, kg) does not
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depend on t, thus ¥(s, ko) = ¥ (t, ko) for all s, > 0. Letting ¢ — oo in the definition of ¢, we get

w(s7k0) = tli)I& w(u kO)

= lim {v(lC(t; ko, o)) — /Oo h(s)u(o(K(s + t; ko, 0)), (s +t; ko, 0))ds
0

t—o00

—ar /Ooo R(s) (o (s + £ ko, o)), K(s + £ ko, 0))ds}

— (k) - /Oooh(s)u( () Byds —ar [ h(s)a(o(k), F)ds (9.48)

and hence, if (3.20) holds, then ¥ = ¢ = 0 and so equation (3.15) holds. Conversely, if v(k)
satisfies equation (3.15), then the same lines of reasoning shows that equation (3.19) and the
boundary condition are satisfied. 1
D Proof of Proposition 4.1
(3.19) and (3.20) implies (3.15) by Theorem 3.5. Thus for h(t) = e~ and h(t) = e~"*, by (3.15)

we obtain

o) = /0 " et (Kt o, o)), K o, o))t + ar /0 e (Kt ko, o)), K(E ko, o)) (9.49)
Then we define a new function w as follows

w(ky) = /000 e u(a(K(t; ko, 0)), K(t; ko, 0))dt — ar /OOO e " u(a(K(t; ko, ), K(t; ko, 0))dt.(9.50)

Note that o = iov’ is an equilibrium strategy that converges to koo. Applying Lemma 3.6 to v and

w, we obtain (4.1) and (4.2).

ko)(f (ko) — o(ko)) + u(o(ko), ko) + ara(o(ko), ko)

=0 / Sl (Kt o, 0)), Kt ko, )t + ar? [ e (Ut o)) Kt o))
0
_ 5M 4 a2 tlh0) = ()
2 2aer

= av(ko) + bw(ko) (9.51)

and
V(kso) = u(f(k:oo),koo)/ e Otdt + ozr&(f(koo),koo)/ e "tdt
0 0
1 _

where we used a = %r, b= 5;2’". Thus we obtain the first equation of (4.1) and first condition of

(4.2), and the rest are similar.
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Conversely, suppose v; and w; satisfy the equations (4.1) and the boundary conditions (4.2),

with the convergent Markov strategy o1 =i o v} converges to koo, that is:

(9.53)

{ v1(ko)(f (ko) — o1(ko)) + (a1 (ko), ko) = avi(ko) + bwi (ko),
wll(ko)(f(ko) — 01 (ko)) + U(Ul(ko), /C()) — Oﬂ’ﬁ(Ul(ko), ko) = by (ko) + awl(krg)

with the boundary conditions

(ko) = 5l (ko). ) + i (), Koo),

wilkoe) = 50l oc) — i i), o).

(9.54)

Consider the following functions
va(ko) = /Oooe%(al(/qt;ko,al)),ﬁ(t;ko,al))dt
+ar /000 e (o1 (K(t; ko, 01)), K(t; ko, 01))dt, (9.55)
walky) = /OOOe-éfu(al(x(t;ko,al)),m(t;ko,al))dt
—ar /0 " et on (Kt ko, 01)), K(E: ko, o)) (9.56)

Applying Lemma 3.5 with I = vy and I = ws respectively, we get

(9.57)

{ vy (ko)(f (ko) — o1(ko)) + (a1 (ko), ko) = ava(ko) + bwa(ko),
wy (ko) (f (ko) — o1(ko)) + u(a1(ko), ko) — art(oi(ko), ko) = bua(ko) + awa(ko)

with the boundary conditions

alkoc) = S(F (ko). hoc) + @ (hoc). hc),

wa (ko) = %u(f(k:oo), koo) — i f (o), bow).

