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Abstract

We study a discrete-time approximation for solutions of systems of decou-
pled forward-backward stochastic differential equations with jumps. Assuming
that the coefficients are Lipschitz-continuous, we prove the convergence of the
scheme when the number of time steps n goes to infinity. The rate of conver-
gence is at least n=1/2¢ for any e > 0. When the jump coefficient of the first
variation process of the forward component satisfies a non-degeneracy condi-
tion which ensures its inversibility, we achieve the optimal convergence rate
n~'/2. The proof is based on a generalization of a remarkable result on the
path-regularity of the solution of the backward equation derived by Zhang [25]
in the no-jump case.
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1 Introduction

In this paper, we study a discrete time approximation scheme for the solution of a
system of decoupled Forward-Backward Stochastic Differential Equations (FBSDE
in short) with jumps of the form

(1.1)

Xy = Xo+ [J0(X)dr + [Lo(X,)dW, + [T [, B(Xo—, e)ji(de, dr)
Y, g(Xr)+ [T h(©.)dr — [ Z,-aw, — [ [, U.(e)ii(de, dr)

where © := (X,Y,Z,T) with I" := [, p(e)U(e)A(de). Here, W is a d-dimensional
Brownian motion and g an independent compensated Poisson measure [(de,dr)
= p(de,dr) — M(de)dr. Such equations naturally appear in hedging problems, see
e.g. Eyraud-Loisel [13], or in stochastic control, see e.g. Tang and Li [23] and the



recent paper Becherer [3] for an application to exponential utility maximization in
finance. Under standard Lipschitz assumptions on the coefficients b, o, 3, ¢ and
h, existence and uniqueness of the solution have been proved by Tang and Li [23],
thus generalizing the seminal paper of Pardoux and Peng [20].

The main motivation for studying discrete time approximations of systems of the
above form is that they provide an alternative to classical numerical schemes for a
large class of (deterministic) PDE’s of the form

Lu(t,z) + h(t,z,u(t,x),o(t,z)Vyu(t,z), Z[ul(t,z)) = 0, u(T,z) = g(x), (1.2)
where
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Tlul(t,x) = /E{u(t,x + B(z,e)) —u(t,z)} ple) A(de) .

Indeed, it is well known that, under mild assumptions on the coefficients, the com-
ponent Y of the solution can be related to the (viscosity) solution u of (1.2) in the
sense that Y; = u(t, X3), see e.g. [1] or [9]. Thus solving (1.1) or (1.2) is essentially
the same. In the so-called four-steps scheme, this relation allows to approximate
the solution of (1.1) by first estimating numerically u, see e.g. [10]. Here, we follow
the converse approach. Since classical numerical schemes for PDE’s generally do
not perform well in high dimension, we want to estimate directly the solution of
(1.1) so as to provide an approximation of u.

In the no-jump case, i.e. § = 0, the numerical approximation of (1.1) has already
been studied in the literature, see e.g. Zhang [25], Bally and Pages [2], Bouchard
and Touzi [7] or Gobet et al. [16]. In [7], the authors suggest the following implicit
scheme. Given a regular grid @ = {t; = iT/n, i = 0,...,n}, they approximate X
by its Euler scheme X™ and (Y, Z) by the discrete-time process (Y;7, ZT )i<p, defined
backward by

Zp = BRIV, AW | 7]
Y= B[V, | A+ 50Xz Y 20)

where Y™ := g(X] ) and AW,y := W;,,, — Wy,. In the no-jump case, it turns out
that the discretization error

1

_ noloegig B 2

Err, (Y, Z) = {max sup K[|y, — V7] + Z/ E[|Z - Z7|?] dt}
i=0 7

i<n tE[ti,t¢+1]

is intimately related to the quantity

n—1 tir1 B - tiis
Z/ E [|Zt — Ztim dt where Z;,:=nE [/ Zydt | fti:| .
Ai t; .



Under Lipschitz continuity conditions on the coefficients, Zhang [24] was able to
prove that the later is of order of n~!. This remarkable result allows to derive
the bound Err, (Y, Z) < Cn~'/2. Observe that this rate of convergence can not
be improved in general. Consider for example the case where X is equal to the

Brownian motion W, g is the identity and h = 0. Then, Y = W and 57’; = W,.

In this paper, we extend the approach of Bouchard and Touzi [7] and approximate
the solution of (1.1) by the backward scheme

Ztt - n E |:Y; ‘HAWH_I ’ ’El} ’ f‘?; = n E {Y;;—l pr tutz—f—l]) ‘ fti

vro= E[ o | P (TR 2 T)

where Y™ := g(X[ ). By adapting the arguments of Gobet et al. [16], we first prove
that our discretization error Err, (Y, Z,U) defined as

t1+1

{max sup E[|Y; — Y7r +Z/

VST e[t tig)

3
E[|Z — Z[ | + |y — TT ] dt}

converges to 0 as the discretization step T'/n tends to 0. We then provide upper
bounds on

max sup E[|Y; — Y, |*] + Z/ E[|Z: — Z,]> + |0y — T, P] dt

<N ge [t tiga)

where [y, := (n/T) E [ f;"“ Iudt | fti]' When the coefficients are Lipschitz con-
tinuous, we obtain

n—lo ety

max sup E[[V; — Ytz|2} + Z/ E [T — fti|2] d < Cn™!

<n teti tit1) i—0 Y ti

and
— tit1 B
Z/ E[\Zt—Ztiﬂ dt < C.n'*®, foranye > 0.

Under some additional conditions on the inversibility of V3 + I, see H, we then
prove that the previous inequality holds true for € = 0. This extends to our frame-
work the remarkable result derived by Zhang [25] in the no-jump case. It allows
us to show that our discrete-time scheme achieves, under the standard Lipschitz
conditions, a rate of convergence of at least n=2/2t¢, for any € > 0, and the optimal

—-1/2

rate n under the additional assumption H.

Observe that, in opposition to algorithms based on the approximation of the Brown-
ian motion by discrete processes taking a finite number of possible values (see e.g.
[17] and the references therein), our scheme does not provide a fully implementable
numerical procedure since it involves the computation of a large number of condi-
tional expectations. However, the implementation of the above mentioned schemes



in high dimension is questionable and, in our setting, this issue could be solved by
approximating the conditional expectation operators numerically in an efficient way,
see [2], [7], [16] and [11] for an adaptation to our setting of the technics suggested
in [16].

The rest of the paper is organized as follows. In Section 2, we describe the approx-
imation scheme and state our main convergence result. Section 3 contains some
results on the Malliavin derivatives of Forward and Backward SDE’s. Applying
these results in Section 4, we derive some regularity properties for the solution
of the backward equation under additional smoothness assumptions on the coeffi-
cients. We finally use an approximation argument to conclude the proof of our main
theorem.

