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Abstract

We consider the optimal consumption-investment problem under the drawdown con-
straint, i.e. the wealth process never falls below a fixed fraction of its running maximum.
We assume that the risky asset is driven by the constant coefficients Black and Scholes
model and we consider a general class of utility functions. On an infinite time horizon,
Elie and Touuzi [7] provided the value function as well as the optimal consumption and
investment strategy in explicit form. In a more realistic setting, we consider here an
agent optimizing its consumption-investment strategy on a finite time horizon. The
value function interprets as the unique discontinuous viscosity solution of its corre-
sponding Hamilton-Jacobi-Bellman equation. This leads to a numerical approximation
of the value function and allows for a comparison with the explicit solution in infinite

horizon.
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1 Introduction

In this paper, we consider a fund manager who guaranties the investors that their wealth
will stay above a fixed fraction of its current maximum. Under this so-called drawdown
constraint, Grossman and Zhou [10]| derived the explicit strategy of a manager maximiz-
ing the long term growth rate of the expected power utility of final wealth. This solution,
deduced from the resolution of the corresponding Hamilton-Jacobi-Bellman equation, has
been generalized to more general models by Cvitanic and Karatzas [6] through an elegant
probabilistic argument. More recently, Elie and Touzi [7] considered a manager investing in
a risky asset with Black Scholes dynamics, as well as distributing dividends to the investors,
dividends which interpret economically as consumption. Working also in an infinite hori-
zon framework, they derived explicitly the value function and the corresponding optimal
strategy solving the classical Merton criterion maximizing its inter-temporal utility from
consumption under a drawdown constraint. Their result is valid for a large class of utility
functions and mainly relies on the use of a duality argument. They indeed determine the
Fenchel transform of the value function by solving a linear ordinary differential equation

with free boundaries.

We consider here the more realistic case where the fund manager handles the portfolio of
investors over a fixed period T'. We therefore study the problem of managing a portfolio
subject to a drawdown constraint, with the purpose of maximizing the inter-temporal utility
of consumption on a finite horizon T. We seek for a better comprehension of the influence
of this fixed time horizon T on the behavior of the manager. In particular, we would like
to understand after which sufficiently large horizon 7', the manager can use the explicit
optimal strategy derived in |7]. To our knowledge, this paper is the first contribution to
the determination of an optimal investment strategy under drawdown constraint in a finite

horizon framework.

In the absence of drawdown constraint, Merton [13, 14| derived explicit solutions to this
problem for particular choices of utility functions, by solving the corresponding Hamilton-
Jacobi-Bellman equations. By a duality argument, Cox and Huang [3| and Karatzas,
Lehoczky and Shreeve [11] extended his results to a market with non Markovian price
processes. Beyond the large number of articles considering the addition of imperfections to
the market, we mention the work of El Karoui, Jeanblanc and Lacoste [8], who consider a
related type of constraints on the strategy. They study the behavior of a manager maximiz-
ing its finite horizon utility of wealth under the constraint that the value of the portfolio
stays above a fixed floor process. Allowing the fund manager to invest in American Puts,
they derive an optimal strategy. We refer also to the work of El Karoui and Meziou [9]
who consider a similar minimum floor constraint, but present a very different point of view.
Instead of specifying the utility function of the manager, their optimisation relies on a sto-

chastic dominance approach, for which they prove the existence of an optimal solution.
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In contrast with the infinite horizon, no explicit form of the value function is available, since
the additional dependence in time of the solution makes the computations in |7| untractable.
The main difficulty relies in the obtention of the time dependent free boundary of the partial
differential equation satisfied by the dual transform of the value function. The main result
of this paper is to derive a PDE characterization of the value function associated to the
finite time horizon maximization. The derivation of the associated PDE relies classically on
the use of the dynamic programming principle. The boundary conditions of the PDE are
given by a Dirichlet condition at maturity 7" and a Neumann condition when the process
reaches its current maximum. Surprisingly, we do not require any Dirichlet condition on
the semi real line where the drawdown constraint binds. Nevertheless, adding this Dirichlet
condition allows to derive uniqueness of solution to the associated PDE in the viscosity
sense under weaker assumptions. We first prove that the value function is a (discontinuous)
viscosity solution of the corresponding Hamilton-Jacobi-Bellman equation. We then derive
a comparison theorem for the associated PDE, which ensures the uniqueness of the solution
within a particular class of functions. Since the consumption and investment controls are
not bounded, the comparison result can not be obtained using classical penalization argu-
ments. We overcame this difficulty by adapting the arguments of Zariphopoulou [15] where
she studied a consumption-investment problem under general constraints. The comparison
result then allows for a numerical approximation of the value function. We observe an expo-
nential convergence of the value function in finite horizon to the explicit solution in infinite,

result which is confirmed theoretically.