(9.58)

Set v3 = v — v2, w3 = w; — we and subtract (9.57), (9.58) from (9.53), (9.54) respectively, we

get
{ vh (ko) (f (ko) — o1 (ko)) = avs (ko) + buws ko), 959
wy(ko)(f (ko) — o1(ko)) = bus(ko) + aws (ko)
with the boundary conditions
{ valfeo) =0, (9.60)
’LU3(]€OO) = 0.
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Obviously, vs3 = w3 = 0 is a solution. We need to show that it is the only one so that v; = v

and w; = wg, and this can be verified by Lemma 9.1. Then equation (9.55) becomes

o0 o0
v1 (ko) = / 6_6tu(01(K(t; ko,01)), K(t; ko, 01))dt + ar/ e_rtﬂ(al(lC(t; ko,o01)), K(t; ko, 01))dt,
0 0

(9.61)
which is precisely equation (3.15). Since vy satisfies (3.15), then it satisfies (3.19) and (3.20) by
Theorem 3.5. "

Lemma 9.1. If (v, ws3) is a pair of continuous functions on a neighborhood Q of ks, continu-
ously differentiable for k # ko, and which solve (9.59) with boundary conditions (9.60) for k # koo,
then vy = wg = 0.

Proof. First, we omit the subscript of kg. Set f(k) —o1(k) = p(k), then (k) — 0 as k — keo.

The system (9.59) can be rewritten as:

s \ [ a b U3
pws b a w3
Let
%4 \/I \/I v
- 2 2 . (9.62)
then we have
-1
1% : : a b @ ﬁ 1% § 0 1%
L4 , ] T 1 1 1 1 -
1% R AT ALY W o r )\ w
(9.63)
We consider the equation ¢V’ = V. By calculation, we obtain:
fk 0 _du
V (k) = V(kg)e'ko e ™7, (9.64)

No lose of generality, we can assume that ky < koo

Let S = {k|lp(k) = 0,ky < k < koo}, where k¢ is the initial stock, then S is nonempty for
kso € S. We consider the following two cases:

(i) S\{kso} = 0. Then @(k) # 0,Vk € [ko,koo). While % = (k), then k is monotonic with
£ For ko < koo, we have p(k) > 0, for all k € [Ko, koo). By (9.62), 0 = \/3(v3(kuo) + ws(koo)) =
V(kao) = V(ko)edio™ &% we have V (ko) = 0. Hence, V (k) = 0.

(ii) S\{koo} # 0. Then by continuity of ¢, ¢ = 0 in the closure of S, thus S = S, i.e. S is a
closed set. It follows that V (k) = %V/(k) = 0in S by (9.63). Denote k* = min{klk € S}, then
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(k*,koo)\S is an open set, it can be represented as the union of at most countable many disjoint

open intervals:

(5", kso]\S = (K", ks)\S = | (In, M) (9.65)
n=1
For any open interval (I,,, my,), @(k) # 0,Vk € (I, my). Let k,, € (I, my), we have

V() = V(e 0%, V() = V(hy)elin” 0 (9.66)

¢ is positive (or negative) in (I,,, my,). From the facts that I, < k, < my,, V() = M =0,

Vimy,) = m =0, fk" S(aydu and fkn so S(ydu has the opposite sign, so that at least one

of efkn @™ and efkn Fok is nonzero, then we must have V(k,) = 0, which further implies
V(k) =0,Vk € (In, my).

During the discussions, we have V (k) = 0,k € [k*, k). Under the unfortunate case ko < k*,
by ¢(k) # 0,Vk € [ko, k™), using the similar calculation of case (i), we have V (k) = 0,Vk € [ko, k*).
Then V (k) =0 in [ko, kso)

In any cases, we have V (k) = 0. Similarly W (k) = 0.Then vs = w3 = 0 as required. 1

E Proof of Lemma 9.3: Existence

We consider the function (v,w) satisfying the system (4.1) with boundary conditions (4.2).
From now on, we use variable k instead of kg for convenience. By o(k) =iov' (k) = i(v'(k), k), we

have

V' (k)(f(k) —o(k) +alo(k), k) = o'(k)(f(k) —i(v'(k),k)) +a(i(v'(k), k), k)
= V(k)f(k)+ [a(i(v' (k), k), k) — o' (k)i(v"(k), k)]. (9.67)
Let
F(y, k) =yf(k)+uli(y, k), k) — yi(y, k) — a(f(k), k), (9.68)

and we calculate the partial derivatives of F:

W = f(k)+ @ (i(y, k), k)i\ (y, k) — yit (y, k) —i(y, k)

) — il ), (9.69)
2
e (L] 10
Mgz’“) yf' (k) + iy, k) + @ iy, k)i (y, k) — yis(y, k)