Notations : Any element € R? will be identified to a column vector with i-th
component z and Euclidian norm |z|. For x; € R%, i < n and d; € N, we define
(w1,...,7,) as the column vector associated to (x1,... ,xclll, cooymh oo ). The
scalar product on R? is denoted by z - y. For a (m x d)-dimensional matrix M,
we note |M| := sup{|Mz|; z € R? , |z| = 1}, M* its transpose and we write
M € M? if m = d. Given p € N and a measured space (A, A, 14), we denote by
LP(A, A, 14; RY), or simply LP(A, A) or LP(A) if no confusion is possible, the set of p-
integrable R%-valued measurable maps on (A, A, pu4). For p = oo, L®(A, A, ua; RY)
is the set of essentially bounded R%valued measurable maps. The set of k-times
differentiable maps with bounded derivatives up to order k is denoted by Cf and
e = ﬂklef. For a map b : R? — RF, we denote by Vb is Jacobian matrix
whenever it exists.

In the following, we shall use these notations without specifying the dimension when

it is clearly given by the context.

2 Discrete time approximation of decoupled FBSDE
with jumps

2.1 Decoupled forward backward SDE’s

As in [5], we shall work on a suitable product space Q := Qy x 0, where Qyy is the
set of continuous functions w from [0, 7] into RY, and Q,, is the set of integer-valued
measures on [0, 7] x E with E := R™ for some m > 1. For w = (w,n) € Q, we set
W(w,n) = w and p(w,n) = n and define FYV = (FV);<r (vesp. F* = (F{')i<r) as
the smallest right-continuous filtration on Qy (resp. €,) such that W (resp. p) is
optional. We let Py be the Wiener measure on (Qy, 7)) and P, be the measure
on (2, Fr) under which p is a Poisson measure with intensity v(dt, de) = \(de)dt,
for some finite measure A on F, endowed with its Borel tribe £. We then define
the probability measure P := Py ® P, on (£2, .7-"¥V ® Fi). With this construction,
W and p are independent under P. Without loss of generality, we can assume that
the natural filtration F = (F3)i<r induced by (W, p) is complete. We denote by



it = p — v the compensated measure associated to p.

Given K > 0, two K-Lipschitz continuous functions b : R — R? and o : R? —
M, and a measurable map (3 : R? x E — R% such that

sup|8(0,e)| < K and sup|B(z,e) — f(z',e)] < Klz—2a| YV, 2’ e RY, (2.1)
ecll eck

we define X as the solution on [0, 7] of

X, = Xo+ /O (X )dr + /0 (X)W, + /0 t /E B(X,_,e)fi(de, dr) , (2.2)

for some initial condition Xy € R%. The existence and uniqueness of such a solution
is well known under the above assumptions, see the Appendix for standard estimates
for solutions of such SDE.

Before introducing the backward SDE, we need to define some additional notations.

P

[ the set of real valued
s,t]

Given s < t and some real number p > 2, we denote by S
adapted cadlag processes Y such that

1
P
IVsr =~ := E[sup |Yr|p} < o0,
[s:t] s<r<t

HP

(5.4 is the set of progressively measurable R%valued processes Z such that

t ) 2 %
2, = | ([1zPar) | <
’ S

LY s, 18 the set of P @ & measurable maps U : ) x [0,7] x E — R such that

1
t =
s, = E[[ [oepaan]” < «
A, [s,t] s E
with P defined as the o-algebra of F-predictable subsets of € x [0,T]. The space

x HP

. QP
=S [5.4]

P
B 5.

[s,1] x LY

i[s:t]

is endowed with the norm

Y 72U vIIP 7P UllP p
100,20, o= (Vg + 1205y + U,

In the sequel, we shall omit the subscript [s, ¢] in these notations when (s, t) = (0, 7).

For ease of notations, we shall sometimes write that an R™-valued process is in Sf; 1

or LI; [s.4] meaning that each component is in the corresponding space. Similarly
fs g if each column belongs to Hfs g- The
norms are then naturally extended to such processes.

an element of M is said to belong to H



The aim of this paper is to study a discrete time approximation of the triplet
(Y, Z,U) solution on [0, 7] of the backward stochastic differential equation

Yy = g(Xr) + /tTh(@r)dT - /tT Zy - AWy — /tT/EUr(e)u(deadr) , o (23)

where © := (X,Y, Z,T') and T is defined by

L= [ U,
E
for some measurable map p : E — R"™ satisfying

sup|p(e)] < K. (2.4)
eck

By a solution, we mean a triplet (Y, Z,U) € B? satisfying (2.3).

In order to ensure the existence and uniqueness of a solution to (2.3), we assume
that the map g : R? — R and h : R? x Rx R% x R — R are K-Lipschitz continuous
(see Lemma 5.2 in the Appendix).

For ease of notations, we shall denote by C), a generic constant depending only on
p and the constants K, A(E), b(0), o(0), h(0), g(0) and T. We write Cp if it also
depends on Xj. In this paper, p will always denote a real number greater than 2.

Remark 2.1 For the convenience of the reader, we have collected in the Appendix
standard estimates for the solutions of Forward and Backward SDE’s. In particular,
they imply

I Y, 2,0 Bse < Cp (L+1XP)  p>2. (2.5)

The estimate on X is standard, see (5.2) of Lemma 5.1 in the Appendix. Plugging
this in (5.6) of Lemma 5.2 leads to the bound on [[(Y,Z,U)||z,. Using (5.3) of
Lemma 5.1, we also deduce that

E[sup \Xu—Xs\p} < Cp (1+|Xo|P) |t —s|, (2.6)

s<u<t

while the previous estimates on X combined with (5.7) of Lemma 5.2 implies

B | swp v, - | <6, {0+ o) le- o + 120+ IO} @D

s<u<t

2.2 Discrete time approximation

We first fix a regular grid = := {¢; :=iT'/n, i =0,...,n} on [0, 7] and approximate
X by its Euler scheme X™ defined by

X7 = X
g 2 T T T T _ (2.8)
Xti+1 = Xti + Hb(th) + O—(th)AWZ‘f'l + fE 5(Xti7 e)lu(de7 (tl7 t2+1])



where AW, 1 := Wy, — Wy,. It is well known that

max E
<n te[titit1]

sup \Xt—XZZP] < 9nt. (2.9)

We then approximate (Y, Z,T') by (Y™, Z7,I'") defined by the backward implicit
scheme

Zr = T [Yt L AWig | ft] , Tf = T T E [th /EP(G)M(dea (tistiva]) | F,
_ _ T L
Vo= B[V, | R+ (XY 20T (2.10)

on each interval [t;,t;11), where ;" := g(X[ ). Observe that the resolution of the
last equation in (2.10) may involve the use of a fixed point procedure. However, h
being Lipschitz and multiplied by 1/n, the approximation error can be neglected
for large values of n.

Remark 2.2 The above backward scheme is a natural extension of the one consid-
ered in [7] in the case 8 = 0.

By the representation theorem, see e.g. Lemma 2.3 in [23], there exist two processes
ZT cH? and U™ € Li satisfying

o tz+1 - 1+1 7r
R A A /t 7z dW+/ /U fids, de) .