This paper is organized as follows. The problem is formulated in Section 2. The main results
detailing properties of the value function and its characterization as the unique viscosity
solution of the associated PDE are presented in Section 3. A corresponding approximation
scheme and numerical results are provided in Section 4. The proofs of the viscosity property

of the value function and the comparison result are respectively reported in Sections 5 and

6.

2 Problem formulation

We work in a similar framework as in [7] and we will try to follow their notations. We
consider a complete filtered probability space (2, F, {F; }o<t<7,P) endowed with a Brownian
motion W = {W;, 0 <t < T} with values in R, and we denote by F := {F, 0 <t < T'}.
The financial market consists of a non-risky asset, with process normalized to unity, and a

risky asset with price process defined by the Black and Scholes model
dSt == O'St (th + )\dt) s

where ¢ > 0 is the volatility parameter, and A € R is a constant risk premium. For any

continuous process {My,t > 0}, its current maximum is denoted M™.
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2.1 Consumption-investment strategies and the drawdown constraint

We next introduce the set of consumption-investment strategies whose induced wealth

process X satisfies the drawdown constraint
Xy > aX] forevery 0<t<T, as., (2.1)

where « is some given parameter in the interval [0,1).
A consumption-investment strategy is an F—adapted pair process (C,8)o<i<7 valued in

R x R satisfying the integrability condition

T T
/ Csds—i—/ 0,2ds < o0 as. . (2.2)
0 0

The wealth process induced by such a pair (C, ) is therefore defined by
t t
X0 = g / Cdr +/ o0, (AW, + Adr) , 0<t<T, (2.3)
0 0

where z is some given initial capital. We denote by A,(z) the collection of all such
consumption-investment strategies whose corresponding wealth process satisfies the draw-

down constraint (2.1).

Remark 2.1 As in the infinite horizon framework in [7], the manager can neither consume
nor invest once the drawdown constraint binds. Thus, for a given initial wealth x and an

admissible consumption-investment strategy (C,0) € A,(x), we have
X500 = X290 where 7 = inf{s <T : X290 = a{X“”’C’G}:} . (2.4)

The set of admissible consumption-investment strategies A, (x) contains in particular the

strategies of the form
Ct = Ct [Xt — OCX:] and Ht = Tt [Xt — OCX:] s (25)

where (¢, 7) is an F—adapted pair process valued in Ry x R satisfying the integrability

condition

T T
/ csds+/ |ms|?ds < oco. (2.6)
0 0

Indeed, as observed by Cvitanic and Karatzas [6], for any strategy of the form (2.5), the
process M = [X»C0 — o(X#C0)*|[(X*C0)*¥]2/(1=0) has the following dynamics

th = Mt[()\dﬂt — Ct)dt + Uﬂtth] . (27)

Noticing that M* = (1 — a)[(X®C0)*]/(1=2) the existence and uniqueness of X* ¢ satis-
fying (2.3) and (2.1) follows from the resolution of (2.7)
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2.2 The finite horizon consumption-investment problem
Throughout this paper, we consider a utility function
U: Ry =R  C? concave, satisfying U(0) =0, U'(0+) = co and U’ (c0) = 0. (2.8)

For a given initial capital x > 0 and an horizon T, the optimal consumption-investment

Merton problem under drawdown constraint is defined by :

T
uy = sup  Jo(C,0) where Jy(C,0) := E [/ eﬁsU(Cs)ds} . (2.9)
(C0)eAL(x) 0

In order to make use of the dynamic programming approach, we then need to introduce the

dynamic version of this problem :

T

u(t,z,z) = sup J(t,C,0) where J(t,C,0) := E {/ e U (Cs)ds] ,
(C,0)eAq (t,x,2) t

(2.10)

where the pair (z, 2z) satisfying « < z, stands for the initial condition of the state processes
(X, Z) defined, for s > t, by

S

* S S
A z\/{Xt’””’C’g} and X600 — g / Cydr+ / 00, (AW, + Xdr) ,  (2.11)
t t

and A, (t, x, z) is the collection of all F—adapted processes (Cs, 8;)i<s<7 satisfying

T T
/ Csds—i—/ 0s]%ds < 0o a.s. . (2.12)
t t
together with the drawdown constraint
Xt,a:,C,G > aZt,J:,z,C,G a.s
S — S e

. t<s<T. (2.13)

The value function u is thus defined for any triplets (¢, x,z) in the closure O, in [0,7] x

R4 x R4 of the domain
O, = [0,7)x{(x,2) : 0<az<z<z}.

Remark 2.2 For any (t,z,2) € O, u(t,r,z) interprets as the value function of the
consumption-investment problem given a wealth x, a running maximum 2z and an horizon
T—1t.

For any y = (¢,7,2) € O, and (C,0) € Aa(y), we shall make use of the following notation

Y;y,C,G — (S’Xz,m,C,G’ Z?J:,z,C,G)’ for any s > t.
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3 The main results

We denote by V' the Fenchel-Lengendre transform of U given by

V(y) = sup (U(z) —zy) , (3.14)

x>0

and introduce the following notations

25 Y
= = d 6 = ——.
7 oo 1—a(l+7)
We shall mainly work under the following Assumptions.
Assumption 3.1 S <1l-a.
1+~

Observe that this condition is in particular satisfied in the Merton case, o = 0.