—ty (f(k), k)f'(k) — u5(f (k), k)
= J(R)y — wi(f(k), k) + a(ily, k), k) — w5(f (k). k), (9.71)
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where i} (y, k) = ai%’k),ig(y,k) = mg’gk) and we used (3.18) in Theorem 3.4. Differentiating both

side of the first formula of (3.18) with respect to variable y, we have

uty (i(y, k), k)i (y, k) = 1. (9.72)

Since 4 is a strictly concave function with respect to its first variable, we have, @}, (¢, k) < 0. Then
O?F(y, k ) 1

# =iy, k)=~

dy ut, (i(y, k), k)
== =0

for all y, and thus F'(y, k) is a strictly convex function with respect to y. For a fixed k, i

> 0, (9.73)

then
iy, k) = f(k), (9.74)
F(y*, k) get its minimum value at y = y*. The minimum point y* depends on k, we denote by

y* = y*(k) and then we have

y* (k) = ay(i(y™, k), k) = a1 (f (), k) (9.75)
and F(y*(k), k) = 0 by (9.68).
Let
(k) = av(k) + buw(k) — a(f(k), k). (9.76)
We consider (v(k), u(k)) instead of (v(k),w(k)) as the new unknown functions. Then the first

equation of the system (4.1) is equivalent to

F('(k), k) = v'(k)(f(k) —a(k)) +alo(k), k) — a(f(k), k)
= av(k) + bw(k) — a(f(k), k)
= p(k), (9.77)

where the first equality follows from the definition (9.68) of F' and the fact o(k) = i(v/'(k), k) in
Theorem 3.4, the second equality follows from the first equation of (4.1).

Since F' is strictly convex with respect to its first variable and F(y*(k),k) = 0, the equation
F(z +y*(k), k) = u(k) of variable x has two solutions z_(u(k), k) < 0 < x4 (u(k), k) for u(k) > 0,
none for p(k) < 0 and a single solution x = 0 for u(k) = 0.

From the second equation of (4.1), we have
bu(k) + aw(k) — u(o(k), k) + ara(o(k), k)

f (’f) —o(k)
_ ( v(k) + bw(k) — u(o(k), k > bu(k) + aw( u(o(k), k) + ara(o(k), k)
), k)
u(o

w' (k)

f(k) —o(k) )+bw(k) u(o (k),k)
b(@+aM)
(m+mmm

aru( ( ), k)

— Ul +
- W CER

(9.78)
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where to get the last equality, we have used the first equation of (4.1). Differentiating pu(k) with
respect to k yields

dp

= () + b (k) — T (), ) () — (£ (), )

. (a% + b¥)v(k) + 2abw(k) — du(o(k), k) — ar?u(o(k), k)
av(k) + bw(k) — u(o(k), k)
—y" (k) f' (k) — a5 (f (k). k), (9.79)

where we used a = %, b = 25 and (9.78).

As we just discussed, the necessary and sufficient condition that F(z + y*(k),k) = (k) has
solutions is (k) > 0, that is
av(k) + bw(k) — a(f(k), k) > 0. (9.80)

And in this case, we denote these two solutions by x and x_ respectively. Here x and x_ coincide
with (k) = 0. Denote one of the solutions by z = z(u(k), k), from F(v'(k), k) = u(k), we conclude
that

o (K) =y (k) + 2(u(k), ). (9.81)

Now we consider the dynamical system on (v(k), u(k)) given by

V' (k) =y (k) + z(u(k), k),
(a? + b¥)v(k) + 2abw(k) — Su(o(k), k) — ar?u(o(k), k)

av(k) + bw(k) — u(o(k), k) (982)

w (k) =(y" (k) + 2(u(k), k)

—y (B)f' (k) — ua(f(k), k),

where the second equation on p(k) is obtained via replacing v’(k) by the right hand side of (9.81).
From (9.77), F(x + y*(k), k) = u(k). Let z(k) = 2(u(k), k), @y(c, k) = ZHEE) and so on, we

have
OF dx OF
/ _ v aL —1 / 1 or
) = G G T ) ) (8 + il (k). ) + (983)
and then consider k = k(x) as a function of z, from (9.83), we obtain
dk o

dr (k) — 9 — S (@l (f(R), k) £ (k) + Wy (f (R), k)

O (fk) =iy + k) (av + bw — ali(y* + 2, k), k))
N D(x, k,v,w) ’ (9.-84)
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where we used (9.69),(9.71) and (9.79), and denote by