Observe that Z™ and '™ defined in (2.10) satisfy

B tiy1 B tit1
7 — EEU Z7ds | fti] and T = EEU I7ds | fti] (2.11)
t; t;

‘ T T
and therefore coincide With the best H[2 1 -approximations of (Zf)s,<¢<¢;,, and
(T )ti<t<tin = ([ p(e (de))t1<t<tz .1 by Fi,-measurable random variables

(viewed as constant processes on [t;,tiy1)).
Finally, observe that we can define Y™ on [t;,t,11) by setting
t

Y[ = Ytj—(t—ti)h(xg,xgj,zg,rg)Jr/ Z;de5+/ /U’r [i(ds, de) .
t;

2.3 Convergence of the approximation scheme

In this subsection, we show that the approximation error

1

2
Err, (Y, Z,U) = {supE (Vi =Y PP +11Z - Z™||f2 + T — F”H%{z}
t<T

converges to 0. Let us first introduce the processes (Z,I') defined on each interval
[ti; tiv1) by

_ n tit1 — n fit
Zt:TE[/ st8|.7c'ti:| and Ft:?E[/ Fsd5|Ft¢:| .
ti t;



Remark 2.3 Observe that Zti and fti are the counterparts of Zt’: and ffi for
2

[titiv1]”
approximations of (Zi);<¢<t;,, and (I't);<t<t;,, by Fi,-measurable random vari-

the original backward SDE. They can also be interpreted as the best H

ables (viewed as constant processes on [t;, ti11)).

Proposition 2.1 We have

7

n—1 tiv1 ~ B
> / E(|Y: -V, [!ldt <CIn™t and |Z — Z|gz + ||IT — Tllgez < e(nf2.12)
i=0 Yt

where €(n) — 0 as n — oo.
Moreover,

Err, (Y, Z,U) < C9 (rrl/2 F11Z = Zllz + T — fHHQ) . (213)

so that Err,, (Y, Z,U) — 0.

n—oo

Proof. Since Y solves (2.3),

t
E[Y; - Y] < % / E[m(Xr,n,Zr,mF +lz, P + / |Ur<e>|2A<de>} dr .
E

t;

Combining the Lipschitz property of h with (2.5), it follows that

n—1 .4

Z/ "Em-ovpa < £

— Jt n
This is exactly the first part of (2.12). The proof of (2.13) then follows exactly the
same arguments as in [7], see p 99 in [11] for details. It remains to prove the second
part of (2.12). Since Z is F-adapted, there is a sequence of adapted processes (Z"),,
such that Z; = Z}! on each [t;, ;1) and Z" converges to Z in H?. By Remark 2.3,
we observe that [|Z — Z||}, < ||Z — Z" ||}, and applying the same reasoning to T

concludes the proof. O

2.4 Path-regularity and convergence rate

In view of Proposition 2.1, the discretization error converges to zero. In order to
control its speed of convergence, it remains to study || Z — Z||%, + || — I'||3;. Before
stating our main result, let us introduce the following assumption:

H : For each e € E, the map = € R? — ((z,¢) admits a Jacobian matrix V3(z, e)
such that the function

(2,6) € R x R i a(w, & ) := £'(V(w,€) + Ta)¢
satisfies one of the following condition uniformly in (z,¢) € R? x R4

a(z,&e) > [EPK™Y or a(w,&e) < —[¢PKT



Remark 2.4 Observe for later use that the condition H implies that, for each
(z,e) € R? x B, the matrix V3(z, ) + I, is invertible with inverse bounded by K.
This ensures the inversibility of the first variation process VX of X, see Remark
3.6. Moreover, if ¢ is a smooth density on R? with compact support, then the
approximating functions 8%, k € N, defined by 3*(z, e) := Jra k1B(z,e)q(klx—z))dz
are smooth and also satisfy H. In Section 5 of [9], the authors imposes a similar
condition: |det(VB(z,e) +Ig)] <1 -6 , ¥ a € R \(de) — a.e. for some § > 0.
Under mild additional assumptions, this allows to prove the existence of a bounded
solution, in a suitable weighted Sobolev space, to a PDE of the form (1.2) which
can then be related to Y.

Our main theorem is stated for a suitable version of (Z,U,I"). Observe that it does
not change the quantity Err, (Y, Z,U).

Theorem 2.1 The following holds.
(i) For alli <n,

E sup |Yt - Yt2|2

teltitivi]

< CYn7tand BE| sup [Ty —Ty[*| < CYn~! (2.14)

te[titit1]

so that |0 — T3, < C9 n™! and [T — D3, < C§ n~t. Moreover, for any e > 0,
12— 2 < COnt+e. (2.15)
(ii) Assume that H holds. Then
1Z-Z)% < Cfn ' (2.16)

This regularity property will be proved in the subsequent sections. Combined with
Proposition 2.1, it provides an upper bound for the convergence rate of our backward
implicit scheme.

Corollary 2.1 For any ¢ > 0, Err,, (Y,Z,U) < Con~Y2*¢ | If H holds, then
Err, (Y, Z,U) <C9n~1/2.

Remark 2.5 One could also use an explicit scheme as in e.g. [2] or [16]. In this
case, (2.10) has to be replaced by

~ n ~ ~ n ~, _

Zi, = 7B [Y;?HAWZ‘—H \ ft] AL =T E |:S/;?+1 /Ep(e)u(de, (tistinl) | F,

_ _ T ~ o

Vo= B[V IR+ B0 (XY, 200 | A (2.17)

with the terminal condition f/;; = g(X7 ). The advantage of this scheme is that it
does not require a fixed point procedure. However, from a numerical point of view,
adding a term in the conditional expectation defining }N/tf makes it more difficult
to estimate. We therefore think that the implicit scheme may be more tractable in
practice. The above convergence results can be easily extended to this scheme, see
[11] for details.



Remark 2.6 In the unpublished paper [9], the authors discuss the regularity of
(X,Y, Z,U) with respect to the initial condition Xy in a case where the coefficients
b,o,h and g are C3, with linear growth and bounded derivatives for the two first
ones and derivatives having polynomial growth for the two last ones. Under these
regularity assumptions, they show that the map (¢t,z) — u(t,z) = Yf’m belongs to
C%2([0, T] x R?) with 1-Hélder continuity in time and derivatives having polynomial
growth in space, see their Proposition 3.5 and their Corollary 3.6. Similar results are
obtained for (t,z) — (Z'",U}"") which can be identified to (Vu(t,z)o(z), u(t, z +
B(, ) — ult,x)).

This readily implies the properties stated in Theorem 2.1 which can be seen as weak
versions of the regularity results of [9]. The important point here is that:

1. Our results do not require all the regularity assumptions of [9];

2. This is all we need to provide the convergence rates of Corollary 2.1.

Remark 2.7 It will be clear from the proofs that all the results of this paper hold if
we let the maps b, o, 3, and h depend on t whenever these functions are 1/2-Holder
in t and the other assumptions are satisfied uniformly in £. The Euler approximation
X7 of X could also be replaced by any other adapted approximation satisfying (2.9).