. . T U' () Y
Assumption 3.2 p = AE(U) = lim;_ xU(S < T

Since its introduction by Kramkov and Schachermayer in [12|, p is called the asymptotic
elasticity of the utility function U. According to them, a nice framework for utility maxi-
mization issues is obtained under the condition p < 1, which is a particular consequence of

Assumption 3.2.

1 v _y/ 1446
Assumption 3.3  inf / (5) <f> dsp > 0.
v>0 | yV"(y) Jo s y

This last assumption has been introduced by Elie and Touzi [7| and appears to be necessary

for the obtention of an explicit solution to the problem in infinite horizon. It is in particular
automatically satisfied whenever the relative risk aversion of U is uniformly bounded from

below.

These assumptions are almost similar to the one introduced in [7]. The only difference
relies in the classical Merton Assumption 3.2 which is stronger than the one required in |7].
Therefore, they imply the existence of a solution us, to the problem in infinite horizon. In

particular, we deduce that u., provides a natural upper-bound for the value function w :
u(t,z, 2) < us(z,2), (z,2) € O, . (3.15)

Remark 3.1 Since we aim at interpreting u as a (discontinuous) viscosity solution of a
PDE, one may wonder the necessity of the regularity assumptions on the utility function
U adopted in (2.8). The reason is simply the use of the explicit u as a regular upper-
bound on u. As detailed in Lemma 3.3, U(0) = 0 allows the value function u to inherit
continuity properties of us, when the drawdown constraint nearly binds. These regularity
properties are required for the proof of the general comparison result leading to Theorem 6.1.
Nevertheless another version of the comparison result is obtained under weaker assumptions

in Proposition 3.1 and discussed in Remark 6.1.
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3.1 The PDE characterization

The dynamic programming equation is related to the second order operator defined for
¢ € CH? (R, x R) by

Ly = sup Eg’ego, (3.16)
C>0,0€R
where, for any C > 0 and 0 € R, E(Tj’eap is given by
d0)?
LYo = =B+ +UC) + (0M — O)py + %% :

Observe that the above dynamic programming equation simplifies to

2 .2

Lryp = —Bo+o+V(pz)— 5 ;w whenever ¢ is strictly concave in z. (3.17)
xrx

We next decompose the boundary of the domain of definition O, of the value function u in

the following four disjoint subsets

°0q = [0,T] x{(0,0)},

00, = [0,T] x {(az,2) : 2> 0},

0, = [0,T) x{(2,2) : 2> 0},

70, = {T} x{(z,2) :0<az<z<z}.

The purpose of this paper is to characterize u as the solution of the following dynamic

programming equation

—Lrep =0 on O,U00,,
. =0 on 'O, (3.18)
¢ =0 on 0T0,Ud°0,.

We now introduce the following classical notations. For any locally bounded function v :

0O, — R, we denote the corresponding lower and upper semi-continuous enveloppes of v by

vs(y) = liminf v(y") and o*(y) := limsup v(y').
Oa3y'—y Oa3y'—y

A viscosity solution of the PDE (3.18) is then defined in the following way.

Definition 3.1 (i) A locally bounded function v is a (discontinuous) viscosity subsolution
of (3.18) if v* < 0 on 0T O, U 00y and, for all yo € Oy and ¢ € CY>1(O,) such that
0= (v" = ¢)(yo) = supg, (v* — ¢), we have

—L7o(yo) <0 if yo € O UI*Oy  and min{—Lro, —p.}yo) <0 if yo € 01O, .
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(ii) A locally bounded function v is a (discontinuous) viscosity supersolution of (3.18) if
ve > 0 on 070, U3°0O, and, for all given yo € Oy and ¢ € CH>1(O,) such that 0 =
(v« — ¢)(yo) = infg_(ve — ), we have

—Lrp(yo) >0 if yo € On and —p5(yo) >0 if yo € 'O, .

(#i) A locally bounded function v is a (discontinuous) viscosity solution of (3.18) if it is both

a sub- and a supersolution.
We now provide the main result of this paper.

Theorem 3.1 The value function u is a viscosity solution of (3.18). If furthermore, As-
sumptions 3.1, 3.2 and 3.3 hold, then u is the unique viscosity solution of (3.18) in the
class of locally bounded functions v, right-continuous in the direction € := (0,1,1) on
O, U004 U 00Oy, equal to 0 on 070, U OO, and satisfying the growth property

v(t,z,2) < K(1+2P), (t,z,2) € O4, forsome K > 0. (3.19)

The proof of the first part of the theorem is reported in Section 5. We provide some
properties of the value function u in section 3.2, including in particular the nullity of u
on 070, U 3°0,, the growth property (3.19), as well as the right-continuity of u in the
direction € under Assumptions 3.1, 3.2 and 3.3. Finally a comparison result, ensuring
uniqueness of viscosity solutions to the PDE (3.18) within the class of locally bounded func-

tions, satisfying these particular growing and regularity properties, is presented in Section 6.