D(z,k,v,w) = (y*+2)[(a® + b*)v(k) + 2abw(k) — su(o(k), k) — ar?a(o(k), k)]
{0 = it + a0 070 + 100,
+y* + ) f (k) + ay(i(y* + x, k), k:)}(av +bw — u(i(y* +x, k), k)). (9.85)

Further more, by (9.82) and (9.84) we have

do dvdk o, (f(K) =iy + 3 k) (av + bw — ali(y" + 2,K), k)
& dkde W) D(z, k, v, w) ' (9.86)
Now we transform our system to
dk_ (f(k) —i(y" + =, k))(av + bw — u(i(y” + =, k), k))
de D(z,k,v,w) ’ (9.87)
dv _ (y* +x)(f(k) —i(y" + x,k))(av + bw — a(i(y” + x, k), k)) '
dr D(z, k,v,w) ’
We introduce a new variable s such that g—; = m, then the system becomes
dr = D(z,k,v,w),
ds
dk
o5 = (k) —ily” + 2, k) (av + bw — a(ily” + z, k), k)), (9.88)
d
= @) (f() — iy + ) av + b —a(i(y" + @, k). k).
By (9.76), the definition of u(k), we get
u — F(y* u —av(k
(il = M EIUELE) —auld) _ ) + e+ iR —ant) g

Plugging it into system (9.88), we have the following system on three independent unknown func-

tions z, k and v:

i D(z, k,v),
% = (f(k) —i(y" + 2, k)F (" + 2, k) +u(f(k), k) —a(i(y” + z, k), k)], (9.90)
% = (y* + l‘)(f(k) - 'L(y* +x, k‘))[F(y* +z, k) + ﬂ(f(k?), k:) B ﬂ(z(y* T, k‘), k)L
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where D(z, k,v) is given by

D(z,k,v) = D(z,k,v,w)

= (y"+ua) [2aF(y* + 2, k) + (0® — a®)v + 2au(f(k), k)
—ou(i(y* + x, k), k) — ara(i(y* + z, k), k:)}
(PO 2.+ 00K = 0l + 1)) [0 )7 (6) + T4l + ). )
FUR) = i + ) (T ()R (8) + 18| (9.91)

where the twice continuously differentiability of D(x, k,v) needs the three times continuously dif-
ferentiability of f and the four times continuously differentiability of u, .

If k£ = koo, then

i(koo) = av(koo) +bw(koo) — u(f(koo), koo)
= DT Rl hec), Foo) + (T ) b)) + 25 (G (o). o) = (k). Koc))
_(u(f(koo)7 koo) + am}(f(koo)v koo))

= 0. (9.92)

Then F(y*(koo) + @, kso) = (ko) = 0 has only one solution z = 0. Denote by v = v(ks). We
consider the system near the point (z,k,v) = (0, koo, Vo). Denote by e = (x,k — koo, v — Vo) and

| - || denote the Euclidean norm.

OF OF
From (9.69), (9.71), (9.74) and (9.75), G (@ (f(keo) ko) koe) = 3 (@, (f (o) ko) ko) = 0 and then
OF (y* + x,k) _OF(y" +a.k) — F(y* +,k) =0 (9.93)
O e=(0,0,0) Ok e=(0,0,0) e=(0,0,0)

where we consider F as a function of e = (z,k — koo, v — Vo), and we have F(y* + z, k) = O(||e]|?)
near e = 0.

Let e = (0,0,0), we have

(0% — a®)v + 2au(f(k), k) — su(i(y* + x,k), k) — ar®a(i(y* + 2, k), k)|e=(0,0.0)

= (O~ (Tt + 54 1) () hc) = S5 (o), ), o)
—ar?i(i(y* (kso), koo), koo

= (G o), Roo) + i (o) b)) + (54 P)(u(f (o), Roo) F a7 f (o), i)
U (ko). o) — 0720 (), o)

= 0, (9.94)
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where we used the first equation of (4.2) and (9.74) in the second equality. Then we consider the

following functions

f(k) —ily* +z, k),

u(f(k), k) —a(i(y” + z, k), k),
y* (k) + 2 = ) (f (ko) ko), (9.95)
b2 — a®)v + 2au(f(k), k) — ou(i(y* + z, k), k) — ar®a(i(y* + z,k), k),

(
(y*—l—x) ( )+u2(i(y*+ka)vk) _a,l(f(koo)v oo)f/( oo)_u2(f(koo)vk00)'