Remark 2.8 We refer to [11] for extensions to the approximation of systems of
semilinear PDEs through their relation with BSDEs with jumps, see [21], and for
similar convergence results without H but under additionnal regularity assumptions.

3 Malliavin calculus for FBSDE

In this section, we prove that the solution (Y, Z,U) of (2.3) is smooth in the Malli-
avin sense under the additional assumptions

C*: b, 0 and §(-,e) are C} uniformly ine € E CY: gand h are Cy.

This will allow us to provide representation and regularity results for Y, Z and U
in Section 4. Under CX-CY', these results will immediately imply the first assertion
of (i) of Theorem 2.1, while the second one (resp. (ii)) will be obtained by adapting
the arguments of [6] (resp. [25] under the additional assumption H).

3.1 Generalities

The construction of the Malliavin derivatives on the Wiener space is standard, see
e.g. [18], and can be easily extended to our setting by observing that there is an
isometry between L*(Qy x Q) and L?(Qy, L?(Q,,)), with obvious notations.

Let S denote the set of random variables of the form

F:gb(/OTfl(t)-th,...,/OTf”(t)-th,M> ,

where k > 1, f': [0,T] — R? is a bounded measurable map for each i < k, ¢ is a
real-valued measurable map on R* x Q, and ¢(-,n) € Cy°, P, (dn)-a.e.

10



We denote by D the Malliavin derivative operator with respect to the Brownian
motion. For ' € S as above and s < T, it is defined as

T T .
D,F = ZV1¢</O fl(t)'tha---a/O fﬁ(t)'thaﬂ>fz(3)v

where V,;¢ is the derivative of ¢ with respect to its i-th argument.
We then denote by ID'2 the closure of S with respect to the norm

1
T 2
|F|lpLe = {E[F2]+EU \DSF\stH :
0

and define H?(ID%?) as the set of elements ¢ € H? such that & € IDY? for almost
all t <T and such that, after possibly passing to a measurable version,

T
I€lrey = leln+ [ 1D:€lnds < .

Observe that for ¢ in L3 (F"), the set of elements of L3 which are independent of
W, we have Dt = 0. We finally define L} (ID'?) as the closure of the set

L2(ID"?) = Vect {w =& : £ € HH(IDY2 FY), 9 € LI(FH), 1]l 12y < oo}

for the norm
2 2 T 2
[Wlgmrsy = 1IR3+ [ IDwIEyds.

Here, H%(ID"?, F") denotes the set of F"-predictable elements of H?(ID"?) and
Dy(£9) = (Ds&)V for & € HL(IDY2 FW), ¥ € L3(F*). Here again, we extend the
definition of || - ||g2(p12y and || - ||L§(]Dl~2) to processes with values in M? and R in
a natural way.

From now on, given a matrix A, we shall denote by A’ its i-th column. For k < d,

we denote by DF the Malliavin derivative with respect to W*, meaning that D¥F
= (DF)¥ for F € IDY2.

Remark 3.1 With this construction, the operator D enjoys the usual properties of
the Malliavin derivative operator on Wiener spaces. In particular, if £ € H2(IDl’2)
and f € C}(R?), then

T T T d T . .
D; ( /0 f(&)dt + /O §t-th>= / V)D&t + &+ | D& - dwy

j=1"¢

for all s < T. Here * denotes transposition. It follows from the same argument as
in [18], which we refer to for more details.

11



Remark 3.2 Fix ¢ € HA(ID"? F"). By Lemma 1.3.1 in [18], there exists a family
of deterministic measurable kernels f,,(t1,...,tm,t) in L%([0,T)™*1), m > 0, such

that & = 3,50 Im(fm (1)) and Ds& = >, 1 mLp—1(fim (-, 8, 1)) where I;;, denotes
the m-iterated Wiener integral, see Proposition 1.2.1 in [18]. Therefore, if 7 is a

random time bounded by 7" and independent of W, we have & = >~ I (fm (-, 7))
and, by the same argument as in the proof of Proposition 1.2.1 in [18], & €
IDY? whenever 7 has a bounded density and D,(&;) = Y1 Mm—1(fm(5,7)) =

(Ds&)~

Remark 3.3 For ¢ € H?(ID'?) the integrals f(;[ D&dt and f(;[ D &dW; have
to be understood as integrals written on the process D&, i.e. fo Dg&)dt and
JT(D£)dW; . Similarly, for ¢ € L3(IDY2), [\ [, Dgiby(e)fi(de, dt) has to be un-
derstood as

fo J(D (de dt) . However, it follows from Remark 3.2 that it coincides

with fo fE s(Y(€))fi(de, dt) , so that there is no ambiguity.

The two following Lemmas are generalizations of Lemma 3.3 and Lemma 3.4 in [21]
which correspond to the case where F is finite, see also Lemma 2.3 in [20] for the
case of Ito integrals.

Lemma 3.1 Assume that ¢ € L3(ID"?). Then, H := fOT [ vi(e)ii(de, dt) € ID'2
and DsH = fOT [z Dstpi(e)iil(de, dt)  for all s <T .

Proof. First notice that it suffices to prove the required result when v € L:\2 (ID12).
Indeed, we can then retrieve the general case by considering a sequence (¢"),, in
L'2(ID%2) which converges to ¢ in L3(ID%?), so that H" := fOT [ i (e)i(de, dt)
is a Cauchy sequence in IDY? which converges to H and (DsH™)s<7 converges to

(o [ Dstbi(e)i(de, dt)))s<r in H2,
We therefore assume that ¢ = & where ¢ € HL(IDY2 FV), ¢ € L2(F*) and

‘WHLi(IDm) < oo. Then,

//wt fi(de, dt) //wt (de, dt) /ft/ﬁt

where, by Remark 3.1 and the fact that [, 9;(e)A(de) is independent of W,

D, /0 ‘e ( /E ﬂt(e))\(de)> it = /0 "D /E Iy(e)\(de)dt

T
- [ [wam@ae
0o JE
It remains to prove that

D, / / e, (e)plde, dt) = /OT /E (Do€)0,()u(de, dt) -

12



To see this, we define N by N; := fgu(E, ds) for t < T, (1;)i>1 as the sequence of
jump times of N and (&;)i>1 by & = N, — N,,_. With these notations, we have
to show that

D ZSTZ TZ z TZ<T = Z(Dsg)nﬁn(gz')lngT’ (31)

i>1 i>1
see Remark 3.3. Using Remark 3.2, we now oberve that Dg Y " | &9, (&)1 <r
= > " 1(Ds&)7,07,(E)1r <7, for each n > 1. Passing to the limit leads to (3.1)
and concludes the proof. Indeed, the previous identity implies that the sequence
(Fp)n>1 defined by F,, := > | &9+, (&)1, <1 belongs to H?(ID'?) and satisfies
[F| < Zizl ’57'1'1971'(82')‘ 1r,<r as well as
|DsFnl < 3 i1 (Ds€)7,07,(€)| 1r,<r which implies that sup,>, HFRH%Q(]DL2

bounded by
T 2
/ / |&0¢(e)| A(de)dt ] >
o JE

2<ET0 2
/[ 2]d5
]ds

T T
+2/ E [ / | Ds&4(e)| A(de)dt
0 E
where the second and the fourth terms on the right hand-side are bounded by using