We conclude this section by stating another comparison result for the solution of the PDE
(3.18) obtained under weaker assumptions on the utility function U. Indeed, as announced
in Remark 3.1, the imposed regularity on U allows to use the explicit solution in infinite
horizon derived in [7| as a regular upper bound to the value function ue., leading to the
right-continuous in the direction € of u on the boundary 9*O,. Nevertheless, this regularity
property is not needed for the obtention of a comparaison result as long as we consider a
smaller class of functions forced to equal zero on the boundary 0“Q,. The justification of

this argument is provided in Remark 6.1 below.

Proposition 3.1 Let U be a C!, increasing, concave function satisfying U(0) = 0 as well
as Assumption 8.2, and u be its associated value function. Then w is the unique viscosity
solution of (3.18) in the class of locally bounded functions v, right-continuous in the direction
€ :=(0,1,1) on O, UI'O,, equal to 0 on 07O, U0, UOO,, and satisfying the growth
property (3.19).

3.2 Properties of the value function

This section collects some properties of the value function u which, in addition to their
self interest, will allow us to derive precise viscosity properties of u on the boundary of the

domain O, and to restrain the class of functions for which a comparison result is required.
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Lemma 3.1 The value function u satisfies
w>0 on O, and u=0 on 8T0O,Ud°0,UdO,. (3.20)
If Assumption 3.2 holds, then there exists K > 0 such that
uwy) < K1 +aP), y=(t,z,2) € O4. (3.21)

Proof. Observe first that u inherits the positivity of U. Recalling (2.4), we remark that
there is no non-trivial admissible strategy on 7 0,Ud°0,Ud*O, and derive (3.20). Under
Assumption 3.2, the asymptotic elasticity p of U is strictly smaller than one. We then deduce
from Lemma 6.5 in [12] the existence of K > 0 such that

xp
U(x) < K<1+—>, z>0. (3.22)
p
But, in the absence of drawdown constraint, the value function u* associated to the power

utility function x +— 2P /p is well known to satisfy
u (t,r) < K'zP, t>0, x>0, (3.23)

where K’ is also a positive constant. Since the set of admissible strategies in the presence

of drawdown constraint is smaller that the one of the classical Merton set-up, we deduce
(3.21) from (3.22) and (3.23). O

Lemma 3.2 The value function u is non-decreasing in its second variable x and mon-

increasing in its third variable z.
Proof. Take (t,z,z,2') such that (¢,z,2) € O, (t,7,2') € Oy and 2’ < 2. Since
Xt,:v,C,O > aZt,z,z,C,G > aZt,z,z/,C,O’ (C, 9) e Aa(t,CC,Z),

we have A, (t,x,2) C Au(t,z,2"), which naturally leads to u(t,z,2) < u(t,z,2’). Similar
arguments easily lead to the non-decreasing property of u in z. O
We now derive some regularity and concavity properties of the value function u in the
direction € = (0,1,1).

Lemma 3.3 The following holds.
(i) For any y € O, the function h +— uly + h€] is concave on R .

(ii) The function w is right-continuous in the direction € on O, UdTO,L,UIO,, ie.

uly + h€] fﬁr uly], for any y € Oy UOTOL U IO, .

(iii) If Assumption 3.2 holds, then the function u is right-continuous in the direction € on
0,UdTo0,Ud'0,uUd0,.
(iv) If furthermore Assumptions 3.1 and 3.3 hold, then the fonction w is right-continuous

in the direction € on Q.
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Proof. Let y = (t,,2) € O,.

(i) Fix v € [0,1] and h,h’ > 0. Then (y + he) € Oy and (y + h'€) € O,. We pick
any (C,0) € Ao(y + he), (C',0") € Au(y + h'€), and introduce the notation (X, X') :=
(Xt GO xtath',CW0'y and (X*, (X')*) for their current maxima. We then derive

vX+(1-v)X" > v{a(z+h) VX I+ (1 —v){az+1)V(X)}
> {a(z+vh+ (1 —-v)h )} v{vX + (1 -v)X'}*.

Therefore v(C,0) + (1 — v)(C",0") € Ay (y+ {vh+ (1 —v)W'}€) and it follows from the
concavity of J(t,.) inherited from U, that

vJ(t,C.0)+(1—v)J(t,C0) < u(y+{vh+(1—-v)h'}¥).

The arbitrariness of (C,0,C’, ') then leads to the concavity of h +— uly + he].

(ii) Suppose y € Oy U 0T O, U 3'O,. Then, there exists hg > 0 satisfying y — hoe € O,.
Recalling from (i) that the function h + u(y + (h — hg)€) is concave on R, it is also
continuous on (0,00) and we deduce that u is right continuous in the direction € at point
y.