They take the value 0 at the point (0, koo, Voo ), and then the product of any two of them is O(||e||?)

near the point (0, koo, Voo). Then

and

E = o), (9.96)
= o) (997)

D(z,k,v) = (y"+x) [(b2 —a®v + 2aa(f(k), k) — ou(i(y* + z, k), k) — ar®a(i(y* + z, k), k)]

- (U(f(k'), B) = alily” + o, k), k)) [<y* L) (k) + @i+ b, k)]
Lol

: <a/1(f<koo)a kioo) f' (o) + s (f (Koo), koo)) +O0(lel?). (9.98)

Specially we have

D(0, koo, Voo) = 0. (9.99)

Differentiate D(x, k, v, r) with respect to z

oD

Ox (0,ko0 Vo0 )

F (ko). kso) + ariy(f (ko). koo))
Wy (f (koo) oo) + arith (f(koo), Foo)
= W2(f (oo Fooo )i (@ (f (o), Fioo)s Fioo) [ (o) — G(oo)], (9.100)

39



where in the second equality, we used @} = u}; +ard’, j = 1,2 and in the last equality, g is defined
in (4.4).

For convenience, we simply use )., U], Gco,boos Coo to represent i} (u)(f(kso), koo), koo, 0),
W) (f(koo), koo)s % (0,0 ,000,0) %k&kooﬂ/omo) and %‘(O,km,vm,o) respectively. Then we have

d .
d—j = D(z,k,v,r)

= oo + boo(k — ko) + Coo(V — vs0) + O(||(e,7)|[?), (9.101)
where by (9.99),
oo = ﬂlf(f(km)v Koo, 1)1 (@1 (f (Koo ), Koo, 1)y Kooy ) [f (koo ) — G(Koo, 1))

Linearizing the system (9.90) near the point (0, koo, Voo) by the previous discussions, we have

d €T _u,1200illoo(§0(k00) - f/(koo)) boo Coo x

e - = — . 9.103

7o | B Es 0 0 0 kE— koo ( )
UV — Vo 0 0 0 V — Uso

We denote the square coefficient matrix in the above system by A. By the strictly concavity and
increasing of u with respect to the first variable, v}, = u}(f(koo),koo) > 0,u](f(kso), ko) < O
and i} = @) () (f (koo), koo ) Koo, 0) = m < 0 by (9.73). And for any k. satisfying (4.10)
with gy(keo) — f'(kso) # 0, we then have

— o ih00 (o (koo) — [ (koo)) # 0, (9.104)
Let
- boo Coo
$=33+a7(k‘—k'oo)+a7(v—voo), (9.105)

then the system (9.103) is transformed into a new system, whose linear part is the linear part of

the system (9.90), and has the form:

T U0 (Go(koo) = f/(kso)) O 0 T

d

s k— ke =10 00 k—ko |- (9.106)
V— Vo 0 0 0 V — Voo

Then we use the center manifold theorem (cf. Theorem 1 of [Carl]), there exist an € > 0, and
a map h(k,v), defined in a neighborhood O = (koo — €, koo + €) X (Voo — €, Voo + €) Of (kso, Uso) such

that

Oh Oh

koo, Vo) = 0, %(km,vw) =0, %(k:oo,voo,o) =0 (9.107)
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and the manifold M defined by

M= { <h(k,v) - Zz(k; ~ ) = (0 - v, k,v) ‘(k,v) c 0}, (9.108)
is invariant under the flow associated to the system (9.90), where we just consider the properties
of equations and we do not discuss the reality meaning when r takes non-positive values. The map
h and the central manifold M are of C2, and M is three-dimensional and tangent to the critical
plane.

If kK = koo and v = veo, by (9.77) and (9.92), x must equals to 0, then
h(koos Voo) = Z(koo, Voo) = T (Koo, Vo) = 0, (9.109)