)is

2

T
émwmmmm>+w

T
AWQMMMMM

< G2 pyay < 00,

Jensen’s inequality and the assumption A\(E) < oco. Moreover, by dominated conver-

gence, E[|F, — F|?] +f0 [||DsFy, — DsF||?)ds — 0 where F := > i1 &n0r (E) <t

and DyF = ). 1(Ds&)r,97,(&)1r,<r satisfy, by the same arguments as above,
ahl12

HFHHQ (ID*+2) < C2H¢||L§\(1D1,2) <00 0

Remark 3.4 Similar arguments as in the above proof shows that for ¢ € L?\(IDM)
and f € L°(E), we have, for almost every s < T, [, s(e)f(e)A(de) € ID"? and

(/% ) | Prts@r@ne)

Lemma 3.2 Let S(W) denote the set of random variables of the form

gb(/OTfl(t)-th,...,/OTf"‘(t)-th>

where k > 1, ¢ € Cp° and 1 [0,T] — R% is a bounded measurable map for each
i < k. Then, Vect{S(W) x L>(Q,, F})} is dense in IDY? for the norm | - ||p1.2.

13



Proof. It suffices to prove that Vect{S(W)x L>(,, F2)} isdensein S. Fix H € S

of the form
T T
¢(/0 f%t)-dwt,...,/o fﬁ(t)-dwt,@ |

Observe that 2, can be identified to the space of finite (possibly empty) sequences
(ti,ei)i<i<n of [0,T] x E, n > 0, such that (¢;);>1 is increasing. Let G,, denote the
set of such sequences of length n > 0 and G := U,>0G,. Given 7 € §2,, we denote
by (t],e]);>1 the associated sequence, and we identify ¢ with a measurable map
on R¥ x G. We denote by ¢, its restriction to R* x G,,, n > 0. Let ¢, denote
the gradient of ¢, with respect to its first x components and set f := (f1,..., "),

G = (fo th,...,f()Tf“(t)-th>. Since

(H,DH) = Y (60 (G, (¢ e 1<i<n) s ¥n (G, (€l 1<icn) - 1(5)) Ly o.17)=n -

n>0
it suffices to prove that each H, := ¢, (G, (t!',e!')1<i<n) can be approximated by
linear combinations of elements of S(W) x L*(€,,, Fr). Moreover, we can always
assume that ¢, is Cp° on R" x G,,. Indeed, ¢ is already C;* in its first K components,
a.e., and we can replace ¢, by its convolution with a sequence of smooth kernels
acting only its last n components. Since both functions are continuous, we can then
approximate (¢, 1,) pointwise by linear combinations of functions of the form
(hn, V) (-, (tis €i)1<i<n)1la where A is a Borel set of G, and (t;,¢;)1<i<n € Gn. The
required result then follows from the fact that Ds¢,, (G, (¢, €;)1<i<n) La((t), €l )1<i<n)
= (¥n (G, (ti;ei1<i<n) - (8)) Lal(t], € )1<i<n)- D

Lemma 3.3 Fiz (§,v) € H? x L3 and assume that

/@ th+/ /¢t fi(de,dt) € IDY2 .

Then, (¢,v) € H(ID"?) x L2(ID"?) and

T d
DH = &+ / > D& awi + / / Dytpy(e)ii(de, dt)
0 =1

where £ denotes the transpose of €.

Proof. One easily deduce from Lemma 3.2 that H := Vect{H"V HF : HY € S(W),
HF e L>®(Q,, 74) ,E [HW HF] = 0} is dense in D"*N{H € L*(Q, F,P) : E[H] =
0} for || - [|pr2. Thus, it suffices to prove the result for H of the form H" HF
where HV € S(W), HF € L*>(Q,,Fr) and E[HVHF] = 0. By the repre-
sentation theorem see e.g. [8], there exists ¢ € L3 such that H* = E[H"] +
fo [ e(e)ii(de, dt) and by Ocone’s formula, see e.g. Proposition 1.3.5 in [18],
HY =E [HW]+ JTE[DHW | F}V] dW;. Thus it follows from It6’s Lemma that H
= [THEE[DHY | FVaw, + [ [, HYVi(e)ii(de, dt) where HI' = E[HF | F}]
and H)V = E [H W .7-}]. Furthermore, easy computations show that the two in-
tegrands belong respectively to H?(ID"?) and L3(ID"?). Thus, Remark 3.1 and
Lemma 3.1 conclude the proof. a

14



3.2 Malliavin calculus on the Forward SDE

In this section, we recall well-known properties concerning the differentiability in
the Malliavin sense of the solution of a Forward SDE. In the case where § = 0 the
following result is stated in e.g. [18]. The extension to the case 3 # 0 is easily
obtained by conditioning by pu, see e.g. [14] for explanations in the case where E is
finite, or by combining Remark 3.1, Lemma 3.1 with a fixed point procedure as in
the proof of Theorem 2.2.1. in [18], see also Proposition 3.2 below.

Proposition 3.1 Assume that CX holds, then X; € IDY? for all t < T. For all
s < T and k < d, D*X admits a version x*>* which solves on [s,T]

it = / Vb(X, )X dr + / > Vol (X)xpFdw
j=1

/: /Evﬁ(XT—ve)Xf«’kﬂ(dr, de) .

Remark 3.5 Fix p > 2 and r < s < t < w < T. Under C¥X, it follows from
Lemma 5.1 applied to X and x* that ||x*|Is, < Cp (14 [Xo[?), E[|x5 — x{F] <
Cp lu—t] (1+|Xo[P) and [|x* = x"[Isp < Cp |s — 7| (1 4 [ Xo[?) .

Remark 3.6 Under CX, we can define the first variation process VX of X which
solves on [0, 7]

VX, = Id+/Vb VXdr+/ZvaJ VX, dWI

i /0 /E VB(X,—,e)VX,_j(dr,de) . (3.2)

Moreover, under H, see Remark 2.4, (VX)~! is well defined and solves on [0, 7]
¢
(VX! = I,— / (VX)) 1|V Z Vol (X, )VoI(X,)| dr
0

+ /vX /w X, e)A(de) dr—/ZVX )y Vol (X;)dW

- /0 LX) (VA0 + 1) VB, ep(de.dr) . (33

Remark 3.7 Fix p > 2. Under H-C¥, it follows from Remark 2.4 and Lemma 5.1
applied to VX and (VX)™! that ||[VX|sr + [(VX)Ysr < Cp

Remark 3.8 Assume that H-C*X holds and observe that x* = (x**)x<q and VX
solve the same equation up to the condition at time s. By uniqueness of the solution
on [t,T], it follows that x$ = VX, (VX ) to(Xs_ )15, for all s,r < T.
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3.3 Malliavin calculus on the Backward SDE

In this section, we generalize the result of Proposition 3.1 in [21]. Let us denote
by B(ID'?) the set of triples (Y, Z,U) € B? such that Y; € ID"? for all ¢t < T and
(Z,U) € H3(ID"?) x L3(ID"?).