(iii) Suppose now that y € 9°0O,. By Lemma 3.1, u(y) = 0. Under Assumption 3.2, it
follows from the same arguments as in the proof of Lemma 3.1 that u(y’) < u*(z'), for any
(t',2',2") € O, where u* is the value function in the classical Merton setting (i.e. a = 0).

Thus, the required regularity result is a consequence of the continuity of u*.

(iv) Suppose finally that y € 90*0O, and Assumptions 3.1, 3.2 and 3.3 hold. Recall from
[7] that the value function u in the infinite time horizon is continuous on {(z/,2’),0 <
az <2/ <2} and satisfies uso(az’, 2') = 0 for any 2’ > 0. Combining (3.15) with similar

arguments as above completes the proof. O

4 Numerical Approximation

4.1 Approximation scheme

In this section, we present a numerical scheme for the resolution of the Hamilton-Jacobi-
Bellman equation (3.18) applying the ideas of Barles, Daher and Romano [1|. The partial
differential equation is degenerate since the variable z only appears in the definition of the

domain of the equation, and we decide to consider an explicit scheme.

We fix a value zg of interest and consider a regular discretization grid (z;);<n, with step Az
of the interval [0,2z]. For each z;, we decompose the interval [az;, ;] on a grid with step
A’z such that the number of points N, does not depend of i, which is always possible as

soon as @ € Q. We hence obtain a discretization of the set {(z, z) € [0,22]? : az <z < 2}
;) of size N x N, and a vector (z;) of size N,. Since we

deal with a Neuman condition at each point (xz, z;), we also add one row to the previous

into a product of a matrix (z

10
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matrix by defining :c;"'l = z; + A%, whose use is detailed below. For a given horizon T, we
decompose the interval [0, T with a time step At of order (Ax)?2.
The algorithm is constructed the following way. From an approximation (@(ty,, xé-, %i))i,; of

the value fonction u(ty,.,.), we compute an approximation of u(t,1,.,.) by
~ ) _ i . ~ ) )
u(tn-i-l’ xjv zz) — u(tn-f—l’ xjv zz)lm;+1§3j + u(tn-f—lv xja xj)]‘z;,+1>zj )

where % is defined by

a(tn-f—lax%)’zi) - 07
~ . . ‘ U(tn, 2t 1, %) —u(t LT, %)
UW(tni1,25,2) = (1—ﬁAt)U(tn,x},z@')+AtV< A ZA% it A
i ) i .. \]2
_)\2At A[u(tTL’x;‘_Flsz) ‘u(tn,x;,zz)] . ’ fOI‘j>0.
2 u(tn,:c;Jrl,zi) + 2u(tn,x§.,zi) - u(tn,xz.fl,zl-)

Observe that the previous relation &(tn+1,x6, zi) = 0 corresponds simply to the condition
u(.,az,z) = 0 for z > 0. As for the initialization of the algorithm, we take of course

(0,.,.) = 0.

Remark 4.1 The initialization of the algorithm endues a small technical problem as the
previous iteration procedure can not be applied at time ¢, = 0. This difficulty can be
overcome by considering the linear form of the Hamilton-Jacobi-Bellman equation where we
observe that, imposing in this time step an upper-bound ¢;,4; on the possible consumption
strategy leads to @(t1, 2}, 2;) = U(Cmaxz(zh — 2i)). From a numerical point of view, it gives

the right shape to the value function and the influence of ¢4, is still under study.

Remark 4.2 In order to ensure the convergence of the scheme, we need to check its sta-
bility, monotonicity and consistency according to the results of Barles and Souganidis [2].
The monotonicity relies classically on the construction of the scheme along the dynamic
programming principle. The properties of consistency and the stability of the scheme are

more intricate since the controls are not bounded and their study is left for further research.

4.2 Numerical example

Considering a power utility function U : z — 2P/p and the particular set of parameters
{a,p,0,\, 5} ={0.5,0.2,1, 3,3}, we present in Figure 1 the numerical approximation of the
value function. As the horizon T tends to infinity, we observe a fast monotone convergence
of the estimated value function to the solution in infinite horizon. In particular, we observe
that, as soon as the horizon T is of the order of 2 years, the use of the explicit infinite

horizon value function seems reasonable.

11
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Value Function

x/z

‘—T=O,1 —T=02  T=0,4 — T=0,8 — T=1 —T=3 —T=inf‘

Figure 1: Value function versus the fraction of wealth x/z for different horizons T

In fact, the fast speed of convergence from u to us can be justified theoretically. Let pick
(z, z) satisfying 0 < az < z < z and denote (C*,0*) the optimal strategy associated to
the infinite horizon problem with initial condition (z,z). This optimal strategy has been
explicitly derived in |7] and, introducing (X*, Z*) the corresponding optimal wealth and

running maximum processes, we deduce
xD
0 <us(z,2) —u(t,r,z) <E [/ G_BSU(C:)dS] = ¢ PR [uso (X7, Z))] , for any t > 0.
t

Letting ¢ going to infinity, the convergence to zero of the term on the right hand side is
ensured by the transversality condition of the problem in infinite horizon. As detailed in the
proof of Theorem 5.1 in |7], this term converges exponentially fast to zero. This property

is indeed confirmed by our numerical results observed in Figure 1.