where we used (9.105).
We are interested in the solutions which lie on the central manifold M. They can be formed
by © = h(k,v) — 2%':(14: — koo) — (v — o) in equation (9.81), we get
d boo 00
T = T (F (k). k) + h(k,v) = 2= (k= ko) = (v = vso),
Goo Goo (9.110)
V(koo) = Voo
which can be viewed as eliminating the variable s from the second and third equations of the system
(9.90), and x is found by using the fact that M is invariant in the flow of (9.90):
boo Coo
o(s) = h(k(s),v(s)) = ~=(k(s) = koo) = ——(v(s) — Vo). (9.111)
Since ao, # 0 and the right hand side of the first equation of (9.110) is continuously differentiable
in O1 = (koo — €, koo + €), therefore, is Lipschiz continuous. By %‘k:ko@ = @) (f(koo), koo) # 0 which
follows from (9.109) and the first equation of (9.110), the nonconstant solution of this initial-value
problem exist in @; and we denote by v(k) = (k) ,where ¢(koo) = Voo and ¥ € C?*(R,R) if
h € C?(R?,R). Substituting v(k) = (k) into x = h(k,v) — Z%:Z(k — ko) — 2 (v — Vo) yields
boo Coo
x(k) = h(k, (k) = —(k — koo) — — (¢(k) — Vo). (9.112)

(oo (oo
Finally, u(k) = F(@)(f(k), k) + z(k), k) and w(k) = §(u(k) + a(f(k), k) — ap(k)) is also C?, so we
have found a C? solution of the system (4.1) with boundary conditions (4.2). 1
F Proof of Lemma 9.3: Convergence
We need the value of v/ (ks ) and o/ (koo ), where ko is the equilibrium state of the economy and
o(k) =1io0v' (k) =i(v'(k), k). If the solution exists, let k — ko in the first equation of (4.1), using

the boundary conditions (4.2) and the computations in (9.92), we have
V' (koo ) f (koo) — V' (koo )i(V (Koo ), koo ) + 1(i(V (kso)s koo ), Koo) = (f(koo), koo)s (9.113)
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thus F'(v'(kso), koo) = 0 by the definition (9.68) of F. By the strictly convexity of F' with respect

to its first variable and by the discussions in which leads to (9.75), we have

V' (ko) =y (koo) = @ (f (koo), koo)- (9.114)
To compute o’ (ko), we consider (9.41), the integration form of v’ (k)
J(k) = /D ) (o (K03 1 k), K (0 £, k)0 (K (o, B) YR (£)
+/OOO h(t)uy(o(K(ost, k), K(ost, k)R (t)dt
+ar /Ooo h(t)ih (o (K(os5t, k), K(o;t, K)o’ (K(o;t, k) R(t)dt

var | W)y (o(K(o:t, k), K(ost, k)R (£)dt. (9.115)
0

Note that h(t) = e and ﬁ(t) = e " exponentially decay. Letting k¥ — ko, and using (9.37) we
have
V' (koo) = /OOO RO, (f (Koo ), koo )0 (Koo el (Feo) =0 (Reo))t gy
[ B (), )l 0
+ar /Ooo R (f (koo), koo )0 (Kog )t o) =" (koo )t g4
rar [ RO B (hc) ko)l )
= /Ooo[ull(f(koo), Koo )0 (Koo) + ty (f (Koo ), Kino ) e ™01 (hoe) o (keo))t gy

rar /°° [ (f (ko) koo )0 (ko) + T (f (Kioo), Kiog ) e~ (I (oo ) o (ke D)
0
Uy (f (koo)s koo )0 (ko) + us(f (Koo, ko)
6 — f'(kso) + 0’ (koo)
ﬂll(f(koo), kOO)U/(kOO) + ﬂlz(f(koo)a koo)
r— f'(koo) + 0’ (ko) 7

where because v'(ks) < oo and then we can do the computation of the last equation. Taking

+ar

(9.116)

V' (kso) = @) (f(kso), koo) into account, we solute o’(koo) from the fractional equation:

0'(koo) = f'(koo) = 7| 6(ui(f(koo), koo) + artty (f (Koo), kioo))
_(UIQ(f(koo)a koo) + 0457:6/2(]8(/{00), k'oo))
_f/(kw)(ull(f(koo)a koo) + Oz(;ﬂll (f(koo)’ koo)) /E(koo)

(u (f (kso) ko) + a8t (f (Foo), Koo)) (g (koo) — f' (ko))
(f(koo)v koo) + O”all (f(koo)7 koo))(g(koo) - f/(koo)) 7