Proposition 3.2 Assume that CX-CY holds. Then, the triples (Y, Z,U) belongs
to B2(IDY?). For each s <T and k < d, the equation

TR = Vg(X7)x3" /Vh 0,05k dr — /Cﬁde //v’f fi(de, dr)

(3.4)
with @5k = (x®k, T5F (58 T9F) and T5F .= [ p(e)VSF(e)A(de), admits a unique
solution. Moreover, Ty k) Cts k Vf )s.i<T is a version of (DXY;, D¥Z;, DFUY)s <.

Proof. With the help of Lemma 3.3 and the estimates of Lemma 5.2, we can
reproduce exactly the proof of Proposition 5.3 in [12] up to minor modifications.
See [11] p 113 for details. O

Proposition 3.3 Assume that CX-CY holds. For each k < d, the equation

T T T
VY}F = Vg(Xr)VXE+ / Vh(©,)VoFdr— / VZF.aw, - / / VU (e)fi(de, dr)

t t t JE (35)
with VO* = (VXF VY* vZk VTF) and VI* = J5p(e) )WUR(e)\(de), admits a
unique solution (VY* NV Zk VUF). Moreover, there is a version of(Cf’k, Tf’k, Vts’k)syth
given by {(VYy,VZ;, VU)(VXs ) to¥(Xs_)ls<i}su<r where VY is the matrix
whose k-column is given by VY and VZ;,VU; are defined similarly.

Proof. In view of Proposition 3.2 and Remark 3.8, this follows immediately from
the uniqueness of the solution of (3.4). O

Remark 3.9 Combined with C¥-CY and Remark 3.5, Lemma 5.2 below implies
that

sup (07, V)l < Gy (1+1XoP) forall p22. (3.6)

It follows from Lemma 5.2 and Remark 3.7 that

(VY,VZ,VU)|g» < C, foral p>2. (3.7)

4 Representation results and path regularity for the
BSDE

In this section, we use the above results to obtain some regularity for the solution
of the BSDE (2.3) under CX-CY, CX-CY-H. Similar results without CX-C¥ will
then be obtained by using an approximation argument.
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Fix (u,s,t,z) € [0,T)® x R? and k,¢ < d. In the sequel, we shall denote by
X (t,z) the solution of (2.2) on [¢,T] with initial condition X (¢,z); = x, and by
(Y(t,x), Z(t,x),U(t,x)) the solution of (2.3) with X (¢,x) in place of X. We define
similarly (Y**(t,z), ¢*F(t,z), V**(t,x)) and (VY (t,2),VZ(t,z),VU(t,z)). Ob-
serve that, with these notations, we have (X (0, Xy),Y (0, Xo), Z(0, Xo), U(0, Xp))
— (X.Y,Z. U).

4.1 Representation

We start this section by proving useful bounds for the (deterministic) maps defined
on [0,T] x R? by u(t,x) := Y(t,z);, Vu(t,z) := VY(t,z), vt z) =
Yk (t, ), where s € [0,7] and k < d.

Proposition 4.1 Assume that CX and CY hold, then,
lu(t,z)] + [vo*(t,x)] < Cy (1 +|z) and |Vu(t,z) < Cy (4.1)
for all s,t <T, k <d and z € R

Proof. When (¢,z) = (0, Xp), the result follows from (2.5) in Remark 2.1, (3.6)
and (3.7). The general case is obtained similarly by changing the initial condition
on X. O

Proposition 4.2 Assume that CX and CY hold. Then, there is a version of Z
given by (Y1)i<r which satisfies | Z|'s, < Cp (14| X0]P) .

Proof. Here again we only consider the case d = 1 and omit the indexes k, /. By
Proposition 3.2, (Y, Z,U) belongs to B2(ID%?) and it follows from Lemma 3.3 that

t t t
DY, = Z, — / Vh(©,)D0,dr + / D.Z, dW, + / DU, (e)fi(de,dr) , (4.2)

for 0 < s <t <T. Taking s = t leads to the representation of Z. Thus, after
possibly passing to a suitable version, we have Z; = D,Y; = Ti. By uniqueness of
the solution of (2.2)-(2.3)-(3.4) for any initial condition in L?(£2,F;) at t, we have
T! = v!(t, X;). The bound on Z then follows from Proposition 4.1 combined with
(2.5) of Remark 2.1. O

Proposition 4.3 (i) Define U by Ut(e) =u(t,Xi— + B(Xi—,e)) = limpppu (r, X,)
=Y, —Y,_. Then U is a version of U and it satisfies

Hsuglﬁ(e)lllf'ép < Cp (1+]Xof") . (4.3)
ec

(ii) Assume that CX and CY hold. Define VU by VU;(e) := Vu (t, X;— + B(X;_,e))—
lim,14 Vu (r, X;). Then VU is a version of VU and it satisfies

Isup VO(@)| 5 < €y - (4.4)
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Remark 4.1 We will see in Proposition 4.4 below that u is continuous under C¥
and CY so that Uy(e) = u (t, X;— + B(X;_,e))—u (t,X,_) . A similar representation
is derived in [21], in a case where E is finite, and in [9], in the case where E is not
finite, but under more regularity assumptions on the coefficients.

Proof of Proposition 4.3. We only provide the proof of (i), the other assertion
is proved similarly.

1. By uniqueness of the solution of (2.2)-(2.3) for any initial condition in L?(£2, F;)
at time ¢, one has Y; = u(t, X;) a.s. for each ¢ < T. We shall prove in step 2.
below that u is jointly continuous in x and right-continuous in ¢. This implies that
(u(t, X¢))e<r is right-continuous so that Yy = u(t, X;) and Y;— = lim,q¢ u(r, X,.) for
each t < T a.s., see Theorem 1.2 in [22] and recall that X and Y are cadlag. Thus
JpUle)u(de, {t}) = Y, = Vie = u(t, Xy) — limyppu(r, X;) = 5 Uy (e)u(de, {t}), for
each t < T a.s. and fOT 5 ‘Ut(e) — Uy(e) 2u(de,dt) = 0, which implies, by taking
|Gite) — Uite)|
2. We now prove that u is continuous in x and right-continuous on ¢. Fix 0 <¢; <

ty < T and (x1,29) € R?*.. For A denoting X,Y,Z or U, we set A" := A(t;, z;) for
i=1,2and §A := A’ — A2, By (5.4) of Lemma 5.1, we derive

expectation, , = 0.
A

< Cz{|901—$2|2+(1+|$1|2)|752—t1|} . (4.5)

X2
| ”SEQ,T]

Plugging this estimate in (5.8) of Lemma 5.2 leads to
(6,62, 5U)||§3ﬁm < Co{lzr — 2P+ 1+ |z Pt —ta]} - (4.6)
Now, observe that
fulty, o) = ults, 22)? = ¥ = YV2P < GE[[V) - VA" + v - 27|

Since Y'! is right-continuous and bounded in S?, the first term on the right-hand
side goes to 0 as to — t1, while the second is controlled by (4.6). O

4.2 Path regularity
Proposition 4.4 Assume that CX and CY hold. Then, for 0 <ty <ty <T and
(z1,m2) € R¥, u(ty, 21) — u(to, z2)|? < Co {(1 4 |z1]?) [t2 — t1| + |21 — z2|?} .