The PDE characterization of the value function also allows to provide a candidate for the
optimal consumption-investment strategy. Indeed, the optimal controls (C’ , é) derived from
the maximization in the linear form of the Hamilton-Jacobi-Bellman are given by
C:=—V'(uy) and 0 := —i&.
O Uy
Replacing the derivatives of w by their approximations as in the previous scheme leads to
a computable candidate for the optimal strategy. The corresponding consumption and in-
vestment estimates are reported in Figure 2 for different maturities 7. Even if there is
no theoretical justification for the optimality of these strategies, we clearly observe there

convergence to the optimal strategy in infinite horizon.

12



Finite time Merton strategy under drawdown constraint: a viscosity approach

0,8

0,6

Consumption
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0,4
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x/z x/z

—T=0,1 —T=0,2 T=0,4 T=0,8 —T=1 —T=3 — =inf‘

Figure 2: Consumption and Investment versus the fraction of wealth x/z for different hori-

zons T

5 Viscosity property
This section is devoted to the proof of the following Proposition:

Proposition 5.1 The value function u is a viscosity solution of the dynamic programming
equation (3.18).

5.1 Supersolution property

In this subsection, we prove that u is a viscosity supersolution of (3.18). We first observe
from lemma 3.1 that u, > 0 on 07 0,UO,. Let yo := (to, 20, 20) € Oy and ¢ € CH21(O,)
such that

0 = (us —9)(v0) = inf(us — ).

[e3

Without loss of generality, we can suppose that the previous infimum is indeed a strict
minimum and we shall distinguish two different cases depending on the location of .

1. yo € O,.

Let yp := (tn, Tn, 2n)n € O4 satisfying

Yn — Yo and u(yn) — u«(yo)-

We denote vy, := u(yn) — ¢(yn) = 0 and ~;; :=n"'V /7. Since yo € Oy, there exists r > 0
such that the open ball centered at yo with radius r satisfies B(yp,r) C O,. We consider
the constant strategy (C,6) € Ry x R, denote (Y™, Z") := (Y¥C0 Zvn.C0) and introduce
the stopping time

o = inf{s>t, : Y & Byo,")} AN(tn+17})-

13
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The dynamic programming principle implies
e Pru(y,) > E [/Tn e PU(C)ds + e Pmu (YTZ)] .
tn
Since u > uy, > @, we deduce
Y + P [e*ﬁt"go(yn) —e Py (YTZ)] > K [/Tn eﬁsU(C)ds} .
tn

Applying Ité’s lemma to the regular function e® ¢, together with the previous inequality,
yields

Tn
Yo > E [/ eﬁsﬁg’gw(Ys")dS]
tn

+ PR [ / e o, (Y dZ" + / e P (oA — C)pp (YY) dW,| .
tn tn

Since ¢, (Y"™) is bounded and Z" is a constant process on the stochastic interval [t,, 7,],

we deduce
> E [/ ' Btn=9) 05 (v ds} . (5.24)
tn

Dividing by ~;; and letting n go to infinity, since 7, = t,, + ;; for n large enough almost
surely, the dominated convergence theorem leads to Eg’ego(yo) < 0. From the arbitrariness
of (C,0) € Ry x R, we deduce

—L1e(yo) > 0.

2. yo € 610a.
Remark first that u, inherits the monotony property of u derived in lemma 3.2. Thus, for
any z > zo such that y := (to, %0, 2) € Oa, we have p(yo) = u.(yo) > us(y) > ¢(y). Since

@ is a regular function, we deduce
—¢2(y0) > 0.

5.2 Subsolution property

In this subsection, we prove that w is a viscosity subsolution of (3.18). From Lemma 3.1,
we have u* < 0 on 070, U0, Let yo := (to, 20, 20) € O and ¢ € CH21(0,,) such that

0 = (u" —¢)(yo) = sup(u” —¢). (5.25)
Oa
Once again, without loss of generality, we can suppose that the previous supremum is indeed
a strict maximum, and we shall distinguish two different cases depending on the location of
the maximum yyo.
1. yo € O, U3*0,,.