(9.117)
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E(ks) = 0uy(f(koo), koo) + arzﬁll(f(koo)v koo) = (us(f(koo), koo) + artin(f (koo), ko))
— [ (koo) (u (f (Foo)s koo) 4 arty (f (keo), koo))
= (W) (f(koo)s koo) + arty (f(keo), koo)) (G(keo) — f'(Koo)) (9.118)

and g, g was defined in (4.3),(4.4).
Linearizing the equation of motion % = f(k) — o (k) at k = ks yields

b —
dk
o = [koo) = 0 (koo)) (k — ko). (9.119)
That k converges to ko if
f'(koo) = ' (koo) < 0. (9.120)

Hence by (9.117), the estimate (9.120) is equivalent to

" (f (o), roo) + @, (f (Foo)s Koo)) (G (koe) — [/(koo)) 0. (9.121)

Simplifying it, we obtain

9(koo) < f'(koo) < glkoo). (9.122)

For r small enough, the (4.10) guarantees the conditions, thus the convergence is established.
G Proof of Theorem 7.2

Because ¢ is an admissible strategy, we have
o0
‘/ [kp(t) — koo]dt‘ < 400, (9.123)
0
then we need to prove that o, given by (6.2) is also an admissible strategy, i.e., we want to show
o0
‘/ [ke(t) — koo]dt‘ < 400, (9.124)
0

where in the non-degenerate case, k.(t) converges to the same ko as kp(t). On the other hand, by
(3.3), (3.4), (3.13) and the definition of o, we have ky(t) = K(t — €; kp(€),0) and k.(t) = K(t —

€;kc(€),0) when t > e. Then there must exist two positive times t1, %2 such that KC(t; —€; ky(€),0) =
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K(ta — €; kc(€),0). Therefore, we have

/Oo[kc(t) - koo]dt

to

oo

[K(t+t2 — € ke(e),0) — koo]dt’
OO[IC(t;IC(tg — € ke(e),0),0) — koo]dt‘
[K(t; K(t1 — €; kp(e),0),0) — koo]dt’

[e.9]

[K(t+t1 — € kp(e),0) — ]foo]dt‘

(e 9]

I
N%ﬁ%%

() - koowt\

1

A
+
8

: (9.125)

thus (9.124) holds.
Since in the non-degenerate case, the limit capital k. cannot be influenced, then similarly to

(9.42), we have
P(ko,0,¢) = ule, ko) —ul(o(ko), ko)
+(o(ko) — ¢) /Ooo e " [u (o (K(t; ko, 0)), K(t; ko, 0))o’ (K(t; o, o))
tuy (o (K(t; ko, o)), K(t; ko, o)) R(t)dt
+alotho) = o) [ 3 (o(K(t 0 ), Kt o 0))o’ (5 Ko, )
+a5 (o (K(t; ko, o)), K(t; ko, o)) R(t)dt. (9.126)

Then we can do the similar steps of Theorem 3.5, Theorem 3.5 and Theorem 4.1 to obtain the
theorem. ]

H Proof of Theorem 7.3

In fact, the prove is a repetition of the proof of Lemma 9.3 in Appendix F and Appendix G.
We first show how to obtain the inequalities (7.8).

Similar to Appendix G, we have

V' (ko) = @y (f (Koo); koo) (9.127)

and
U/(koo) - /Oo[u/l (f(koo), kOO)U/(kOO) + ué(f(kw)’ kw)]e_(a_f/(kOOHU/(kOO))tdt
0

0
(

) (f (ko) koo )0’ (ko) + s (f (Koo), ko)
6 — f'(koo) + 0" (ko)
ﬁll(f(’“w)a km)al(km) + ﬁlz(f(’“w): koo)
—f' (ko) + 0’ (ko) ‘
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From the two above equations, we can compute ¢/ (ks ):
17 (f (ko) koo)
uy (f (koo)s koo) + it (f(Koo), koo)
/ @ty (f (koo) koo)
F'(hoo) + B
f

o' (ko) = ['(koo) — @d

(koo ) koo )

' 3] (f (koo) ko) — (uh (f (koo ) hoo) vty (f (Koo ) ko))
F'(koo) = = o) doce) 0t (F (ko) oce)

(9.129)

Then k converge to koo requires f'(koo) — 0/ (koo) < 0, and hence (7.8).

One more thing we need to do is to show that the strategy o (ko) = i(v'(ko), ko) which we ob-
tained from (7.5) is admissible. And this is directly by f/(kso) —0'(kso) < 0, then k(t) exponentially
converges to ks, and so (7.5) holds. 1
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