Proof. It suffices to plug the estimate of Proposition 4.2 and (4.3) in (2.7), which
is possible since the norms in (2.7) do not change after passing to suitable versions,
and appeal to (4.6) and (4.7). O

Remark 4.2 A similar result is obtained in [21] when A has a finite support. The
continuity of u is proved in [1] in a case where h is bounded, see also [9].
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Corollary 4.1 Assume that CX and CY hold. Then, there is a version of U such
that for all s <t <T

E | sup |¥;, - Y, [?

rée(s,t]

sup sup ’Ur(e) - Us(e)‘Q
ecE re(s,t]

+E < Oy (14 |Xof) [t — s

Proof. Recall from the proof of Proposition 4.3 that ¥ = (-, X.) on [0,7]. Thus,
plugging (2.5) and (2.6) in Proposition 4.4 gives the upper-bound on the quantity

E [supre[s’ﬂ Y, — YS\Q] The upper-bound on E [supeeE sup,¢fsq [Ur(€) — Us(e)|?
is obtained similarly by passing to the version of U given in Remark 4.1. O

Proposition 4.5 Assume that H-CX-CY holds. Then there is a version of Z such
that, for allm > 1, Z:‘L;ol ;”1 E[|Z — Z,*] < C9n 1.

Proof. 1. We denote by V,h (resp. V,h, V.h, V,h) the gradient of h with respect
to its x variable (resp. vy, z, 7). We first introduce the processes A and M defined
by Ay := exp ( I3 V,h(©,) dr), My := 1+ [ M, V.h(©,)-dW,. Since h has bounded
derivatives, it follows from It6’s Lemma and Proposition 4.2 that

T
AMZ = E [MT (ATWXT)X% + [ (R + whO.TY) A, dr) | ft] .
t
By Remark 3.8 and Proposition 3.3, we deduce that
T
AtMtZt = E I:MT <ATVQ(XT)VXT +/ Fr AT d?“) ‘ ft:| (VXt_)ilo'(Xt_)
t

where the process F' is defined by F, := V,h(0,)VX, + V,h(O0,)VT, for r <T . It
follows that

t
AtMtZt = {E [G ‘ ft] — / Fr AT d?“} (VXt_)_lU(Xt_) (48)
0
where G := My (ATVg(XT) VX7 + [ F A, dr) . By Remark 3.7 and (4.4), we
deduce that
E[GF] < C) forall p>2. (4.9)

Set my := E[G | Fs] and let (¢, V) € H? x L3 (with values in M? x R?) be defined
such that mg = G — fsT CrdW, — fsT [ Vi(e)ii(de,dr) . Applying (4.9) and Lemma
5.2 to (m,C, V) implies that

I(m, ¢, V)|ge < CO forall p>2. (4.10)

Using CX, Remark 3.7, (4.4), (4.10), applying Lemma 5.1 to M ! and using Itd’s
Lemma, we deduce from the last assertion that

z=an " (me [ Faar) (o)
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can be written as Z, = Zy + fg fpdr + fg o dW, + fg Iz B(e)ji(de,dr) , where
1Z|%, < C) forall p>2, (4.11)
and i, 0 and B are adapted processes satisfying

Ap

o) < G forall p>2 (4.12)

where A7 = |lillfy  + 1615 +BIT,  s<t<T.
’ [s,t] [s,t] A, [s,t]

2. Observe that Z; = Z; o(X:) P — a.s. since the probability of having a jump at
time ¢ is equal to zero. It follows that, for all i < n and t € [t;, t;41],

ElZe— Z,)?) < Co(IL,+17,) (4.13)

where I} , := E [th - Ztima(xti)\?] and I2, == E [\U(Xt) . U(Xti)mzﬁ]. Ob-
serving that

1
Iti,t

E[E 12— 2 | 7] lo(X:)P]

cxz( / o 1o+ [ AP0 ar ) loxi P |

we deduce from Hélder inequality, (2.5) and the linear growth assumption on o that
n—1 tiv1
> [ na
i=0 't

(/OT [|ﬂr|2+I&rl2+/ElﬁT(e)|2A(de)] dr) f;?'U(Xt)F]

< C3(Apqp)2 nt. (4.14)

IN

< Oy n'E

Using the Lipschitz continuity of o, we obtain

2, < GE [yxt - w;zﬂ . (4.15)
Now observe that for each k,l < d
E|(XF - XP2(Z0?| < 0o (B|(Z - Z)2(xE ] + B |(XFZE - XEZ1)?] ) (4.16)
Arguing as above, we obtain

n—1

> /tt E|(Z - 22 < (1 (Aht) T @aD)
i=0 "

Moreover, we deduce from the linear growth condition on b, o, § and (2.5), (4.11)
and (4.12) that X*Z! can be written as

B B t t t R
Xkzl = X§Zé+/0 ﬂ,’fldr+/0 é)—,’fldWr+/0 /Eﬁff‘l(e)u(de,dr)
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where i1, 6% and 3 are adapted processes satisfying || %] g2+ 6% ||gz2 + || 3* HLi <
CY. Tt follows that

n—1 tiv1 ~ ~ )
> / E[(X}Z-xEZ7) < Con (111 + 16" + 15413, )
=0 """

which combined with (4.15), (4.16) and (4.17) leads to

n—lo ety
3 / 12 dt < CY(1 + (Ad 1) 8) nt (4.18)
i=0 Vi

The proof is concluded by plugging (4.14)-(4.18) in (4.13) and recalling (4.12). O

Proposition 4.6 Assume that CX-CY holds. Then there is a version of Z such
that, for alle >0 andn > 1, Z:‘L;ol :f“ E[|Z — Z,|*] < C2 ntFe.

Proof. We adapt the arguments of [6]. Let A and M be defined as in the proof of
Proposition 4.5 and recall that, after possibly passing to a suitable version, Z; = I}
where, for s,t < T,

Mr
Ay My

T
I'—E [ <ATVg<XT>x?r + [ (%h(©) + Th©,T) A, dr) | fs] -
t
Fort € [tj,tiy1],i < n—1, we therefore have | Z;,—Z;,|? < Cs (|1} — If;]z +|If - 1})?)
where, by Remark 3.5, (5.8) below applied to (3.4), recall that p is bounded, and

standard estimations on AM, sup;<,_1, eft; tisq] E []If — Ifiﬂ < CIn~t . Thus it

tit1
suffices to prove that

= tit1 t; _ 7ti|2 < 0 —1+4e
Z . E “It It1| :| = Cg n )

where € > 0 is now fixed. To this purpose, we first observe that I’ is a martingale
on [t;,ti+1], which implies that

B[ - I < E|lIf

tit1

211 (4.19)

Remark that S75) B [|1f1, 2 = |1712] =E [|Z7]? — | Zo/?)+ 0y B (11012 - 1]
which, combined with Proposition 4.2 and (4.19), leads to

n—1 tiv1 n
Z/t E[|I - Li)"] = Cn! <1+ZE[|J§;-1|2—|I§;|2D :
=0 " i=1

To conclude the proof, it remains to show that

B2 - 1P| SB[ -t + 1| < ot
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which follows from Holder inequality, Remark 3.5 and Lemma 5.2 as above. O
We now complete the proof of Theorem 2.1.