14
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Let introduce the function m := —Lp¢, suppose that m(yp) > 0 and work towards a
contradiction. From (5.25) and the regularity of u* and ¢, we deduce the existence of r > 0
and 7 > 0 such that B(yo,r) N7 O, = B(yo,r) N °O, = ), and

~ min_ m > 0 and max _ (u* —¢) < —37. (5.26)
B(yo,m)NOq OB(yo,r)NOq

Denote 7, := ne P > 0 and take (), a sequence valued in B(yo, ) N O, satisfying
Yn — Yo, ulyn) — u'(yo) and [u(yn) —e(ya)l < npy, n=0. (5.27)

For any n > 0, let (C™,0™) be an n,-optimal control at point y,, and introduce the notation
(Z7,Y™) i= (ZynC"0" [y ynC"8") “We introduce the stopping time 7, defined by

7o = inf{s >1t,,Y]" & B(yo,7)} .

By construction, Y is valued in O, 7, —t,, < r and the n,-optimality of (C™,0") leads to

u(y,) < " E [/ ' e P UCMds + e P (YTZ)} + . (5.28)

ln

Applying Ito’s lemma to the regular function e % ¢, we compute

Hplyn) = Bl B | [ e (68 o) - vien) as

~-E [/ e P, (Ys")dzg] .
tn

Combining (5.27) with the negativity of Egn’en on B(yo,r) N Oy , we deduce
uyn) >~ + ePE [e—ﬂTwo(YT’;) + [Ceruenas— Moo dzz] S (5:29)
tn tn
Noticing that " € B(yo,7) N O and combining (5.26) and 7, — ¢, < r, we derive
M [0 (o (V1) —ut (V)] = 3, (5.30)

We now compute from (5.28), (5.29), (5.30) and u < u*, that
Tn
w<s| Mooz (5.31)
tn

Since yo € Oy U 0Oy, we have B(yo,r) N 0'O, = O for r small enough. Thus Z" is a
constant process on the random interval [t,,7,] and (5.31) leads to a contradiction. We

therefore deduce

—Lrp(yo) < 0.

2. yo € 810a.
Take m := min{—Lry, —¢.} and follow the lines of the proof in the previous case. This
leads to (5.31) and, since —¢,(Y™) > m(Y™) > 0 on the random interval [t,, 7,,] according

to (5.26) , we obtain a contradiction. Therefore

min{—Lr, —p.}(yo) < 0.

15
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6 A comparison result

This section is devoted to the proof of a comparison result for the PDE (3.18) which ensures
the uniqueness of the solution. The difficulty of the proof relies on the fact that the controls
are not in a compact subset. To overcome this difficulty, we adapted the arguments of
Zariphopoulou [15], in particular for the choice of the penalization function. As announced,

a different version of the comparison theorem is discussed in Remark 6.1.

Theorem 6.1 Let w and v be respectively an upper-continuous sub-solution and a lower-
semicontinuous super-solution of (3.18) on O. Suppose that the function v is right-continuous
in the direction € = (0,1,1) on Oy Ud'0, U OO, and that the positive part of w and the

negative part of v satisfy the following growing condition

W™ (y)+ ] (y) < K1+ xp/), y=(t,z,2) € Of, with p < %, (6.32)

and K a positive constant. Then, if w < v on 0°Oy U 0T Oy, we have w < v on O.

Proof. We do not consider the case a = 0, already covered by the literature, see Za-
riphopoulou [15] for example. As a consequence, observe for later use that, for any y =
(t,z,2) € O, we only need to control z in order to bound ¥, since az < = < z.

We now suppose that

sup [w(y) —v(y)] > 0 (6.33)
y€OQa

and work towards a contradiction. For any y € O,, we denote by (¢, x,2) its components,
and this convention of notation is obviously extended to elements of O, of the form yf with

1 and j any subcripts and superscripts.
1. We define the function ¢ by
o(y,y) = wly) —v(y) -9 (xq + (@) +e "+ e*Z/) . (1,9) € Of x Oy,

with 6 > 0 and ¢ := /(1 + ) < 1. Choosing ¢ small enough and combining the growth
condition (6.32), (6.33) and the semi-continuity properties of w and v, we deduce that the

function y — ¢(y,y) attains its suppremum on O, and we have

o(y,y) = sup ¢(y,y) > 0. (6.34)
y€O0a

Since w < v on 'O, U 3T O, (6.34) leads to § € Oy U 0'Of U 0°0O,. Therefore, the

right-continuity of v in the direction € and the semi-continuity of w ensures that

7,5+ €/n) — o(7,7y) > 0. (6.35)
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2. For any n > 0, we now define the function
Uy, y) = [n(z—az]—[2' —a])+1- a]2 +a(l—a)[n(z—2)+ 1]2 ,
for (y,y') € On x O. Since ¥"™(7,7 + € /n) = 0, we deduce from (6.35) that

{6 —v"}g,g+7<€/n) > 0, (6.36)
for n large enough. Therefore, according to (6.32), the function ¢ — ™ attains its maximum
on O, x O, and we have

{6 = 4" n,yn) = sup  {¢—¢"}Hy,y) > 0. (6.37)

(y,4)EO0axOa

The growing assumption (6.32) ensures the convergence along subsequences of (y,), and
(yh)n and, sending n to oo, we see that ¥"(y,,y),) — oo unless |y, — y,,| — 0. But
&(Yn, Yh) — V"™ (Yn, y,,) is bounded from above according to (6.32) and therefore |y, —y.,| — 0
as n goes to co. Denoting yo the common limit of (yy,), and (y),)n, since {¢ — 9" }(yn, yl,) >
#(y,9 + € /n), we deduce from (6.35) and the semi-properties of w and v that

(yo,90) = limsup{d — " Hyn, v5) > (1, 9).

n—~o0

Recalling (6.34), we derive

d(yo,y0) >0 and " (yn,y,) — 0. (6.38)

n—oo

3. We now discuss the location of (yn,y,,) and some properties of the global penalization

function given by
O"(y, ) = 0al4 (@) +eF+e )+ (1), (1Y) € Oq x Oy.

Since w < v on 0°0, U 070, we derive from (6.38) that yg € O, U 9'0, U 0O,
Furthermore, for n large enough, (6.38) implies that z, — az], > x,, — az,, and we deduce
that

Yn € O, U0, U0, and 3, € O,U0O,. (6.39)

In particular, since z,, # 0, ®" is regular on a neighborhood of (y,,y,) and we denote
D, .®" (resp. D, »®") its gradient with respect to (x,z) (resp. (2/,2')) and H®" its

Hessian matrix with respect to the space variables (z,z,2’, 2"). Observe for later use that

L (yn,yp) = —an®(z, —ap,) —de > < 0,  if y, €9'Oa, (6.40)
O (yn i) = —am?(zn —ap) —de 7 < 0,  if y, €0'O,, (6.41)

and
O (Yo Up) + O (ynsyr) = Sl '+ (23)Th) > 0. (6.42)
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4. For any € > 0, we deduce from Theorem 8.3 in [4] the existence of b € R and two real

symmetric matrices A and A’ such that

=2,
(ba Da:,zq)n(yna yé)a A) € P@jw(yn) ’

S (6.43)
(0, =Dyr 2 @™ (Yns yp), A') € P v(yn)

and

A0
A= ( 0 A > — H®" (yn, yp,) + {HE" (yn, ys)}* < 0, (6.44)

where 52@: and f%a_ denotes classically the superjet and subjet operators, see [4] for the

precise definition. We compute that H®"(y,,,y,,) is explicitely given by

1 —a -1 « 2272 0 0 0
- - ) 0 0
HO"(yp,y.) = n2 | & % ¢ 7Y 51—
(¥, ) -1 a 1 -a 1) 0 (z)7% 0
a —a —a o 0 0 0 1)

Take X := (1,0,1,0) and observe that (6.44) implies X AX” < 0, which leads to
Aig— ALy < —8g(1 — g2 + ()72 + elg(1 — (@82 + (2,)7 ) < 0, (6.45)

for € sufficiently small.

5. According to (6.39), (6.40) and (6.41), it follows from (6.43) and the viscosity properties
of w and v that

0 2
Bul) < b4V [(y’)] +sup {aw@z@n,ym (99) Au} |

0cR 2
and
0 2
Bo(y,) = b+ V [-0%(yn,y,,)] +Sup{—ah9@2/(yn,y;) + (02) '1,1} ;
OeR

where V' denotes the Fenchel transform of U. Combining these inequalities with the de-

creasing property of V' and (6.42), we deduce

2
Blw(yn) —v(y,)} < SUP{U/\H‘PZ(yn,y;)+(J§) A1,1}
R

9 2
—sup{—ffw@ﬁ/(yn,y;) + (99) A’m}

bR 2
< sup {2007+ 03 (o) + G0 - 20}
0eR 2 ’
According to (6.42) and (6.45), we then deduce
N [Sa(ah + (a7,))]”

Blulsn) —vlva)t < 2 0g(1— ) + (@4)12) — elg(1 — ) (#h + (w})12)]2
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Since this inequality holds true for any ¢ > 0, it follows that

dq(ah ! + (7))’
V(1= q)(ah? + (27,)972)

w(yn) —v(y,) <

Letting n go to infinity, we finally obtain

¢(y0ay0) < w(yo) — U(yo) — 25568 < (’7(%—(]) — 1> 25:68 .

Since ¢ = v/(1 + ), we deduce ¢(yo, yo) < 0 and therefore contradict (6.38). O

Remark 6.1 The results of Theorem 6.1 hold true if we suppose that v is right-continuous
in the direction € on O, U 'O, instead of Oy U 91O, U 0O, but that w < v on
0°0, U 0T0, U 020, instead of 9°0, U 070,. The only modification of the previous
proof relies on the obtention of (6.35), which remains valid since § € O, U 9'O,. Denoting

furthermore that the decreasing property of V', used in part 5. of the previous proof, relies

only on the monotonicity of U, (iii) of Lemma 3.3 leads to Proposition 3.1.
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