Proof of Theorem 2.1. 1. We start with (ii). We first show that (2.16) holds
under H and CY. We consider a Cy° density ¢ on R? with compact support and
set

(bkvakvﬁk('ve))(x) = kd/ (b,a,ﬁ(,e))(f)q(k[x—a_c])df
R

For large k € N, these functions are bounded by 2K at 0. Moreover, they are
K-Lipschitz and Cl}. Using the continuity of o, one also easily checks that o* is
still invertible. By H and Remark 2.4, for each e € E and z € R?, I; + V3*(z, e)
is invertible with uniformly bounded inverse. We denote by (X%, Y* Z* U*) the
solution of (2.2)-(2.3) with (b, o, 3) replaced by (b, ", 3%). Since (b*, %, 3*) con-
verges pointwise to (b, o, 3), one easily deduces from Lemma 5.1 and Lemma 5.2 that
(Xk Yk ZF UF) converges to (X,Y,Z,U) in S? x B2 Since the result of Proposi-
tion 4.5 holds for (X* Y* ZF U*) uniformly in k, this shows that (ii) holds under
H and CY, recall Remark 2.3.

We now prove that (2.16) holds under H. Let (X,Y* Z¥ U¥) be the solution
of (2.2)-(2.3) with h* instead of h, where h* is constructed by considering a se-
quence of molifiers as above. For large k, h*(0) is bounded by 2K. By Lemma
5.2, (Y*, ZF U*) converges to (Y, Z,U) in S? x B? which implies (ii) by arguing as
above.

2. Since p is bounded and A(F) < oo, Corollary 4.1 and Proposition 4.6 imply
(2.14) and (2.15) under C*-CY| recall Remark 2.3. Now observe that

E +2E [Ty, — Ty, |?]

te(ts,tiy1] te[titit1]

sup |Ft - fti|2] < 2E [ sup |Ft - Ft¢|2

where, by Jensen’s inequality and the fact that I';, is F;,-measurable,

n tit1
< T/ti E[[Pti—l“sﬂ ds .

Thus, (2.14) implies |[I' —T||Z; < C¢ n~! and T —T||f. < C9 n~'. We conclude
by the same approximation argument as above. O

2
E[‘Fti_fti‘Q] < E

n tit1
? /t; (th — Fs)ds

5 Appendix: A priori estimates

For sake of completeness, we provide in this section some a priori estimates on
solutions of forward and backward SDE’s with jumps.

In the following, we consider some measurable maps b’ : Q x [0,T] x R* — R?, 57
cOx[0,T] x RE— M?, 31 : Q% [0,T] x REx E — R and fi: Q x [0,7T] x R x
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R x L*(E, &, R) i=1,2. Here L?(E,&, \;R) is endowed with the natural norm
(s la(e)2A(de))t.

Omitting the dependence of these maps with respect to w € €2, we assume that for
eacht <T Bi(t, Y, ait, ), Bit,-, e) and fi(t, -) are a.s. K-Lipschitz continuous uni-
formly in e € F for 3'. We also assume that t — (fi(t,-),b'(t,-)) is F-progressively
measurable, and t — (5°(t,-), 3'(t,-)) is F-predictable, i = 1,2.

Given some real number p > 2, we assume that |b'(-,0)|, |%(-,0)| and |fi(-,0)| are
in H?, and that |3(-,0,-)| is in LY.

For t; <ty < T, X' € L*(Q, F,,P;RY) for i = 1,2, we now denote by X' the
solution on [t;, T| of

. ~ . t~. . t . . t ~ . .
Xg:XZ+/ b’(s,X;)ds+/ &Z(S,X;)dWs+/ /ﬁl(s,e,Xg_)u(de,ds).(5.1)
ti t; ti JE
Lemma 5.1

Xl p < C E le Bl .’0 p ~1 .’0 p 21 .’0’. p )
X0, S GEIXPI IO, I8 0 IR0,

(5.2)
Moreover, for allt1 < s <t<T,
E [ sup |X, — XiP| < Cp A|t—s], (5.3)
s<u<t

where Azl) is defined as

E[|XP] + E

sup [B(s,0)P + sup |5'(s,0)P + sup { / |Bl<s,o,e>|wde>}] ,
t1<s<T t1<s<T t1<s<T E
and, forto <t <T,

p
16X,

< C, (E|X1 — X2 4+ At — t1|>
[t2,T]

T p
+ G | B / |6beldt |+ 1105 |Igge  + 165150 (5.4)
to [t2,T] Aslt2,T]

where 60X == X' — X2, 6b = (b' — b?)(-, X1) and 65, 63 are defined similarly.

Lemma 5.2 (i) Let f be equal to f* or f2. GivenY € Lr(Q, Fr,P;R), the back-
ward SDE

Y, = Y+/ stS,ZS,U)der/ Zy - dW+// e)ii(de,ds)  (5.5)

has a unique solution (Y, Z,U) in B?. It satisfies

Y P+ (/OT\f(t,o)\dt)p] . (5.6)
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Moreover, if A, :=E [|}~/|p + supy<r |f(t,0)|p] < oo, then
B | swp Y- 1P| <6, {ple—sP 42l 410l Lo 6D
s<u<t [s,t] A [s,t]

(i) Fiz Y' and Y? in LP(Q, Fr,P;R) and let (Y, Z',U) be the solution of (5.6)

with (f”,f’) in place of (?,f), i =1,2. Then, for allt <T,

|6Y P 4 (/tT \5f,~]dr>p] (5.8)

where Y = Y1 = Y2, Y :=Y' = Y2, 67 := 2" — 72, 6U :=U' — U? and 5f. :=
(f' =yt zhuh.

1(6Y,6Z,0U)|p» < Cp E
(.17

The proof of the previous results is standard, see e.g. [15] and [12]. We refer to
pages 128-129 in [11] for more details. The jump part is handled by using the
following proposition which plays the same role as the usual Burkholder-Davis-
Gundy’s Lemma. It follows from an induction argument already used in [4]. The
proof can be found in [11], see page 125.

Proposition 5.1 Given 1 € L3, let M be defined by M, = fg [ s(e)fi(ds, de) on
[0, T]. Then, for all p > 2, k, [|¢|¥, <|IM||%, < Kp|vl¥, ., where ky, K,
L)\,[O T S[O T L)\,[O,T]

are positive numbers that depend oniy on p, )\(E) and T
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